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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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ĉ
†

~j,"
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
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and along the z direction, given by
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peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 
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Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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we find spin correlations across the entire disk that alternate in sign 
even up to the largest distance of d =  | d|  =  10, as expected for a state 
with antiferromagnetic long-range order. We determine the tempera-
ture of each sample by comparing the measured nearest-neighbour 
correlator C1 to quantum Monte Carlo predictions at half-filling, which 
gives T/t =  0.25(2) for the lowest temperature (Methods).

As temperature increases, the strength of antiferromagnetic order 
decreases rapidly, until for T/t =  0.64(6) only nearest-neighbour spin 
correlations remain. To quantitatively analyse the spin correlations, we 
plot in Fig. 2b a binned azimuthal average of the sign-corrected spin 
correlator (− 1)iCd as a function of distance d (Methods). For large  
distances (d >  2 sites), the measured correlation functions exhibit an 
exponential scaling with distance, verified by fitting N0exp(− d/ξ) to 
each dataset, with the correlation length ξ and N0 as free parameters (but 
keeping N0 the same across all fits). For our two-dimensional system,  
quantum fluctuations lead to an increase in spin correlations at short 
distances (d ≤  2) above the exponential dependence, most prominently 
visible in the nearest-neighbour correlator26. In Fig. 2d we show the 
experimentally determined correlation length as a function of temper-
ature, which increases markedly at temperatures around T/t =  0.4. For 
the lowest temperature, we find a correlation length of ξ =  8.3(9) sites, 
which is approximately equal to the system size of 10 sites, as expected 
for long-range order.

The long-wavelength and low-temperature behaviour of our system 
is expected to be well described by the quantum nonlinear σ model27, 
which contains three fundamental ground-state parameters: the sub-
lattice magnetization M, the spin stiffness constant ρs and the spin-
wave velocity c. The spin stiffness quantifies the rigidity of an ordered 
spin system upon twisting, and has been calculated to be ρs/t ≈  0.13 for 

U/t =  7, slightly below the Heisenberg model value28. Because the tem-
peratures and correlation lengths are independently determined in our 
experiment, we can obtain an experimental value of ρs directly by fitting 
the dependence in equation (2) to the data. The data show excellent 
agreement with the predicted exponential scaling of ξ with T−1 from 
equation (2). From the fit we determine ρs/t =  0.16(1), which is larger 
than the calculated value, possibly owing to finite-size effects (Methods).

Antiferromagnetic long-range order in solid-state systems is typi-
cally detected by neutron scattering or magnetic X-ray scattering. These 
methods measure the spin structure factor at wavevector q =  (qx, qy) 
and along the z direction, given by
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In a square lattice, antiferromagnetic long-range order manifests as a 
peak in the structure factor at qAFM =  (π /a, π /a), the amplitude of which 
is directly related to the staggered magnetization: = /qm S N( )z z

AFM . 
For cold atom systems, the spin structure factor can be measured from 
noise correlations or Bragg scattering of light14. The site-resolved detection  
in our experiment enables a direct measurement of the spin structure 
factor, which is obtained from averaging the squared Fourier transfor-
mation of individual single-spin images (Methods). The same result is 
obtained when summing over all contributions of the spin correlation 
function (Extended Data Fig. 3).

For the lowest temperature, we observe a sharp peak in the structure 
factor at q =  qAFM, which confirms the presence of antiferromagnetic 
long-range order (Fig. 2c). For increasing temperatures, the amplitude 

↑+↓

↑

c

Spin removal

Pseudogap phase

Fe
rm

i li
qu

id

d-wave
superconductor

M
ot

t
A

nt
ife

rr
om

ag
ne

tic
ph

as
e

Doping

Te
m

pe
ra

tu
re

a b

U

t

ReservoirSample,

Anticonfining
potential
(650-nm
light)

Imaging
(671-nm
light)

DMD

Dichroic
mirror

P
ot

en
tia

l

Position

Reservoir Reservoir

:

:

Strange metal

Reservoir Reservoir

Figure 1 | Probing antiferromagnetism in the Hubbard model with a 
quantum gas microscope. a, Schematic of the two-dimensional Hubbard 
phase diagram, including predicted phases. We explore the trajectories 
traced by the red arrows for a Hubbard model with U/t =  7.2(2). The 
strongest antiferromagnetic order is observed at the starred point.  
b, Experimental set-up. We trap 6Li atoms in a two-dimensional square 
optical lattice. We use the combined potential of the optical lattice and 
the anticonfinement that is generated by the digital micromirror device 
(DMD) to trap the atoms in a central sample Ω of homogeneous density, 

surrounded by a dilute reservoir, as shown in the plot. The system is 
imaged with 671-nm light along the same beam path as the projected  
650-nm potential, and separated from it by a dichroic mirror. c, Exemplary 
raw (left) and processed (right) images of the atomic distribution of single 
experimental realizations, with both spin components present (upper; 
corresponding to the starred point in a) and with one spin component 
removed (lower). The observed chequerboard pattern in the spin-removed 
images indicates the presence of an antiferromagnet.
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A recurring problem in my research has been the implementation of ubiquitous toy models in analogue 
quantum simulators. For example, many models supporting topological excitations that have been discussed 
theoretically involve multi-particle interactions, which are difficult to implement directly in photonic or 
atomic systems. For SU(N) invariant ring-exchange interactions I have recently proposed an optical tweezer 
scheme [G1]. My most important achievement along these lines, has been the proposal of a realistic 
Floquet approach to implement dynamical matter coupled to fully quantized Z2 lattice gauge fields 
for ultracold atoms in optical lattices [G2]. Our work includes a detailed analysis of the interplay of matter 
and gauge fields in realistic two-leg ladders, providing a significant step towards the quantum simulation of 
full-blown gauge theories. Immediately following the theoretical proposal, the experimental members of our 
team (Monika Aidelsburger’s and Immanuel Bloch’s groups) realized the fundamental two-site building 
block experimentally in modulated optical super-lattices [G3]. In an independent work, Tilman Esslinger’s 
group at ETH Zürich demonstrated another important ingredient of our scheme [Görg et al., Nat. Phys. 
(2019)]. These experiments are among the very first to realize quantized dynamical gauge fields for 
ultracold atoms, which is one of the central goals of field right now. In a more recent theoretical paper 
[G4], we explored the physics of 1D Z2 lattice gauge theory with matter: I expect this will be among the 
first physical problems that will soon be addressed experimentally.  
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian

Ĥ = �t

X

�=",#

X

h~i,~ji

⇣
ĉ
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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quantum simulators. For example, many models supporting topological excitations that have been discussed 
theoretically involve multi-particle interactions, which are difficult to implement directly in photonic or 
atomic systems. For SU(N) invariant ring-exchange interactions I have recently proposed an optical tweezer 
scheme [G1]. My most important achievement along these lines, has been the proposal of a realistic 
Floquet approach to implement dynamical matter coupled to fully quantized Z2 lattice gauge fields 
for ultracold atoms in optical lattices [G2]. Our work includes a detailed analysis of the interplay of matter 
and gauge fields in realistic two-leg ladders, providing a significant step towards the quantum simulation of 
full-blown gauge theories. Immediately following the theoretical proposal, the experimental members of our 
team (Monika Aidelsburger’s and Immanuel Bloch’s groups) realized the fundamental two-site building 
block experimentally in modulated optical super-lattices [G3]. In an independent work, Tilman Esslinger’s 
group at ETH Zürich demonstrated another important ingredient of our scheme [Görg et al., Nat. Phys. 
(2019)]. These experiments are among the very first to realize quantized dynamical gauge fields for 
ultracold atoms, which is one of the central goals of field right now. In a more recent theoretical paper 
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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➡ Electrons form pairs

➡ Pairs condense; 

gap out Fermi sea

revealing surprising details of the compounds.
And computer simulations—and perhaps even
mockups fashioned of ultracold atoms and
laser light—could soon show physicists
whether their basic model of the problem is cor-
rect. “If I had to make a prediction,” Kivelson
says, “I would say that in 10 years time the
problem will be solved.”

The ultimate chess game
Even “conventional” superconductivity, which
was discovered in 1911, is mind-bending. Elec-
trons in a metal move in quantum waves of dis-
tinct energies. Quantum mechanics prohibits
two electrons from occupying the same wave or
“state,” so they stack into the states from the
lowest energy on up. But when metals such as
lead and niobium are cooled to near absolute
zero, the electrons in them can lower their total
energy by pairing like ballroom dancers. That
partnership produces superconductivity, as
explained in 1957 by theorists John Bardeen,
Leon Cooper, and John Robert Schrieffer.

The pairing alters the spacing of the rungs
on the energy ladder, creating a gap near the top
of the stack. To break from its partner, an elec-
tron must jump the gap to an empty state. There
isn’t enough energy around to allow that, so the
pairs glide along unperturbed. Something must
glue the pairs together, and according to the
Bardeen-Cooper-Schrieffer (BCS) theory, the
adhesive is quantized vibrations of the crys-
talline material, or “phonons.” A
passing electron attracts the slower-
moving ions in the crystal lattice,
which squeeze together to produce a
knot of positive charge that attracts
another electron (see diagram).

High-temperature materials lit-
erally take superconductivity to a
new plane. The compounds con-
tain planes of copper and oxygen
ions that resemble chess boards,
with a copper ion at every corner of
a square and an oxygen ion along
each side. Electrons hop from cop-
per ion to copper ion. Between the
planes lie elements such as lan-
thanum, strontium, yttrium, bis-
muth, and thalium. But it is along
the copper-and-oxygen planes that
the electrons pair and glide.

Just how that happens is any-
thing but clear. The electrons in an
ordinary metal hardly notice one
another and interact mainly with
phonons. In contrast, the electrons
in high-temperature super-

conductors shove one another so mightily
that they tend to jam up with one electron on
each copper ion, like gridlocked commuters.
That impasse can be broken only by tweaking
the material’s chemical composition to siphon
away some of the electrons to create positively
charged “holes,” a process called doping.

The challenge then is to explain how elec-
trons that fiercely repel each other manage to
pair anyway. Some researchers argue that
waves of magnetism play a similar role to the
one phonons play in conventional supercon-
ductors. Others focus solely on how the elec-
trons shuffle past one another in a quantum-
mechanical game of chess. Still others say that
patterns of charge or current, or even phonons,
play a crucial role. Pairing might even require
all of these things in combination, which
would be many physicists’nightmare scenario.

Familiar solutions
Some of the theories being refined today
emerged soon after Bednorz and Müller’s
discovery, and the dividing lines that run
through the field were drawn in those heady
days. For example, as early as 1987 some
theorists argued that high-temperature super-
conductivity arose not from phonons but
from the interaction of the electrons alone.
But even those who agree on that principle
often disagree on the details.

The idea that waves of magnetism drive
the superconductivity is based on the fact that
electrons act like little magnets. Those on
adjacent copper ions point in opposite direc-

tions, creating an up-down-up-down pattern
known as antiferromagnetism. The electrons
can tilt and flip, and waves of wobble coursing
through this arrangement can provide the glue
for pairing, says David Pines, a theorist at Los
Alamos National Laboratory in New Mexico
and the University of California, Davis.

But Philip Anderson, a theorist at Princeton
University, says that no glue is necessary. Just
months after the discovery of high-temperature
superconductors, he proposed a scheme known
as the resonating valence bond (RVB) theory,
which focuses on subtle quantum connections
between electrons on neighboring copper ions.
In the theory, no waves of any kind pass
between electrons, Anderson says.

Thanks to the weird rules of quantum
mechanics, each electron can point both up
and down simultaneously. Moreover, neigh-
boring electrons can join in an odd quantum
state called a singlet in which both electrons
point both up and down at once, but the two
electrons always point in opposite direc-
tions—either down-up or up-down. When
enough holes open in the plane, singlets form
and begin to slide freely past one another,
eventually producing superconductivity.

Others contend that both the magnetic
fluctuation and RVB theories leave out some
essential piece of physics. Stanford’s Kivelson
believes stripes of electric charge on the planes,
which have been seen in some materials, may
be necessary to trigger the pairing. Chandra
Varma, a theorist at the University of California,
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Shall we dance? Instead of the motion of ions, the
subtle waltz of electrons along atomic planes may
cause pairing in high-temperature materials.
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hard that there isn’t an obvious

criterion for right.”
—Steven Kivelson, Stanford University
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tinct energies. Quantum mechanics prohibits
two electrons from occupying the same wave or
“state,” so they stack into the states from the
lowest energy on up. But when metals such as
lead and niobium are cooled to near absolute
zero, the electrons in them can lower their total
energy by pairing like ballroom dancers. That
partnership produces superconductivity, as
explained in 1957 by theorists John Bardeen,
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The pairing alters the spacing of the rungs
on the energy ladder, creating a gap near the top
of the stack. To break from its partner, an elec-
tron must jump the gap to an empty state. There
isn’t enough energy around to allow that, so the
pairs glide along unperturbed. Something must
glue the pairs together, and according to the
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adhesive is quantized vibrations of the crys-
talline material, or “phonons.” A
passing electron attracts the slower-
moving ions in the crystal lattice,
which squeeze together to produce a
knot of positive charge that attracts
another electron (see diagram).

High-temperature materials lit-
erally take superconductivity to a
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ordinary metal hardly notice one
another and interact mainly with
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away some of the electrons to create positively
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trons that fiercely repel each other manage to
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trons shuffle past one another in a quantum-
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Familiar solutions
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discovery, and the dividing lines that run
through the field were drawn in those heady
days. For example, as early as 1987 some
theorists argued that high-temperature super-
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from the interaction of the electrons alone.
But even those who agree on that principle
often disagree on the details.

The idea that waves of magnetism drive
the superconductivity is based on the fact that
electrons act like little magnets. Those on
adjacent copper ions point in opposite direc-

tions, creating an up-down-up-down pattern
known as antiferromagnetism. The electrons
can tilt and flip, and waves of wobble coursing
through this arrangement can provide the glue
for pairing, says David Pines, a theorist at Los
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and the University of California, Davis.

But Philip Anderson, a theorist at Princeton
University, says that no glue is necessary. Just
months after the discovery of high-temperature
superconductors, he proposed a scheme known
as the resonating valence bond (RVB) theory,
which focuses on subtle quantum connections
between electrons on neighboring copper ions.
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between electrons, Anderson says.

Thanks to the weird rules of quantum
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and down simultaneously. Moreover, neigh-
boring electrons can join in an odd quantum
state called a singlet in which both electrons
point both up and down at once, but the two
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tions—either down-up or up-down. When
enough holes open in the plane, singlets form
and begin to slide freely past one another,
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theory of maximum Tc

Key open problems:

relation to collective phases: 
pseudogap, stripes,...

universal pairing mechanism?

 microscopic understanding?⇒

Hubbard / t-J model physics in 2D planes

Anderson, Emery, Zhang & Rice, …

Some agreement, at least:

 microscopic model(s)!⇒
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-

ĤFH = �t
X

hi,ji,�
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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no double-occupancy!

+ NNN hopping term   
          O(J)

t � J

repulsive U>0 — beyond Kohn-Luttinger?
Kohn & Luttinger, PRL 15 (1965)
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Fermi-Hubbard and t-J models
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian

Ĥ = �t
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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no double-occupancy!

+ NNN hopping term   
          O(J)

t � J

neglected in t-J

repulsive U>0 — beyond Kohn-Luttinger?
Kohn & Luttinger, PRL 15 (1965)
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
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(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.
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Fig. 1. Exploration of the doped Hubbard model with ultracold atoms. The phase diagram shows the distinct regimes
believed to exist in the strictly two-dimensional Fermi Hubbard model upon tuning hole-doping and temperature: Mott
insulator (MI), antiferromagnet (AFM), pseudogap (PG), charge density wave (CDW), d-wave superconductor (d-SC) and
Fermi liquid (FL). Note that some phases may require specific coupling strengths to be stabilized [32], and additional
phases may exist. Ultracold atom experiments have started to explore the clean two-dimensional Hubbard model in
the indicated parameter regions. Among others, the publications marked by arrows/ symbols will be reviewed in this
article, including from the Harvard group (dark blue - Mazurenko et al. 2017 [33], Chiu et al. 2019 [26] and Bohrdt et al.
2019 [34], Ji et al. 2021 [35], Parsons et al. 2016 [36]), the Munich group (light blue - Koepsell et al. 2021 [24], Salomon
et al. 2019 [37], Koepsell et al. 2019 [30]), the Princeton group (green - Brown et al. 2019 [38], Brown et al. 2017 [39]),
the Zürich (ETH) group (red - Greif et al. 2013 [40]), the MIT group (orange - Nichols et al. 2019 [41], Cheuk et al.
2016 [42]) and the Bonn group (yellow - Gall et al. 2020 [43]). Pioneering work in three dimensions by the Houston
(Rice) group is also mentioned (gray – Hart et al. 2015 [15]). (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)

lattices have been implemented, and recently the triangular lattice has been realized for fermions
in a quantum gas microscope [48]. Frustrated magnetism in a triangular lattice has earlier been
explored using lattices of tubes filled with bosons [49]. Another particularly interesting scenario is
provided by the realization of mixed-dimensional settings, where the dynamics of one sector of the
Hilbert space is restricted to a lower dimension. For example, for an embedding in two dimensions,
the spins interact along both directions, whereas the charge can only move along one dimension.
In the context of a single hole in an antiferromagnet, this model was already discussed in Ref. [27]
as a well-suited test-case for the parton theory2 proposed there. Recently, it has been shown that
parton gases and stripes can be realized in this setting [50]. In a setup with cold atoms in optical
lattices, such a mixed dimensional system can be realized by applying a potential gradient along
one direction, which inhibits tunneling of the particles but still allows for tunable spin exchange
interactions along the gradient [51–54].

Recently, the bilayer Fermi–Hubbard model has been realized in several quantum gas microscopy
experiments [44,55,56] using a superlattice in the vertical direction. With this setup, a mixed-
dimensional bilayer system, where the tunneling between the layers is suppressed by a strong

2 For non-experts: Parton-theories describe the physics of a system in terms of new, emergent, degrees of freedom with
fractionalized quantum numbers. In the present context of the Fermi–Hubbard model, the microscopic constituents are
fermions carrying spin and charge. In contrast, effective parton theories describe purely spin- and charge-carrying emergent
constituents (chargons and spinons); they must satisfy certain constraints, which may become irrelevant however at low
energies.

4
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T/J ∼ 0.5
Xu et al., 2025
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Undoped ‘parent’ state: Antiferromagnetism
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FIG. 1. Meson-like spinon-chargon bound states and

short-range hidden string order. A single hole in a 2D
AFM forms a meson-like bound state of a spinon and a char-
gon, similar to quark-antiquark pairs forming mesons in high
energy physics. (a) In the t�J model, a spinon can be bound
to a chargon by a geometric string of displaced spins. (b) Sig-
natures of such strings (⌃) can be visualized in individual
Fock configurations by analyzing the di↵erence to a classi-
cal Néel pattern. We use the matrix product state formalism
(MPS) and the DMRG algorithm to generate snapshots of
the T = 0 ground state of the t� J model with a single hole,
similar to the recent measurements using ultracold fermions
[28]. In (c) we show the distribution function of the length
` of string-like patterns emanating from the hole. A striking
di↵erence is observed between a localized and a mobile hole
(MPS, indicated by symbols connected with dashed lines).
Mobile holes are described quantitatively by the geometric
string theory (FSA, shaded ribbons) which is based on the
string length distributions pFSA

` shown in the inset.

the bandwidth of a free fermion Wt = 8t is much larger
than the energy range covered by the (para-) magnon
spectrum WJ ⇡ 2J , i.e. t � J/4. This coincides with
the most relevant regime in high-temperature cuprate su-
perconductors, where t ⇡ 3J [1]. Note that we require
J/t � 0.05 however, below which the Nagaoka polaron
with a ferromagnetic dressing cloud is realized [18, 39].
Extensions of our approach to weak couplings, t . J , are
possible and will be devoted to future work. A central
part of our study is the analysis of string patterns in in-
dividual images. This contains more information than
the commonly used two point correlation functions and
is motivated by recent experiments with quantum gas
microscopes.

This paper is organized as follows. In the remainder of
the introduction, we provide a brief review of the known
properties of magnetic polarons along with an overview of
our new results, concerning in particular the short-range

hidden string order and the magnetic polaron radius. In
Sec. II we discuss our microscopic model for describing
individual dopants in an AFM and introduce the trial
wavefunction. In Sec. III we present our numerical results
and analyze the accuracy of the trial wavefunction. We
close with an outlook and a discussion in Sec. IV.

A. Magnetic polarons

When a single dopant is introduced into a spin back-
ground, it can be considered as a mobile impurity which
becomes dressed by magnetic fluctuations and forms a
new quasiparticle – a magnetic polaron. In the case
of a doublon or a hole doped into a Heisenberg AFM,
commonly described by the t � J model, the dressing
by magnon fluctuations leads to strongly renormalized
quasiparticle properties [6–8]. Here we provide a brief
review of these known properties and their most com-
mon interpretation:

(i) The dispersion relation of the hole is strongly renor-
malized, with a bandwidth W / J rather than the
bare hole hopping t;

(ii) The shape of the dispersion di↵ers drastically from
that of a free hole, �2t[cos kx + cos ky]. It has a
minimum at k = (⇡/2,⇡/2) and disperses weakly
on the edge of the magnetic Brillouin zone (MBZ),
|kx|+ |ky| = ⇡; see Fig. 5;

(iii) At strong couplings the ground state energy de-
pends linearly on J2/3t1/3 and approaches �2

p
3t

when J ! 0.

In the conventional magnetic polaron picture, (i) and (ii)
are a consequence of a cloud of correlated magnons dress-
ing the hole [6–8], see Fig. 2. This polaron cloud is di�-
cult to describe quantitatively due to the strong interac-
tions of the magnons with the hole, with strength t. The
properties in (iii) can be obtained from numerical cal-
culations within the magnetic polaron theory, but their
relation to an underlying physical mechanism is not made
explicit.

B. Parton picture: Spinons, chargons and strings

As reviewed next, the established properties of mag-
netic polarons (i) - (iii) follow more naturally from a
spinon-chargon ansatz. Here the magnetic polaron is
understood as a composite bound state of two partons:
A heavy spinon carrying the spin quantum number of
the magnetic polaron, and a light chargon carrying its
charge. This parton picture of magnetic polarons was
first suggested by Béran et al. [40]. Based on an even
broader analysis these authors conjectured that mag-
netic polarons are composites, closely resembling pairs
of quarks forming mesons in high-energy physics.
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by

S
z(q) =

1

N

NX

r,s2⌦

1

S2
hŜz

r Ŝ
z
si exp(iq · (r � s)). (4)

along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m

z
c(T ), which

subtracts uncorrelated contributions and is equal to m
z

in the thermodynamic limit (Methods). While initially
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by

S
z(q) =

1

N

NX
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1
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si exp(iq · (r � s)). (4)

along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m

z
c(T ), which

subtracts uncorrelated contributions and is equal to m
z

in the thermodynamic limit (Methods). While initially
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by
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along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m
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c(T ), which

subtracts uncorrelated contributions and is equal to m
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by
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along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m

z
c(T ), which

subtracts uncorrelated contributions and is equal to m
z

in the thermodynamic limit (Methods). While initially
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by
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along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m

z
c(T ), which

subtracts uncorrelated contributions and is equal to m
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in the thermodynamic limit (Methods). While initially
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FIG. 2. Observing antiferromagnetic long-range order. a, The spin correlator Cd is plotted for di↵erent displacements
d ranging across the entire sample for five temperatures T/t. We record > 200 images for each temperature (Methods).
Correlations extend across the entire sample for the coldest temperatures, whereas for the hottest temperature only nearest-
neighbour correlations remain. b, The sign-corrected correlation function (�1)iCd is obtained through an azimuthal average.
The exponential fits to the data (d > 2) are shown in blue, from which we determine the correlation length ⇠, and the fit of the
coldest sample is plotted in grey for comparison. c, The measured spin structure factor obtained from Fourier transformations of
single images. A peak at momentum qAFM = (⇡/a,⇡/a) signals the presence of an antiferromagnet. d, The measured correlation
length ⇠, fitted to Eq. (2), diverges exponentially as a function of temperature, and is comparable to the system size for the
lowest temperature. The inset is a semi-logarithmic plot of the same quantity versus inverse temperature. e, The measured
staggered magnetization mz increases drastically below temperatures T/t ⇡ 0.4. We find good agreement with quantum Monte
Carlo calculations of the Hubbard model, shown in grey. Error bars are computed as in (Methods).

The long-wavelength and low-temperature behaviour of
our system is expected to be well described by the quan-
tum non-linear � model [1, 40], which contains three fun-
damental ground-state parameters: the sublattice magne-
tization M , the spin sti↵ness constant ⇢s, and the spin-
wave velocity c. The spin sti↵ness quantifies the rigidity
of an ordered spin system upon a twist [41–43], and has
been calculated to be ⇢s/t ⇡ 0.13 for U/t = 7, slightly be-
low its Heisenberg value [44]. Since the temperatures and
correlation lengths are independently determined in our
experiment, we can directly obtain an experimental value
of ⇢s by fitting the dependence in Eq. (2) to the data.
The data shows excellent agreement with the predicted
exponential scaling of ⇠ with T

�1 from Eq. (2). From the
fit we determine ⇢s/t = 0.16(1), which is larger than the
calculated value, possibly due to finite-size e↵ects (Meth-
ods).

Antiferromagnetic LRO in solid state systems is typ-
ically detected by neutron scattering or magnetic x-ray
scattering [45, 46]. These methods measure the spin
structure factor, given by
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along the z-direction. In a square lattice, antiferromag-
netic LRO manifests as a peak in the structure factor at
qAFM = (⇡/a,⇡/a), whose amplitude is directly related to
the staggered magnetization m

z =
p
Sz(qAFM)/N . For

cold atom systems the spin structure factor can be mea-
sured from noise correlations or Bragg scattering of light
[15]. The site-resolved detection in our experiment allows
for a direct measurement of the spin structure factor, ob-
tained from averaging the squared Fourier transformation
of individual single-spin images (Methods). The same re-
sult is obtained when summing over all contributions of
the spin correlation function, see Extended Data Fig. 3.

For the lowest temperature we observe a sharp peak
in the structure factor at q = qAFM, which confirms
the presence of antiferromagnetic LRO, see Fig. 2c. For
increasing temperatures the amplitude of this peak de-
creases until it disappears for T/t & 0.64, indicating the
decay of LRO. At these elevated temperatures a broad
peak with low amplitude remains, which originates from
the remaining short-range spin correlations. We quan-
tify the ordering strength of the antiferromagnetic LRO
by the corrected staggered magnetization m

z
c(T ), which

subtracts uncorrelated contributions and is equal to m
z

in the thermodynamic limit (Methods). While initially
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A cold-atom Fermi–Hubbard antiferromagnet
Anton Mazurenko1, Christie S. Chiu1, Geoffrey Ji1, Maxwell F. Parsons1, Márton Kanász-Nagy1, Richard Schmidt1, Fabian Grusdt1, 
Eugene Demler1, Daniel Greif1 & Markus Greiner1

Exotic phenomena in systems with strongly correlated electrons 
emerge from the interplay between spin and motional degrees 
of freedom. For example, doping an antiferromagnet is 
expected to give rise to pseudogap states and high-temperature 
superconductors1. Quantum simulation2–8 using ultracold fermions 
in optical lattices could help to answer open questions about the 
doped Hubbard Hamiltonian9–14, and has recently been advanced 
by quantum gas microscopy15–20. Here we report the realization 
of an antiferromagnet in a repulsively interacting Fermi gas on a 
two-dimensional square lattice of about 80 sites at a temperature of 
0.25 times the tunnelling energy. The antiferromagnetic long-range 
order manifests through the divergence of the correlation length, 
which reaches the size of the system, the development of a peak 
in the spin structure factor and a staggered magnetization that is 
close to the ground-state value. We hole-dope the system away from 
half-filling, towards a regime in which complex many-body states 
are expected, and find that strong magnetic correlations persist 
at the antiferromagnetic ordering vector up to dopings of about  
15 per cent. In this regime, numerical simulations are challenging21 
and so experiments provide a valuable benchmark. Our results 
demonstrate that microscopy of cold atoms in optical lattices can 
help us to understand the low-temperature Fermi–Hubbard model.

The Hubbard Hamiltonian is a fundamental model for spin-1/2 lattice  
electrons and describes a competition between kinetic energy t and 
interaction energy U. In the limiting case of half-filling (an average of 
one particle per site) and dominant interactions ( / !U t 1), the Hubbard 
model maps to the Heisenberg model. In this limit, the exchange energy 
J =  4t2/U gives rise to antiferromagnetically ordered states at low tem-
peratures22. This order persists for all finite U/t, with charge fluctua-
tions reducing the ordering strength. Away from half-filling, the 
coupling between motional and spin degrees of freedom is expected to 
lead to a complicated many-body phase diagram (Fig. 1a) that is chal-
lenging to understand theoretically owing to the fermion sign 
problem21.

The strength of global antiferromagnetic order on bipartite lattices 
is quantified by the staggered magnetization m =  | m| . The component 
of this magnetization along the z spin direction is

∑= 〈 〉 =

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

−





m m
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2
2

with m2 =  (mx)2 +  (my)2 +  (mz)2 =  3(mz)2 for SU(2) symmetry22. Here 
Ŝi

z is a spin-S operator on lattice site i, N denotes the number of lattice 
sites, and (− 1)i is 1 (− 1) on the A (B) sublattice. The ground state of 
the classical Heisenberg model on a square lattice is a perfectly ordered 
Néel state with m =  1. However, in the quantum case, superposition 
states such as local singlet pairs can reduce the energy of the many-body 
state. These quantum corrections decrease the staggered magnetization 
in the ground state and in the thermodynamic limit to m =  0.61 
(mz =  0.35) for the S =  1/2 Heisenberg model23. In two dimensions, 
long-range order disappears (m =  0) in the thermodynamic limit for 

finite temperatures, in accordance with the Mermin–Wagner–
Hohenberg theorem. In this case, the spin correlations decay exponen-
tially over a correlation length ξ, which grows exponentially with 
inverse temperature (setting kB =  1):

ξ
πρ

=






ξT C

T
( ) exp

2
(2)s

where ρs is the spin stiffness, T is the temperature and Cξ is a constant22. 
However, for the finite-size system investigated here, a crossover to 
antiferromagnetic long-range order occurs at a non-zero temperature,  
at which ξ becomes comparable to the size of the system and mz 
becomes order unity.

We created an antiferromagnet with long-range order governed by 
the Hubbard model using ultracold fermions in an optical lattice. Two 
aspects were critical for realizing the antiferromagnet: first, reaching 
sufficiently low temperatures; and second, creating a region of uniform 
density where a state with long-range order can form. We address both 
challenges simultaneously by exploiting a high-resolution microscope, 
which enables site-resolved measurements of the lattice occupation. 
In combination with the lattice, we finely tune the atomic potential 
landscape using a digital micromirror device in the image plane of the 
microscope as a spatial light modulator24. We engineer the potential 
to split the system into two subsystems: a central disk-shaped region 
Ω that contains more than 75 sites, and a large surrounding reservoir 
with much lower density (Fig. 1b, Extended Data Fig. 1). Partitioning 
the system enhances the inherent entropy redistribution in the trap 
by shifting a higher fraction of the total entropy to the reservoir25. 
Additionally, the potential within Ω is shaped to cancel out the under-
lying harmonic potential, ensuring a highly uniform and tunable filling 
(Extended Data Fig. 2, Methods).

We adiabatically load a balanced mixture of the two lowest hyperfine 
states of 6Li with repulsive contact interactions into an isotropic, square, 
7.4(1)ER lattice with spacing a =  569 nm, where ER/h =  25.6 kHz is the 
recoil energy, h is the Planck constant and all errors are defined as 
one standard deviation. The system is well described by the Hubbard 
model with t/h =  0.90(2) kHz and U/h =  6.50(3) kHz, which lead to 
U/t =  7.2(2). Similarly to previous work, our detection method is 
based on selective spin removal followed by site-resolved imaging of 
the remaining atomic distribution17 (Fig. 1c). Averaging over many 
independent experimental realizations, we determine the spin corre-
lator along the z direction:

∑= 〈 〉− 〈 〉〈 〉
Ω∈

= −
N

C
S

S S S S1 1 ˆ ˆ ˆ ˆd
d r s

d r s

r s r s
z z z z

2
,

where the normalization Nd is the number of different two-point  
correlators at displacement d between sites r and s, which lie within Ω. 
The correlator compares the number of parallel and anti-parallel spin 
orientations on two sites separated by d =  (dx, dy), and so is positive (neg-
ative) if parallel (anti-parallel) spin orientations are preferred. In Fig. 2a  
we show Cd for different temperatures. For the lowest temperature,  
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The behaviour of the Hubbard model is not fully understood at finite 
doping, which has hindered the development of cooling techniques 
in this regime, even at the level of theoretical proposals. Here, we 
experimentally propose and demonstrate a novel pathway to realize 
low temperatures with finite values of doping δ between 2% and 21%. 
Detailed comparisons with state-of-the-art approximate numerical 
computations16–18 indicate that our temperatures are T ≲ 0.1t, compa-
rable to those achieved at half-filling. These temperatures correspond 
to a reduction to markedly below room temperature in cuprates.

Our scheme hinges on the efficient preparation of product states with 
extremely low entropies31. Seminal proposals suggested that these states 
can be adiabatically connected to strongly correlated states of interest 
to reach low temperatures14,15,32–34. Despite experimental progress with 
bosonic systems35–37, practical implementations of these schemes for 
fermions have been challenging beyond proof-of-principle realizations 
at half-filling31,38–40. This holds especially true in large Hubbard systems, 
in which finite-time, out-of-equilibrium dynamics are out of reach of 
numerical simulations41,42. Our work, therefore, showcases how quantum 
simulators can experimentally address these optimization problems.

Experimental scheme
The spirit of our protocol is similar to most cooling cycles. In a first 
generalized compression step, entropy is extracted from the system 
of interest to a reservoir in thermal contact by reducing the density of 
states of the system14,31,43. After the system is isolated from the reservoir, 
increasing the density of states by generalized expansion decreases the 
temperature. In practice, our scheme involves initializing cold atoms 
in a low-entropy band insulator (BI), and transforming the BI into a 
strongly correlated state of interest31,39 (Fig. 1b).

The BI can be prepared with extremely high fidelity because the 
chemical potential lies within the band gap featuring low density of 
states, which allows for efficient entropy redistribution to a metal-
lic reservoir11,14,31,36,43. We load a spin-balanced mixture of fermionic 

6Li atoms in the lowest two hyperfine states into an optical lattice 
(long-spacing lattice). We set the magnetic bias field at 550 G close to 
a broad Feshbach resonance to minimize interaction strengths for BI 
formation. Programmable optical potentials created by two separate 
digital micromirror devices (DMDs) first confine about 340 atoms into a 
BI covering 170 sites, then isolate the BI from the reservoir. We estimate 
a low initial entropy per particle of s = 0.025(4)kB (ref. 31), where kB is 
the Boltzmann constant, based on a measured singly occupied site 
density of ns = 0.7(2)% in a central disk of around 110 sites, although 
an accurate estimation is complicated by gradients at the edge of the 
confining potential due to finite optical resolution (Methods).

Keeping the subsequent transformation slow relative to the relevant 
many-body timescales is crucial to realizing low final temperatures. 
This is particularly challenging as this protocol involves a substantial 
change in lattice filling from two in the BI to around one atom per site 
in strongly correlated Hubbard systems. This massive change in the 
state typically involves very slow many-body timescales, which requires 
excellent local control of density31,36,38–40. To address this challenge, we 
take advantage of an optical lattice whose geometry is dynamically 
adjustable12,44,45. In particular, we continuously split single lattice sites 
into double wells and subsequently connect these double wells together 
into a square lattice, realizing a scheme similar to the one proposed 
in ref. 15. This doubles the number of sites at fixed total atom number 
(Fig. 1c,d and Extended Data Fig. 1) and naturally converts the BI into 
half-filled Fermi systems. However, this doubling is not exact in the 
experiment because of variations of the optical potentials. To precisely 
reach the target filling, our protocol further relies on tunable interac-
tions and DMD potentials to ensure controlled preparation, isolation 
and expansion of the system of interest (Methods).

Splitting an insulator
Dynamically changing the lattice geometry leads to rich physics even 
at very large interactions of U/t = 18.6(8), in which the half-filled state 
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FIG. 2. Splitting a band insulator into a Heisenberg
antiferromagnet. (a), Similar to the long-spacing lattice
limit, the ground state at half-filling on a disconnected dimer-
ized lattice is a product state of singlets. This state is then
adiabatically connected to a long-range antiferromagnet on
a square lattice by coupling nearest dimers. (b), Spin cor-
relations Czz

d (r) between nearest-neighbors are localized on
dimers when they are weakly coupled (↵ = 0.3, left), and be-
come uniform across all nearest-neighbor bonds in the square
lattice limit (↵ = 1.0, right). (c), Spin correlations as a func-
tion of bond displacement Czz

d , averaged over a r = 6 region
at half-filling at U/t = 18.6(8). The range of the antiferro-
magnetic correlations starts to grow around ↵ = 0.7. (d),
Energy levels of the Heisenberg model on dimerized lattices
as coupling strengths are tuned, in units of the spin exchange
coupling J = 4t2/U (see Methods). (e), The measured stag-
gered magnetization increases at couplings ↵ > 0.7 similar
to the critical point of the quantum phase transition in the
ground-state Heisenberg model [42]. Solid lines: simulation
of dimerized Heisenberg model at temperature T/J = 0.5.

per particle of s = 0.025(4)kB [29] based on a measured
singly-occupied site density of ns = 0.7(2)% in a cen-
tral disk of ' 110 sites, although an accurate estimation
is complicated by gradients at the edge of the confining
potential due to finite optical resolution (see Methods).
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FIG. 3. Cold Hubbard antiferromagnets in the
strongly-correlated regime. (a), Intermediate interaction
strengths, here U/t = 8.3(2), lead to density fluctuations in
addition to spin fluctuations at half-filling. (b), To achieve
the target filling (here n = 1), we adjust the confining poten-
tial created by DMDs to spill excess atoms. A repulsive wall
isolates the cold region from the reservoir, while a volcano-
shaped potential enables a spilling of excess atoms from the
center. (c), Spin correlations Czz

d as a function of bond
displacement d, and averaged over a radius r = 5 region,
show nearly saturated long-range antiferromagnetic correla-
tions. (d), Experimental data is compatible with numerically
exact simulations (lines, DQMC and AFQMC) at tempera-
tures T/t < 0.1 and interactions U/t = 8. (e), Low temper-
atures yield a sharp peak of the spin structure factor S(q)
at quasi-momentum q = (⇡,⇡). (f), We estimate tempera-
ture by computing the staggered magnetization with cutoff
d = 6 on bond distance, for both DQMC–AFQMC data (in-
terpolated to U/t = 8.3(2), line) and experimental data (1�
confidence interval shown as shaded area). Their comparison
yields a temperature T/t = 0.050.06�0.05 (Methods).

the relevant many-body timescales is crucial to realizing
low final temperatures. This is particularly challenging
as this protocol involves a substantial change in lattice
filling from two in the BI to around one atom per site
in strongly-correlated Hubbard systems. Such a massive
change in the state typically involves very slow many-
body timescales, which requires excellent local control
of density [29, 34, 36–38]. To address this challenge, we
take advantage of an optical lattice whose geometry is dy-
namically adjustable [12, 43, 44]. In particular, we con-
tinuously split single lattice sites into double-wells, and
subsequently connect these double-wells together into a
square lattice, realizing a scheme similar to the one pro-
posed in [15]. This doubles the number of sites at fixed
total atom number (Fig. 1c,d and Fig. S1), and naturally
converts the BI into half-filled Fermi systems. However,
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The behaviour of the Hubbard model is not fully understood at finite 
doping, which has hindered the development of cooling techniques 
in this regime, even at the level of theoretical proposals. Here, we 
experimentally propose and demonstrate a novel pathway to realize 
low temperatures with finite values of doping δ between 2% and 21%. 
Detailed comparisons with state-of-the-art approximate numerical 
computations16–18 indicate that our temperatures are T ≲ 0.1t, compa-
rable to those achieved at half-filling. These temperatures correspond 
to a reduction to markedly below room temperature in cuprates.

Our scheme hinges on the efficient preparation of product states with 
extremely low entropies31. Seminal proposals suggested that these states 
can be adiabatically connected to strongly correlated states of interest 
to reach low temperatures14,15,32–34. Despite experimental progress with 
bosonic systems35–37, practical implementations of these schemes for 
fermions have been challenging beyond proof-of-principle realizations 
at half-filling31,38–40. This holds especially true in large Hubbard systems, 
in which finite-time, out-of-equilibrium dynamics are out of reach of 
numerical simulations41,42. Our work, therefore, showcases how quantum 
simulators can experimentally address these optimization problems.

Experimental scheme
The spirit of our protocol is similar to most cooling cycles. In a first 
generalized compression step, entropy is extracted from the system 
of interest to a reservoir in thermal contact by reducing the density of 
states of the system14,31,43. After the system is isolated from the reservoir, 
increasing the density of states by generalized expansion decreases the 
temperature. In practice, our scheme involves initializing cold atoms 
in a low-entropy band insulator (BI), and transforming the BI into a 
strongly correlated state of interest31,39 (Fig. 1b).

The BI can be prepared with extremely high fidelity because the 
chemical potential lies within the band gap featuring low density of 
states, which allows for efficient entropy redistribution to a metal-
lic reservoir11,14,31,36,43. We load a spin-balanced mixture of fermionic 

6Li atoms in the lowest two hyperfine states into an optical lattice 
(long-spacing lattice). We set the magnetic bias field at 550 G close to 
a broad Feshbach resonance to minimize interaction strengths for BI 
formation. Programmable optical potentials created by two separate 
digital micromirror devices (DMDs) first confine about 340 atoms into a 
BI covering 170 sites, then isolate the BI from the reservoir. We estimate 
a low initial entropy per particle of s = 0.025(4)kB (ref. 31), where kB is 
the Boltzmann constant, based on a measured singly occupied site 
density of ns = 0.7(2)% in a central disk of around 110 sites, although 
an accurate estimation is complicated by gradients at the edge of the 
confining potential due to finite optical resolution (Methods).

Keeping the subsequent transformation slow relative to the relevant 
many-body timescales is crucial to realizing low final temperatures. 
This is particularly challenging as this protocol involves a substantial 
change in lattice filling from two in the BI to around one atom per site 
in strongly correlated Hubbard systems. This massive change in the 
state typically involves very slow many-body timescales, which requires 
excellent local control of density31,36,38–40. To address this challenge, we 
take advantage of an optical lattice whose geometry is dynamically 
adjustable12,44,45. In particular, we continuously split single lattice sites 
into double wells and subsequently connect these double wells together 
into a square lattice, realizing a scheme similar to the one proposed 
in ref. 15. This doubles the number of sites at fixed total atom number 
(Fig. 1c,d and Extended Data Fig. 1) and naturally converts the BI into 
half-filled Fermi systems. However, this doubling is not exact in the 
experiment because of variations of the optical potentials. To precisely 
reach the target filling, our protocol further relies on tunable interac-
tions and DMD potentials to ensure controlled preparation, isolation 
and expansion of the system of interest (Methods).

Splitting an insulator
Dynamically changing the lattice geometry leads to rich physics even 
at very large interactions of U/t = 18.6(8), in which the half-filled state 
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Fig. 1 | Cooling ultracold atoms by transforming a low-entropy product 
state to strongly correlated states. a, Schematic of the 2D Hubbard phase 
diagram. The lowest temperatures reported in refs. 6,11–13 (grey dashed) and 
the estimated temperatures in this work (red band) are marked. b, To reach 
lower entropy, we prepare a gapped BI in contact with a gapless metallic 
reservoir. Entropy flows from the BI to the reservoir31. After isolating the two 
parts, the BI is transformed into a strongly correlated state of interest by 
dynamically changing the lattice geometry, Hubbard parameters and density, 
while preserving the very low entropy of the original BI. c, The BI has a filling of 
two atoms per site, which appear as empty sites in a parity-projected fluorescence 

image (left), in contrast to the dilute reservoir. We then halve the lattice filling 
by doubling the number of lattice sites, thereby making the BI visible (centre). 
The strongly correlated state at the end of the preparation spans about 340 sites, 
in which empty sites correspond to coherent doublon–hole pairs indicating 
low entropy (right). The central state of interest and reservoir are shaped by 
optical potentials programmed with DMDs (not shown). d, To double the 
number of sites, we continuously decrease the long-spacing lattice depth VL 
and increase the short-spacing lattice depth VS. This effectively splits doubly 
occupied sites into dimers, which are then connected to form a square lattice.
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FIG. 2. Splitting a band insulator into a Heisenberg
antiferromagnet. (a), Similar to the long-spacing lattice
limit, the ground state at half-filling on a disconnected dimer-
ized lattice is a product state of singlets. This state is then
adiabatically connected to a long-range antiferromagnet on
a square lattice by coupling nearest dimers. (b), Spin cor-
relations Czz

d (r) between nearest-neighbors are localized on
dimers when they are weakly coupled (↵ = 0.3, left), and be-
come uniform across all nearest-neighbor bonds in the square
lattice limit (↵ = 1.0, right). (c), Spin correlations as a func-
tion of bond displacement Czz

d , averaged over a r = 6 region
at half-filling at U/t = 18.6(8). The range of the antiferro-
magnetic correlations starts to grow around ↵ = 0.7. (d),
Energy levels of the Heisenberg model on dimerized lattices
as coupling strengths are tuned, in units of the spin exchange
coupling J = 4t2/U (see Methods). (e), The measured stag-
gered magnetization increases at couplings ↵ > 0.7 similar
to the critical point of the quantum phase transition in the
ground-state Heisenberg model [42]. Solid lines: simulation
of dimerized Heisenberg model at temperature T/J = 0.5.

per particle of s = 0.025(4)kB [29] based on a measured
singly-occupied site density of ns = 0.7(2)% in a cen-
tral disk of ' 110 sites, although an accurate estimation
is complicated by gradients at the edge of the confining
potential due to finite optical resolution (see Methods).
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FIG. 3. Cold Hubbard antiferromagnets in the
strongly-correlated regime. (a), Intermediate interaction
strengths, here U/t = 8.3(2), lead to density fluctuations in
addition to spin fluctuations at half-filling. (b), To achieve
the target filling (here n = 1), we adjust the confining poten-
tial created by DMDs to spill excess atoms. A repulsive wall
isolates the cold region from the reservoir, while a volcano-
shaped potential enables a spilling of excess atoms from the
center. (c), Spin correlations Czz

d as a function of bond
displacement d, and averaged over a radius r = 5 region,
show nearly saturated long-range antiferromagnetic correla-
tions. (d), Experimental data is compatible with numerically
exact simulations (lines, DQMC and AFQMC) at tempera-
tures T/t < 0.1 and interactions U/t = 8. (e), Low temper-
atures yield a sharp peak of the spin structure factor S(q)
at quasi-momentum q = (⇡,⇡). (f), We estimate tempera-
ture by computing the staggered magnetization with cutoff
d = 6 on bond distance, for both DQMC–AFQMC data (in-
terpolated to U/t = 8.3(2), line) and experimental data (1�
confidence interval shown as shaded area). Their comparison
yields a temperature T/t = 0.050.06�0.05 (Methods).

the relevant many-body timescales is crucial to realizing
low final temperatures. This is particularly challenging
as this protocol involves a substantial change in lattice
filling from two in the BI to around one atom per site
in strongly-correlated Hubbard systems. Such a massive
change in the state typically involves very slow many-
body timescales, which requires excellent local control
of density [29, 34, 36–38]. To address this challenge, we
take advantage of an optical lattice whose geometry is dy-
namically adjustable [12, 43, 44]. In particular, we con-
tinuously split single lattice sites into double-wells, and
subsequently connect these double-wells together into a
square lattice, realizing a scheme similar to the one pro-
posed in [15]. This doubles the number of sites at fixed
total atom number (Fig. 1c,d and Fig. S1), and naturally
converts the BI into half-filled Fermi systems. However,
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that of strongly correlated lattice systems near half-filling, effectively 
suppressing the density redistribution when turning on the lattice 
potential, resulting in near-adiabatic lattice loading. (3) The average 
single-particle entropy of a homogeneous Fermi gas is approximately 
half of that of a nonuniform Fermi gas confined in a harmonic trap 
with the same reduced temperature T/TF, enabling us to realize a 3D 
fermionic Hubbard system with very low single-particle entropy28.

Our system consists of ultracold fermionic 6Li atoms, which are evenly 
populated among the hyperfine levels |1! ≡ |F = 1/2, mF = 1/2! (|↑!) and 
|3! ≡ |F = 3/2, mF = −3/2! (|↓!), respectively. These atoms are confined 
within a cylindrical box trap with an inner diameter of 49.5 µm and 
a height of 47.7 µm at a magnetic field of 568 G, in which the s-wave 
scattering length a13 ≈ 0. With a lot of technical efforts, we are able to 
prepare a non-interacting, homogeneous Fermi gas with a density of 
approximately 6.64 × 1012 cm−3 (corresponding to half-filling in the 
optical lattice) and a low temperature of 0.041(1)TF, or, equivalently, 
a low initial single-particle entropy s of 0.216(2)kB, where TF is the 
Fermi temperature (Methods). Then, we gradually increase the lat-
tice depth over a period of 18 ms to reach a final value of 6.25Er, result-
ing in a nearest-neighbour hopping of t/h = 1.40(1) kHz. Here Er/h = 
h/(8ma2) = 29.30 kHz denotes the recoil energy, where h is Planck’s 
constant, m represents the atomic mass and a = 532 nm is the lattice 
spacing. Simultaneously, we ramp up the magnetic field from 568 G 
to a predetermined final value within 12 ms, enabling us to achieve 
various on-site interactions using a Feshbach resonance, with U/h rang-
ing from 6.04(2) kHz to 28.83(9) kHz (Methods). Figure 1b shows a 
representative in situ image of the realized low-temperature fermionic 
Hubbard system, with U/t ≈ 11 and at half filling. We observe that the 
atomic density distribution in the central region is highly uniform. 
In the vicinity of the system boundary, defined by the repulsive box 
potential with a finite width, the atomic density, or equivalently, lattice 
filling, experiences a rapid decrease over a distance of approximately 
3 µm. Using available QMC data10 at U/t = 10 and T/t = 0.4, along with 
the precise knowledge of the box trap potential, we use the local den-
sity approximation (LDA) method to simulate the density distribution 
of atoms (Methods). The results indicate that approximately 68% of 
the lattice sites can be singly occupied (that is, atom counts ranging 
from 0.995 to 1.005) in the system. Moreover, the on-site interaction 

U, determined by the homogeneous lattice potential, remains nearly 
constant throughout the entire system.

To investigate the long-range antiferromagnetic order within the 
system, we use the spin-sensitive coherent Bragg scattering technique, 
a method similar to that used in previous work10, as shown in Fig. 1c. 
The incident Bragg photons, which are sensitive to spins and character-
ized by the wave vector ki, experience precisely opposite phase shifts 
when scattered by two different spin states. Hence, when the Bragg 
condition is fulfilled, kf − ki = Qπ, with ( )= , ,a

2π 1
2

1
2

1
2Qπ  representing a 

reciprocal lattice vector of the magnetic sublattice, the emitted pho-
tons with the wave vector kf undergo constructive interference, lead-
ing to a coherent enhancement of the Bragg signal29 Iπ:
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where δ = ∆/Γ and s0 = I/Isat with ∆ representing the detuning, Γ the 
natural linewidth, I the Bragg laser intensity and Isat the saturation inten-
sity. Before the measurement, we linearly increase the lattice depth 
from 6.25Er to 20Er in 100 µs to pin the optical lattice and greatly 
enhance the Debye–Waller factor πe W−2 . Subsequently, a 1.5-µs Bragg 
pulse with δ ≈ 13.7 and s0 ≈ 30.6 is applied, and the scattered photons 
in the kf direction, within a full collection solid angle of 4π × 8 × 10−5 sr, 
are captured by an electron-multiplying charge-coupled device 
(EMCCD). An additional reference image, denoted as Iπ,ref, is acquired 
by turning off the optical lattice at 20Er and allowing a 50-µs time of 
flight, during which the Debye–Waller factor e W−2 ,refπ  approaches zero. 
These measurements enable us to access the spin structure factor Sπ, 
a crucial quantity for characterizing the long-range antiferromagnetic 
order29:
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where N represents the total number of atoms. Here, the subscripts i 
and j denote lattice sites, Ŝ

z
 is a spin-S operator along the spin-z axis 

and Ri is the location of ith site. The prefactor π( )ζ = e 1 +W s
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2  can be 
determined accurately (Methods). The obtained single-shot images 
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that of strongly correlated lattice systems near half-filling, effectively 
suppressing the density redistribution when turning on the lattice 
potential, resulting in near-adiabatic lattice loading. (3) The average 
single-particle entropy of a homogeneous Fermi gas is approximately 
half of that of a nonuniform Fermi gas confined in a harmonic trap 
with the same reduced temperature T/TF, enabling us to realize a 3D 
fermionic Hubbard system with very low single-particle entropy28.

Our system consists of ultracold fermionic 6Li atoms, which are evenly 
populated among the hyperfine levels |1! ≡ |F = 1/2, mF = 1/2! (|↑!) and 
|3! ≡ |F = 3/2, mF = −3/2! (|↓!), respectively. These atoms are confined 
within a cylindrical box trap with an inner diameter of 49.5 µm and 
a height of 47.7 µm at a magnetic field of 568 G, in which the s-wave 
scattering length a13 ≈ 0. With a lot of technical efforts, we are able to 
prepare a non-interacting, homogeneous Fermi gas with a density of 
approximately 6.64 × 1012 cm−3 (corresponding to half-filling in the 
optical lattice) and a low temperature of 0.041(1)TF, or, equivalently, 
a low initial single-particle entropy s of 0.216(2)kB, where TF is the 
Fermi temperature (Methods). Then, we gradually increase the lat-
tice depth over a period of 18 ms to reach a final value of 6.25Er, result-
ing in a nearest-neighbour hopping of t/h = 1.40(1) kHz. Here Er/h = 
h/(8ma2) = 29.30 kHz denotes the recoil energy, where h is Planck’s 
constant, m represents the atomic mass and a = 532 nm is the lattice 
spacing. Simultaneously, we ramp up the magnetic field from 568 G 
to a predetermined final value within 12 ms, enabling us to achieve 
various on-site interactions using a Feshbach resonance, with U/h rang-
ing from 6.04(2) kHz to 28.83(9) kHz (Methods). Figure 1b shows a 
representative in situ image of the realized low-temperature fermionic 
Hubbard system, with U/t ≈ 11 and at half filling. We observe that the 
atomic density distribution in the central region is highly uniform. 
In the vicinity of the system boundary, defined by the repulsive box 
potential with a finite width, the atomic density, or equivalently, lattice 
filling, experiences a rapid decrease over a distance of approximately 
3 µm. Using available QMC data10 at U/t = 10 and T/t = 0.4, along with 
the precise knowledge of the box trap potential, we use the local den-
sity approximation (LDA) method to simulate the density distribution 
of atoms (Methods). The results indicate that approximately 68% of 
the lattice sites can be singly occupied (that is, atom counts ranging 
from 0.995 to 1.005) in the system. Moreover, the on-site interaction 

U, determined by the homogeneous lattice potential, remains nearly 
constant throughout the entire system.

To investigate the long-range antiferromagnetic order within the 
system, we use the spin-sensitive coherent Bragg scattering technique, 
a method similar to that used in previous work10, as shown in Fig. 1c. 
The incident Bragg photons, which are sensitive to spins and character-
ized by the wave vector ki, experience precisely opposite phase shifts 
when scattered by two different spin states. Hence, when the Bragg 
condition is fulfilled, kf − ki = Qπ, with ( )= , ,a

2π 1
2

1
2

1
2Qπ  representing a 

reciprocal lattice vector of the magnetic sublattice, the emitted pho-
tons with the wave vector kf undergo constructive interference, lead-
ing to a coherent enhancement of the Bragg signal29 Iπ:
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where δ = ∆/Γ and s0 = I/Isat with ∆ representing the detuning, Γ the 
natural linewidth, I the Bragg laser intensity and Isat the saturation inten-
sity. Before the measurement, we linearly increase the lattice depth 
from 6.25Er to 20Er in 100 µs to pin the optical lattice and greatly 
enhance the Debye–Waller factor πe W−2 . Subsequently, a 1.5-µs Bragg 
pulse with δ ≈ 13.7 and s0 ≈ 30.6 is applied, and the scattered photons 
in the kf direction, within a full collection solid angle of 4π × 8 × 10−5 sr, 
are captured by an electron-multiplying charge-coupled device 
(EMCCD). An additional reference image, denoted as Iπ,ref, is acquired 
by turning off the optical lattice at 20Er and allowing a 50-µs time of 
flight, during which the Debye–Waller factor e W−2 ,refπ  approaches zero. 
These measurements enable us to access the spin structure factor Sπ, 
a crucial quantity for characterizing the long-range antiferromagnetic 
order29:
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where N represents the total number of atoms. Here, the subscripts i 
and j denote lattice sites, Ŝ

z
 is a spin-S operator along the spin-z axis 

and Ri is the location of ith site. The prefactor π( )ζ = e 1 +W s

δ
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4
0

2  can be 
determined accurately (Methods). The obtained single-shot images 
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Fig. 2 | Spin structure factor Sπ as a function of U/t. a, Schematic phase 
diagram of the 3D repulsive FHM at half-filling, taking into consideration the 
residual disorder and deviations from half-filling at the boundary of the system. 
The red dot marks represent T = 0.229(2)t at U/t = 0, determined based on the 
measured initial entropy per particle, s = 0.216(2)kB, of a non-interacting 
homogeneous Fermi gas, assuming an adiabatic raising of the optical lattice. 
The red curved band indicates the lattice temperature as a function of U/t, 
varying from 0.27(2)t at U/t = 0 to about less than 0.3t at U/t = 24, which has 
been roughly estimated through round-trip entropy thermometry and 
measurements of nearest-neighbour correlations. The discrepancy between 

the band and the point at U/t = 0 arises from the slight non-adiabatic nature of 
the lattice loading process. b, The measured Sπ versus U/t is shown on the left. 
The experimental data (green dots) represent an average of approximately 125 
independent measurements, with error bars indicating the standard errors.  
We perform power-law fitting separately for data with U/t < 8 and U/t > 16.4, 
with the fitting formula being Sπ − S0 ∝ |U/Uc – 1|−γ, where γ = 1.396 is the critical 
exponent. The green and grey bands represent the 95% confidence intervals for 
the fit of Sπ and the fitted Uc/t, respectively, as determined by the fitting. The 
log–log plot for U < Uc,s (open circles) and U > Uc,l (filled points) is shown on the 
right. The solid line has a slope of −1.396.

3D: true long-range order 
at T>0:

TTN

ξ = ∞

2D: no long-range order 
at T>0 (Mermin-Wagner):

TTN = 0

ξ ∼ e1/T

3D, δ = 0
Shao et al., 2024

T/J ∼ 0.5
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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FIG. 1. Meson-like spinon-chargon bound states and

short-range hidden string order. A single hole in a 2D
AFM forms a meson-like bound state of a spinon and a char-
gon, similar to quark-antiquark pairs forming mesons in high
energy physics. (a) In the t�J model, a spinon can be bound
to a chargon by a geometric string of displaced spins. (b) Sig-
natures of such strings (⌃) can be visualized in individual
Fock configurations by analyzing the di↵erence to a classi-
cal Néel pattern. We use the matrix product state formalism
(MPS) and the DMRG algorithm to generate snapshots of
the T = 0 ground state of the t� J model with a single hole,
similar to the recent measurements using ultracold fermions
[28]. In (c) we show the distribution function of the length
` of string-like patterns emanating from the hole. A striking
di↵erence is observed between a localized and a mobile hole
(MPS, indicated by symbols connected with dashed lines).
Mobile holes are described quantitatively by the geometric
string theory (FSA, shaded ribbons) which is based on the
string length distributions pFSA

` shown in the inset.

the bandwidth of a free fermion Wt = 8t is much larger
than the energy range covered by the (para-) magnon
spectrum WJ ⇡ 2J , i.e. t � J/4. This coincides with
the most relevant regime in high-temperature cuprate su-
perconductors, where t ⇡ 3J [1]. Note that we require
J/t � 0.05 however, below which the Nagaoka polaron
with a ferromagnetic dressing cloud is realized [18, 39].
Extensions of our approach to weak couplings, t . J , are
possible and will be devoted to future work. A central
part of our study is the analysis of string patterns in in-
dividual images. This contains more information than
the commonly used two point correlation functions and
is motivated by recent experiments with quantum gas
microscopes.

This paper is organized as follows. In the remainder of
the introduction, we provide a brief review of the known
properties of magnetic polarons along with an overview of
our new results, concerning in particular the short-range

hidden string order and the magnetic polaron radius. In
Sec. II we discuss our microscopic model for describing
individual dopants in an AFM and introduce the trial
wavefunction. In Sec. III we present our numerical results
and analyze the accuracy of the trial wavefunction. We
close with an outlook and a discussion in Sec. IV.

A. Magnetic polarons

When a single dopant is introduced into a spin back-
ground, it can be considered as a mobile impurity which
becomes dressed by magnetic fluctuations and forms a
new quasiparticle – a magnetic polaron. In the case
of a doublon or a hole doped into a Heisenberg AFM,
commonly described by the t � J model, the dressing
by magnon fluctuations leads to strongly renormalized
quasiparticle properties [6–8]. Here we provide a brief
review of these known properties and their most com-
mon interpretation:

(i) The dispersion relation of the hole is strongly renor-
malized, with a bandwidth W / J rather than the
bare hole hopping t;

(ii) The shape of the dispersion di↵ers drastically from
that of a free hole, �2t[cos kx + cos ky]. It has a
minimum at k = (⇡/2,⇡/2) and disperses weakly
on the edge of the magnetic Brillouin zone (MBZ),
|kx|+ |ky| = ⇡; see Fig. 5;

(iii) At strong couplings the ground state energy de-
pends linearly on J2/3t1/3 and approaches �2

p
3t

when J ! 0.

In the conventional magnetic polaron picture, (i) and (ii)
are a consequence of a cloud of correlated magnons dress-
ing the hole [6–8], see Fig. 2. This polaron cloud is di�-
cult to describe quantitatively due to the strong interac-
tions of the magnons with the hole, with strength t. The
properties in (iii) can be obtained from numerical cal-
culations within the magnetic polaron theory, but their
relation to an underlying physical mechanism is not made
explicit.

B. Parton picture: Spinons, chargons and strings

As reviewed next, the established properties of mag-
netic polarons (i) - (iii) follow more naturally from a
spinon-chargon ansatz. Here the magnetic polaron is
understood as a composite bound state of two partons:
A heavy spinon carrying the spin quantum number of
the magnetic polaron, and a light chargon carrying its
charge. This parton picture of magnetic polarons was
first suggested by Béran et al. [40]. Based on an even
broader analysis these authors conjectured that mag-
netic polarons are composites, closely resembling pairs
of quarks forming mesons in high-energy physics.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 

π0 2π
qx (1/a)

0

π

2π

q y 
(1

/a
)

π0 2π
qx (1/a)

π0 2π
qx (1/a)

π0 2π
qx (1/a)

π0 2π
qx (1/a)

–10 0 10
dx (sites)

–10

0

10

d y 
(s

ite
s)

–10 0 10
dx (sites)

–10 0 10
dx (sites)

–10 0 10
dx (sites)

–10 0 10
dx (sites)

2 4 6 8
d (sites)

0.0

0.1

0.2

0.3

(−
1)

i C
d

2 4 6 8
d (sites)

2 4 6 8
d (sites)

2 4 6 8
d (sites)

2 4 6 8
d (sites)

–5

5

S
z (q

) −
 S

z (0
)

–0.2

0.2

C
d

0.2 0.4 0.6 0.8 1.0 1.2
T/t

0.00

0.05

0.10

0.15

0.20

0.25

m
z c

Experimental data
Quantum Monte 
Carlo theory

0

2

4

6

8

10

[ 
(s

ite
s)

1 2 3 4 5
(T/t)−1

100

101

[ 
(s

ite
s)

Density

Te
m

pe
ra

tu
re

0.0 0.125 0.25 0.5
Hold time (s)a

b

c

d

e

T/t
0.25 0.32 0.35 0.38 0.64

Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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FIG. 1. Meson-like spinon-chargon bound states and

short-range hidden string order. A single hole in a 2D
AFM forms a meson-like bound state of a spinon and a char-
gon, similar to quark-antiquark pairs forming mesons in high
energy physics. (a) In the t�J model, a spinon can be bound
to a chargon by a geometric string of displaced spins. (b) Sig-
natures of such strings (⌃) can be visualized in individual
Fock configurations by analyzing the di↵erence to a classi-
cal Néel pattern. We use the matrix product state formalism
(MPS) and the DMRG algorithm to generate snapshots of
the T = 0 ground state of the t� J model with a single hole,
similar to the recent measurements using ultracold fermions
[28]. In (c) we show the distribution function of the length
` of string-like patterns emanating from the hole. A striking
di↵erence is observed between a localized and a mobile hole
(MPS, indicated by symbols connected with dashed lines).
Mobile holes are described quantitatively by the geometric
string theory (FSA, shaded ribbons) which is based on the
string length distributions pFSA

` shown in the inset.

the bandwidth of a free fermion Wt = 8t is much larger
than the energy range covered by the (para-) magnon
spectrum WJ ⇡ 2J , i.e. t � J/4. This coincides with
the most relevant regime in high-temperature cuprate su-
perconductors, where t ⇡ 3J [1]. Note that we require
J/t � 0.05 however, below which the Nagaoka polaron
with a ferromagnetic dressing cloud is realized [18, 39].
Extensions of our approach to weak couplings, t . J , are
possible and will be devoted to future work. A central
part of our study is the analysis of string patterns in in-
dividual images. This contains more information than
the commonly used two point correlation functions and
is motivated by recent experiments with quantum gas
microscopes.

This paper is organized as follows. In the remainder of
the introduction, we provide a brief review of the known
properties of magnetic polarons along with an overview of
our new results, concerning in particular the short-range

hidden string order and the magnetic polaron radius. In
Sec. II we discuss our microscopic model for describing
individual dopants in an AFM and introduce the trial
wavefunction. In Sec. III we present our numerical results
and analyze the accuracy of the trial wavefunction. We
close with an outlook and a discussion in Sec. IV.

A. Magnetic polarons

When a single dopant is introduced into a spin back-
ground, it can be considered as a mobile impurity which
becomes dressed by magnetic fluctuations and forms a
new quasiparticle – a magnetic polaron. In the case
of a doublon or a hole doped into a Heisenberg AFM,
commonly described by the t � J model, the dressing
by magnon fluctuations leads to strongly renormalized
quasiparticle properties [6–8]. Here we provide a brief
review of these known properties and their most com-
mon interpretation:

(i) The dispersion relation of the hole is strongly renor-
malized, with a bandwidth W / J rather than the
bare hole hopping t;

(ii) The shape of the dispersion di↵ers drastically from
that of a free hole, �2t[cos kx + cos ky]. It has a
minimum at k = (⇡/2,⇡/2) and disperses weakly
on the edge of the magnetic Brillouin zone (MBZ),
|kx|+ |ky| = ⇡; see Fig. 5;

(iii) At strong couplings the ground state energy de-
pends linearly on J2/3t1/3 and approaches �2

p
3t

when J ! 0.

In the conventional magnetic polaron picture, (i) and (ii)
are a consequence of a cloud of correlated magnons dress-
ing the hole [6–8], see Fig. 2. This polaron cloud is di�-
cult to describe quantitatively due to the strong interac-
tions of the magnons with the hole, with strength t. The
properties in (iii) can be obtained from numerical cal-
culations within the magnetic polaron theory, but their
relation to an underlying physical mechanism is not made
explicit.

B. Parton picture: Spinons, chargons and strings

As reviewed next, the established properties of mag-
netic polarons (i) - (iii) follow more naturally from a
spinon-chargon ansatz. Here the magnetic polaron is
understood as a composite bound state of two partons:
A heavy spinon carrying the spin quantum number of
the magnetic polaron, and a light chargon carrying its
charge. This parton picture of magnetic polarons was
first suggested by Béran et al. [40]. Based on an even
broader analysis these authors conjectured that mag-
netic polarons are composites, closely resembling pairs
of quarks forming mesons in high-energy physics.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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FIG. 1. Meson-like spinon-chargon bound states and

short-range hidden string order. A single hole in a 2D
AFM forms a meson-like bound state of a spinon and a char-
gon, similar to quark-antiquark pairs forming mesons in high
energy physics. (a) In the t�J model, a spinon can be bound
to a chargon by a geometric string of displaced spins. (b) Sig-
natures of such strings (⌃) can be visualized in individual
Fock configurations by analyzing the di↵erence to a classi-
cal Néel pattern. We use the matrix product state formalism
(MPS) and the DMRG algorithm to generate snapshots of
the T = 0 ground state of the t� J model with a single hole,
similar to the recent measurements using ultracold fermions
[28]. In (c) we show the distribution function of the length
` of string-like patterns emanating from the hole. A striking
di↵erence is observed between a localized and a mobile hole
(MPS, indicated by symbols connected with dashed lines).
Mobile holes are described quantitatively by the geometric
string theory (FSA, shaded ribbons) which is based on the
string length distributions pFSA

` shown in the inset.

the bandwidth of a free fermion Wt = 8t is much larger
than the energy range covered by the (para-) magnon
spectrum WJ ⇡ 2J , i.e. t � J/4. This coincides with
the most relevant regime in high-temperature cuprate su-
perconductors, where t ⇡ 3J [1]. Note that we require
J/t � 0.05 however, below which the Nagaoka polaron
with a ferromagnetic dressing cloud is realized [18, 39].
Extensions of our approach to weak couplings, t . J , are
possible and will be devoted to future work. A central
part of our study is the analysis of string patterns in in-
dividual images. This contains more information than
the commonly used two point correlation functions and
is motivated by recent experiments with quantum gas
microscopes.

This paper is organized as follows. In the remainder of
the introduction, we provide a brief review of the known
properties of magnetic polarons along with an overview of
our new results, concerning in particular the short-range

hidden string order and the magnetic polaron radius. In
Sec. II we discuss our microscopic model for describing
individual dopants in an AFM and introduce the trial
wavefunction. In Sec. III we present our numerical results
and analyze the accuracy of the trial wavefunction. We
close with an outlook and a discussion in Sec. IV.

A. Magnetic polarons

When a single dopant is introduced into a spin back-
ground, it can be considered as a mobile impurity which
becomes dressed by magnetic fluctuations and forms a
new quasiparticle – a magnetic polaron. In the case
of a doublon or a hole doped into a Heisenberg AFM,
commonly described by the t � J model, the dressing
by magnon fluctuations leads to strongly renormalized
quasiparticle properties [6–8]. Here we provide a brief
review of these known properties and their most com-
mon interpretation:

(i) The dispersion relation of the hole is strongly renor-
malized, with a bandwidth W / J rather than the
bare hole hopping t;

(ii) The shape of the dispersion di↵ers drastically from
that of a free hole, �2t[cos kx + cos ky]. It has a
minimum at k = (⇡/2,⇡/2) and disperses weakly
on the edge of the magnetic Brillouin zone (MBZ),
|kx|+ |ky| = ⇡; see Fig. 5;

(iii) At strong couplings the ground state energy de-
pends linearly on J2/3t1/3 and approaches �2

p
3t

when J ! 0.

In the conventional magnetic polaron picture, (i) and (ii)
are a consequence of a cloud of correlated magnons dress-
ing the hole [6–8], see Fig. 2. This polaron cloud is di�-
cult to describe quantitatively due to the strong interac-
tions of the magnons with the hole, with strength t. The
properties in (iii) can be obtained from numerical cal-
culations within the magnetic polaron theory, but their
relation to an underlying physical mechanism is not made
explicit.

B. Parton picture: Spinons, chargons and strings

As reviewed next, the established properties of mag-
netic polarons (i) - (iii) follow more naturally from a
spinon-chargon ansatz. Here the magnetic polaron is
understood as a composite bound state of two partons:
A heavy spinon carrying the spin quantum number of
the magnetic polaron, and a light chargon carrying its
charge. This parton picture of magnetic polarons was
first suggested by Béran et al. [40]. Based on an even
broader analysis these authors conjectured that mag-
netic polarons are composites, closely resembling pairs
of quarks forming mesons in high-energy physics.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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FIG. 1. Meson-like spinon-chargon bound states and

short-range hidden string order. A single hole in a 2D
AFM forms a meson-like bound state of a spinon and a char-
gon, similar to quark-antiquark pairs forming mesons in high
energy physics. (a) In the t�J model, a spinon can be bound
to a chargon by a geometric string of displaced spins. (b) Sig-
natures of such strings (⌃) can be visualized in individual
Fock configurations by analyzing the di↵erence to a classi-
cal Néel pattern. We use the matrix product state formalism
(MPS) and the DMRG algorithm to generate snapshots of
the T = 0 ground state of the t� J model with a single hole,
similar to the recent measurements using ultracold fermions
[28]. In (c) we show the distribution function of the length
` of string-like patterns emanating from the hole. A striking
di↵erence is observed between a localized and a mobile hole
(MPS, indicated by symbols connected with dashed lines).
Mobile holes are described quantitatively by the geometric
string theory (FSA, shaded ribbons) which is based on the
string length distributions pFSA

` shown in the inset.

the bandwidth of a free fermion Wt = 8t is much larger
than the energy range covered by the (para-) magnon
spectrum WJ ⇡ 2J , i.e. t � J/4. This coincides with
the most relevant regime in high-temperature cuprate su-
perconductors, where t ⇡ 3J [1]. Note that we require
J/t � 0.05 however, below which the Nagaoka polaron
with a ferromagnetic dressing cloud is realized [18, 39].
Extensions of our approach to weak couplings, t . J , are
possible and will be devoted to future work. A central
part of our study is the analysis of string patterns in in-
dividual images. This contains more information than
the commonly used two point correlation functions and
is motivated by recent experiments with quantum gas
microscopes.

This paper is organized as follows. In the remainder of
the introduction, we provide a brief review of the known
properties of magnetic polarons along with an overview of
our new results, concerning in particular the short-range

hidden string order and the magnetic polaron radius. In
Sec. II we discuss our microscopic model for describing
individual dopants in an AFM and introduce the trial
wavefunction. In Sec. III we present our numerical results
and analyze the accuracy of the trial wavefunction. We
close with an outlook and a discussion in Sec. IV.

A. Magnetic polarons

When a single dopant is introduced into a spin back-
ground, it can be considered as a mobile impurity which
becomes dressed by magnetic fluctuations and forms a
new quasiparticle – a magnetic polaron. In the case
of a doublon or a hole doped into a Heisenberg AFM,
commonly described by the t � J model, the dressing
by magnon fluctuations leads to strongly renormalized
quasiparticle properties [6–8]. Here we provide a brief
review of these known properties and their most com-
mon interpretation:

(i) The dispersion relation of the hole is strongly renor-
malized, with a bandwidth W / J rather than the
bare hole hopping t;

(ii) The shape of the dispersion di↵ers drastically from
that of a free hole, �2t[cos kx + cos ky]. It has a
minimum at k = (⇡/2,⇡/2) and disperses weakly
on the edge of the magnetic Brillouin zone (MBZ),
|kx|+ |ky| = ⇡; see Fig. 5;

(iii) At strong couplings the ground state energy de-
pends linearly on J2/3t1/3 and approaches �2

p
3t

when J ! 0.

In the conventional magnetic polaron picture, (i) and (ii)
are a consequence of a cloud of correlated magnons dress-
ing the hole [6–8], see Fig. 2. This polaron cloud is di�-
cult to describe quantitatively due to the strong interac-
tions of the magnons with the hole, with strength t. The
properties in (iii) can be obtained from numerical cal-
culations within the magnetic polaron theory, but their
relation to an underlying physical mechanism is not made
explicit.

B. Parton picture: Spinons, chargons and strings

As reviewed next, the established properties of mag-
netic polarons (i) - (iii) follow more naturally from a
spinon-chargon ansatz. Here the magnetic polaron is
understood as a composite bound state of two partons:
A heavy spinon carrying the spin quantum number of
the magnetic polaron, and a light chargon carrying its
charge. This parton picture of magnetic polarons was
first suggested by Béran et al. [40]. Based on an even
broader analysis these authors conjectured that mag-
netic polarons are composites, closely resembling pairs
of quarks forming mesons in high-energy physics.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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of this peak decreases until it disappears for / .!T t 0 64, indicating the 
decay of long-range order. At these elevated temperatures, a broad peak 
with low amplitude remains, which originates from the remaining 
short-range spin correlations. We quantify the ordering strength of the 
antiferromagnetic long-range order by the corrected staggered mag-
netization m T( )z

c , which subtracts uncorrelated contributions and is 
equal to mz in the thermodynamic limit (Methods). Although initially 
small at elevated temperatures, mz

c increases markedly at lower temper-
atures (Fig. 2d). We compare the measured temperature dependence 
to ab initio quantum Monte Carlo calculations of the Hubbard model 
on a 10 site ×  10 site square lattice with periodic boundary conditions 
and no free parameters. We find agreement over the entire range of 
temperatures, with residual deviations possibly caused by the different 
spatial shape of Ω. The largest measured value of = .m 0 25(1)z

c  is more 
than 50% of the theoretically predicted zero-temperature value in the 
Heisenberg model for our system size, obtained from finite-size 
scaling23.

The underlying Hubbard Hamiltonian that describes our system is 
SU(2)-symmetric. In the absence of a symmetry-breaking field, the 
staggered spin-ordering vector =m m m mˆ ( ˆ , ˆ , ˆ )x y z  is expected to point 
in random directions on a sphere between different experimental real-
izations. Consequently, individual measurements of the projection m̂z 
are expected to have large variation. This variation is directly observable  
in our experiment, because we can measure independent values of  
the staggered magnetization operator m̂z  from single experimental 
realizations (Fig. 3a).

The variation of the staggered ordering can be quantified from a 
histogram of all measured values of m̂z across different experimental 

realizations, which corresponds to the full counting statistics of the 
operator m̂z . These statistics are a powerful tool for characterizing 
many-body systems beyond average values29, but so far have not been 
measured for the antiferromagnetic phase. In Fig. 3b we show the meas-
ured histograms of the staggered magnetization along the z direction 
for different temperatures at half-filling, each obtained from more than 
250 images. All of the distributions are symmetric and peak around 
zero, with expectation values 〈 〉m̂z  consistent with zero. In addition, we 
find the same results for spin correlations when measuring along a spin 
direction that is perpendicular to the z axis via a π /2 pulse (Extended 
Data Fig. 4). Both observations are consistent with a randomly oriented 
spin-ordering vector. The width of the distributions is characterized by 
the standard deviation mz defined in equation (1). At the highest tem-
perature, the distribution is consistent with the expectation in the 
infinite-temperature limit, in which the entire finite-size sample of N 
sites is uncorrelated. In this limit, a binomial distribution is predicted, 
with a width of →∞ = / = .m T N( ) 1 0 1125z , which agrees with the 
experimentally measured value of mz =  0.12(2). At lower temperatures, 
the width of the distribution grows substantially and depends sensi-
tively on temperature, but remains peaked around zero. The experi-
mental data are in excellent agreement with ab initio quantum Monte 
Carlo calculations of the Heisenberg model at the experimentally deter-
mined temperatures. These findings show that the lattice thermometer 
based on nearest-neighbour correlations that we use here is correctly 
calibrated and very precise down to fractions of the tunnelling.

Whereas theoretical predictions at half-filling are available down 
to low temperature, this is not the case for doped systems, owing to 
the exponential scaling of the fermion sign problem with inverse 
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Figure 2 | Observing antiferromagnetic long-range order. a, The spin 
correlator Cd is plotted for different displacements d =  (dx, dy) ranging 
across the entire sample for five temperatures T/t. We record more than 
200 images for each temperature (Methods). Correlations extend across 
the entire sample for the coldest temperatures, whereas for the hottest 
temperature only nearest-neighbour correlations remain. b, The sign-
corrected correlation function (− 1)iCd is obtained through an azimuthal 
average. The exponential fits to the data (| d|  =  d >  2 sites) are shown in 
blue, from which we determine the correlation length ξ; the fit of the 
coldest sample is plotted in grey in the other panels for comparison.  
c, The measured spin structure factor Sz(q) −  Sz(0) obtained from Fourier 
transformations of single images. A peak at momentum qAFM =  (π /a, π /a) 
signals the presence of an antiferromagnet. d, The measured correlation 

length ξ (data), fitted to equation (2) (curve), diverges exponentially as a 
function of temperature T/t and is comparable to the system size for the 
lowest temperature. The temperature is varied by holding the atoms in the 
trap for a variable time. The inset is a semi-logarithmic plot of the same 
quantity versus inverse temperature. e, The measured corrected staggered 
magnetization mz

c  (large blue circles) increases markedly below 
temperatures T/t ≈  0.4. We find good agreement with quantum Monte 
Carlo calculations of the Hubbard model (small grey circles). The 
trajectory followed in this figure is shown schematically in the phase 
diagram in the inset. Error bars in d and e are standard deviations of the 
sampled mean; error bars in b (smaller than the markers) are computed as 
in Methods. The figure is based on 2,282 experimental realizations.
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Cold atoms still too hot…

Search for emergent constituents!
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Fig. 14. Diffusion and subdiffusion. Decay of an initially prepared charge density wave without a tilt [38], panel (a) and
(c), and with an additional tilt [96], panel (d). (b) The system is prepared in a charge density wave (CDW) state along one
direction. The ensuing time dynamics is then probed. (a) In a system without a tilt, the relaxation of the CDW leads to
diffusive behavior, with a diffusion constant D. The dashed gray line (top panel) corresponds to the Mott–Ioffe–Regel limit,
which provides a lower bound for the diffusion constant. Combined with the measurement of the charge compressibility
�C (lower panel), the resistivity can be extracted. (c) Resistivity as a function of temperature, experimental data (red)
compared to a finite temperature Lanczos method (blue) and DMFT (green). The Mott–Ioffe–Regel limit �MIRh̄ =

p
n/2⇡

is shown as gray dashed line. (d) In the presence of a strong tilted potential, the relaxation dynamics crosses over from
diffusive to subdiffusive. In order to extract the scaling exponent ↵, with decay time ⌧ = �↵ , for a given tilt strength,
the decay for CDWs of different wavelengths � is studied. The plot shows the scaling exponent ↵ as a function of tilt
strength, showing diffusive behavior with ↵ = 2 for the non-tilt case. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
Source: Figures extracted and adapted from [38] (a), (c), and [96] (b), (d).

In the harmonic trap in this experiment, the position can be converted to a chemical potential in
the local density approximation. The change of the density as a function of the position thus yields
the charge compressibility. The experimentally measured charge compressibility decreases with
increasing temperature and approaches a high temperature limit, Fig. 14(a). For low temperatures,
saturation is expected but not seen at the lowest experimentally accessible temperatures of T/t =

0.3.
From the Nernst–Einstein equation (22), the resistivity ⇢ was obtained through the experimen-

tally measured diffusion constant and compressibility. It was found that the resistivity increases
with increasing temperature and does not saturate within the range of temperatures realized in [38].
The resistivity violates the corresponding Mott–Ioffe–Regel bound for temperatures higher than
T/t ⇡ 1.3, which is consistent with observations in cuprate materials in the bad metal phase [180].

The same setup, but at a significantly weaker interaction strength of U/t = 3.9, was used
in [96] to study the thermalization behavior in the presence of a potential gradient, leading to
subdiffusive behavior for sufficiently strong tilts, Fig. 14(c). As the imprinted density profile decays,
local number density currents flow and the tilt energy is reduced. Since the total energy is conserved,
non-tilt energy has to flow correspondingly. This flow can be described by a thermal diffusion
constant Dth, which sets the rate for global relaxation of the system, assuming that the system is
locally thermalized with inverse temperature �(x, t). This behavior is captured by a hydrodynamic
description, where the potential gradient couples the conserved density and energy. The local
inverse temperature can be determined through measurements of the single occupancy density,
and thus predictions from the hydrodynamic description for �(x, t) and n(x, t) are verified.
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a proxy for the spin susceptibility, �S / np in a range of densities from n = 0 to n = 1 for an
interaction strength of U/t = 14.7(8), Fig. 13(b).

The non-monotonic behavior of the local polarization as a function of doping resembles the
behavior of the magnetic susceptibility observed in the cuprates in the metallic phase with a weak
peak around 20% doping [173–175]. This is considered a hallmark signature of the pseudogap phase
in cuprates.

The uniform (q = 0) spin susceptibility �S(0) was also extracted from equal-time spin correlation
functions through the fluctuation–dissipation theorem in [24], see Fig. 13(c). It was found to exhibit
similar behavior at low doping as reported in [39]. In particular, it is consistent with the non-
monotonic behavior described above with a weak maximum at approximately 20% doping. The
comparison to Fermi liquid behavior shown in Fig. 13(c) emphasizes that the decrease of the
spin susceptibility with decreasing doping at small doping is an anomalous behavior. In [176], the
uniform spin susceptibility was similarly extracted from measurements of the static structure factor
at q = 0 as a function of doping and for temperatures T/t � 0.63. For a constant temperature, the
static structure factor increases with decreasing doping and reaches a plateau at around 20% doping
for the lowest temperatures considered. The onset of this plateau shifts to smaller doping values as
the temperature is increased.

Other thermodynamic quantities can be measured as well. For example, in Ref. [177] the depen-
dence of the density on the chemical potential, related to the compressibility, was used to determine
a pressure P . The temperature dependence of the pressure then yields the thermodynamic entropy
per site s through the relation

s = a2
dP
dT

����
µ=const.

, (21)

where a is the lattice constant. At strong interactions and temperatures T . t , the entropy per site as
a function of the chemical potential µ exhibits a non-monotonous behavior with a local minimum
at half-filling (µ = U/2) [177].

5.1.4. Transport
The strange metal phase constitutes one of the biggest mysteries of the cuprate phase diagram:

at intermediate to high dopings, above the superconducting dome, the cuprate materials display
curious transport properties, see e.g. [178], which have led to the description as strange or bad
metals. In particular, the resistivity is / T for low temperatures, [179] as opposed to / T 2 as
expected for a Fermi liquid.

In [38], the transport behavior was probed in the Fermi–Hubbard model by studying the
relaxation of an initially prepared charge density wave at an average overall density of hni = 0.82
and in a temperature range of 0.3 < T/t < 1, Fig. 14(a). The decay of the charge density wave was
modeled hydrodynamically, taking into account particle number conservation as well as a finite
current relaxation rate, in order to extract a charge diffusion constant D. The diffusion constant can
be related to the resistivity ⇢ through the Nernst–Einstein equation,

� = �CD, (22)

with the compressibility �C = dn/dµ|T and the conductivity � = 1/⇢. The compressibility was
measured in a separate experiment, as described below.

The diffusion constant was measured for initially superimposed sinusoidal patterns with differ-
ent wavelengths, Fig. 14(b). The decay of the density wave pattern becomes consistent with diffusive
transport expected from a hydrodynamic description at long wavelengths, where a density pattern
with wave vector k decays exponentially on a time scale given by ⌧ = 1/Dk2, as can be seen in
the limit of F = 0 (no applied force) in Fig. 14(c). The temperature dependence of the diffusion
constant is measured by controlled heating of the atomic cloud. As the temperature is increased, the
diffusion constant decreases rapidly, Fig. 14(a). The Mott–Ioffe–Regel limit provides a lower bound
on the diffusion constant, which is approached but not violated in [38] at high temperatures.

Remarkably, the experiments in Ref. [38] also observed damped oscillations of the decaying
charge density wave patterns. This indicates the existence of a well-defined sound-like mode in
the considered finite-doping regime.
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Fig. 14. Diffusion and subdiffusion. Decay of an initially prepared charge density wave without a tilt [38], panel (a) and
(c), and with an additional tilt [96], panel (d). (b) The system is prepared in a charge density wave (CDW) state along one
direction. The ensuing time dynamics is then probed. (a) In a system without a tilt, the relaxation of the CDW leads to
diffusive behavior, with a diffusion constant D. The dashed gray line (top panel) corresponds to the Mott–Ioffe–Regel limit,
which provides a lower bound for the diffusion constant. Combined with the measurement of the charge compressibility
�C (lower panel), the resistivity can be extracted. (c) Resistivity as a function of temperature, experimental data (red)
compared to a finite temperature Lanczos method (blue) and DMFT (green). The Mott–Ioffe–Regel limit �MIRh̄ =

p
n/2⇡

is shown as gray dashed line. (d) In the presence of a strong tilted potential, the relaxation dynamics crosses over from
diffusive to subdiffusive. In order to extract the scaling exponent ↵, with decay time ⌧ = �↵ , for a given tilt strength,
the decay for CDWs of different wavelengths � is studied. The plot shows the scaling exponent ↵ as a function of tilt
strength, showing diffusive behavior with ↵ = 2 for the non-tilt case. (For interpretation of the references to color in
this figure legend, the reader is referred to the web version of this article.)
Source: Figures extracted and adapted from [38] (a), (c), and [96] (b), (d).

In the harmonic trap in this experiment, the position can be converted to a chemical potential in
the local density approximation. The change of the density as a function of the position thus yields
the charge compressibility. The experimentally measured charge compressibility decreases with
increasing temperature and approaches a high temperature limit, Fig. 14(a). For low temperatures,
saturation is expected but not seen at the lowest experimentally accessible temperatures of T/t =

0.3.
From the Nernst–Einstein equation (22), the resistivity ⇢ was obtained through the experimen-

tally measured diffusion constant and compressibility. It was found that the resistivity increases
with increasing temperature and does not saturate within the range of temperatures realized in [38].
The resistivity violates the corresponding Mott–Ioffe–Regel bound for temperatures higher than
T/t ⇡ 1.3, which is consistent with observations in cuprate materials in the bad metal phase [180].

The same setup, but at a significantly weaker interaction strength of U/t = 3.9, was used
in [96] to study the thermalization behavior in the presence of a potential gradient, leading to
subdiffusive behavior for sufficiently strong tilts, Fig. 14(c). As the imprinted density profile decays,
local number density currents flow and the tilt energy is reduced. Since the total energy is conserved,
non-tilt energy has to flow correspondingly. This flow can be described by a thermal diffusion
constant Dth, which sets the rate for global relaxation of the system, assuming that the system is
locally thermalized with inverse temperature �(x, t). This behavior is captured by a hydrodynamic
description, where the potential gradient couples the conserved density and energy. The local
inverse temperature can be determined through measurements of the single occupancy density,
and thus predictions from the hydrodynamic description for �(x, t) and n(x, t) are verified.
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and supports our treatment of each doublon as an independent fer-
mionic particle.

To demonstrate that the mobility of the doublon is key for polaron 
formation, we now investigate the effect of an artificially introduced 
localized doublon on the surrounding magnetic correlations. We set 
the chemical potential so as to prepare a system without doping and 
we adiabatically ramp up the power of an optical tweezer focused on 
a single central site while simultaneously ramping up the lattice. The 
final tweezer depth is set such that the density of that site saturates at 
1.77(1) (see Fig. 3a). We do not achieve a perfectly deterministic dou-
blon preparation in our experiments, probably because of detection 
errors and higher-band effects (see Methods). We analyse the same 
doublon-conditioned three-point correlator C(r0; r, d) for diagonal spin 
correlations, as before, with r0 fixed to the pinned site (see Fig. 3b). As 
expected, the strong spin distortion and, most importantly, the sign 
reversal of correlations is absent in this case. Instead, magnetic corre-
lations across the trapped site are only moderately reduced compared 
to the undoped background (see Fig. 3c).

To enable a quantitative study and a comparison to theoretical mod-
els, we group the three-point spin correlations by the magnitude of their 
bond distance r = |r| from doublons. Measured NN, diagonal and NNN 
spin correlations are shown in Fig. 4. The local distortion of spin corre-
lations around mobile doublons is visible in all correlators. Sign reversal 
of diagonal and NNN correlations occurs at a mean bond distance of 

one site, yielding a diameter (and estimated polaron size) of around two 
lattice sites. We compare our findings to theoretical model calculations 
carried out for the estimated temperature of our system (see Fig. 4). 
For the mobile case, an effective string model of magnetic polarons is 
used, assuming frozen spin dynamics7. Remarkably, similar amplitude 
changes of correlations, and hence a similar polaron radius, is predicted 
(also found in the exact diagonalization results of the t–J model on 
a 4 × 4 system; see Supplementary Information). Furthermore, the 
sign changes of correlations in the vicinity of the doublon are repro-
duced in this model, as seen also in Fig. 4e, f. Quantitative differences 
between the effective model and the experiment remain; however, this 
is expected owing to the moderate separation of spin and hole dynamics 
(J/t = 0.3) and the elevated temperatures in the experimental system. 
In the case of pinned doublons, two effects can be observed. First, the 
sign flip of correlations observed in the mobile case vanishes and the 
closest-distance diagonal and NNN spins appear uncorrelated; this 
is captured by an exact diagonalization calculation of the t–J model 
with zero tunnelling of the excess doublon (see Fig. 4). This can be 
explained by the fact that the doublon effectively blocks a path linking 
the spins next to it and prevents them from building up a correlation, 
given the finite temperature. Second, an enhancement of certain spin 
correlations around the pinned site is visible in the closest NN corre-
lations and distance-1 NNN correlations. This effect is expected from 
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Fig. 2 | Mobile doublons dressed by local spin disturbance. a, Density (n) 
distribution for mobile doublons. In the doped region (inner black box), 
two doublons on average delocalize in an area of 5 × 3 sites. b, Diagonal 
spin correlations, represented by bonds connecting two sites (black dots) 
and sorted according to their distance from doublons (double black 
circle at centre). Correlations are negative only in the immediate vicinity 
of a doublon and positive farther away. c, NNN spin correlations across 
and next to detected doublons. As in the case of diagonal correlations 
(b),the correlations across doublons are sign-flipped with respect to the 
antiferromagnetic background value. Our experimental results confirm 
the formation of a magnetic polaron, in which doublons are dressed by a 
local spin distortion (see Fig. 1a, left).
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Fig. 3 | Spin correlations around trapped doublons. a, Density 
distribution for pinned doublons. An attractive laser beam (tweezer; 
702 nm) focused on a single site artificially increases the density in an 
undoped system at a specific site to about 1.77(1). b, Diagonal spin 
correlations around doublons trapped in the tweezer. The sign-flipped 
spin distortion vanishes, in contrast to the mobile case. c, NNN spin 
correlations across and next to pinned doublons. Although spins across the 
trapped doublon are uncorrelated, correlations neighbouring the trapped 
doublon are slightly enhanced compared to the background value (see 
Fig. 4c). Trapping doublons with a tweezer beam prevents the competition 
between kinetic and magnetic energy and suppresses polaron formation 
(see Fig. 1a, right).
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signal by holes created during the detection. A shown in Fig. 1, we 
realized separate settings in which doublons were allowed to hop 
between sites (Fig. 1a, left) or were pinned to a single lattice site (Fig. 1a, 
right). Mobile doublons were prepared using an increased chemical 
potential, resulting in delocalized doublons in the centre of our har-
monically confined lattice with a trapping frequency of about  
ω/(2π) = 250 Hz. For the preparation of immobile doublons we used 
a tightly focused laser beam (tweezer) at 702 nm with a waist of about 
0.5 µm to form a deep attractive local potential. By shining the tweezer 
with appropriate intensity onto a single lattice site, the deep potential 
leads to an artificially created trapped doublon at that site (see Fig. 1a). 
Our detection method22 allows us to simultaneously reconstruct the 
local spin and density within a single snapshot (see Fig. 1d). In this way, 
we can separate the spin and density sectors by measuring local spin 
correlations between two sites at positions r1 and r2 that are singly occu-
pied (indicated by the filled circles below).

⟨ ⟩
∙ ∙

=r rC S S( , ) 4 (1)r r r r
z z

1 2
1 21 2

We define the value of C(r1, r2) as the bond strength between r1 and 
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filled circles) at a third position, r0
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Here, the correlator is expressed in terms of the bond length d = r2 − r1 
of the spin correlation and the bond distance r = [(r1 + r2)/2] − r0 from 
the doublon. This three-point correlator can be understood as defin-
ing the origin in each snapshot as the position of a detected doublon 
and calculating arbitrary two-point spin correlations as a function of 
distance from that point. For a magnetic polaron, this correlator is 
expected to reveal the strongly altered spin correlations in the imme-
diate vicinity of doublons (that is, for small bond distances r). The 
remainder of this article will focus on the analysis of C(r0; r, d) for 
NN (|d| = 1), diagonal (|d| = 1.4) and next-nearest-neighbour (NNN; 
|d| = 2) spin correlations as a function of bond distance r from the 
doublons. Even in the Mott insulating regime without doping, quantum 
fluctuations of doublon–hole pairs lead to a constant background of 
detected doublons. To distinguish between doped particles and such 
naturally occurring fluctuations in our signal, we neglect double occu-
pations with holes as NNs (see Methods).

Our access to three-point correlations allows us to study the local 
distortion of magnetic correlations surrounding doublons and therefore 
the inner structure of a polaron. Spins located close to a mobile doublon 
will be affected the strongest by doublon delocalization. Hence, the 
largest signal is expected for correlations between the four spins that 
are direct neighbours of a detected doublon; those are diagonal and 
NNN correlations. The NN correlations closest to the doublon, by con-
trast, exhibit a larger bond distance and are less sensitive to polaronic 
spin distortion. Therefore, we first consider the effect of doping on 
diagonal spin correlations and analyse the correlator defined in equa-
tion (2) to evaluate spin correlations as a function of bond distance r 
from doublons.

To study the doped system, we set the chemical potential such that 
a doped region of 5 × 3 sites forms with 1.95(1) doublons per exper-
imental realization on average (see Fig. 2a). For each experimental 
snapshot, doublons are detected at different positions r0. We average 
the correlator of equation (2) over all positions in the doped region and 
obtain the average spin correlation around a single doublon C(r, d), as 
displayed in Fig. 2b for diagonal correlations (|d| = 1.4). Remarkably, 
we observe the dressing of doublons with a spin disturbance, which 

confirms the picture of a magnetic polaron. The strong effect on the 
magnetic correlations is even more pronounced in NNN correlations 
(|d| = 2) across doublons, which reverse their sign with an amplitude 
a factor of two larger than that of diagonal correlations (see Fig. 2c). 
Numerical studies at low temperature have found that NNN spin cor-
relations across dopants reverse their sign and become negative23,24, 
which has been interpreted as local spin–charge separation and a build-
ing block of incommensurate magnetism in two dimensions24,25. Our 
results show that this effect persists even at elevated temperatures. In a 
frozen-spin picture, this sign reversal can be understood from a single 
displacement of the doublon (see Fig. 1b), which turns NN spins into 
NNN ones and thus automatically mixes a strong negative NN signal 
into the otherwise positive, but weaker, NNN correlations. A similar 
reasoning also applies to the sign reversal of diagonal spin correlations. 
Because antiferromagnetic NN correlations are stronger than any other 
spin correlation even at zero temperature, the string model intuitively 
predicts this sign flip to be robust also at lower temperatures. For a high 
enough density of dopants, even local two-point diagonal spin corre-
lations (see equation (1)) can reverse their sign, as shown in Methods 
and reported in refs 26–28.

In addition, we analysed the correlations between doublons. At 
our temperature they appear anti-correlated at short distances 
and uncorrelated otherwise within our measurement uncertainty 
(see Methods). This is in agreement with other recent observations28 
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Fig. 1 | Mobile and immobile dopants with ultracold atoms. a, We 
experimentally study two-dimensional Fermi–Hubbard systems 
containing fermionic spin-up and spin-down particles (red and 
blue spheres, respectively), with mobile (left) or immobile (right) 
doublons (green), using a quantum gas microscope. In the mobile case, 
antiferromagnetic correlations close to the doublon are diminished (pink 
shading). This effect is absent in the immobile case, when the doublon 
is pinned with a focused attractive laser beam (orange). b, The hopping 
of a doublon (black arrow) in the antiferromagnetic background of the 
Fermi–Hubbard model around half-filling leads to a distorted spin order. 
With increasing delocalization, antiferromagnetically aligned spin pairs 
are turned into ferromagnetic ones (red and blue shading, highlighting 
ferromagnetic regions of different magnetization). As a consequence of 
this competition, theoretical and experimental evidence points towards 
polaron formation (see text). c, To create immobile localized doublons, we 
focus an attractive laser beam (orange) onto a single lattice site through the 
microscope, which collimates the fluorescence light (blue) for detection. 
d, Each captured image corresponds to a projected many-body quantum 
state. By employing our local Stern–Gerlach technique, we fully resolve 
spin and density (including holes, represented by white circles), enabling 
local investigation of the spin environment around doublons. As indicated 
in the reconstruced image, the Fermi–Hubbard model is implemented 
with equal tunnelling amplitudes, ty = tx, but unequal lattice spacings, 
ay = 2ax, to allow spin-resolved detection.
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and supports our treatment of each doublon as an independent fer-
mionic particle.

To demonstrate that the mobility of the doublon is key for polaron 
formation, we now investigate the effect of an artificially introduced 
localized doublon on the surrounding magnetic correlations. We set 
the chemical potential so as to prepare a system without doping and 
we adiabatically ramp up the power of an optical tweezer focused on 
a single central site while simultaneously ramping up the lattice. The 
final tweezer depth is set such that the density of that site saturates at 
1.77(1) (see Fig. 3a). We do not achieve a perfectly deterministic dou-
blon preparation in our experiments, probably because of detection 
errors and higher-band effects (see Methods). We analyse the same 
doublon-conditioned three-point correlator C(r0; r, d) for diagonal spin 
correlations, as before, with r0 fixed to the pinned site (see Fig. 3b). As 
expected, the strong spin distortion and, most importantly, the sign 
reversal of correlations is absent in this case. Instead, magnetic corre-
lations across the trapped site are only moderately reduced compared 
to the undoped background (see Fig. 3c).

To enable a quantitative study and a comparison to theoretical mod-
els, we group the three-point spin correlations by the magnitude of their 
bond distance r = |r| from doublons. Measured NN, diagonal and NNN 
spin correlations are shown in Fig. 4. The local distortion of spin corre-
lations around mobile doublons is visible in all correlators. Sign reversal 
of diagonal and NNN correlations occurs at a mean bond distance of 

one site, yielding a diameter (and estimated polaron size) of around two 
lattice sites. We compare our findings to theoretical model calculations 
carried out for the estimated temperature of our system (see Fig. 4). 
For the mobile case, an effective string model of magnetic polarons is 
used, assuming frozen spin dynamics7. Remarkably, similar amplitude 
changes of correlations, and hence a similar polaron radius, is predicted 
(also found in the exact diagonalization results of the t–J model on 
a 4 × 4 system; see Supplementary Information). Furthermore, the 
sign changes of correlations in the vicinity of the doublon are repro-
duced in this model, as seen also in Fig. 4e, f. Quantitative differences 
between the effective model and the experiment remain; however, this 
is expected owing to the moderate separation of spin and hole dynamics 
(J/t = 0.3) and the elevated temperatures in the experimental system. 
In the case of pinned doublons, two effects can be observed. First, the 
sign flip of correlations observed in the mobile case vanishes and the 
closest-distance diagonal and NNN spins appear uncorrelated; this 
is captured by an exact diagonalization calculation of the t–J model 
with zero tunnelling of the excess doublon (see Fig. 4). This can be 
explained by the fact that the doublon effectively blocks a path linking 
the spins next to it and prevents them from building up a correlation, 
given the finite temperature. Second, an enhancement of certain spin 
correlations around the pinned site is visible in the closest NN corre-
lations and distance-1 NNN correlations. This effect is expected from 
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Fig. 2 | Mobile doublons dressed by local spin disturbance. a, Density (n) 
distribution for mobile doublons. In the doped region (inner black box), 
two doublons on average delocalize in an area of 5 × 3 sites. b, Diagonal 
spin correlations, represented by bonds connecting two sites (black dots) 
and sorted according to their distance from doublons (double black 
circle at centre). Correlations are negative only in the immediate vicinity 
of a doublon and positive farther away. c, NNN spin correlations across 
and next to detected doublons. As in the case of diagonal correlations 
(b),the correlations across doublons are sign-flipped with respect to the 
antiferromagnetic background value. Our experimental results confirm 
the formation of a magnetic polaron, in which doublons are dressed by a 
local spin distortion (see Fig. 1a, left).
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(see Fig. 1a, right).
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signal by holes created during the detection. A shown in Fig. 1, we 
realized separate settings in which doublons were allowed to hop 
between sites (Fig. 1a, left) or were pinned to a single lattice site (Fig. 1a, 
right). Mobile doublons were prepared using an increased chemical 
potential, resulting in delocalized doublons in the centre of our har-
monically confined lattice with a trapping frequency of about  
ω/(2π) = 250 Hz. For the preparation of immobile doublons we used 
a tightly focused laser beam (tweezer) at 702 nm with a waist of about 
0.5 µm to form a deep attractive local potential. By shining the tweezer 
with appropriate intensity onto a single lattice site, the deep potential 
leads to an artificially created trapped doublon at that site (see Fig. 1a). 
Our detection method22 allows us to simultaneously reconstruct the 
local spin and density within a single snapshot (see Fig. 1d). In this way, 
we can separate the spin and density sectors by measuring local spin 
correlations between two sites at positions r1 and r2 that are singly occu-
pied (indicated by the filled circles below).
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Here, the correlator is expressed in terms of the bond length d = r2 − r1 
of the spin correlation and the bond distance r = [(r1 + r2)/2] − r0 from 
the doublon. This three-point correlator can be understood as defin-
ing the origin in each snapshot as the position of a detected doublon 
and calculating arbitrary two-point spin correlations as a function of 
distance from that point. For a magnetic polaron, this correlator is 
expected to reveal the strongly altered spin correlations in the imme-
diate vicinity of doublons (that is, for small bond distances r). The 
remainder of this article will focus on the analysis of C(r0; r, d) for 
NN (|d| = 1), diagonal (|d| = 1.4) and next-nearest-neighbour (NNN; 
|d| = 2) spin correlations as a function of bond distance r from the 
doublons. Even in the Mott insulating regime without doping, quantum 
fluctuations of doublon–hole pairs lead to a constant background of 
detected doublons. To distinguish between doped particles and such 
naturally occurring fluctuations in our signal, we neglect double occu-
pations with holes as NNs (see Methods).

Our access to three-point correlations allows us to study the local 
distortion of magnetic correlations surrounding doublons and therefore 
the inner structure of a polaron. Spins located close to a mobile doublon 
will be affected the strongest by doublon delocalization. Hence, the 
largest signal is expected for correlations between the four spins that 
are direct neighbours of a detected doublon; those are diagonal and 
NNN correlations. The NN correlations closest to the doublon, by con-
trast, exhibit a larger bond distance and are less sensitive to polaronic 
spin distortion. Therefore, we first consider the effect of doping on 
diagonal spin correlations and analyse the correlator defined in equa-
tion (2) to evaluate spin correlations as a function of bond distance r 
from doublons.

To study the doped system, we set the chemical potential such that 
a doped region of 5 × 3 sites forms with 1.95(1) doublons per exper-
imental realization on average (see Fig. 2a). For each experimental 
snapshot, doublons are detected at different positions r0. We average 
the correlator of equation (2) over all positions in the doped region and 
obtain the average spin correlation around a single doublon C(r, d), as 
displayed in Fig. 2b for diagonal correlations (|d| = 1.4). Remarkably, 
we observe the dressing of doublons with a spin disturbance, which 

confirms the picture of a magnetic polaron. The strong effect on the 
magnetic correlations is even more pronounced in NNN correlations 
(|d| = 2) across doublons, which reverse their sign with an amplitude 
a factor of two larger than that of diagonal correlations (see Fig. 2c). 
Numerical studies at low temperature have found that NNN spin cor-
relations across dopants reverse their sign and become negative23,24, 
which has been interpreted as local spin–charge separation and a build-
ing block of incommensurate magnetism in two dimensions24,25. Our 
results show that this effect persists even at elevated temperatures. In a 
frozen-spin picture, this sign reversal can be understood from a single 
displacement of the doublon (see Fig. 1b), which turns NN spins into 
NNN ones and thus automatically mixes a strong negative NN signal 
into the otherwise positive, but weaker, NNN correlations. A similar 
reasoning also applies to the sign reversal of diagonal spin correlations. 
Because antiferromagnetic NN correlations are stronger than any other 
spin correlation even at zero temperature, the string model intuitively 
predicts this sign flip to be robust also at lower temperatures. For a high 
enough density of dopants, even local two-point diagonal spin corre-
lations (see equation (1)) can reverse their sign, as shown in Methods 
and reported in refs 26–28.

In addition, we analysed the correlations between doublons. At 
our temperature they appear anti-correlated at short distances 
and uncorrelated otherwise within our measurement uncertainty 
(see Methods). This is in agreement with other recent observations28 
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Fig. 1 | Mobile and immobile dopants with ultracold atoms. a, We 
experimentally study two-dimensional Fermi–Hubbard systems 
containing fermionic spin-up and spin-down particles (red and 
blue spheres, respectively), with mobile (left) or immobile (right) 
doublons (green), using a quantum gas microscope. In the mobile case, 
antiferromagnetic correlations close to the doublon are diminished (pink 
shading). This effect is absent in the immobile case, when the doublon 
is pinned with a focused attractive laser beam (orange). b, The hopping 
of a doublon (black arrow) in the antiferromagnetic background of the 
Fermi–Hubbard model around half-filling leads to a distorted spin order. 
With increasing delocalization, antiferromagnetically aligned spin pairs 
are turned into ferromagnetic ones (red and blue shading, highlighting 
ferromagnetic regions of different magnetization). As a consequence of 
this competition, theoretical and experimental evidence points towards 
polaron formation (see text). c, To create immobile localized doublons, we 
focus an attractive laser beam (orange) onto a single lattice site through the 
microscope, which collimates the fluorescence light (blue) for detection. 
d, Each captured image corresponds to a projected many-body quantum 
state. By employing our local Stern–Gerlach technique, we fully resolve 
spin and density (including holes, represented by white circles), enabling 
local investigation of the spin environment around doublons. As indicated 
in the reconstruced image, the Fermi–Hubbard model is implemented 
with equal tunnelling amplitudes, ty = tx, but unequal lattice spacings, 
ay = 2ax, to allow spin-resolved detection.
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Fig. 10. Imaging a magnetic polaron and its dressing cloud. Diagonal next nearest neighbor spin correlations measured
around(a) a mobile and (b) a pinned doublon. Around the mobile dopant, the spin correlations are strongly sign-reversed
(blue), a direct signature of the polaronic dressing cloud. (For interpretation of the references to color in this figure
legend, the reader is referred to the web version of this article.)
Source: Figures taken from [30].

In the solid state context, the main emphasis has been on the following properties of magnetic
polarons accessible by ARPES, see e.g. [157–159]: Their dispersion relation, location of the band
minimum, and their quasiparticle weight. As we will discuss next, ultracold atoms provide access
to complementary quantities characterizing magnetic polarons, which have also recently been
analyzed theoretically: these include e.g. the microscopic structure and size of their dressing
cloud [29,160] and higher-order spin-charge correlations [25].

4.2.2. Experiments in equilibrium
In [110], the behavior of the spin correlations around a mobile doublon6 was studied as the

hopping ty/tx was tuned, thus going from decoupled chains to a two-dimensional system. While
in the one-dimensional limit strong AFM correlations across the doublon are found, a significant
suppression of the correlations was observed when the system becomes two-dimensional. This was
the first direct indication for the formation of a magnetic polaron (see Fig. 10).

The magnetic environment of a single dopant in the two-dimensional system was studied in
detail in [30]. Based on snapshots from a quantum gas microscope, one can directly probe the
dressing cloud of the magnetic polaron in terms of the spin correlations relative to the dopant.
In [30] the chemical potential was set such that on average 1.95(1) delocalized doublons are
present in a central region of 5 ⇥ 3 sites. At a temperature of T/J ⇡ 1.4, there is no long-
range antiferromagnetic order in this experiment. However, the nearest and next nearest neighbor
spin correlation functions are still significant in the undoped system. The three-point doublon-spin
correlator

C(r0; r1, r2) = 4
⌦
Szr1S

z
r2

↵
�r0 •r1 •r2

(18)

with r1,2 nearest or next nearest neighbors is therefore optimally suited to investigate the spin en-
vironment around the dopant. Here the open/filled circles indicated that the correlator is evaluated
on datasets where the respective sites were empty/occupied by a fermion.

In the immediate vicinity of the mobile dopant, the diagonal next nearest neighbor correlations
were found to become antiferromagnetic [30]. Similarly, the straight next nearest neighbor corre-
lations across and next to the dopant were sign flipped. These experimental results (see Fig. 10)
confirm the theoretical picture of a dopant dressed by a local spin distortion, and give microscopic

6 Note that, owing to the exact particle–hole symmetry of the Fermi Hubbard model with nearest-neighbor hopping
only, doublon and hole doping are equivalent and can be used interchangeably.
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Fig. 17. String patterns. (a) String pattern count and (b) average string pattern length as a function of doping, extracted
from experimental data (blue symbols) and string theory (green), ⇡-flux theory (dark green, dashed), and sprinkled holes
(brown, dashed–dotted). (a) The background signal of the experiment at half-filling is marked by a gray dashed line.
For small dopings, the string pattern count increases approximately linear. At around 15%, the count starts to saturate.
(b) In the same doping regime, the average string pattern length is approximately constant. For dopings � � 20%, the
average length starts to decrease. The experimental and theoretical results for the average length are also compared to
experimental data at a finite temperature, where the temperature is chosen at each doping level to best fit the average
value of the staggered magnetization (orange) or the nearest neighbor spin correlator (red) with the corresponding number
of holes added by hand.
Source: Figures taken from [26,186].

theoretical picture of independent string objects, coincides with the doping regime of � ⇡ 20% at
which the magnetic polaron regime observed through spin-charge correlations in Ref. [24] ends.

The geometric string theory gives a prescription to relate finite doping to the parent AFM. Based
on experimental data at half-filling, it is therefore possible to generate a new set of ’geometric string
theory snapshots’, where the strings are included by introducing and moving holes and displacing
spins along their path by hand. Besides geometric string theory, the experimental results are
compared to a doped RVB ⇡-flux theory, and sprinkled holes, where a number of holes corresponding
to the doping under consideration are placed into experimental images at half-filling by hand but
not moved around as in the case of geometric string theory. This data thus provides an estimate
as to how the string pattern count changes simply due to an increasing number of empty sites in
the system. The comparison to experimental data shows that sprinkled holes do neither account
for the increase in the number of string patterns found, nor for the constant average string length
as a function of doping. The two other theories, however, yield excellent agreement. Notably, the
geometric string theory does not have any free fitting parameter.

In Fig. 17(b) the average string pattern length is also compared to results from experimental data
at higher temperatures which was chosen such that the same nearest-neighbor correlations CS(1)
or mean staggered magnetization |mZ | agree with the experimental results at finite doping. These
curves serve for comparison and demonstrate that observed patterns contain additional information
which is not captured by more traditional observables quantifying antiferromagnetic correlations
in the system.

5.3. Novel analysis: Machine learning

Machine learning techniques have emerged as a valuable tool to analyze large data sets in a
variety of scientific disciplines in recent years. In the context of the Fermi–Hubbard model, machine
learning has first been employed as an unbiased way to compare experimental data to microscopic
theories [34]. As discussed in Section 5.2, a large number of different correlation functions can
be constructed. By using an artificial neural network for this task, one avoids choosing a specific
correlator based on a given physical picture and instead lets the network make the decision which

33



Fabian Grusdt Benasque, 02/2026

Hubbard phase diagram

25

T ⇠ U
<latexit sha1_base64="eAnVS/wHznd0SqASy04o+2kTs2k=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgp6k4MVjhW5baJeSTbNtaJLdJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tJxqgj1Scxj1QmxppxJ6htmOO0kimIRctoOx/dzv/1ElWaxbJppQgOBh5JFjGBjpU4T9TQTyO+XK27VXQCtEy8nFcjR6Je/eoOYpIJKQzjWuuu5iQkyrAwjnM5KvVTTBJMxHtKupRILqoNsce8MXVhlgKJY2ZIGLdTfExkWWk9FaDsFNiO96s3F/7xuaqLbIGMySQ2VZLkoSjkyMZo/jwZMUWL41BJMFLO3IjLCChNjIyrZELzVl9dJq1b1rqq1x+tK/S6PowhncA6X4MEN1OEBGuADAQ7P8ApvzsR5cd6dj2VrwclnTuEPnM8fGzWPWA==</latexit>

AFM CD
W

T/J
<latexit sha1_base64="F1tjzrUiS32JCZ82HnCnNFTfRSs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQU9S8CKeKnTbQruUbJptQ7PZJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUUvHqaLMo7GIVScgmgkumWe4EayTKEaiQLB2ML6b+e0npjSPZdNMEuZHZCh5yCkxVvKa+AI/9MsVp+rMgVeJm5MK5Gj0y1+9QUzTiElDBdG66zqJ8TOiDKeCTUu9VLOE0DEZsq6lkkRM+9n82Ck+s8oAh7GyJQ2eq78nMhJpPYkC2xkRM9LL3kz8z+umJrzxMy6T1DBJF4vCVGAT49nneMAVo0ZMLCFUcXsrpiOiCDU2n5INwV1+eZW0alX3slp7vKrUb/M4inACp3AOLlxDHe6hAR5Q4PAMr/CGJHpB7+hj0VpA+cwx/AH6/AFeD425</latexit>

d-SC

PG

strange 
metal FL

metal

MI

0 0.2

0.5

0

2.0

1.0

1.0

doping �
<latexit sha1_base64="RwIXccu6FXh76uRc+uKUM4vgp6U=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdCVFNy4rGAf0IQymUzaoZOZMDMRSogLf8WNC0Xc+hnu/BunaRbaeuDC4Zx7ufeeIGFUacf5tiorq2vrG9XN2tb2zu6evX/QVSKVmHSwYEL2A6QIo5x0NNWM9BNJUBww0gsmNzO/90CkooLf62lC/BiNOI0oRtpIQ/vIi5EeqygLRUL5KH+EXkiYRkO77jScAnCZuCWpgxLtof3lhQKnMeEaM6TUwHUS7WdIaooZyWteqkiC8ASNyMBQjmKi/Kx4IIenRglhJKQprmGh/p7IUKzUNA5MZ3HuojcT//MGqY6u/IzyJNWE4/miKGVQCzhLA4ZUEqzZ1BCEJTW3QjxGEmFtMquZENzFl5dJt9lwzxvNu4t667qMowqOwQk4Ay64BC1wC9qgAzDIwTN4BW/Wk/VivVsf89aKVc4cgj+wPn8Ab0+W7Q==</latexit>

T ⇠ U
<latexit sha1_base64="eAnVS/wHznd0SqASy04o+2kTs2k=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBU9mtgp6k4MVjhW5baJeSTbNtaJLdJlmhLP0TXjwo4tW/481/Y9ruQVsfDDzem2FmXphwpo3rfjuFjc2t7Z3ibmlv/+DwqHx80tJxqgj1Scxj1QmxppxJ6htmOO0kimIRctoOx/dzv/1ElWaxbJppQgOBh5JFjGBjpU4T9TQTyO+XK27VXQCtEy8nFcjR6Je/eoOYpIJKQzjWuuu5iQkyrAwjnM5KvVTTBJMxHtKupRILqoNsce8MXVhlgKJY2ZIGLdTfExkWWk9FaDsFNiO96s3F/7xuaqLbIGMySQ2VZLkoSjkyMZo/jwZMUWL41BJMFLO3IjLCChNjIyrZELzVl9dJq1b1rqq1x+tK/S6PowhncA6X4MEN1OEBGuADAQ7P8ApvzsR5cd6dj2VrwclnTuEPnM8fGzWPWA==</latexit>

AFM CD
W

T/J
<latexit sha1_base64="F1tjzrUiS32JCZ82HnCnNFTfRSs=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqe5WQU9S8CKeKnTbQruUbJptQ7PZJckKZelv8OJBEa/+IG/+G9N2D9r6YODx3gwz84JEcG0c5xsV1tY3NreK26Wd3b39g/LhUUvHqaLMo7GIVScgmgkumWe4EayTKEaiQLB2ML6b+e0npjSPZdNMEuZHZCh5yCkxVvKa+AI/9MsVp+rMgVeJm5MK5Gj0y1+9QUzTiElDBdG66zqJ8TOiDKeCTUu9VLOE0DEZsq6lkkRM+9n82Ck+s8oAh7GyJQ2eq78nMhJpPYkC2xkRM9LL3kz8z+umJrzxMy6T1DBJF4vCVGAT49nneMAVo0ZMLCFUcXsrpiOiCDU2n5INwV1+eZW0alX3slp7vKrUb/M4inACp3AOLlxDHe6hAR5Q4PAMr/CGJHpB7+hj0VpA+cwx/AH6/AFeD425</latexit>

d-SC

PG

strange 
metal

FL

metal

MI

0 0.2

0.5

0

2.0

1.0

1.0

doping �
<latexit sha1_base64="RwIXccu6FXh76uRc+uKUM4vgp6U=">AAACAHicbVDLSsNAFJ3UV62vqAsXbgaL4KokVdCVFNy4rGAf0IQymUzaoZOZMDMRSogLf8WNC0Xc+hnu/BunaRbaeuDC4Zx7ufeeIGFUacf5tiorq2vrG9XN2tb2zu6evX/QVSKVmHSwYEL2A6QIo5x0NNWM9BNJUBww0gsmNzO/90CkooLf62lC/BiNOI0oRtpIQ/vIi5EeqygLRUL5KH+EXkiYRkO77jScAnCZuCWpgxLtof3lhQKnMeEaM6TUwHUS7WdIaooZyWteqkiC8ASNyMBQjmKi/Kx4IIenRglhJKQprmGh/p7IUKzUNA5MZ3HuojcT//MGqY6u/IzyJNWE4/miKGVQCzhLA4ZUEqzZ1BCEJTW3QjxGEmFtMquZENzFl5dJt9lwzxvNu4t667qMowqOwQk4Ay64BC1wC9qgAzDIwTN4BW/Wk/VivVsf89aKVc4cgj+wPn8Ab0+W7Q==</latexit>

Mazurenko et al. 2017

Parsons et al. 2016

Cheuk et al. 2016Nichols et al. 2019

Koepsell et al. 2019

Salomon et al. 2019

Ji et al. 2021 Chiu et al. 2019 / 
Bohrdt et al. 2019

Koepsell et al. 2021

Gall et al. 2020

Brown et al. 2017

Br
ow

n 
et

 a
l. 2

01
9

Greif et al. 2013
3D, � = 0

<latexit sha1_base64="3Lmz32KUzvvZgAy/SBNJYQEgXdM=">AAAB/3icbVDLSsNAFL3xWesrKrhxM1gEF1KSVtCNUNSFywr2AU0ok8mkHTp5MDMRSqzgr7hxoYhbf8Odf+M07UJbDwwczrmXe+Z4CWdSWda3sbC4tLyyWlgrrm9sbm2bO7tNGaeC0AaJeSzaHpaUs4g2FFOcthNBcehx2vIGV2O/dU+FZHF0p4YJdUPci1jACFZa6pr7TohVXwZZ9Xp08ogcn3KFL6yuWbLKVg40T+wpKcEU9a755fgxSUMaKcKxlB3bSpSbYaEY4XRUdFJJE0wGuEc7mkY4pNLN8vwjdKQVHwWx0C9SKFd/b2Q4lHIYenoyTzvrjcX/vE6qgnM3Y1GSKhqRyaEg5UjFaFwG8pmgRPGhJpgIprMi0scCE6UrK+oS7Nkvz5NmpWxXy5Xb01LtclpHAQ7gEI7BhjOowQ3UoQEEHuAZXuHNeDJejHfjYzK6YEx39uAPjM8fCwyVdg==</latexit>

T/J ⇠ 1.3
<latexit sha1_base64="wCyAagXn37grpHbk7gdqLH3DIn4=">AAAB83icdVDLSgMxFM3UV62vqks3wSK4GuehtO6KbsRVhb6gM5RMmmlDk8yQZIRS+htuXCji1p9x59+YTiuo6IHA4ZxzuTcnShlV2nE+rMLK6tr6RnGztLW9s7tX3j9oqySTmLRwwhLZjZAijArS0lQz0k0lQTxipBONr+d+555IRRPR1JOUhBwNBY0pRtpIQfPsFgaKcujafr9ccWyvduFd+jAnvl9dEK/qmYCTowKWaPTL78EgwRknQmOGlOq5TqrDKZKaYkZmpSBTJEV4jIakZ6hAnKhwmt88gydGGcA4keYJDXP1+8QUcaUmPDJJjvRI/fbm4l9eL9NxLZxSkWaaCLxYFGcM6gTOC4ADKgnWbGIIwpKaWyEeIYmwNjWVTAlfP4X/k7Znu77t3Z1X6lfLOorgCByDU+CCKqiDG9AALYBBCh7AE3i2MuvRerFeF9GCtZw5BD9gvX0CRoSQjQ==</latexit>

Hart et al. 2015

Bohrdt et al., Ann. of Phys. 435 (2021)

Xu et al., 2025

Chalopin et al., 2025

Finite doping: string patterns

Ensemble of individual magnetic polarons

Chiu et al., Science 365 (2019)   — Greiner lab

A. Bohrdt, L. Homeier, C. Reinmoser et al. Annals of Physics 435 (2021) 168651

Fig. 17. String patterns. (a) String pattern count and (b) average string pattern length as a function of doping, extracted
from experimental data (blue symbols) and string theory (green), ⇡-flux theory (dark green, dashed), and sprinkled holes
(brown, dashed–dotted). (a) The background signal of the experiment at half-filling is marked by a gray dashed line.
For small dopings, the string pattern count increases approximately linear. At around 15%, the count starts to saturate.
(b) In the same doping regime, the average string pattern length is approximately constant. For dopings � � 20%, the
average length starts to decrease. The experimental and theoretical results for the average length are also compared to
experimental data at a finite temperature, where the temperature is chosen at each doping level to best fit the average
value of the staggered magnetization (orange) or the nearest neighbor spin correlator (red) with the corresponding number
of holes added by hand.
Source: Figures taken from [26,186].

theoretical picture of independent string objects, coincides with the doping regime of � ⇡ 20% at
which the magnetic polaron regime observed through spin-charge correlations in Ref. [24] ends.

The geometric string theory gives a prescription to relate finite doping to the parent AFM. Based
on experimental data at half-filling, it is therefore possible to generate a new set of ’geometric string
theory snapshots’, where the strings are included by introducing and moving holes and displacing
spins along their path by hand. Besides geometric string theory, the experimental results are
compared to a doped RVB ⇡-flux theory, and sprinkled holes, where a number of holes corresponding
to the doping under consideration are placed into experimental images at half-filling by hand but
not moved around as in the case of geometric string theory. This data thus provides an estimate
as to how the string pattern count changes simply due to an increasing number of empty sites in
the system. The comparison to experimental data shows that sprinkled holes do neither account
for the increase in the number of string patterns found, nor for the constant average string length
as a function of doping. The two other theories, however, yield excellent agreement. Notably, the
geometric string theory does not have any free fitting parameter.

In Fig. 17(b) the average string pattern length is also compared to results from experimental data
at higher temperatures which was chosen such that the same nearest-neighbor correlations CS(1)
or mean staggered magnetization |mZ | agree with the experimental results at finite doping. These
curves serve for comparison and demonstrate that observed patterns contain additional information
which is not captured by more traditional observables quantifying antiferromagnetic correlations
in the system.

5.3. Novel analysis: Machine learning

Machine learning techniques have emerged as a valuable tool to analyze large data sets in a
variety of scientific disciplines in recent years. In the context of the Fermi–Hubbard model, machine
learning has first been employed as an unbiased way to compare experimental data to microscopic
theories [34]. As discussed in Section 5.2, a large number of different correlation functions can
be constructed. By using an artificial neural network for this task, one avoids choosing a specific
correlator based on a given physical picture and instead lets the network make the decision which
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Fig. 17. String patterns. (a) String pattern count and (b) average string pattern length as a function of doping, extracted
from experimental data (blue symbols) and string theory (green), ⇡-flux theory (dark green, dashed), and sprinkled holes
(brown, dashed–dotted). (a) The background signal of the experiment at half-filling is marked by a gray dashed line.
For small dopings, the string pattern count increases approximately linear. At around 15%, the count starts to saturate.
(b) In the same doping regime, the average string pattern length is approximately constant. For dopings � � 20%, the
average length starts to decrease. The experimental and theoretical results for the average length are also compared to
experimental data at a finite temperature, where the temperature is chosen at each doping level to best fit the average
value of the staggered magnetization (orange) or the nearest neighbor spin correlator (red) with the corresponding number
of holes added by hand.
Source: Figures taken from [26,186].

theoretical picture of independent string objects, coincides with the doping regime of � ⇡ 20% at
which the magnetic polaron regime observed through spin-charge correlations in Ref. [24] ends.

The geometric string theory gives a prescription to relate finite doping to the parent AFM. Based
on experimental data at half-filling, it is therefore possible to generate a new set of ’geometric string
theory snapshots’, where the strings are included by introducing and moving holes and displacing
spins along their path by hand. Besides geometric string theory, the experimental results are
compared to a doped RVB ⇡-flux theory, and sprinkled holes, where a number of holes corresponding
to the doping under consideration are placed into experimental images at half-filling by hand but
not moved around as in the case of geometric string theory. This data thus provides an estimate
as to how the string pattern count changes simply due to an increasing number of empty sites in
the system. The comparison to experimental data shows that sprinkled holes do neither account
for the increase in the number of string patterns found, nor for the constant average string length
as a function of doping. The two other theories, however, yield excellent agreement. Notably, the
geometric string theory does not have any free fitting parameter.

In Fig. 17(b) the average string pattern length is also compared to results from experimental data
at higher temperatures which was chosen such that the same nearest-neighbor correlations CS(1)
or mean staggered magnetization |mZ | agree with the experimental results at finite doping. These
curves serve for comparison and demonstrate that observed patterns contain additional information
which is not captured by more traditional observables quantifying antiferromagnetic correlations
in the system.

5.3. Novel analysis: Machine learning

Machine learning techniques have emerged as a valuable tool to analyze large data sets in a
variety of scientific disciplines in recent years. In the context of the Fermi–Hubbard model, machine
learning has first been employed as an unbiased way to compare experimental data to microscopic
theories [34]. As discussed in Section 5.2, a large number of different correlation functions can
be constructed. By using an artificial neural network for this task, one avoids choosing a specific
correlator based on a given physical picture and instead lets the network make the decision which
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measured distribution function across all dop-
ings. Across all observables considered, both of
these theories perform quite well, especially in
comparison to the sprinkled-holes simulation
and the naïve phenomenologicalmodels detailed
in section 5 of (14). However, we find the sign
change of Csð

ffiffiffi
2

p
Þ to be a key qualitative feature

that is captured only by geometric strings.

Antimoment correlations

All observables studied in this work thus far have
focused on the spin sector of theHubbardmodel.
Next, we examine correlations in the charge sector.
At sufficiently low temperatures, one may expect
signatures of pairing (10, 28) or stripe phases
(29, 30), which lead to hole bunching. However,
anticorrelations of the holes, as observed previ-
ously at increased temperatures (24), are expected
in the strongly correlated metallic regime of the
Hubbardmodel. The transition between these two
regimes in the Hubbard model phase diagram is
not yet fully understood; however, the currently
accessible experimental regime allows us to place
more accurate bounds on where this transition
can occur. We continue to compare experimental
results to predictions of p-flux states, but do not
compare to predictions of the geometric string
theory because it approximates that charges are
uncorrelated. Rather, because each string is asso-
ciated with a single hole, correlation functions of
holes can reveal possible interactions and correla-
tions between geometric strings, should they exist.
In our experiment, doubly occupied sites appear

as empty when imaged and the exact hole cor-
relation is not directly accessible; rather, we
measure “antimoment” correlationsChðjdjÞat a
distance jdj, which include contributions from
doublon-doublon and doublon-hole correlations:

ChðjdjÞ ≡
"
hð1# n̂s;iÞð1# n̂s;iþdÞi

#hð1# n̂s;iÞihð1# n̂s;iþdÞi
#

ð4Þ

where n̂s;i is the single particle occupation on
site i. Note that this correlator is identical to the
moment correlator. At half-filling, numerics indi-
cate positive antimoment correlations at the per-
cent level for nearest neighbors, dominated by
positive doublon-hole correlations (24). Doublon-
hole pairs beyond nearest neighbors become in-
creasingly unlikely; therefore, to avoid the effects
of doublon-hole pairs, we focus on correlations at
distances greater than 1. We find the nearest-
neighbor antimoment correlator at half-filling to
be weaker than predicted according to numerics,
whichmay be caused by imperfect imaging fidel-
ity. However, this effect only weakens the mag-
nitude of the antimoment correlators measured;
we therefore focus on qualitative conclusions from
the experimental data.
Figure 5A shows the antimoment correlation

for 3% (top) and 19% doping (bottom) at a tem-
perature T ¼ 0:65ð4ÞJ . Whereas holes appear
uncorrelated close to half-filling, at larger doping
qualitatively different behavior appears. We find
statistically significant antimoment anticorre-
lations out to distances over two sites, reflecting

Chiu et al., Science 365, 251–256 (2019) 19 July 2019 5 of 6

Fig. 4. Spin correlations and staggered magnetization. (A) Decay of nearest-neighbor (left),
diagonal next-nearest-neighbor (center), and straight nearest-neighbor (right) spin-spin correlation
functions upon doping. The p-flux theory most quantitatively explains Csð1Þ, but only the string

model captures the sign change of Csð
ffiffiffi
2

p
Þ. In all three cases, sprinkled holes overestimate the spin

correlations. Doping error bars are calculated as in (14), section 2.1; all other error bars represent
1 SEM. (B) Full counting statistics of the staggered magnetization for doping values of 6.0(5)%
(left), 10.0(8)% (center), and 19.7(6)% (right). Both p-flux states and geometric strings show
reasonable agreement, whereas sprinkled holes do not. The figure is based on more than
29,900 experimental realizations at average temperature T = 0.65(4)J.
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Fig. 5. Observation of hole antibunching. (A) Antimoment correlation function for weak (top)
and strong (bottom) doping. The correlation functions are different up to a distance of d = 2.
(B) Diagonal next-nearest neighbor and straight next-nearest neighbor antimoment correlators
versus doping. At both distances negative correlations grow with doping. (C) Normalized antimo-

ment correlator at d ¼
ffiffiffi
2

p
versus doping. The experimental result cannot be explained by the p-flux

or a point-like magnetic polaron theory (see text), but instead matches a free fermionic chargon
theory. In (B) and (C), error bars on the doping are calculated as in (14), section 2.1. All other
error bars represent 1 SEM. The figure is based on more than 9900 experimental realizations at an
average temperature T = 0.65(4)J.
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measured distribution function across all dop-
ings. Across all observables considered, both of
these theories perform quite well, especially in
comparison to the sprinkled-holes simulation
and the naïve phenomenologicalmodels detailed
in section 5 of (14). However, we find the sign
change of Csð

ffiffiffi
2

p
Þ to be a key qualitative feature

that is captured only by geometric strings.

Antimoment correlations

All observables studied in this work thus far have
focused on the spin sector of theHubbardmodel.
Next, we examine correlations in the charge sector.
At sufficiently low temperatures, one may expect
signatures of pairing (10, 28) or stripe phases
(29, 30), which lead to hole bunching. However,
anticorrelations of the holes, as observed previ-
ously at increased temperatures (24), are expected
in the strongly correlated metallic regime of the
Hubbardmodel. The transition between these two
regimes in the Hubbard model phase diagram is
not yet fully understood; however, the currently
accessible experimental regime allows us to place
more accurate bounds on where this transition
can occur. We continue to compare experimental
results to predictions of p-flux states, but do not
compare to predictions of the geometric string
theory because it approximates that charges are
uncorrelated. Rather, because each string is asso-
ciated with a single hole, correlation functions of
holes can reveal possible interactions and correla-
tions between geometric strings, should they exist.
In our experiment, doubly occupied sites appear

as empty when imaged and the exact hole cor-
relation is not directly accessible; rather, we
measure “antimoment” correlationsChðjdjÞat a
distance jdj, which include contributions from
doublon-doublon and doublon-hole correlations:

ChðjdjÞ ≡
"
hð1# n̂s;iÞð1# n̂s;iþdÞi

#hð1# n̂s;iÞihð1# n̂s;iþdÞi
#

ð4Þ

where n̂s;i is the single particle occupation on
site i. Note that this correlator is identical to the
moment correlator. At half-filling, numerics indi-
cate positive antimoment correlations at the per-
cent level for nearest neighbors, dominated by
positive doublon-hole correlations (24). Doublon-
hole pairs beyond nearest neighbors become in-
creasingly unlikely; therefore, to avoid the effects
of doublon-hole pairs, we focus on correlations at
distances greater than 1. We find the nearest-
neighbor antimoment correlator at half-filling to
be weaker than predicted according to numerics,
whichmay be caused by imperfect imaging fidel-
ity. However, this effect only weakens the mag-
nitude of the antimoment correlators measured;
we therefore focus on qualitative conclusions from
the experimental data.
Figure 5A shows the antimoment correlation

for 3% (top) and 19% doping (bottom) at a tem-
perature T ¼ 0:65ð4ÞJ . Whereas holes appear
uncorrelated close to half-filling, at larger doping
qualitatively different behavior appears. We find
statistically significant antimoment anticorre-
lations out to distances over two sites, reflecting

Chiu et al., Science 365, 251–256 (2019) 19 July 2019 5 of 6

Fig. 4. Spin correlations and staggered magnetization. (A) Decay of nearest-neighbor (left),
diagonal next-nearest-neighbor (center), and straight nearest-neighbor (right) spin-spin correlation
functions upon doping. The p-flux theory most quantitatively explains Csð1Þ, but only the string

model captures the sign change of Csð
ffiffiffi
2

p
Þ. In all three cases, sprinkled holes overestimate the spin

correlations. Doping error bars are calculated as in (14), section 2.1; all other error bars represent
1 SEM. (B) Full counting statistics of the staggered magnetization for doping values of 6.0(5)%
(left), 10.0(8)% (center), and 19.7(6)% (right). Both p-flux states and geometric strings show
reasonable agreement, whereas sprinkled holes do not. The figure is based on more than
29,900 experimental realizations at average temperature T = 0.65(4)J.
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Fig. 5. Observation of hole antibunching. (A) Antimoment correlation function for weak (top)
and strong (bottom) doping. The correlation functions are different up to a distance of d = 2.
(B) Diagonal next-nearest neighbor and straight next-nearest neighbor antimoment correlators
versus doping. At both distances negative correlations grow with doping. (C) Normalized antimo-

ment correlator at d ¼
ffiffiffi
2

p
versus doping. The experimental result cannot be explained by the p-flux

or a point-like magnetic polaron theory (see text), but instead matches a free fermionic chargon
theory. In (B) and (C), error bars on the doping are calculated as in (14), section 2.1. All other
error bars represent 1 SEM. The figure is based on more than 9900 experimental realizations at an
average temperature T = 0.65(4)J.
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to

Cc
∘∘ l; r;dð Þ¼ Cc

∘∘ r3; r4; r1; r2ð Þ ¼ h Ŝ
z
r1 Ŝ

z
r2

D E

∘r3 ∘r4
$Cc r1; r2ð Þ $ g Cc

∘ r3; r1; r2ð Þ þ Cc
∘ r4; r1; r2ð Þ

! "

ð3Þ

The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled

Koepsell et al., Science 374, 82–86 (2021) 1 October 2021 4 of 5

Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to
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The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to
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z
r2

D E

∘r3 ∘r4
$Cc r1; r2ð Þ $ g Cc

∘ r3; r1; r2ð Þ þ Cc
∘ r4; r1; r2ð Þ

! "

ð3Þ

The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to
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z
r2

D E

∘r3 ∘r4
$Cc r1; r2ð Þ $ g Cc

∘ r3; r1; r2ð Þ þ Cc
∘ r4; r1; r2ð Þ

! "

ð3Þ

The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to
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z
r2

D E

∘r3 ∘r4
$Cc r1; r2ð Þ $ g Cc

∘ r3; r1; r2ð Þ þ Cc
∘ r4; r1; r2ð Þ

! "

ð3Þ

The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4
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and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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k =  (0, ± π ) and (± π , 0), the electronic states at the Fermi level must 
lie near k =  (± π /2, ± π /2), where the four nodes of the d-wave super-
conducting gap are located. This is indeed what is observed, in the 
form of nodal Fermi arcs, for example by ARPES (angle-resolved pho-
toemission spectroscopy) in YBCO (ref. 21) and by scanning tunnelling 
microscopy in Bi-2212 (ref. 8), below p ≈  0.2. Given that the relation 
nH =  p extends down to the lowest dopings (Fig. 4b), two scenarios for 
these nodal states come to mind. One is associated with the antiferro-
magnetic order, the other is associated with the Mott insulator.

In the first scenario, antiferromagnetic order with a commensurate 
wavevector Q =  (π , π )—the order that prevails in YBCO below p =  0.05 
(Fig. 1a)—would reconstruct the large Fermi surface into four small 
hole-like nodal pockets whose total volume would contain p carriers, 
so that nH =  p (see sketch in Fig. 4b). In electron-doped cuprates, an 
antiferromagnetic quantum critical point is believed to account for the 
abrupt drop in carrier density detected in the normal-state Hall coeffi-
cient27. The question is whether in YBCO magnetic order—present at 
low temperature up to p ≈  0.08 in zero field28 (Fig. 1b)—could extend 
up to p*  =  0.19 when superconductivity is suppressed by a magnetic 
field of the order of 100 T. An antiferromagnetic quantum critical point 
at p*  in YBCO could account for the linear temperature dependence of 
the resistivity29 and possibly also the divergent effective mass9.

In the second scenario, the pseudogap phase is a consequence of 
strong correlations associated with Mott physics. Numerical solutions 
of the Hubbard model find nodal Fermi arcs at low doping and inter-
mediate temperatures30,31. It has been argued that at T →  0, the Fermi 
surface could in fact consist of four hole-like nodal pockets32,33 whose 
total volume would contain p carriers. These arcs/pockets develop 
even though translational symmetry is not broken. The question is 
whether such a Mott-based pseudogap can appear at a doping as high 
as p =  0.19.

Overall, the fact that the normal-state carrier density—measured 
directly in the archetypal cuprate YBCO at low temperature—drops 
sharply from n =  1 +  p to n =  p precisely at p*  reveals a robust and 

fundamental new fact about the pseudogap phase: it causes a transfor-
mation of the Fermi surface such that its volume suddenly shrinks by 
one hole per Cu atom. We expect that a microscopic understanding of 
this transformation will elucidate the enigmatic behaviour of electrons 
in cuprate superconductors.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 4 | Doping evolution of the normal-state carrier density.  
a, Isotherms of RH versus H in YBCO at p =  0.16, 0.177, 0.19 and 0.205, 
measured at T =  50 K. Note the huge increase in the value of RH at H =  80 T  
(or extrapolated to H =  80 T; dashed lines), by a factor 5.7, when going 
from p =  0.205 to p =  0.16. b, Doping dependence of the Hall number, 
nH =  V/(eRH), in hole-doped cuprates, measured in the normal state at 
T =  50 K for LSCO (circles, ref. 13) and YBCO (p <  0.08, grey squares,  
ref. 16). For YBCO at p >  0.15 (red squares), we use RH at H =  80 T from a.  
The white diamond (with its error bar) is obtained from the T =  0 limit 
of RH(T) in strongly overdoped Tl-2201 (ref. 12). The solid black line is 
a guide to the eye. The red line is nH =  p; the blue line is nH =  1 +  p. The 
region where Fermi-surface reconstruction due to CDW order occurs in 
YBCO is marked as a green band; in that band, RH <  0 at T → 0. The error 
bars (± 15%) for our four samples (red squares) reflect the uncertainty 

in measuring the geometric factor (see Methods). In YBCO, the carrier 
density is given by n =  nH/(ρa/ρb), where ρa/ρb is the anisotropy ratio of 
the in-plane resistivity16. For our samples, ρa/ρb ≈  1.5 (see Methods and 
Extended Data Fig. 1), so that n ≈   p at p =  0.16. With decreasing p, the 
carrier density is seen to drop rapidly from 1 +  p to p at p*  =  0.19 ±  0.01 
(black dotted line), the critical doping for the onset of the pseudogap in 
YBCO (ref. 11; Fig. 1). The icons above the figure show a sketch of the 
normal-state Fermi surface in three of the four doping regions: small nodal 
hole pockets (red) below p =  0.08, where magnetic order prevails at low 
temperature (Fig. 1); small electron pockets (green) between p =  0.08 and 
p =  0.16, where charge order (CDW) prevails at low temperature (Fig. 1b); 
a single large hole surface (blue) above p* , where the non-superconducting 
ground state is a correlated metal (grey region).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to

Cc
∘∘ l; r;dð Þ¼ Cc
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The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes
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The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a
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and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
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) hole pairs and bonds d ¼ 1;
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. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
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p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
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infidelities of this dataset (33). Solid lines represent numerical calculations
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U/t = 7.4(8).
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k =  (0, ± π ) and (± π , 0), the electronic states at the Fermi level must 
lie near k =  (± π /2, ± π /2), where the four nodes of the d-wave super-
conducting gap are located. This is indeed what is observed, in the 
form of nodal Fermi arcs, for example by ARPES (angle-resolved pho-
toemission spectroscopy) in YBCO (ref. 21) and by scanning tunnelling 
microscopy in Bi-2212 (ref. 8), below p ≈  0.2. Given that the relation 
nH =  p extends down to the lowest dopings (Fig. 4b), two scenarios for 
these nodal states come to mind. One is associated with the antiferro-
magnetic order, the other is associated with the Mott insulator.

In the first scenario, antiferromagnetic order with a commensurate 
wavevector Q =  (π , π )—the order that prevails in YBCO below p =  0.05 
(Fig. 1a)—would reconstruct the large Fermi surface into four small 
hole-like nodal pockets whose total volume would contain p carriers, 
so that nH =  p (see sketch in Fig. 4b). In electron-doped cuprates, an 
antiferromagnetic quantum critical point is believed to account for the 
abrupt drop in carrier density detected in the normal-state Hall coeffi-
cient27. The question is whether in YBCO magnetic order—present at 
low temperature up to p ≈  0.08 in zero field28 (Fig. 1b)—could extend 
up to p*  =  0.19 when superconductivity is suppressed by a magnetic 
field of the order of 100 T. An antiferromagnetic quantum critical point 
at p*  in YBCO could account for the linear temperature dependence of 
the resistivity29 and possibly also the divergent effective mass9.

In the second scenario, the pseudogap phase is a consequence of 
strong correlations associated with Mott physics. Numerical solutions 
of the Hubbard model find nodal Fermi arcs at low doping and inter-
mediate temperatures30,31. It has been argued that at T →  0, the Fermi 
surface could in fact consist of four hole-like nodal pockets32,33 whose 
total volume would contain p carriers. These arcs/pockets develop 
even though translational symmetry is not broken. The question is 
whether such a Mott-based pseudogap can appear at a doping as high 
as p =  0.19.

Overall, the fact that the normal-state carrier density—measured 
directly in the archetypal cuprate YBCO at low temperature—drops 
sharply from n =  1 +  p to n =  p precisely at p*  reveals a robust and 

fundamental new fact about the pseudogap phase: it causes a transfor-
mation of the Fermi surface such that its volume suddenly shrinks by 
one hole per Cu atom. We expect that a microscopic understanding of 
this transformation will elucidate the enigmatic behaviour of electrons 
in cuprate superconductors.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 4 | Doping evolution of the normal-state carrier density.  
a, Isotherms of RH versus H in YBCO at p =  0.16, 0.177, 0.19 and 0.205, 
measured at T =  50 K. Note the huge increase in the value of RH at H =  80 T  
(or extrapolated to H =  80 T; dashed lines), by a factor 5.7, when going 
from p =  0.205 to p =  0.16. b, Doping dependence of the Hall number, 
nH =  V/(eRH), in hole-doped cuprates, measured in the normal state at 
T =  50 K for LSCO (circles, ref. 13) and YBCO (p <  0.08, grey squares,  
ref. 16). For YBCO at p >  0.15 (red squares), we use RH at H =  80 T from a.  
The white diamond (with its error bar) is obtained from the T =  0 limit 
of RH(T) in strongly overdoped Tl-2201 (ref. 12). The solid black line is 
a guide to the eye. The red line is nH =  p; the blue line is nH =  1 +  p. The 
region where Fermi-surface reconstruction due to CDW order occurs in 
YBCO is marked as a green band; in that band, RH <  0 at T → 0. The error 
bars (± 15%) for our four samples (red squares) reflect the uncertainty 

in measuring the geometric factor (see Methods). In YBCO, the carrier 
density is given by n =  nH/(ρa/ρb), where ρa/ρb is the anisotropy ratio of 
the in-plane resistivity16. For our samples, ρa/ρb ≈  1.5 (see Methods and 
Extended Data Fig. 1), so that n ≈   p at p =  0.16. With decreasing p, the 
carrier density is seen to drop rapidly from 1 +  p to p at p*  =  0.19 ±  0.01 
(black dotted line), the critical doping for the onset of the pseudogap in 
YBCO (ref. 11; Fig. 1). The icons above the figure show a sketch of the 
normal-state Fermi surface in three of the four doping regions: small nodal 
hole pockets (red) below p =  0.08, where magnetic order prevails at low 
temperature (Fig. 1); small electron pockets (green) between p =  0.08 and 
p =  0.16, where charge order (CDW) prevails at low temperature (Fig. 1b); 
a single large hole surface (blue) above p* , where the non-superconducting 
ground state is a correlated metal (grey region).
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evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to

Cc
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The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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of possible hole pairing scenarios at colder
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increasing doping, and we revealed a metal of
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enabled us to study the continuous doping
dependence of observables unavailable in
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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k =  (0, ± π ) and (± π , 0), the electronic states at the Fermi level must 
lie near k =  (± π /2, ± π /2), where the four nodes of the d-wave super-
conducting gap are located. This is indeed what is observed, in the 
form of nodal Fermi arcs, for example by ARPES (angle-resolved pho-
toemission spectroscopy) in YBCO (ref. 21) and by scanning tunnelling 
microscopy in Bi-2212 (ref. 8), below p ≈  0.2. Given that the relation 
nH =  p extends down to the lowest dopings (Fig. 4b), two scenarios for 
these nodal states come to mind. One is associated with the antiferro-
magnetic order, the other is associated with the Mott insulator.

In the first scenario, antiferromagnetic order with a commensurate 
wavevector Q =  (π , π )—the order that prevails in YBCO below p =  0.05 
(Fig. 1a)—would reconstruct the large Fermi surface into four small 
hole-like nodal pockets whose total volume would contain p carriers, 
so that nH =  p (see sketch in Fig. 4b). In electron-doped cuprates, an 
antiferromagnetic quantum critical point is believed to account for the 
abrupt drop in carrier density detected in the normal-state Hall coeffi-
cient27. The question is whether in YBCO magnetic order—present at 
low temperature up to p ≈  0.08 in zero field28 (Fig. 1b)—could extend 
up to p*  =  0.19 when superconductivity is suppressed by a magnetic 
field of the order of 100 T. An antiferromagnetic quantum critical point 
at p*  in YBCO could account for the linear temperature dependence of 
the resistivity29 and possibly also the divergent effective mass9.

In the second scenario, the pseudogap phase is a consequence of 
strong correlations associated with Mott physics. Numerical solutions 
of the Hubbard model find nodal Fermi arcs at low doping and inter-
mediate temperatures30,31. It has been argued that at T →  0, the Fermi 
surface could in fact consist of four hole-like nodal pockets32,33 whose 
total volume would contain p carriers. These arcs/pockets develop 
even though translational symmetry is not broken. The question is 
whether such a Mott-based pseudogap can appear at a doping as high 
as p =  0.19.

Overall, the fact that the normal-state carrier density—measured 
directly in the archetypal cuprate YBCO at low temperature—drops 
sharply from n =  1 +  p to n =  p precisely at p*  reveals a robust and 

fundamental new fact about the pseudogap phase: it causes a transfor-
mation of the Fermi surface such that its volume suddenly shrinks by 
one hole per Cu atom. We expect that a microscopic understanding of 
this transformation will elucidate the enigmatic behaviour of electrons 
in cuprate superconductors.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 4 | Doping evolution of the normal-state carrier density.  
a, Isotherms of RH versus H in YBCO at p =  0.16, 0.177, 0.19 and 0.205, 
measured at T =  50 K. Note the huge increase in the value of RH at H =  80 T  
(or extrapolated to H =  80 T; dashed lines), by a factor 5.7, when going 
from p =  0.205 to p =  0.16. b, Doping dependence of the Hall number, 
nH =  V/(eRH), in hole-doped cuprates, measured in the normal state at 
T =  50 K for LSCO (circles, ref. 13) and YBCO (p <  0.08, grey squares,  
ref. 16). For YBCO at p >  0.15 (red squares), we use RH at H =  80 T from a.  
The white diamond (with its error bar) is obtained from the T =  0 limit 
of RH(T) in strongly overdoped Tl-2201 (ref. 12). The solid black line is 
a guide to the eye. The red line is nH =  p; the blue line is nH =  1 +  p. The 
region where Fermi-surface reconstruction due to CDW order occurs in 
YBCO is marked as a green band; in that band, RH <  0 at T → 0. The error 
bars (± 15%) for our four samples (red squares) reflect the uncertainty 

in measuring the geometric factor (see Methods). In YBCO, the carrier 
density is given by n =  nH/(ρa/ρb), where ρa/ρb is the anisotropy ratio of 
the in-plane resistivity16. For our samples, ρa/ρb ≈  1.5 (see Methods and 
Extended Data Fig. 1), so that n ≈   p at p =  0.16. With decreasing p, the 
carrier density is seen to drop rapidly from 1 +  p to p at p*  =  0.19 ±  0.01 
(black dotted line), the critical doping for the onset of the pseudogap in 
YBCO (ref. 11; Fig. 1). The icons above the figure show a sketch of the 
normal-state Fermi surface in three of the four doping regions: small nodal 
hole pockets (red) below p =  0.08, where magnetic order prevails at low 
temperature (Fig. 1); small electron pockets (green) between p =  0.08 and 
p =  0.16, where charge order (CDW) prevails at low temperature (Fig. 1b); 
a single large hole surface (blue) above p* , where the non-superconducting 
ground state is a correlated metal (grey region).
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Changing nature of charge carriers: Hubbard / cuprates
Cold atoms:

evolves from polaronic (order 2J) to Fermi
liquid (order 8t) at around 30% doping (42).
Our measurements suggest that polaronic
dressing persists up to d ~ 20% and smoothly
dissolves into correlations of a FL (free) around
dFL ~ 30%.
When two polarons come close, their dressing

cloudsoverlap,which caneither lead to thebreak-
down of polarons or induce effective interac-
tions between them. This is often considered a
possible mechanism for pseudogap behavior
(1, 2, 43). Hole-hole correlators do not show indi-
cations of hole binding at current temperatures
of cold-atom quantum simulators (24, 29, 33),
hence we search for interaction signatures in
the magnetic environment of two holes.
In the analysis, we post-select on two holes

at positions r3 and r4 and evaluate the con-
nected (four-point) correlation between two
spins in the presence of a hole pair, which in
a spin-balanced system reduces to

Cc
∘∘ l; r;dð Þ¼ Cc

∘∘ r3; r4; r1; r2ð Þ ¼ h Ŝ
z
r1 Ŝ

z
r2

D E

∘r3 ∘r4
$Cc r1; r2ð Þ $ g Cc

∘ r3; r1; r2ð Þ þ Cc
∘ r4; r1; r2ð Þ

! "

ð3Þ

The composition of this correlator is illustrated
in Fig. 4A, and for the general expression, see
(33). The mutual distance of the holes is de-
fined as l = r4 – r3, and the bond distance r is
measured with respect to the center of l. Cc

∘∘
detects correlations linked to the presence of
the holes as a pair and measures how much
these deviate from a simple addition of two
independent single-hole signals Cc

∘ with a

weighting factor g ¼ ĥr3

D E
ĥr4

D E
= ĥr3 ĥr4

D E

and hole density operator ĥri .
We study the case of NN (l = 1) or diagonal

(l =
ffiffiffi
2

p
) hole pairs and bonds d ¼ 1;

ffiffiffi
2

p
. To

obtain a sufficient signal-to-noise ratio in
the experiment, we combine the two config-
urations for NN [l = (1,0),(0,1)] and diagonal
pairs [l = (1,1),(1,−1)] by averaging all bonds
with identical bond distance r from the pair.
To visualize correlations, we choose a repre-
sentation in terms of l = (1,0) and l = (1,1) (Fig.
4B).We find connected antiferromagnetic align-
ment of bonds at closest distance to the pair,
which connects bothmetallic regimes. As shown
in Fig. 4, B and C, for NNholes, the closest bond
has a negative correlation at half filling [in-
herited from doublon-hole pairs (33)], which
stays antiferromagnetic for higher doping and
quantitatively agrees with correlations of a FL
(free) for d > dFL. This bond is furthermore
robust against an increase in temperature to
kBT = 0.77(7)t. For diagonal holes, the diagonal
spin bond between them has the shortest dis-
tance to the pair (Fig. 4, B and C). This bond is
uncorrelated at half filling [doublon-hole
pairs contribute a ferromagnetic signal; see
ED at d = 0% or (33)], then rapidly turns anti-
ferromagnetic with doping, peaks at dFL ~ 30%,
and is eventually described quantitatively by
correlations of a Fermi liquid (free) for d > dFL.
For higher temperatures, the correlation of
this bond is substantially reduced. A possible
systematic effect of detection holes on corre-
lations [see (33)] does not alter our findings
and is indicated in Fig. 4C as points with

dashed edges. Approximate theories for low
doping partly predict such antiferromag-
netic correlations of closest distance bonds
but show limited overall agreement to ex-
perimental data.
To gain insight into how such correlations

would connect to lower-temperature physics,
we consider two holes (d ~ 2%) in the t-J
model, for which binding of polarons (holes)
occurs at relatively high temperatures (44).We
performed densitymatrix renormalization group
(DMRG) calculations of this scenario at T = 0 for
a six-leg ladder (33) and show the connected spin
environment in Fig. 4D for l = 1 and l ¼

ffiffiffi
2

p
. A

notable effect of hole pairing is the emergence of
a strong antiferromagnetic spin bond at closest
distance to the pair, suggesting local singlet
formation (44, 45). Our experimental data fea-
ture qualitatively similar negative correlations
(reminiscent of this singlet character) but no
further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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further indication of hole binding [see hole-
hole correlations in (33)]. Hence, correlations
already existing at our experimental temper-
atures could smoothly connect to correlations
of possible hole pairing scenarios at colder
temperatures.
In this study, wemeasured how correlations

in antiferromagnetic Mott insulators evolve with
increasing doping, and we revealed a metal of
magnetic polarons at weak doping and a Fermi
liquid at dopings larger than dFL ~ 30%. The
distinctive capability of our quantum simulator
enabled us to study the continuous doping
dependence of observables unavailable in
traditional solid-state experiments. A transition
between the two metallic regimes is signaled
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Fig. 3. Breakdown of polaronic correlations. (A) Relation between bare
and connected spin correlations in the vicinity of a hole. (B) Connected
correlation (represented as bonds) of spins on NN and diagonal lattice sites
(gray dots) in the presence of a single hole (white central dot) for different
dopings. The SEM for individual bonds is on the order of 0.5 × 10−2.
(C) Averaging connected correlations of (B) (d = 1 and d ¼

ffiffiffi
2

p
) as a function

of bond distance r from the hole, where we flip the sign of correlations
with bond length d ¼

ffiffiffi
2

p
. Thus, a positive correlation indicates a connected

signal opposing the two-point correlations at half filling. Error bars denote one

SEM and are smaller than the point size. The full width of doping bins
for (B) and (C) is 0.1. (D) Doping dependence of the NN and diagonal bonds
closest to the hole (see insets). Square (circular) data points were extracted
from a dataset with an average of 52.0(1) [91.3(1)] particles. Points with
dashed edges take into account estimates for the effect of detection
infidelities of this dataset (33). Solid lines represent numerical calculations
(see legend), and shaded bands indicate (where visible) their statistical SEM.
This figure is based on 18,107 experimental realizations at kBT = 0.52(5)t and
U/t = 7.4(8).
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k =  (0, ± π ) and (± π , 0), the electronic states at the Fermi level must 
lie near k =  (± π /2, ± π /2), where the four nodes of the d-wave super-
conducting gap are located. This is indeed what is observed, in the 
form of nodal Fermi arcs, for example by ARPES (angle-resolved pho-
toemission spectroscopy) in YBCO (ref. 21) and by scanning tunnelling 
microscopy in Bi-2212 (ref. 8), below p ≈  0.2. Given that the relation 
nH =  p extends down to the lowest dopings (Fig. 4b), two scenarios for 
these nodal states come to mind. One is associated with the antiferro-
magnetic order, the other is associated with the Mott insulator.

In the first scenario, antiferromagnetic order with a commensurate 
wavevector Q =  (π , π )—the order that prevails in YBCO below p =  0.05 
(Fig. 1a)—would reconstruct the large Fermi surface into four small 
hole-like nodal pockets whose total volume would contain p carriers, 
so that nH =  p (see sketch in Fig. 4b). In electron-doped cuprates, an 
antiferromagnetic quantum critical point is believed to account for the 
abrupt drop in carrier density detected in the normal-state Hall coeffi-
cient27. The question is whether in YBCO magnetic order—present at 
low temperature up to p ≈  0.08 in zero field28 (Fig. 1b)—could extend 
up to p*  =  0.19 when superconductivity is suppressed by a magnetic 
field of the order of 100 T. An antiferromagnetic quantum critical point 
at p*  in YBCO could account for the linear temperature dependence of 
the resistivity29 and possibly also the divergent effective mass9.

In the second scenario, the pseudogap phase is a consequence of 
strong correlations associated with Mott physics. Numerical solutions 
of the Hubbard model find nodal Fermi arcs at low doping and inter-
mediate temperatures30,31. It has been argued that at T →  0, the Fermi 
surface could in fact consist of four hole-like nodal pockets32,33 whose 
total volume would contain p carriers. These arcs/pockets develop 
even though translational symmetry is not broken. The question is 
whether such a Mott-based pseudogap can appear at a doping as high 
as p =  0.19.

Overall, the fact that the normal-state carrier density—measured 
directly in the archetypal cuprate YBCO at low temperature—drops 
sharply from n =  1 +  p to n =  p precisely at p*  reveals a robust and 

fundamental new fact about the pseudogap phase: it causes a transfor-
mation of the Fermi surface such that its volume suddenly shrinks by 
one hole per Cu atom. We expect that a microscopic understanding of 
this transformation will elucidate the enigmatic behaviour of electrons 
in cuprate superconductors.

Online Content Methods, along with any additional Extended Data display items and 
Source Data, are available in the online version of the paper; references unique to 
these sections appear only in the online paper.
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Figure 4 | Doping evolution of the normal-state carrier density.  
a, Isotherms of RH versus H in YBCO at p =  0.16, 0.177, 0.19 and 0.205, 
measured at T =  50 K. Note the huge increase in the value of RH at H =  80 T  
(or extrapolated to H =  80 T; dashed lines), by a factor 5.7, when going 
from p =  0.205 to p =  0.16. b, Doping dependence of the Hall number, 
nH =  V/(eRH), in hole-doped cuprates, measured in the normal state at 
T =  50 K for LSCO (circles, ref. 13) and YBCO (p <  0.08, grey squares,  
ref. 16). For YBCO at p >  0.15 (red squares), we use RH at H =  80 T from a.  
The white diamond (with its error bar) is obtained from the T =  0 limit 
of RH(T) in strongly overdoped Tl-2201 (ref. 12). The solid black line is 
a guide to the eye. The red line is nH =  p; the blue line is nH =  1 +  p. The 
region where Fermi-surface reconstruction due to CDW order occurs in 
YBCO is marked as a green band; in that band, RH <  0 at T → 0. The error 
bars (± 15%) for our four samples (red squares) reflect the uncertainty 

in measuring the geometric factor (see Methods). In YBCO, the carrier 
density is given by n =  nH/(ρa/ρb), where ρa/ρb is the anisotropy ratio of 
the in-plane resistivity16. For our samples, ρa/ρb ≈  1.5 (see Methods and 
Extended Data Fig. 1), so that n ≈   p at p =  0.16. With decreasing p, the 
carrier density is seen to drop rapidly from 1 +  p to p at p*  =  0.19 ±  0.01 
(black dotted line), the critical doping for the onset of the pseudogap in 
YBCO (ref. 11; Fig. 1). The icons above the figure show a sketch of the 
normal-state Fermi surface in three of the four doping regions: small nodal 
hole pockets (red) below p =  0.08, where magnetic order prevails at low 
temperature (Fig. 1); small electron pockets (green) between p =  0.08 and 
p =  0.16, where charge order (CDW) prevails at low temperature (Fig. 1b); 
a single large hole surface (blue) above p* , where the non-superconducting 
ground state is a correlated metal (grey region).
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

Z
Dc↵D' exp(�S), (13)
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The first term in S is just the kinetic energy of the fermions, and the second term is
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Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

Z
Dc↵D' exp(�S), (13)
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The first term in S is just the kinetic energy of the fermions, and the second term is
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Increasing SDW orderIncreasing SDW order h�'i = 0h�'i 6= 0h�'i 6= 0

Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

Z
Dc↵D' exp(�S), (13)

S =
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The first term in S is just the kinetic energy of the fermions, and the second term is
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Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =
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The first term in S is just the kinetic energy of the fermions, and the second term is
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Increasing SDW orderIncreasing SDW order h�'i = 0h�'i 6= 0h�'i 6= 0

Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

Z
Dc↵D' exp(�S), (13)

S =

Z
d⌧

X

k

c
†
k↵(@⌧ � "k)ck↵ � �

X

i

c
†
i↵'i · �↵�ci�e

iK·ri

�

+

Z
d⌧ d

2r


v2

2
(rr')2 +

1

2
(@⌧')2 +

s

2
'2 +

u

4
('2)2

�
. (14)

The first term in S is just the kinetic energy of the fermions, and the second term is

Metal with 
“large” Fermi 

surface

s

Increasing SDW order

AF Metal with 
electron and 
hole pockets

AF Metal with 
hole pockets

Increasing SDW orderIncreasing SDW order h�'i = 0h�'i 6= 0h�'i 6= 0

Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).

Pseudogap phase

Change of Fermi-
surface topology?!

Pseudogap:
MAGNETIC POLARONS BEYOND LINEAR SPIN-WAVE … PHYSICAL REVIEW B 109, 205104 (2024)

III. RESULTS

Now we present our numerical results obtained using
the formalism introduced in Sec. II. First, we describe the
mesonic part of the magnetic polaron, using the truncated
basis (geometric string theory) (see Sec. II C). We demon-
strate that these mesonic contributions capture all established
features of the magnetic polaron dispersion, including the
power-law scaling of the ground-state energy with t/J as
well the location of the dispersion minimum at the nodal
point (π/2,π/2). We then obtain insights into the excited
states of magnetic polarons by (i) discovering an avoided level
crossing around the " point k = (0, 0) where we predict the
lowest polaron state to be rotationally nontrivial with p-wave
character; and (ii) by revealing significant momentum depen-
dence of the lowest-energy meson state and its string-length
distribution. Second, we analyze the renormalization effects
due to the interaction with collective spin-wave excitations
within SCBA. We demonstrate that this leads to no significant
further renormalization of the polaron dispersion beyond the
mesonic contribution, whereas the overall polaron energy is
more strongly affected. This allows us in a next step to analyze
the low-doping pseudogap, originating from the ground-state
energy difference between the nodal and antinodal points. The
resulting doping dependence of the pseudogap we predict is
in notable agreement with established phenomenology in the
cuprate compounds [50]. Using our meson construction, we
obtain insights into the origin of the low-doping pseudogap:
We find it to be dominated by Trugman-loop effects when
t ! 10 J and by spinon motion otherwise, whereas dressing
with additional magnons leaves the pseudogap essentially un-
affected. Finally, we analyze the spectral function and find
that meson-magnon coupling leads to an incoherent peak-dip-
hump–type structure at low energies above the ground state,
and (iii) additional broadening of the dense mesonic spectrum
at higher energies.

A. Mesonic contributions: Benchmarking the truncated basis

In Fig. 4, we show the dispersion relation of the magnetic
polaron when only mesonic states which can be constructed
from strings with a maximum length of lmax = 8 are taken into
account. We analyze the convergence with the truncation lmax
in Appendix B, where we demonstrate good convergence of
relative energy scales for lmax ! 10. We find that the truncated
basis manages to qualitatively describe the magnetic polaron
well, capturing the most important physical processes. In par-
ticular, this method captures the dispersion minimum at k =
(π/2,π/2) and the strongly renormalized bandwidth which
is only of order J [4] instead of order 8t , as would be the case
for a free hole. As we will discuss further below, the truncated
meson basis also captures the energy splitting between the
nodal k = (π/2,π/2) and antinodal k = (π , 0) points.

B. Rotational meson ground state at k = (0, 0)

Since the meson is an extended object, it can feature
rotational and vibrational string excitations. At C4-invariant
momenta (C4IM) k = (0, 0) and k = (π ,π ), we can simul-
taneously assign linear and angular momentum. This is not
possible away from the momenta k = (0, 0), (π ,π ) because

(a)

(b)

FIG. 4. The magnetic polaron in the string picture. The ground-
state dispersion over the Brillouin zone (a) and the dispersion of the
first seven energy states along a high-symmetry cut of the Brillouin
zone (b) are shown. Here we used lmax = 8 and J/t = 0.3.

the C4 rotation and translation operators do not commute, and
different internal string states can hybridize.

To probe the rovibrational nature of the excitations even
away from C4IM, we follow Ref. [41] and define trial states
with well-defined angular momentum m4 ∈ {0, 1, 2, 3} corre-
sponding to s-, p-, d-, and f -wave symmetry:

|k, m4, σ 〉 =
∑

j

e−ik j

√
N

∑

i:〈i, j〉
eim4ϕi− j

∑

σ ′

ĉ†
j,σ ′ ĉi,σ ′ ĉ j,σ |ψ0〉,

(45)

where ϕr = arg(r) is the polar angle of r. The trial states thus
correspond to string states with length l = 1 and given angular
momentum m4.

Figure 5 shows again the same energy levels as Fig. 4(b)
along the high-symmetry cut through the Brillouin zone,
but now we indicate the mesonic spectral weight Z̃n(k) =
|〈ψ0| f̂n,k ĉk|ψ0〉|2, corresponding to the overlap with the string
length zero state, and the overlap with the rotational trial states
(45). The overall opacity is determined by the sum of the
different overlaps.
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,
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The first term in S is just the kinetic energy of the fermions, and the second term is
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Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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Pseudogap:
MAGNETIC POLARONS BEYOND LINEAR SPIN-WAVE … PHYSICAL REVIEW B 109, 205104 (2024)

III. RESULTS

Now we present our numerical results obtained using
the formalism introduced in Sec. II. First, we describe the
mesonic part of the magnetic polaron, using the truncated
basis (geometric string theory) (see Sec. II C). We demon-
strate that these mesonic contributions capture all established
features of the magnetic polaron dispersion, including the
power-law scaling of the ground-state energy with t/J as
well the location of the dispersion minimum at the nodal
point (π/2,π/2). We then obtain insights into the excited
states of magnetic polarons by (i) discovering an avoided level
crossing around the " point k = (0, 0) where we predict the
lowest polaron state to be rotationally nontrivial with p-wave
character; and (ii) by revealing significant momentum depen-
dence of the lowest-energy meson state and its string-length
distribution. Second, we analyze the renormalization effects
due to the interaction with collective spin-wave excitations
within SCBA. We demonstrate that this leads to no significant
further renormalization of the polaron dispersion beyond the
mesonic contribution, whereas the overall polaron energy is
more strongly affected. This allows us in a next step to analyze
the low-doping pseudogap, originating from the ground-state
energy difference between the nodal and antinodal points. The
resulting doping dependence of the pseudogap we predict is
in notable agreement with established phenomenology in the
cuprate compounds [50]. Using our meson construction, we
obtain insights into the origin of the low-doping pseudogap:
We find it to be dominated by Trugman-loop effects when
t ! 10 J and by spinon motion otherwise, whereas dressing
with additional magnons leaves the pseudogap essentially un-
affected. Finally, we analyze the spectral function and find
that meson-magnon coupling leads to an incoherent peak-dip-
hump–type structure at low energies above the ground state,
and (iii) additional broadening of the dense mesonic spectrum
at higher energies.

A. Mesonic contributions: Benchmarking the truncated basis

In Fig. 4, we show the dispersion relation of the magnetic
polaron when only mesonic states which can be constructed
from strings with a maximum length of lmax = 8 are taken into
account. We analyze the convergence with the truncation lmax
in Appendix B, where we demonstrate good convergence of
relative energy scales for lmax ! 10. We find that the truncated
basis manages to qualitatively describe the magnetic polaron
well, capturing the most important physical processes. In par-
ticular, this method captures the dispersion minimum at k =
(π/2,π/2) and the strongly renormalized bandwidth which
is only of order J [4] instead of order 8t , as would be the case
for a free hole. As we will discuss further below, the truncated
meson basis also captures the energy splitting between the
nodal k = (π/2,π/2) and antinodal k = (π , 0) points.

B. Rotational meson ground state at k = (0, 0)

Since the meson is an extended object, it can feature
rotational and vibrational string excitations. At C4-invariant
momenta (C4IM) k = (0, 0) and k = (π ,π ), we can simul-
taneously assign linear and angular momentum. This is not
possible away from the momenta k = (0, 0), (π ,π ) because

(a)

(b)

FIG. 4. The magnetic polaron in the string picture. The ground-
state dispersion over the Brillouin zone (a) and the dispersion of the
first seven energy states along a high-symmetry cut of the Brillouin
zone (b) are shown. Here we used lmax = 8 and J/t = 0.3.

the C4 rotation and translation operators do not commute, and
different internal string states can hybridize.

To probe the rovibrational nature of the excitations even
away from C4IM, we follow Ref. [41] and define trial states
with well-defined angular momentum m4 ∈ {0, 1, 2, 3} corre-
sponding to s-, p-, d-, and f -wave symmetry:

|k, m4, σ 〉 =
∑

j

e−ik j

√
N

∑

i:〈i, j〉
eim4ϕi− j

∑

σ ′

ĉ†
j,σ ′ ĉi,σ ′ ĉ j,σ |ψ0〉,

(45)

where ϕr = arg(r) is the polar angle of r. The trial states thus
correspond to string states with length l = 1 and given angular
momentum m4.

Figure 5 shows again the same energy levels as Fig. 4(b)
along the high-symmetry cut through the Brillouin zone,
but now we indicate the mesonic spectral weight Z̃n(k) =
|〈ψ0| f̂n,k ĉk|ψ0〉|2, corresponding to the overlap with the string
length zero state, and the overlap with the rotational trial states
(45). The overall opacity is determined by the sum of the
different overlaps.

205104-9
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Fermi arcs:
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finite quark density [20], where accurate numerical solution
is so far not possible due to the fermion sign problem. On
the other hand, unlike the quark-gluon problem the high Tc

problem has a lot more experimental constraint and input. As
a result we know a lot about the high Tc phenomenology which
severely limits the theoretical options.

2. Simple physical picture and the pseudogap
phenomenology

Let us start with some simple common sense arguments to gain
some insight into the nature of the problem of a doped Mott
insulator. Consider a single hole hoping in an AF background
as shown in figure 1. After one hop we find a spin surrounded
by ferromagnetic neighbours, costing an energy of 3

2J from the
three ferromagnetic bonds if the spins are treated as classical
S = 1

2 . There is a competition between the exchange energy
J and the desire of the hole to hop in order to gain the kinetic
energy t per hole. For large enough doping the kinetic energy
wins and we expect a metallic state with some short range
AF correlation. By comparing xt and J , we expect this to onset
at x ∼ J/t ∼ 1

3 , in good agreement with the experimental
finding. This state should be a Fermi liquid state. There is a
powerful theorem in Landau–Fermi liquid theory, commonly
called the Luttinger theorem [21], which states that the area of
the Fermi surface is the same as that of free fermions, i.e. it
is determined by the total density of electrons in the unit cell.
In our case the area is 1

2 (1 − x)ABZ where ABZ = (2π/a)2

is the area of the Brillouin zone (BZ). This is exactly what is
found experimentally. In figure 4(d) we show an example of
the measured Fermi surface. The precise shape can be fitted
with a hopping model with further neighbour hopping.

The opposite limit of a few holes (x ≪ 1) hopping
in an AF background is less trivial, but by now reasonably
well understood. The competition with the AF exchange
causes the effective hopping matrix element to be renormalized
downward from t to J [22–24]. The quasiparticle nevertheless
manages to form coherent bands. The bands have minima at
(± π

2a
, ± π

2a
) [25]. With finite doping the Fermi surfaces are

ellipses centred at (± π
2a

, ± π
2a

) as shown in figure 4(a). Note
that the unit cell is doubled because of AF ordering and the
BZ is reduced to the diamond in figure 4(a). Applying the
Luttinger theorem to the doubled unit cell, the total area of
the Fermi surface in the reduced BZ is now (1 − x)ARBZ

where ARBZ = 1
2ABZ. Therefore we conclude that the area

of each ellipse (hole pocket) is x
4 ABZ. Physically it makes

sense that transport properties are determined only by x carriers
occupying small Fermi pockets. The theory of a few holes in
AF background is quite well developed, and recently papers
applying the effective field theory approach borrowed from the
particle physics literature are particularly notable [26, 27].

We have good understanding of x ≪ 1 and x ! 1
3 .

What happens in between? Here we run into a dilemma.
We know that AF order is destroyed for x ! 0.03, beyond
which points we have no indication of unit cell doubling. If
Fermi liquid theory were to hold, what would happen to the
Luttinger theorem? Recall that the nice physical picture of
small hole pockets rely on the unit cell doubling. Once that

(e)

Figure 4. (a) Fermi pockets in a doped AF. The dashed lines
indicate the reduced Brillouin zone due to the unit cell doubling of
the AF. (b) Fermi surface of a tight binding model with first and
second nearest-neighbour hopping. (c) Schematic picture of the
Fermi arcs. The excitations are gapless when path A crosses the arc
but are gapped everywhere along path B. (d) Experimental data
showing the Fermi surface in overdoped Tl-2201 (x = 0.25).
Colours indicate the intensity of low energy excitations. Data from
Platé et al [33]. (e) Experimental data showing the Fermi arc in one
quadrant of (c) in underdoped Na2−xCaxCu2O2Cl2 (x = 0.1). Data
from Shen et al [34].

is absent, the Luttinger theorem forces us to have a ‘large’
Fermi surface, i.e. one with area proportional to 1 − x. In
that case it will be difficult to see how transport properties
will continue to look as if it is given by x holes. We note
that while the original derivation of the Luttinger theorem was
perturbative in the interaction strength, the modern derivation
by Oshikawa [28, 29] is a topological one and relies on very
few assumptions, not much beyond the statement that well
defined quasiparticles exist. In principle, the Fermi liquid can
develop a heavy mass ≈ 1

x
so that the conductivity spectral

weight n/m∗ ≈ x, but experimentally there is no evidence
of such heavy mass formation. Parenthetically we point out
that the three dimensional example of doped Mott insulator
La2−xSrxTiO3 appears to take the heavy mass route [30].

It turns out that Nature solves this problem in an extremely
clever and unexpected way. As far as the ground state is
concerned, the question is moot because it appears that once
AF is destroyed the system becomes superconducting and the
Luttinger theorem cannot be applied. What about the normal
state above the superconducting Tc? The extensive work
using angle resolved photoemission spectroscopy (ARPES)
has shown that the gapless excitations lie on an arc [31, 32].
Anywhere apart from the arc, the excitations are gapped.

This situation is sufficiently strange that it requires a bit
more explanation in terms of the experimental observation.
ARPES measures the spectrum of occupied electron states

4

Shen et al., Science (2005)

emphasize that the electronic state unveiled here is distinct from the
following features illustrated for the single- and double-layered cup-
rates: the nodal liquid state, where only the nodal direction is metallic
and the other kF points are dominated by broad spectra with the
pseudogap11–14, and the polaronic state, where quasiparticle peaks are
tiny and largely buried by a hump-shaped incoherent part. In stark
contrast, our data for inner planes exhibit surprisingly simple metallic

features, forming a closed Fermi pocket (instead of the nodal liquid
state) with well-defined quasiparticles (instead of the polaronic state).
Here, note that the quasiparticle in IP0 is not a product of the super-
conducting proximity effect from the outer planes. This is evidenced
by the fact that quantum oscillations (signals of well-defined quasi-
particles) have been observed under conditions that the super-
conductivity is completely suppressed. ARPES also confirmed that the
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Fig. 1 | Fermi surfaces of six-layer cuprate and the comparison with those of
5-layer cuprate. a Fermi surfacemapping obtainedby integrating the intensities of
ARPES spectra at 5K around the Fermi energy (EF). b Fermi surfaces zoomed inside
the black dot square in a determined from the peak positions ofMDCs at EF for six-
layer (red) and five-layer (blue)23 compounds. c Quantum oscillations of the dHvA
effect observed inmagnetic torque signals at several temperatures. In the data, the
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magnetic field direction during the measurements. d Fast Fourier transform
spectra of c. The arrows show the twomain peaks (F0 and F1), which correspond to

the two Fermi pockets observed by ARPES in a. e Comparison of the Fermi pocket
areas between the five-layer and six-layer compounds determined by dHvA (top)
and ARPES (bottom). The listed values are the area in percentage (%) covering the
Brillouin zone for the small and large Fermi pockets labeled as IP0 and IP1,
respectively. As noted with arrows, the area of the small Fermi pocket (IP0)
decreases to almost half with increasing the number of layers from five to six, while
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We can now integrate out the fermions from the action and look for the saddle
point of the resulting action for J i. This leads to the Néel state with a wavevector,
K = (⇡, ⇡). In the long-wavelength limit, it is then useful to introduce a field, 'i,

J i = 'ie
iK·ri . (12)

This is then the familiar route towards arriving at the “spin-fermion” model,

Z =

Z
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The first term in S is just the kinetic energy of the fermions, and the second term is
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surface
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Increasing SDW order
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electron and 
hole pockets

AF Metal with 
hole pockets

Increasing SDW orderIncreasing SDW order h�'i = 0h�'i 6= 0h�'i 6= 0

Fig. 10. The evolution from a ‘large’ Fermi surface (for h'i = 0, s > sc) to a reconstructed Fermi
surface with electron (red) and hole (blue) pockets in the presence of antiferromagnetic (AF) order
with a finite h'i 6= 0 (s < sc) across a SDW QCP at s = sc. By moving su�ciently deep inside
the SDW phase, one has a metallic state with only hole-pockets in the presence of a large h'i.

the “Yukawa” coupling term that leads to the spin-fluctuation mediated scattering
of fermions from one portion of the Fermi surface to the other. The momentum of
the boson, ', is small, and v represents a characteristic spin-wave velocity. The last
line in the above action is just the '

4� field theory for an N = 3 order-parameter.
At mean-field level, as we tune the value of s, we go from a metallic Fermi-liquid

phase with a ‘large’ Fermi surface (s > sc) to a metal with reconstructed electron
and hole pockets (s < sc). The gap due to the SDW order parameter opens up at
the ‘hot-spots’, where "k = "k+K = 0. With a decreasing s, as h'i increases in
magnitude, only the hole pockets remain (Fig.10).
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Brown et al., Science 363 (2019) — Bakr lab

A. Bohrdt, L. Homeier, C. Reinmoser et al. Annals of Physics 435 (2021) 168651

Fig. 15. ARPES in a quantum gas microscope. (a) Measurement scheme used in [83] for extracting the spectral function
in a quantum gas microscope: A radiofrequency photon with energy h⌫ leads to a transfer of an |"i atom to a third,
non-interacting state |f i. The quasimomentum is mapped to momentum through band mapping (second panel from left)
by ramping down the lattice depth slowly. The momentum is then mapped to a real-space position through expansion
for a quarter-period in a harmonic trap (third panel). An optical lattice is ramped up in order to freeze the position of
the atoms, thus enabling imaging with the microscope. (b)–(d) Experimentally measured occupied spectral function as
a function of frequency ! and quasimomentum along the high-symmetry lines of the Brillouin zone, with the chemical
potential (dark blue dashed line) and the non-interacting dispersion relation (light blue solid line). For each momentum,
a Lorentzian is fit to the energy distribution curve and the corresponding center position is marked as blue circle in the
plots. Interaction strengths and temperatures are (b) U/t = �3.7(1) and T/t = 0.48(2), (c) U/t = �6.0(1), T/t = 0.50(2),
(d) U/t = �7.5(1), T/t = 0.55(3). For the parameters in (b), no pseudogap is present and the dispersion reaches the
chemical potential. In (c) and (d), a pseudogap can be observed as the dispersion pulls back from the chemical potential.
Source: Figures extracted and adapted from [83].

Note that the attractive Fermi–Hubbard model Ĥ� can be mapped to its repulsive counterpart
Ĥ+ by identifying empty and doubly occupied sites with spin up and spin down and vice versa. In
particular, a particle–hole transformation on the spin-down fermions only,

Û†ĉi,"Û = ĉi,", Û†ĉi,#Û = ĉ†
i,#, (24)

transforms the attractive to the repulsive Fermi–Hubbard model, Û†Ĥ+Û = Ĥ� [71]. Since the
mapping can also be applied to the eigenstates and eigenenergies,

Ĥ�
| �

n i = En| �

n i, Ĥ+
| +

n i = Ĥ+Û | �

n i = EnÛ | �

n i = En| +

n i, (25)

the spectral function in the attractive Fermi–Hubbard model directly corresponds to the spectral
function in the repulsive Fermi–Hubbard model: In the time-domain one obtains
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Cold-atom ARPES

Homework for quantum simulators: Measure Fermi surface!

Pseudogap phase
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Figure 3. Magnetic correlations in the pseudogap. a. Spin correlation map at T/t = 0.25(1) and ω → ↑2.5%. b.
Symmetrised spin structure factor S(q) evaluated from a subregion of the spin correlation map (gray square in (a)). c. Peak
structure factor SAFM as a function of doping ω and temperature T/t. Each vertex is a data point, and each triangle is coloured
according to the average of its vertices. The black line corresponds to the experimentally extracted doping-dependent energy
scale !(ω) (see panel (d)). d. Peak structure factor as a function of the rescaled temperature T/! (see text), with the orange
line showing the exponential dependence of Eq. (4). Both insets show the same data, without rescaling (top) and in semi
log-scale (bottom). e. Magnetic susceptibility extracted from METTS numerical simulations, for ω = 0 and ω = 0.1. The
maximum of susceptibility (stars) occurs at T = T →, is doping dependent, and marks the crossover to the pseudogap phase. f.
Comparison between !(ω), extracted from the SAFM collapse (panel (d)) and T → extracted from METTS.

ground-state of a 2D quantum system displays long-range
spin ordering, in which case the scale ! identifies with
the spin sti”ness 2ωεs [69]. Given the range of tempera-
tures accessible to our experiments, we cannot ascertain
that the exponential fit persists down to low-T and thus
whether the ground-state displays long-range spin order;
!(ϑ) should be viewed as an empirically defined spin sti”-
ness whose doping-dependence is determined from exper-
iments. In essence, expression (4) describes how a reduc-
tion in AFM order through doping can be compensated
for by further cooling the system.

To determine the doping-dependence of !, we intro-
duce a second order expansion Ansatz of the form !(ϑ) =
!(0) + !(1)

|ϑ| + !(2)
|ϑ|

2, where the !(i) coe#cients are
fit parameters. The coe#cient !(0) is determined by fit-
ting the half-filled data, to find !(0)

/t = 0.32(4). The
other two coe#cients are determined through an opti-
mization procedure that aligns the SAFM(T, ϑ) curves to
a universal form SAFM[!(ϑ)/T ], as described by Eq. (4).
The procedure, described in more detail in the SI, yields
!(1)

/t = →1.6(4) and !(2)
/t = 2(2). The result of the

optimization is shown as the black line in Fig. 3c,f.

Remarkably, we find an excellent collapse of the mag-
netic peak structure factor SAFM[!(ϑ)/T ] following the
above procedure for all doping and temperatures ex-
plored here (see Fig. 3d and its lower inset). The col-
lapse only depends on the absolute value of doping and
holds for both hole- and particle-doped systems (disk and
square symbols, respectively). In contrast, the unscaled
raw data exhibits a distinctly di”erent behaviour for each
doping level (see Fig. 3d, top inset).

We compare the extracted !(ϑ) to the expected tem-
perature T

→ that marks the crossover to the pseudogap
regime in the FHM. Although the opening of a pseudo-
gap is nowadays commonly identified through ARPES
measurements [2], the pseudogap in cuprates was origi-
nally identified through the temperature-dependence of
the magnetic susceptibility ϖm [21, 22]. In the Hubbard
model, numerical studies have revealed that the uniform
susceptibility displays a maximum at a temperature T

→

which can serve as a definition of the pseudogap onset
temperature [51, 70]. Here, the value of T → is obtained
from the maximum of ϖm in METTS simulations, as
shown in Fig. 3e, and compared to !(ϑ) in Fig. 3f. T

→

(from METTS) and ! (from the experimental data) are
relatively close in amplitude, and are decreasing func-
tions of ϑ. The extracted value of ! is comparable but
slightly smaller than T

→, suggesting that the universal
scaling associated with ! that we observe experimentally
is linked to the opening of the pseudogap in the sys-
tem. We stress here that we are not aware of a previous
study that attempts to relate ! — a doping-dependent
spin sti”ness — to T

→. Nevertheless, Monte-Carlo sim-
ulations on the Heisenberg model have shown that the
temperature T

→ marking the maximum of spin suscep-
tibility coincides with the spin sti”ness 2ωεs [71]. Al-
though no formal relation can be established, our results
suggest that these quantities reflect the same underlying
phenomenology.

The connection between the pseudogap and AFM spin-
correlations is well established theoretically in the weak-
coupling regime when the correlation length reaches large
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Figure 3. Magnetic correlations in the pseudogap. a. Spin correlation map at T/t = 0.25(1) and ω → ↑2.5%. b.
Symmetrised spin structure factor S(q) evaluated from a subregion of the spin correlation map (gray square in (a)). c. Peak
structure factor SAFM as a function of doping ω and temperature T/t. Each vertex is a data point, and each triangle is coloured
according to the average of its vertices. The black line corresponds to the experimentally extracted doping-dependent energy
scale !(ω) (see panel (d)). d. Peak structure factor as a function of the rescaled temperature T/! (see text), with the orange
line showing the exponential dependence of Eq. (4). Both insets show the same data, without rescaling (top) and in semi
log-scale (bottom). e. Magnetic susceptibility extracted from METTS numerical simulations, for ω = 0 and ω = 0.1. The
maximum of susceptibility (stars) occurs at T = T →, is doping dependent, and marks the crossover to the pseudogap phase. f.
Comparison between !(ω), extracted from the SAFM collapse (panel (d)) and T → extracted from METTS.

ground-state of a 2D quantum system displays long-range
spin ordering, in which case the scale ! identifies with
the spin sti”ness 2ωεs [69]. Given the range of tempera-
tures accessible to our experiments, we cannot ascertain
that the exponential fit persists down to low-T and thus
whether the ground-state displays long-range spin order;
!(ϑ) should be viewed as an empirically defined spin sti”-
ness whose doping-dependence is determined from exper-
iments. In essence, expression (4) describes how a reduc-
tion in AFM order through doping can be compensated
for by further cooling the system.

To determine the doping-dependence of !, we intro-
duce a second order expansion Ansatz of the form !(ϑ) =
!(0) + !(1)

|ϑ| + !(2)
|ϑ|

2, where the !(i) coe#cients are
fit parameters. The coe#cient !(0) is determined by fit-
ting the half-filled data, to find !(0)

/t = 0.32(4). The
other two coe#cients are determined through an opti-
mization procedure that aligns the SAFM(T, ϑ) curves to
a universal form SAFM[!(ϑ)/T ], as described by Eq. (4).
The procedure, described in more detail in the SI, yields
!(1)

/t = →1.6(4) and !(2)
/t = 2(2). The result of the

optimization is shown as the black line in Fig. 3c,f.

Remarkably, we find an excellent collapse of the mag-
netic peak structure factor SAFM[!(ϑ)/T ] following the
above procedure for all doping and temperatures ex-
plored here (see Fig. 3d and its lower inset). The col-
lapse only depends on the absolute value of doping and
holds for both hole- and particle-doped systems (disk and
square symbols, respectively). In contrast, the unscaled
raw data exhibits a distinctly di”erent behaviour for each
doping level (see Fig. 3d, top inset).

We compare the extracted !(ϑ) to the expected tem-
perature T

→ that marks the crossover to the pseudogap
regime in the FHM. Although the opening of a pseudo-
gap is nowadays commonly identified through ARPES
measurements [2], the pseudogap in cuprates was origi-
nally identified through the temperature-dependence of
the magnetic susceptibility ϖm [21, 22]. In the Hubbard
model, numerical studies have revealed that the uniform
susceptibility displays a maximum at a temperature T

→

which can serve as a definition of the pseudogap onset
temperature [51, 70]. Here, the value of T → is obtained
from the maximum of ϖm in METTS simulations, as
shown in Fig. 3e, and compared to !(ϑ) in Fig. 3f. T

→

(from METTS) and ! (from the experimental data) are
relatively close in amplitude, and are decreasing func-
tions of ϑ. The extracted value of ! is comparable but
slightly smaller than T

→, suggesting that the universal
scaling associated with ! that we observe experimentally
is linked to the opening of the pseudogap in the sys-
tem. We stress here that we are not aware of a previous
study that attempts to relate ! — a doping-dependent
spin sti”ness — to T

→. Nevertheless, Monte-Carlo sim-
ulations on the Heisenberg model have shown that the
temperature T

→ marking the maximum of spin suscep-
tibility coincides with the spin sti”ness 2ωεs [71]. Al-
though no formal relation can be established, our results
suggest that these quantities reflect the same underlying
phenomenology.

The connection between the pseudogap and AFM spin-
correlations is well established theoretically in the weak-
coupling regime when the correlation length reaches large
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FIG. 3. Pseudogap and magnetic resonance in lattice modulation spectroscopy at U/t = 7.00(4). (a) Spectroscopic
protocol. Modulating the x and y lattices in- or out-of-phase couples to di!erent regions of the Brillouin zone. The ” =
(0, 0),M = (ω,ω), and X = (ω, 0) points are indicated for clarity. The response is measured by converting the system into a
band insulator and measuring the number of defects, a proxy for energy absorption. (b) Spectra versus frequencies ε/t < 2.7
and dopings ϑ = 0 → 0.25 in A1 and B1 symmetry. On the underdoped side of the compressibility maximum (Fig. 2), the
B1 spectrum displays a loss of weight at low energies, suggesting a spectral gap close to the X point. The B1 response also
develops a resonance which connects to the two-magnon peak of the Mott insulator at ϑ = 0. The A1 response, by contrast,
changes more smoothly. At large doping, both A1 and B1 responses exhibit a Drude-like feature, suggesting metallic behavior.
(c) A1 and B1 responses averaged at ε/t = 0.09, 0.18 versus doping, showing the di!erential suppression in the two responses
in the underdoped regime. (d) Time trace of nearest-neighbor spin correlations while the drive is applied near the two-magnon
peak (ϑ = 0, ε/t = 1.44). A sinusoidal fit yields the amplitude and phase of the response. The ϖ ↑ ω/2 phase lag indicates a
resonant response. Plotting a map of these amplitudes for additional correlations, we see a large response in spin correlations
but not density correlations, confirming the magnetic nature of the resonance.

of the resonance (Fig. 3d). In units of the superexchange
energy J = 4t2/U , the two-magnon peak frequency is
ω/J = 2.24(5). This is lower than the value ω/J = 2.7→3
commonly found in the Raman scattering literature on
cuprates [46]. However, increasing U/t to 10.29(6) shifts
the frequency to ω/J = 2.6(2) (Fig. 4c, Extended Data
Table 4), closer to the canonical value. This suggests
an e!ective reduction of the magnetic exchange energy
below 4t2/U due to the finite value of U/t.

At a doping ε = 0.09, between the pseudogapped and
normal metallic regimes, the B1 response becomes flat
over an order of magnitude in frequency, from ω/t = 0.13
to ω/t = 1.44 (Fig. 3c). Given that this density lies close
to the compressibility maximum (Fig. 2), it is possible
that this frequency-independent behavior reflects some
type of criticality [55, 71].

To further probe the link between the pseudogap and
the compressibility maximum, we measure the pseudo-

gap versus interaction strengths. In Fig. 4a,b, we plot
the low-frequency (ω ↭ 0.2t) A1 and B1 responses. A
region of suppressed response is apparent at low dop-
ing in the B1 response at interactions U/t ↑ 4.67(3).
By fitting each curve versus doping to a sigmoid func-
tion, we extract a characteristic doping εω for the on-
set of the pseudogap at each U (Methods H 5). This
establishes a pseudogap phase boundary in the ε → U
plane, which is overlaid on Fig. 4b. The A1 response, by
contrast, drops more smoothly as the doping is reduced
towards half-filling at large interactions, showing a less
pronounced loss of absorption in the underdoped regime.
At large interactions and finite doping, the low-frequency
A1 response qualitatively resembles the compressibility
(Fig. 2c), suggesting a connection to the thermodynamic
changes signaled by the compressibility maximum. At
low interactions U/t = 2.79(2), both responses show lit-
tle structure versus doping.
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FIG. 3. Pseudogap and magnetic resonance in lattice modulation spectroscopy at U/t = 7.00(4). (a) Spectroscopic
protocol. Modulating the x and y lattices in- or out-of-phase couples to di!erent regions of the Brillouin zone. The ” =
(0, 0),M = (ω,ω), and X = (ω, 0) points are indicated for clarity. The response is measured by converting the system into a
band insulator and measuring the number of defects, a proxy for energy absorption. (b) Spectra versus frequencies ε/t < 2.7
and dopings ϑ = 0 → 0.25 in A1 and B1 symmetry. On the underdoped side of the compressibility maximum (Fig. 2), the
B1 spectrum displays a loss of weight at low energies, suggesting a spectral gap close to the X point. The B1 response also
develops a resonance which connects to the two-magnon peak of the Mott insulator at ϑ = 0. The A1 response, by contrast,
changes more smoothly. At large doping, both A1 and B1 responses exhibit a Drude-like feature, suggesting metallic behavior.
(c) A1 and B1 responses averaged at ε/t = 0.09, 0.18 versus doping, showing the di!erential suppression in the two responses
in the underdoped regime. (d) Time trace of nearest-neighbor spin correlations while the drive is applied near the two-magnon
peak (ϑ = 0, ε/t = 1.44). A sinusoidal fit yields the amplitude and phase of the response. The ϖ ↑ ω/2 phase lag indicates a
resonant response. Plotting a map of these amplitudes for additional correlations, we see a large response in spin correlations
but not density correlations, confirming the magnetic nature of the resonance.

of the resonance (Fig. 3d). In units of the superexchange
energy J = 4t2/U , the two-magnon peak frequency is
ω/J = 2.24(5). This is lower than the value ω/J = 2.7→3
commonly found in the Raman scattering literature on
cuprates [46]. However, increasing U/t to 10.29(6) shifts
the frequency to ω/J = 2.6(2) (Fig. 4c, Extended Data
Table 4), closer to the canonical value. This suggests
an e!ective reduction of the magnetic exchange energy
below 4t2/U due to the finite value of U/t.

At a doping ε = 0.09, between the pseudogapped and
normal metallic regimes, the B1 response becomes flat
over an order of magnitude in frequency, from ω/t = 0.13
to ω/t = 1.44 (Fig. 3c). Given that this density lies close
to the compressibility maximum (Fig. 2), it is possible
that this frequency-independent behavior reflects some
type of criticality [55, 71].

To further probe the link between the pseudogap and
the compressibility maximum, we measure the pseudo-

gap versus interaction strengths. In Fig. 4a,b, we plot
the low-frequency (ω ↭ 0.2t) A1 and B1 responses. A
region of suppressed response is apparent at low dop-
ing in the B1 response at interactions U/t ↑ 4.67(3).
By fitting each curve versus doping to a sigmoid func-
tion, we extract a characteristic doping εω for the on-
set of the pseudogap at each U (Methods H 5). This
establishes a pseudogap phase boundary in the ε → U
plane, which is overlaid on Fig. 4b. The A1 response, by
contrast, drops more smoothly as the doping is reduced
towards half-filling at large interactions, showing a less
pronounced loss of absorption in the underdoped regime.
At large interactions and finite doping, the low-frequency
A1 response qualitatively resembles the compressibility
(Fig. 2c), suggesting a connection to the thermodynamic
changes signaled by the compressibility maximum. At
low interactions U/t = 2.79(2), both responses show lit-
tle structure versus doping.
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characterized by the nearest-neighbor tunneling t, the
diagonal next-nearest-neighbor tunneling t

→, and the
Heisenberg interaction J . Here, c̃†i,ω = ĉ

†
i,ω(1→n̂i,↑ω) cre-

ates a particle with spin ω, but disallows double occupan-
cies. The operator is defined via the usual fermionic an-
nihilation (creation) operator ĉ†i,ω at coordinate i = (x, y)
and the number operator n̂i,ω.
The t-t→-J model is a popular microscopic model to
describe the cuprate superconductors [29]. It is con-
nected to the paradigmatic Fermi-Hubbard model by the
Schrie!er-Wol! transformation [30]. In our work, we fix
t = 1 as the unit of energy and investigate the model’s
properties at J = 1/2 and t

→ ↑ [0; ±0.2]. This value of
J is realistic for the study of cuprate materials [31, 32].
As has been demonstrated in large-scale numerical simu-
lations, the next-nearest-neighbor tunneling t

→-term has
important implications for superconductivity and stripe
formation in the system’s ground state. In the cuprates,
band-structure calculations estimate the strength of this
term to be t

→ ↓ →0.2 t [33, 34]. Flipping the sign of t→

is equivalent to exchanging electron and hole dopants by
means of a particle-hole transformation, which allows us
to study both sides of the doping diagram.

In the following, we study the formation of single
stripes in the ground states of wide cylindrical systems
using DMRG [35–37]. As is typical for DMRG stud-
ies, the system features periodic boundary conditions
(PBCs) in the y-direction and open boundary conditions
(OBCs) in the x-direction. However, to study long iso-
lated stripes, we chose the non-standard, high aspect
ratio Ly > Lx. For the most part, we study systems
of Lx ↔ Ly = 4 ↔ 18 sites, i.e. 18-leg cylinders. This
cylinder width is significantly larger than the typical Ly

studied in finite-doping phase diagrams [7, 9, 11, 13, 16],
which use low aspect ratios Ly/Lx ↭ 1. We apply weak
chemical potential o!sets ”µ = 3/4 J on the edges (i.e.,
x ↑ [1, Lx]) to lift a possible competition between ver-
tical and horizontal stripes in the system. To enable
ground-state searches in this geometry, we use a tailored
MPS mapping, inspired by one-dimensional systems with
PBCs [38] (details in the Appendix). In essence, this
mapping shifts the exponential complexity in the peri-
odic direction Ly – the usual computational bottleneck –
to exponential complexity in 2Lx. Therefore, the Lx = 4
systems we study are comparable in computational e!ort
to Ly = 8 cylinders with conventional MPS mappings.

Stripe formation—The primary parameter of the
striped phase is the stripe filling fraction ε = N

h
/Ly,

where Nh is the number of dopants in a stripe. In an ex-
tended system at finite doping ϑ, this sets the stripe wave-
length ϖ = ε/ϑ, in units of the lattice constant (a = 1).
Large-scale numerical studies of the ground state phase
diagram have revealed a large number of stabilized fill-
ing fractions, depending on the system’s parameters, size,
and boundary conditions. These range from fully filled
stripes (ε = 1) to fillings as low as ε = 1/3. Even though

dopants

FIG. 1. Stripe Formation: (a) Sketch of the cylindrical sys-
tem geometry. A stripe is identified with the formation of a
spin domain wall across the system, indicated by the sign of
the cross-lattice spin correlations C(Lx)

Ŝz . (b) t→ → ω diagram
of stripe formation. Individual ground-state calculations are
marked by points, and color-coded by C(Lx)

Ŝz . On the electron-

doped side (t→ > 0), we find a narrow filling region featuring
negative correlations centered around ω = 1. At lower values
of t→, the domain where a stripe is formed extends to signif-
icantly lower fillings – down to ω ↑ 1/3 on the hole-doped
side (t→ < 0). For comparison, the black stars mark stripe
fillings stabilized in the numerical literature [6–18] (see the
Appendix for details). The grey shaded line at t→ = 0 indi-
cates the near-degenerate filling fractions determined by B.-X.
Zheng et al. [14]. As a guide to the eye, the black hatched
region visualizes the range of stabilized fillings, which is well-
reflected by the single-stripe results. In addition, the orange
star indicates the stripe filling ω ↓ 1/2 observed in the LSCO
cuprate compounds [1, 39].

the typically small extent Ly heavily discretizes the fill-
ing fractions available, the di!erences in energy between
di!erent fillings can be extremely small [6, 12, 14]. There-
fore, an important task is to determine the filling region
that supports the formation of stripes in a manner that
is robust to finite-size e!ects. This question can be ad-
dressed by studying the formation of a single stripe.
At a given number of dopants in the system, we identify

a stripe via the staggered cross-lattice spin correlations

C
(Lx)

Ŝz
=

1

Ly
(→1)Lx↑1

Ly∑

y=1

↗Ŝz
(1, y)Ŝ

z
(Lx, y)↘ . (2)

In our geometry, positive correlations suggest uninter-
rupted AFM order, while negative correlations signal
the presence of an AFM spin domain wall, which we
identify with the formation of a stripe.
Based on this criterion, Fig. 1(b) shows the filling

region supporting the formation of a stripe depending
on the next-nearest-neighbor tunneling t

→. In agreement
with established results [6–18], we find a large filling
region 1/3 ↭ ε ↭ 1 featuring stripe formation on the
hole-doped side (t→ = →0.2 t). On the electron-doped
side (t→ = 0.2 t), a stripe may only be formed in a

Blatz et al., arXiv:2512:15714 (2025)
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Stripes in mixed-dimensional (mixD) 
Hubbard models

Grusdt et al., SciPost Phys. 5 (2018)

SciPost Phys. 5, 057 (2018)

1 Introduction

The Fermi-Hubbard model represents one of the most fundamental and paradigmatic models
of strongly correlated matter. It features an an intricate interplay of spin and charge degrees of
freedom, expected to be relevant to high-temperature superconductivity observed in cuprate
compounds [1–5]. However many basic features of of the Hubbard model remain poorly
understood, which makes it challenging to identify the origin of such ubiquitous experimental
phenomena as the non-Fermi liquid behavior [6], charge modulation [7], or the pseudogap [3,
8].

To approach this problem, here we propose to study a simplified model system which can
be experimentally realized with, e.g., ultracold atoms. Instead of the two-dimensional (2D)
t � J model, which is commonly used to capture the interplay of spin and charge degrees of
freedom in the low energy sector of the Hubbard model [3], we suggest to realize a system
with mixed dimensionality: While the spin system is fully 2D, the holes doped into the system
can only move along one direction, see Fig. 1 (a). On the one hand, this model shares many
features with the 2D t � J model, in particular the emergence of true long-range order in the
ground state at zero doping. On the other hand, tuning the spatial anisotropy of the Heisenberg
couplings allows us to study the transition to decoupled 1D chains, where spin and charge
degrees of freedom separate. Moreover, being mappable to a problem of hard-core bosons,
the model is sign-problem free, thus enabling efficient quantum Monte Carlo simulations for
arbitrary doping values.

In this article we approach the mixed dimensional (mixD) t�J model from the low-doping
side and study the interplay of spin and charge degrees of freedom on the most fundamental
level. To this end we consider individual holes doped into an antiferromagnet (AFM). In 2D,
the single hole propagating through an AFM is commonly described by a magnetic polaron
– a quasiparticle with a strongly renormalized dispersion due to the dressing with magnetic
excitations [9–17]. While this description provides a powerful theoretical toolbox, it provides
limited physical insight to the microscopic interplay of spin and charge excitations. More
intuitive physical understanding can be gained by the parton construction put forward by
Béran et al. [18]. These authors suggested that the single hole can be understood as a bound
state of two partons: a neutral spinon and a spin-less holon. This closely resembles mesons
formed by quark-antiquark pairs in high-energy physics. Recently it has been shown for the
simplified t � Jz model with reduced quantum fluctuations [19] that this phenomenology is

Figure 1: Mixed-dimensional t � J model. We consider ultracold spin-1/2
fermions in an optical lattice at strong couplings. (a) By introducing a strong poten-
tial gradient along y-direction, the tunneling of holes with rate t can be restricted
to the x-axis, whereas SU(2) invariant super-exchange interactions with tunable
strengths Jx and Jy persist in both directions. We study the resulting mixD t � J
model in the low-doping regime and demonstrate that holes form mesonic bound
states of spinons and holons (b), which can be directly observed using quantum gas
microscopes. Mesons formed by pairs of holons have a higher energy, indicating the
absence of strong pairing in mixD.
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1 Introduction

The Fermi-Hubbard model represents one of the most fundamental and paradigmatic models
of strongly correlated matter. It features an an intricate interplay of spin and charge degrees of
freedom, expected to be relevant to high-temperature superconductivity observed in cuprate
compounds [1–5]. However many basic features of of the Hubbard model remain poorly
understood, which makes it challenging to identify the origin of such ubiquitous experimental
phenomena as the non-Fermi liquid behavior [6], charge modulation [7], or the pseudogap [3,
8].

To approach this problem, here we propose to study a simplified model system which can
be experimentally realized with, e.g., ultracold atoms. Instead of the two-dimensional (2D)
t � J model, which is commonly used to capture the interplay of spin and charge degrees of
freedom in the low energy sector of the Hubbard model [3], we suggest to realize a system
with mixed dimensionality: While the spin system is fully 2D, the holes doped into the system
can only move along one direction, see Fig. 1 (a). On the one hand, this model shares many
features with the 2D t � J model, in particular the emergence of true long-range order in the
ground state at zero doping. On the other hand, tuning the spatial anisotropy of the Heisenberg
couplings allows us to study the transition to decoupled 1D chains, where spin and charge
degrees of freedom separate. Moreover, being mappable to a problem of hard-core bosons,
the model is sign-problem free, thus enabling efficient quantum Monte Carlo simulations for
arbitrary doping values.

In this article we approach the mixed dimensional (mixD) t�J model from the low-doping
side and study the interplay of spin and charge degrees of freedom on the most fundamental
level. To this end we consider individual holes doped into an antiferromagnet (AFM). In 2D,
the single hole propagating through an AFM is commonly described by a magnetic polaron
– a quasiparticle with a strongly renormalized dispersion due to the dressing with magnetic
excitations [9–17]. While this description provides a powerful theoretical toolbox, it provides
limited physical insight to the microscopic interplay of spin and charge excitations. More
intuitive physical understanding can be gained by the parton construction put forward by
Béran et al. [18]. These authors suggested that the single hole can be understood as a bound
state of two partons: a neutral spinon and a spin-less holon. This closely resembles mesons
formed by quark-antiquark pairs in high-energy physics. Recently it has been shown for the
simplified t � Jz model with reduced quantum fluctuations [19] that this phenomenology is

Figure 1: Mixed-dimensional t � J model. We consider ultracold spin-1/2
fermions in an optical lattice at strong couplings. (a) By introducing a strong poten-
tial gradient along y-direction, the tunneling of holes with rate t can be restricted
to the x-axis, whereas SU(2) invariant super-exchange interactions with tunable
strengths Jx and Jy persist in both directions. We study the resulting mixD t � J
model in the low-doping regime and demonstrate that holes form mesonic bound
states of spinons and holons (b), which can be directly observed using quantum gas
microscopes. Mesons formed by pairs of holons have a higher energy, indicating the
absence of strong pairing in mixD.
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closely related to the string picture of magnetic polarons [20–25] and it can be justified on a
microscopic level, enabling accurate quantitative predictions [26].

In 2D, direct observations of the strings and partons constituting magnetic polarons are
challenging due to strong quantum fluctuations. Here, instead, we study holes in the mixD
t � J model. In this case we show that spinons and holons are connected by straight strings
of displaced spins, making it easier to observe and characterize them. Even in the presence
of quantum fluctuations of the surrounding spins, we demonstrate that the individual partons
can be directly detected using experimatal tools available in systems of ultracold atoms in
quantum gas microscopes [27–31].

By tuning the ratio of spin-exchange interactions along different lattice directions, our
results in mixD can be related to the physics of 1D t � J models. In a genuine 1D system, hole
excitations decay into pairs of deconfined spinons and holons [32–34]. This fractionalization
of the hole introduces quasi-long range non-local string order in the 1D system [35], which
has recently been observed using a Fermi gas microscope [36]. These same measurements
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dimension, while their spin is coupled through 2D SU(2)
invariant superexchange interactions. The Hamiltonian reads

Ĥ = −t
∑

σ,⟨i,j⟩x

P̂GW (ĉ†
i,σ ĉj,σ + H.c.)P̂GW

+ J
∑

⟨i,j⟩

(
Ŝi · Ŝj − n̂in̂j

4

)
, (1)

where ĉ(†)
i,σ , n̂i, and Ŝi are fermionic annihilation (creation),

particle density, and spin operators on site i, respectively;
⟨i, j⟩(x) denotes nearest-neighbor (NN) sites on the 2D square
lattice (with subscript x indicating NN sites along the x di-
rection only), and P̂GW is the Gutzwiller operator projecting
out states with double occupancy. The mixD t − J model
Hamiltonian, Eq. (1), features a global SU(2) spin and indi-
vidual U(1) particle conservation symmetries in each chain,
ℓ = 1 . . . Ly.

The mixD setup in Eq. (1) can be realized by simulating
the Fermi-Hubbard model in the large U/t limit with a strong
onsite linear potential along y, i.e., Vtilt(y) = #y [43–45]. The
potential gradient # effectively suppresses resonant tunneling
along y, whereas virtual particle exchanges (and hence spin
superexchange) remain intact – hence realizing the mixD t −
J setting, see Ref. [46] for a more detailed discussion.

Ground state properties. Using DMRG [47–51], we calcu-
late ground state properties of the doped mixD t − J model
Eq. (1) on ladder geometries by explicitly implementing the
U(1) particle conservation symmetry in each leg separately.
The explicit use of tensors with the Hamiltonian’s enhanced
symmetry greatly decreases computational costs, whereby
speedup factors of !10 for bond dimensions χ ∼ 10 000 are
reached.

From now on, we use an equal number of holes in each
leg, i.e., Nℓ = Nh for all, ℓ = 1 . . . Ly, and choose t/J = 3.
The color coded background in Fig. 1(a) shows spin-spin
correlations ⟨Ŝz

i0 Ŝz
j ⟩ with fixed reference site i0 in the center

of the second leg for a system of size Lx × Ly = 40 × 4 with
open (periodic) boundaries along x (y). Grey filled lines depict
local hole densities ⟨n̂h

i ⟩ in each leg. In the ground state, we
see clear indications for the formation of fully filled stripes,
by observing (i) a periodic modulation of hole densities, and
(ii) the appearance of AFM domain walls at positions of
maximum hole density.

The latter is further underlined in the lower left panel of
Fig. 1(a), where the spin-spin correlations are shown for the
central y = 2 region. Correlations are observed to be incom-
mensurate with the lattice, i.e., the total number of peaks in
the spin-correlation function in each ladder leg – given by
Np = 18 in Fig. 1(a) – is incommensurate with the length
of the system Lx = 40. This corresponds to a modulation of
spin correlation with wavelength λ = (1 − nh)−1, where nh =
Nh/Lx. Emerging incommensurate antiferromagnetic order is
further revealed in the static spin structure factor along leg y:

Sy(qx ) = 1
Lx

∑

x1,x2

〈
Ŝz

[x1,y]Ŝ
z
[x2,y]

〉
exp[iqx(x1 − x2)], (2)

which features a double-peak structure at points qmax
x =

π (1 ± nh), depicted in the lower right panel of Fig. 1(a). When
increasing the doping level, incommensurate magnetic order

FIG. 1. Ground state properties. (a) Spin-spin correlations
⟨Ŝz

i0
Ŝz

j ⟩ with reference site i0 = [x0 = 21, y0 = 2] for a 40 × 4 sys-
tem with nh = 0.1. Boundaries are open (closed) in x (y) direction.
Correlations are color coded using a symmetric logarithmic scale,
with linear scaling between −10−4 . . . 10−4. Average hole densi-
ties ⟨n̂h

i ⟩ are shown in grey. Lower left panel: correlation functions
4 ⟨Ŝz

i0
Ŝz

[x,y0]⟩, ⟨Ŝ+
i0

Ŝ−
[x,y0] + H.c.⟩, which are indistinguishable on the

scale of the plot. Dot-dashed grey lines connecting the data points
underline the incommensurate peak structure of spin correlations.
Lower right panel: static spin structure factor along y = 2, Eq. (2),
with peaks located at qx = π (1 ± nh ). (b) Left panel: Spin structure
factor of the central leg as a function of doping nh for a 40 × 3
system. A narrower system size is chosen to keep numerical costs
reasonable. Open boundaries are taken to avoid magnetic frustration
of the ladder. Right panel: Peak height S2(qmax

x ) at qmax
x = (1 − nh )π

as a function of doping nh.

and stripes persist, however with overall decreasing mag-
netic order due to the enhanced disturbance by the holes, cf.
Fig. 1(b). Beyond nh ! 0.5, no clear signs of stripe formation
are visible anymore.

We note that charge-density wavelike correlations are also
expected in purely 1D systems with open boundaries. The
oscillation amplitudes of such Friedel oscillations away from
the edges decay as r−K , with K the Luttinger exponent [52].
In contrast, in the mixD setting the amplitude of the charge
modulations quickly converges towards a constant plateau,
i.e., they are present even deep in the bulk. We explicitly
compare the density oscillations in long 1D and mixD systems
in [46].

On cylinders of width Ly = 4, we evaluate the intraleg
binding energy of two holes Eb = [E (2) − E (0)] − 2[E (1) −
E (0)], where E (Nh) is the ground state energy of a mixD
cylinder with Nh holes doped into a single ladder leg. We find
almost vanishing binding energies of order Eb/t ∼ O(10−3)
in our finite-size simulations, strongly supporting the absence
of hole-pairing in the mixD t − J model. This is further
underlined by features of connected hole-hole correlators,
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FIG. 2. Finite temperature properties. (a) Lower panel: Phase diagram of the mixD t − J model for a 40 × 2 system (OBC). In the stripe
phase, charge- and spin-density waves are present, whereas in the chargon gas phase holes can move freely and AFM spin correlations are
short-range. We define the critical temperature Tc(nh ) as the point where the double peak of the spin structure factor washes out into a single
broad peak, illustrated for nh = 0.15 in the upper panel of (a) and marked by an asterisk. Temperatures T/J = 1.25, 0.83, 0.4, 0.35, 0.25, 0.1
are shown, ranging from yellow to dark red upon lowering the temperature. (b) Peak split !T /!T =0, with !T = S(qmax

x ) − S(π ), as a function
of temperature. (c) Hole density profiles ⟨n̂h

[x,y=1]⟩T
for nh = 0.1, 0.3 at constant temperature T/J = 0.4 [solid dots connected by dashed line

in (a)]. In the stripe phase, clear charge oscillation signals in the hole density profile are visible, whereas in the chargon gas the profile is flat.
(d) Full counting statistics of hole distances along a single ladder leg for nh = 0.1 and T/J = 0, 2 (notation i − j corresponds to the distance
r between hole i and hole j along x). In the stripe phase (upper panel), the probability distributions are symmetric, whereas in the chargon gas
(lower panel), hole-hole distance probability distributions acquire long tails. We use 20,000 snapshots of the (thermal) MPS.

revealing how at short distances, holes strongly repel each
other, whereas binding in stripes is favored [46].

Finite temperature. In order to estimate critical temper-
atures for stripe formation, we use mixed-state purification
and imaginary time evolution schemes while conserving the
system’s symmetries [46,53–55]. In particular, during the time
evolution we conserve the particle number in each physical leg
Nℓ, ℓ = 1..Ly, the total particle number in the auxiliary system
N tot

aux., as well as the total spin Sz,tot
phys.+aux. (the latter allowing

for finite total magnetizations of the physical system at finite
temperature). This results in a total of Ly + 2 symmetries
employed by the finite temperature implementation.

Utilizing the enhanced symmetry, we are able to accurately
evolve the system down to low temperatures, allowing us to
evaluate convergence towards the ground state [46]. Due to the
effective doubling of the width of the system after purification,
we restrict the following discussion to systems with Ly = 2.
Numerical results for wider systems are presented in [46].
For the time evolution schemes, we again use maximal bond
dimensions χ ∼ 10, 000.

Results for a 40 × 2 physical system with open boundary
conditions (OBC) are shown in Fig. 2. Starting from high tem-
peratures, we measure the static spin structure factor, localize
its peak position ±qmax

x and calculate the peak split param-
eter defined by !T = Sy(qmax

x ) − Sy(π ). The upper panel of
Fig. 2(a) shows the structure factor for various temperatures.
At high temperatures, correlations are short-range and in par-
ticular commensurate with the lattice, i.e., the structure factor
is characterized by a broad peak around qx = π and !T >Tc

is strictly zero. Upon lowering the temperature to the critical
value Tc, a finite split in the structure factor is observed,
i.e., incommensurate magnetic features emerge. The transition
point is marked by an asterisk in the upper panel of Fig. 2(a).

Figure 2(b) underlines the definition of the critical temper-
ature, where the peak split becomes finite, i.e., !T <Tc > 0.
The corresponding critical temperatures as a function of hole
doping are plotted in the lower panel of Fig. 2(a), for hole
densities ranging from nh = 0.1...0.3. Note how critical tem-
peratures are of the order of magnitude ∼J/2, rendering the
stripe phase significantly more robust against thermal fluctua-
tions in the mixD setting compared to its analog in 2D [39,40].

We illustrate the emergence of stripes further by showing
the average hole density profile for two different doping levels
while keeping the temperature constant, Fig. 2(c). For T/J =
0.4 and nh = 0.1, the hole density forms a flat plateau, i.e.,
there is no charge order and holes are in a deconfined chargon
gas phase (i.e., holes are not confined within stripes and move
freely through the magnetic background) [56]. In contrast,
clear charge oscillations are visible for nh = 0.3, underlining
how in the stripe phase both charge and spin density waves
are present. By computing the charge structure factor, we have
checked that charge order is present over the whole range of
temperatures T < Tc(nh), in fact setting in at slightly higher
temperatures than incommensurate magnetic order. This is
characteristic for a crossover driven by the charges [2,57], as
is the case for the chargon gas to stripe transition observed
here.

Note that the Néel temperature of the SU(2) symmetric 2D
Heisenberg model is strictly zero, however with a magnetic
correlation length scaling as ∼eT0/T. Akin to the cold atom
antiferromagnet realized in Ref. [29], we argue that stripe
features—that is, the emergence of charge- and spin-density
wave patterns—become visible on the length scale of the
system size for temperatures below Tc. For sufficiently strong
magnetic correlations, we expect that true long-range charge
order (breaking the discrete translational symmetry of the
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FIG. S11. Hole correlations in DMRG. a, Hole density
for Ly = 3, � = 0.25, kBT/tx = 0.41. Two separate stripes
form at this doping level. b, Hole-hole correlations vs dis-
tance, reminiscent of the structure shown in Fig. 2a. c, Hole
correlations as a function of temperature for dy = 1 (red) and
dy = 2 (blue), � = 0.125 (dashed lines) and � = 0.25 (solid
lines).

fluctuations of the total magnetization in the physical
system). This results in a total of Ly + 2 symmetries
employed by the DMRG implementation, leading to sig-
nificant speedups over a single global U(1) conservation
in the overall physical system [13].

The maximally entangled state needed as a starting
point of the imaginary time evolution, | (� = 0)i, is
generated using specifically tailored entangler Hamiltoni-
ans [13, 61]. Since these states (being projected product
states) are of low bond dimension (�(⌧ = 0) ⇠ O(100)),
local approximations of the Hamiltonian and subsequent
exponentiation will su↵er from large projection errors.
Hence, we start by employing global methods for a single
step in imaginary time, after which the entanglement in
the system (and the bond dimension of the thermal MPS)
has su�ciently increased to switch to local methods.

Due to the mapping of the (enlarged) 2d system to a
1d chain, the bond dimension required for a fixed ac-
curacy scales exponentially with linear system size in
y�direction. For doping scans, we limit the system size
to Lx ⇥ Ly = 8⇥ 3 with open boundaries, and hole con-
figurations N` = 1, 2, 3 for each ` = 1, 2, 3. For a single
hole per chain, we simulate systems up to Ly = 4. As this
mixD model su↵ers from the Fermion sign problem, these
limited system sizes are still state-of-the-art for numeri-
cal calculations while mostly allowing general qualitative
comparison to the much larger experimental system.

In particular, we evolve | (� = 0)i using global Krylov
schemes by a single step tx�⌧ = 0.01. Weight cut-
o↵s are set to 10�10, expanding the bond dimension to
�(⌧ = �⌧) ⇠ O(1000). From here on, we switch to
the local two-site TDVP method [60] with time steps
of tx�⌧ = 0.03, weight and truncation cuto↵s of 10�10

and 10�12, respectively, and cutting edge maximum bond
dimensions of �TDVP = 30000. We evolve the sys-
tem to ⌧ tx = 2.0, corresponding to a temperature of
kBT/tx = 0.25. Spin-spin correlations, as well as hole dis-
tributions in each leg, are exemplarily shown in Fig. S10
for kBT/tx ⇠ 0.4 for a system of size Lx⇥Ly = 8⇥4 with

JµC1
µ JyC2 ∑ = 0 ∑ = 1 ∑ = 2

y
y+1

-JyC1
y -2JyC1

y -3JyC1
y + JyC

2/Ly

FIG. S12. Illustration of the e↵ective potential be-
tween chain y with its neighbouring chain y + 1. Grey
lines illustrate energy contributions ⇠ Jµ

1 C
µ
1 , µ = x, y; green

line denotes diagonal correlation with energy contributions
⇠ JyC2 starting at |⌃| � 2. Intra-chain energy corrections
from the Néel state ⇠ JxC

x
1 are constant and not written

down explicitly in the potential.

periodic boundaries along the short direction and N` = 1
for all ` = 1 . . . 4. At the centre of the chains, where
the hole density peaks, an AFM domain wall forms, sig-
nalling the formation of a single, fully filled stripe. For
a higher doping of � = 0.25, (Ly = 3, open boundaries),
we show the hole density as well as hole-hole correlations
in Fig. S11a,b where the two separate stripes are visi-
ble. Results as a function of temperature are shown in
Fig. S11c for dy = 1 and dy = 2.

H. E↵ective descriptions of stripes in the mixD
t� J model

1. Mean field theory

In this section, we present a mean field theory (MFT)
for the stripe phase in the mixD t � J model. We focus
on describing an individual stripe in y�direction with ex-
actly one hole per chain, bound by the magnetically me-
diated confining potentials. In particular, we neglect the
interaction between multiple stripes at positions i1 and
i2, i.e., we focus on the low doping regime. To illustrate
the concept, we first consider a mean field description of
the ground state, before generalizing to finite tempera-
ture.

For tx � Jx, Jy, quantum correlations between
strongly fluctuating holes and spins in squeezed space
(defined in [52, 62]) can be neglected [63–67]. Hence, we
make the ansatz

| i = | i
sq

⌦ | i
c
, (17)

where | i
sq

is the spin state of the undoped Heisenberg
model in squeezed space, and | i

c
is the chargon wave

function. Our starting point for the description of the
single stripe is the variational Gutzwiller wave function,
given by

| i
c
=

1O

y=�1

����(0)
E

y
, (18)

i.e., we describe the charge sector by the product of iden-
tical single-leg wave functions

���(0)
↵
y
in chain y. Assum-
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FIG. 2. Hole correlations beyond nearest neighbours.
a, Hole-hole correlations in a mixD system revealing bunching
(attraction) along y at distances dy � 1 and antibunching
(repulsion) along x with � = 0.18. The symmetrisation is
indicated by the dashed lines. A cut along y (x) is shown
in dark (light) green for mixD systems in b, with the outset
showing the equivalent data for standard 2d systems. The
dependency of the mixD correlator g(2)hh at distance d = (0, 1),
(1, 1), (0, 2), (0, 3) on doping is plotted in c in red, purple,
blue, grey with a doping binning of ±0.009. In a doping region
around 0.2, the correlators for distances dy > 1 are positive,
indicating longer range charge correlations. Error bars are
estimated using bootstrapping. In d we show results for the
renormalised correlator (see SI) from DMRG calculations for
a system size of Lx ⇥ Ly = 8 ⇥ 3 as a function of doping for
kBT/tx = 0.41

x we find antibunching caused by the Pauli repulsion
of the holes (see Fig. 2a). Furthermore, at larger dis-
tances dy > 1 there are positive correlations, which in-
dicates that, instead of merely forming isolated, nearest-
neighbour hole pairs, there is a finite probability that
vertically aligned hole structures are extended through
the system. Additionally, there are significant correla-
tions along the diagonals at d = (1, 1), which we inter-
pret as signs of charge fluctuations along x due to the
finite coupling tx. The correlations at dy = 2 are slightly
suppressed which we attribute to next-nearest-neighbour
hopping (see SI). Finally, the positive signal at dx = ±5
may be related to the presence of a second, vertically
aligned charge structure in the system reminiscent of a
charge density wave.

By considering 1d cuts along y and x (Fig. 2b) we
corroborate the bunching (antibunching) along y (x)
through the system in the mixD setting. For the stan-
dard 2d system (� = 0, Fig. 2b inset), in contrast, there
is antibunching along both directions. The anticorrela-
tions along x are enhanced by removing ty due to the
absent competition between anticorrelations along x and
y.

In order to identify whether an ideal doping level for

the emergence of stripes exists in our mixD system, we

bin our data by doping and calculate g
(2)

hh
per bin (see

Fig. 2c). Both the nearest-neighbour and diagonal corre-
lations decrease with doping, indicative of the decrease
in pairing probability with doping and compatible with
a reduction of the spin correlations responsible for the
binding. For d = (0, 2), (0, 3) there is a non-trivial de-
pendence on doping with positive correlator values start-
ing at � = 0.17. This is indicative of a possible transi-
tion from the formation of individual pairs to extended
stripes [22–24].

We compare the correlations along y to DMRG calcula-
tions of Eq. (1) on 8⇥3 sites, Jy/tx = 0.5, kBT/tx = 0.41
as a function of doping in Fig. 2d (see also SI for normal-
isation). While qualitatively the result is comparable to
the experimental data, quantitative di↵erences are ex-
pected due to the strong finite size limitations in the
DMRG along y. Further di↵erences could arise due to
the presence of the aforementioned second-order hopping
process which introduces additional repulsion between
holes as well as the statistical distribution of holes be-
tween di↵erent chains in the experiment while calcula-
tions feature balanced hole numbers.

IV. STRUCTURES BEYOND HOLE PAIRING

The connected two-point correlator g
(2)

hh
only provides

limited insights into the physics of extended charge struc-
tures and how they interact with each other. We extend
the analysis by considering the two-point pair-hole and
pair-pair correlators

g
(2)

ph
(d)� 1 =

1

Nd

X

i

 
hn̂p

i n̂
h
i+di

hn̂p
i ihn̂h

i+di
� 1

!
,

g
(2)

pp
(d)� 1 =

1

Nd

X

i

✓ hn̂p
i n̂

p
i+di

hn̂p
i ihn̂

p
i+di

� 1

◆
,

(3)

where we define the pair operator n̂p
i = n̂

h
(ix,iy)

n̂
h
(ix,iy+1)

.
These correlators, as illustrated in Fig. 3a, assume the
existence of nearest-neighbour pairs along y (established

using g
(2)

hh
) and consider the attraction or repulsion of

these pairs to other dopants or pairs. They may be seen
as fully connected and normalised two-point correlators
of pairs or ‘partially connected’ three/four-point hole cor-
relators. Note that for simplicity we neglect diagonal
pairs (i.e. n̂

h
(ix,iy)

n̂
h
(ix±1,iy+1)

), associated with fluctua-
tions along x, and may thus underestimate the amount
of order within the system.

We present the pair-hole and pair-pair correlations for
the mixD system as a function of distance along x and
y in Fig. 3b and c. For improved statistics, we include
in our analysis all hole doping levels (see SI) for which
the o↵set o� of Eq. (2) becomes negligible. In both cases,
we observe positive correlations along y which extend
throughout the system, indicating that individual pairs

theory (DMRG)2

y

x

+ + + + +
nh2d

t2d
x , t2d

y

J2d
x , J2d

y

+ -
nhMixD

tx
Jx, Jy

a b c

FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
X

hi,ji,�

Jij

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1

Nd

X

i

 
hn̂h

i n̂
h
i+di

hn̂h
i ihn̂h

i+di
� 1� o�

!
, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along

2

y

x

+ + + + +
nh2d

t2d
x , t2d

y

J2d
x , J2d

y

+ -
nhMixD

tx
Jx, Jy

a b c

FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
X

hi,ji,�

Jij

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1

Nd

X

i

 
hn̂h

i n̂
h
i+di

hn̂h
i ihn̂h

i+di
� 1� o�

!
, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along

Hole bunching across chains
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FIG. S11. Hole correlations in DMRG. a, Hole density
for Ly = 3, � = 0.25, kBT/tx = 0.41. Two separate stripes
form at this doping level. b, Hole-hole correlations vs dis-
tance, reminiscent of the structure shown in Fig. 2a. c, Hole
correlations as a function of temperature for dy = 1 (red) and
dy = 2 (blue), � = 0.125 (dashed lines) and � = 0.25 (solid
lines).

fluctuations of the total magnetization in the physical
system). This results in a total of Ly + 2 symmetries
employed by the DMRG implementation, leading to sig-
nificant speedups over a single global U(1) conservation
in the overall physical system [13].

The maximally entangled state needed as a starting
point of the imaginary time evolution, | (� = 0)i, is
generated using specifically tailored entangler Hamiltoni-
ans [13, 61]. Since these states (being projected product
states) are of low bond dimension (�(⌧ = 0) ⇠ O(100)),
local approximations of the Hamiltonian and subsequent
exponentiation will su↵er from large projection errors.
Hence, we start by employing global methods for a single
step in imaginary time, after which the entanglement in
the system (and the bond dimension of the thermal MPS)
has su�ciently increased to switch to local methods.

Due to the mapping of the (enlarged) 2d system to a
1d chain, the bond dimension required for a fixed ac-
curacy scales exponentially with linear system size in
y�direction. For doping scans, we limit the system size
to Lx ⇥ Ly = 8⇥ 3 with open boundaries, and hole con-
figurations N` = 1, 2, 3 for each ` = 1, 2, 3. For a single
hole per chain, we simulate systems up to Ly = 4. As this
mixD model su↵ers from the Fermion sign problem, these
limited system sizes are still state-of-the-art for numeri-
cal calculations while mostly allowing general qualitative
comparison to the much larger experimental system.

In particular, we evolve | (� = 0)i using global Krylov
schemes by a single step tx�⌧ = 0.01. Weight cut-
o↵s are set to 10�10, expanding the bond dimension to
�(⌧ = �⌧) ⇠ O(1000). From here on, we switch to
the local two-site TDVP method [60] with time steps
of tx�⌧ = 0.03, weight and truncation cuto↵s of 10�10

and 10�12, respectively, and cutting edge maximum bond
dimensions of �TDVP = 30000. We evolve the sys-
tem to ⌧ tx = 2.0, corresponding to a temperature of
kBT/tx = 0.25. Spin-spin correlations, as well as hole dis-
tributions in each leg, are exemplarily shown in Fig. S10
for kBT/tx ⇠ 0.4 for a system of size Lx⇥Ly = 8⇥4 with

JµC1
µ JyC2 ∑ = 0 ∑ = 1 ∑ = 2

y
y+1

-JyC1
y -2JyC1

y -3JyC1
y + JyC

2/Ly

FIG. S12. Illustration of the e↵ective potential be-
tween chain y with its neighbouring chain y + 1. Grey
lines illustrate energy contributions ⇠ Jµ

1 C
µ
1 , µ = x, y; green

line denotes diagonal correlation with energy contributions
⇠ JyC2 starting at |⌃| � 2. Intra-chain energy corrections
from the Néel state ⇠ JxC

x
1 are constant and not written

down explicitly in the potential.

periodic boundaries along the short direction and N` = 1
for all ` = 1 . . . 4. At the centre of the chains, where
the hole density peaks, an AFM domain wall forms, sig-
nalling the formation of a single, fully filled stripe. For
a higher doping of � = 0.25, (Ly = 3, open boundaries),
we show the hole density as well as hole-hole correlations
in Fig. S11a,b where the two separate stripes are visi-
ble. Results as a function of temperature are shown in
Fig. S11c for dy = 1 and dy = 2.

H. E↵ective descriptions of stripes in the mixD
t� J model

1. Mean field theory

In this section, we present a mean field theory (MFT)
for the stripe phase in the mixD t � J model. We focus
on describing an individual stripe in y�direction with ex-
actly one hole per chain, bound by the magnetically me-
diated confining potentials. In particular, we neglect the
interaction between multiple stripes at positions i1 and
i2, i.e., we focus on the low doping regime. To illustrate
the concept, we first consider a mean field description of
the ground state, before generalizing to finite tempera-
ture.

For tx � Jx, Jy, quantum correlations between
strongly fluctuating holes and spins in squeezed space
(defined in [52, 62]) can be neglected [63–67]. Hence, we
make the ansatz

| i = | i
sq

⌦ | i
c
, (17)

where | i
sq

is the spin state of the undoped Heisenberg
model in squeezed space, and | i

c
is the chargon wave

function. Our starting point for the description of the
single stripe is the variational Gutzwiller wave function,
given by

| i
c
=

1O

y=�1

����(0)
E

y
, (18)

i.e., we describe the charge sector by the product of iden-
tical single-leg wave functions

���(0)
↵
y
in chain y. Assum-
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FIG. 2. Hole correlations beyond nearest neighbours.
a, Hole-hole correlations in a mixD system revealing bunching
(attraction) along y at distances dy � 1 and antibunching
(repulsion) along x with � = 0.18. The symmetrisation is
indicated by the dashed lines. A cut along y (x) is shown
in dark (light) green for mixD systems in b, with the outset
showing the equivalent data for standard 2d systems. The
dependency of the mixD correlator g(2)hh at distance d = (0, 1),
(1, 1), (0, 2), (0, 3) on doping is plotted in c in red, purple,
blue, grey with a doping binning of ±0.009. In a doping region
around 0.2, the correlators for distances dy > 1 are positive,
indicating longer range charge correlations. Error bars are
estimated using bootstrapping. In d we show results for the
renormalised correlator (see SI) from DMRG calculations for
a system size of Lx ⇥ Ly = 8 ⇥ 3 as a function of doping for
kBT/tx = 0.41

x we find antibunching caused by the Pauli repulsion
of the holes (see Fig. 2a). Furthermore, at larger dis-
tances dy > 1 there are positive correlations, which in-
dicates that, instead of merely forming isolated, nearest-
neighbour hole pairs, there is a finite probability that
vertically aligned hole structures are extended through
the system. Additionally, there are significant correla-
tions along the diagonals at d = (1, 1), which we inter-
pret as signs of charge fluctuations along x due to the
finite coupling tx. The correlations at dy = 2 are slightly
suppressed which we attribute to next-nearest-neighbour
hopping (see SI). Finally, the positive signal at dx = ±5
may be related to the presence of a second, vertically
aligned charge structure in the system reminiscent of a
charge density wave.

By considering 1d cuts along y and x (Fig. 2b) we
corroborate the bunching (antibunching) along y (x)
through the system in the mixD setting. For the stan-
dard 2d system (� = 0, Fig. 2b inset), in contrast, there
is antibunching along both directions. The anticorrela-
tions along x are enhanced by removing ty due to the
absent competition between anticorrelations along x and
y.

In order to identify whether an ideal doping level for

the emergence of stripes exists in our mixD system, we

bin our data by doping and calculate g
(2)

hh
per bin (see

Fig. 2c). Both the nearest-neighbour and diagonal corre-
lations decrease with doping, indicative of the decrease
in pairing probability with doping and compatible with
a reduction of the spin correlations responsible for the
binding. For d = (0, 2), (0, 3) there is a non-trivial de-
pendence on doping with positive correlator values start-
ing at � = 0.17. This is indicative of a possible transi-
tion from the formation of individual pairs to extended
stripes [22–24].

We compare the correlations along y to DMRG calcula-
tions of Eq. (1) on 8⇥3 sites, Jy/tx = 0.5, kBT/tx = 0.41
as a function of doping in Fig. 2d (see also SI for normal-
isation). While qualitatively the result is comparable to
the experimental data, quantitative di↵erences are ex-
pected due to the strong finite size limitations in the
DMRG along y. Further di↵erences could arise due to
the presence of the aforementioned second-order hopping
process which introduces additional repulsion between
holes as well as the statistical distribution of holes be-
tween di↵erent chains in the experiment while calcula-
tions feature balanced hole numbers.

IV. STRUCTURES BEYOND HOLE PAIRING

The connected two-point correlator g
(2)

hh
only provides

limited insights into the physics of extended charge struc-
tures and how they interact with each other. We extend
the analysis by considering the two-point pair-hole and
pair-pair correlators

g
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1

Nd
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,
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(d)� 1 =
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Nd

X

i

✓ hn̂p
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p
i+di

hn̂p
i ihn̂

p
i+di

� 1

◆
,

(3)

where we define the pair operator n̂p
i = n̂

h
(ix,iy)

n̂
h
(ix,iy+1)

.
These correlators, as illustrated in Fig. 3a, assume the
existence of nearest-neighbour pairs along y (established

using g
(2)

hh
) and consider the attraction or repulsion of

these pairs to other dopants or pairs. They may be seen
as fully connected and normalised two-point correlators
of pairs or ‘partially connected’ three/four-point hole cor-
relators. Note that for simplicity we neglect diagonal
pairs (i.e. n̂

h
(ix,iy)

n̂
h
(ix±1,iy+1)

), associated with fluctua-
tions along x, and may thus underestimate the amount
of order within the system.

We present the pair-hole and pair-pair correlations for
the mixD system as a function of distance along x and
y in Fig. 3b and c. For improved statistics, we include
in our analysis all hole doping levels (see SI) for which
the o↵set o� of Eq. (2) becomes negligible. In both cases,
we observe positive correlations along y which extend
throughout the system, indicating that individual pairs

theory (DMRG)2
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FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
X

hi,ji,�

Jij

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1
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h
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, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
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with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1

Nd

X

i

 
hn̂h

i n̂
h
i+di

hn̂h
i ihn̂h

i+di
� 1� o�

!
, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 5. Spin sector analysis. a, Hole-spin-spin correlation
map. We show the bare correlator for diagonal and selected
next-nearest spin-bonds as a function of distance from the
hole. The strongest signal is found in the sign change of the
next-nearest neighbour bond across the hole along x pointing
towards a domain wall in the local AFM pattern. Along y,
the correlations keep their expected positive sign from the
AFM pattern. b, Similarly, by considering the string spin
correlator (dark green) and normal spin-spin correlator (light
green) at distance dx = 2 (see text), we observe a change in
sign consistent with the change in parity of the AFM pattern.
Shaded regions are theory results at kBT/tx = 0.3. Error bars
are estimated using bootstrapping and are smaller than the
marker size if not visible.

factor [5] (as also known in 1d systems [50]). While our
parameter regime is not favourable to investigate struc-
ture factors (see SI), our microscopic resolution in both
spin and charge sector allows us to evaluate real-space
observables inaccessible in solid-state experiments. Most
useful in this context are higher-order spin-charge corre-
lators such as the normalised, bare 3-point hole-spin-spin
correlator

Chss(d
s
,dh) =

1

Nds,dh

X

i
j=i+dh

�ds/2

hn̂h
i Ŝ

z
j Ŝ

z
j+dsi

hn̂h
i i�(Ŝz

j )�(Ŝ
z
j+ds)

, (5)

where ds is the spin bond vector, dh the distance of the
bond from the dopant and we normalise by hole density
hn̂hi and the spin standard deviation �(Ŝz).

Previous studies have shown that, in square lattice
2d Fermi-Hubbard systems, a single mobile dopant
will be surrounded by a dressing cloud of reduced spin
correlations forming a magnetic polaron [38–40]. In 1d
systems, incommensurate magnetism leads to a change
in the parity of the AFM pattern across impurities [51].
The same feature is predicted to prevail in stripe phases,
making this correlator suited to revealing this specific
feature in our data. We show the bare hole-spin-spin
correlator as defined in Eq. (5) for the mixD system in
Fig. 5a, where specific spin bonds are shown for varying
distances from a hole. We focus on the diagonal and
next-nearest neighbour correlators. The most prominent
feature is the strongly negative correlation across the
hole along x, which is consistent with a change in the
parity of the local AFM pattern across a hole. Similarly,
the diagonal bonds in the direct vicinity of the hole also
become negative. This is another indication of fluctua-
tions along x within charge structures. Meanwhile, the

ds = (0, 2) correlations along y are largely una↵ected by
the presence of a hole and retain their positive sign. The
slightly negative (positive) ds = (2, 0) (ds = (1, 1))-bond
in the background further away from the dopant is due
to the overall doping level and vanishes in the connected
correlator (see SI).

Another way to elucidate the change in spin order
across dopants employs a spin-string correlator [51, 52].
This spin-spin correlator has additional sign changes for
every hole between two spins in the same chain and is
defined as

Cstr(d) =
1
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i+d

E

�(Ŝz
i )�(Ŝ

z
i+d)

,

(6)

where R̂i = e
i⇡n̂h

i . Note that for R̂i = 1 the common
spin-spin correlator is recovered. For systems with spin-
charge separation, this correlator reveals a hidden spin
structure in doped AFM systems [51]. The changes in
the phase of the AFM pattern for stripe phases act in
a similar fashion and can be revealed by measuring this
string correlator along the direction perpendicular to the
stripes (i.e. along x). We show both correlators at dis-
tance d = 2 in Fig. 5b as a function of doping. We ob-
serve a change to a positive sign upon employing the
string correlator that only varies weakly with doping, in
agreement with theory predictions. These features can
be directly related to the characteristic spin domain par-
ity flips present in stripe phases. Note that we observe
these features even without long-range AFM correlations
- which are only expected at lower temperatures - be-
cause stripe-like structures already energetically favour
such a local spin arrangement.

VI. CONCLUSION

We have realised a mixed-dimensional Fermi-Hubbard
model using ultracold atoms and found signatures of hole
pairing and extended charge ordering in a temperature
regime with short-ranged spin correlations, where the col-
lective behaviour of charges remains poorly understood.
We detect e↵ective hole attraction in density correlations
and present additional evidence for the onset of fluctuat-
ing stripes and their interplay with the magnetic back-
ground using real-space observables. In addition, the
spin environment around such stripe-like structures is in
qualitative agreement with the formation of an AFM do-
main wall across the dopants both in 3-point and string
correlators. We interpret these features as signatures
of stripe formation in a cold-atom Fermi-Hubbard sys-
tem. As lower temperatures become available in exper-
iments, the same analysis shown here could be carried
out, paving the way towards more detailed studies of
stripes, extracting their precise periodicity, fluctuations
and filling. Thanks to the favourable energy scales of
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in which R = ei
niπ i

ĥ ̂ . Note that, for R =î !, the common spin–spin correla-
tor is recovered. For systems with spin-charge separation, this correla-
tor reveals a hidden spin structure in doped AFM systems49,50. The 
changes in the phase of the AFM pattern for stripe phases act in a 
similar fashion and can be revealed by measuring this string correlator 
along the direction perpendicular to the stripes (that is, along x). We 
show both the common spin–spin and the string correlator at distance 
d = 2 in Fig.(5b as a function of doping. We observe a change to a positive 
sign following the use of the string correlator that only varies weakly 
with doping, in agreement with theory predictions. These features can 
be directly related to the characteristic spin domain parity flips present 
in stripe phases. Note that we observe these features even without 
long-range AFM correlations—which are only expected at lower tem-
peratures—because stripe-like structures already energetically favour 
such a local spin arrangement.

Conclusion
We have realized a mixD Fermi–Hubbard model using ultracold atoms 
and found signatures of hole pairing and extended charge ordering in 
a temperature regime with short-ranged spin correlations, for which 
the collective behaviour of charges remains poorly understood. We 
detect effective hole attraction in density correlations and present 
further evidence for the onset of fluctuating individual stripes and their 
interplay with the magnetic background using real-space observables. 
Also, the spin environment is in qualitative agreement with the forma-
tion of an AFM domain wall across the dopants in both three-point and 
string correlators. We interpret these features as signatures for the 
formation of individual stripes as a precursor to the ordered stripe 
phase. The favourable energy scales of the mixD setting pave the way for 
quantum simulators to study this collective phase, including the precise 
periodicity, fluctuations and filling6, and thereby provide valuable com-
parisons with recent results in theoretical calculations17,52. The direct 
connection between mixD and 2d systems provides a possible method 
to study the adiabatic preparation of stripes using mixD couplings. 
Through the mapping to attractive interactions53, new insights into 
the stripe phase also directly relate to the exotic Fulde–Ferrell–Larkin–
Ovchinnikov phase54. Furthermore, direct extensions to bilayer mixD 
systems connect our work to recently discovered high-Tc compounds, 
for which the mixed dimensionality seems essential for the emergence 
of a superconducting phase at around 80 K in bilayer nickelates7,8,10.
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FIG. S11. Hole correlations in DMRG. a, Hole density
for Ly = 3, � = 0.25, kBT/tx = 0.41. Two separate stripes
form at this doping level. b, Hole-hole correlations vs dis-
tance, reminiscent of the structure shown in Fig. 2a. c, Hole
correlations as a function of temperature for dy = 1 (red) and
dy = 2 (blue), � = 0.125 (dashed lines) and � = 0.25 (solid
lines).

fluctuations of the total magnetization in the physical
system). This results in a total of Ly + 2 symmetries
employed by the DMRG implementation, leading to sig-
nificant speedups over a single global U(1) conservation
in the overall physical system [13].

The maximally entangled state needed as a starting
point of the imaginary time evolution, | (� = 0)i, is
generated using specifically tailored entangler Hamiltoni-
ans [13, 61]. Since these states (being projected product
states) are of low bond dimension (�(⌧ = 0) ⇠ O(100)),
local approximations of the Hamiltonian and subsequent
exponentiation will su↵er from large projection errors.
Hence, we start by employing global methods for a single
step in imaginary time, after which the entanglement in
the system (and the bond dimension of the thermal MPS)
has su�ciently increased to switch to local methods.

Due to the mapping of the (enlarged) 2d system to a
1d chain, the bond dimension required for a fixed ac-
curacy scales exponentially with linear system size in
y�direction. For doping scans, we limit the system size
to Lx ⇥ Ly = 8⇥ 3 with open boundaries, and hole con-
figurations N` = 1, 2, 3 for each ` = 1, 2, 3. For a single
hole per chain, we simulate systems up to Ly = 4. As this
mixD model su↵ers from the Fermion sign problem, these
limited system sizes are still state-of-the-art for numeri-
cal calculations while mostly allowing general qualitative
comparison to the much larger experimental system.

In particular, we evolve | (� = 0)i using global Krylov
schemes by a single step tx�⌧ = 0.01. Weight cut-
o↵s are set to 10�10, expanding the bond dimension to
�(⌧ = �⌧) ⇠ O(1000). From here on, we switch to
the local two-site TDVP method [60] with time steps
of tx�⌧ = 0.03, weight and truncation cuto↵s of 10�10

and 10�12, respectively, and cutting edge maximum bond
dimensions of �TDVP = 30000. We evolve the sys-
tem to ⌧ tx = 2.0, corresponding to a temperature of
kBT/tx = 0.25. Spin-spin correlations, as well as hole dis-
tributions in each leg, are exemplarily shown in Fig. S10
for kBT/tx ⇠ 0.4 for a system of size Lx⇥Ly = 8⇥4 with

JµC1
µ JyC2 ∑ = 0 ∑ = 1 ∑ = 2

y
y+1

-JyC1
y -2JyC1

y -3JyC1
y + JyC

2/Ly

FIG. S12. Illustration of the e↵ective potential be-
tween chain y with its neighbouring chain y + 1. Grey
lines illustrate energy contributions ⇠ Jµ

1 C
µ
1 , µ = x, y; green

line denotes diagonal correlation with energy contributions
⇠ JyC2 starting at |⌃| � 2. Intra-chain energy corrections
from the Néel state ⇠ JxC

x
1 are constant and not written

down explicitly in the potential.

periodic boundaries along the short direction and N` = 1
for all ` = 1 . . . 4. At the centre of the chains, where
the hole density peaks, an AFM domain wall forms, sig-
nalling the formation of a single, fully filled stripe. For
a higher doping of � = 0.25, (Ly = 3, open boundaries),
we show the hole density as well as hole-hole correlations
in Fig. S11a,b where the two separate stripes are visi-
ble. Results as a function of temperature are shown in
Fig. S11c for dy = 1 and dy = 2.

H. E↵ective descriptions of stripes in the mixD
t� J model

1. Mean field theory

In this section, we present a mean field theory (MFT)
for the stripe phase in the mixD t � J model. We focus
on describing an individual stripe in y�direction with ex-
actly one hole per chain, bound by the magnetically me-
diated confining potentials. In particular, we neglect the
interaction between multiple stripes at positions i1 and
i2, i.e., we focus on the low doping regime. To illustrate
the concept, we first consider a mean field description of
the ground state, before generalizing to finite tempera-
ture.

For tx � Jx, Jy, quantum correlations between
strongly fluctuating holes and spins in squeezed space
(defined in [52, 62]) can be neglected [63–67]. Hence, we
make the ansatz

| i = | i
sq

⌦ | i
c
, (17)

where | i
sq

is the spin state of the undoped Heisenberg
model in squeezed space, and | i

c
is the chargon wave

function. Our starting point for the description of the
single stripe is the variational Gutzwiller wave function,
given by

| i
c
=

1O

y=�1

����(0)
E

y
, (18)

i.e., we describe the charge sector by the product of iden-
tical single-leg wave functions

���(0)
↵
y
in chain y. Assum-
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FIG. 2. Hole correlations beyond nearest neighbours.
a, Hole-hole correlations in a mixD system revealing bunching
(attraction) along y at distances dy � 1 and antibunching
(repulsion) along x with � = 0.18. The symmetrisation is
indicated by the dashed lines. A cut along y (x) is shown
in dark (light) green for mixD systems in b, with the outset
showing the equivalent data for standard 2d systems. The
dependency of the mixD correlator g(2)hh at distance d = (0, 1),
(1, 1), (0, 2), (0, 3) on doping is plotted in c in red, purple,
blue, grey with a doping binning of ±0.009. In a doping region
around 0.2, the correlators for distances dy > 1 are positive,
indicating longer range charge correlations. Error bars are
estimated using bootstrapping. In d we show results for the
renormalised correlator (see SI) from DMRG calculations for
a system size of Lx ⇥ Ly = 8 ⇥ 3 as a function of doping for
kBT/tx = 0.41

x we find antibunching caused by the Pauli repulsion
of the holes (see Fig. 2a). Furthermore, at larger dis-
tances dy > 1 there are positive correlations, which in-
dicates that, instead of merely forming isolated, nearest-
neighbour hole pairs, there is a finite probability that
vertically aligned hole structures are extended through
the system. Additionally, there are significant correla-
tions along the diagonals at d = (1, 1), which we inter-
pret as signs of charge fluctuations along x due to the
finite coupling tx. The correlations at dy = 2 are slightly
suppressed which we attribute to next-nearest-neighbour
hopping (see SI). Finally, the positive signal at dx = ±5
may be related to the presence of a second, vertically
aligned charge structure in the system reminiscent of a
charge density wave.

By considering 1d cuts along y and x (Fig. 2b) we
corroborate the bunching (antibunching) along y (x)
through the system in the mixD setting. For the stan-
dard 2d system (� = 0, Fig. 2b inset), in contrast, there
is antibunching along both directions. The anticorrela-
tions along x are enhanced by removing ty due to the
absent competition between anticorrelations along x and
y.

In order to identify whether an ideal doping level for

the emergence of stripes exists in our mixD system, we

bin our data by doping and calculate g
(2)

hh
per bin (see

Fig. 2c). Both the nearest-neighbour and diagonal corre-
lations decrease with doping, indicative of the decrease
in pairing probability with doping and compatible with
a reduction of the spin correlations responsible for the
binding. For d = (0, 2), (0, 3) there is a non-trivial de-
pendence on doping with positive correlator values start-
ing at � = 0.17. This is indicative of a possible transi-
tion from the formation of individual pairs to extended
stripes [22–24].

We compare the correlations along y to DMRG calcula-
tions of Eq. (1) on 8⇥3 sites, Jy/tx = 0.5, kBT/tx = 0.41
as a function of doping in Fig. 2d (see also SI for normal-
isation). While qualitatively the result is comparable to
the experimental data, quantitative di↵erences are ex-
pected due to the strong finite size limitations in the
DMRG along y. Further di↵erences could arise due to
the presence of the aforementioned second-order hopping
process which introduces additional repulsion between
holes as well as the statistical distribution of holes be-
tween di↵erent chains in the experiment while calcula-
tions feature balanced hole numbers.

IV. STRUCTURES BEYOND HOLE PAIRING

The connected two-point correlator g
(2)

hh
only provides

limited insights into the physics of extended charge struc-
tures and how they interact with each other. We extend
the analysis by considering the two-point pair-hole and
pair-pair correlators

g
(2)

ph
(d)� 1 =

1

Nd

X

i

 
hn̂p

i n̂
h
i+di

hn̂p
i ihn̂h

i+di
� 1

!
,

g
(2)

pp
(d)� 1 =

1

Nd

X

i

✓ hn̂p
i n̂

p
i+di

hn̂p
i ihn̂

p
i+di

� 1

◆
,

(3)

where we define the pair operator n̂p
i = n̂

h
(ix,iy)

n̂
h
(ix,iy+1)

.
These correlators, as illustrated in Fig. 3a, assume the
existence of nearest-neighbour pairs along y (established

using g
(2)

hh
) and consider the attraction or repulsion of

these pairs to other dopants or pairs. They may be seen
as fully connected and normalised two-point correlators
of pairs or ‘partially connected’ three/four-point hole cor-
relators. Note that for simplicity we neglect diagonal
pairs (i.e. n̂

h
(ix,iy)

n̂
h
(ix±1,iy+1)

), associated with fluctua-
tions along x, and may thus underestimate the amount
of order within the system.

We present the pair-hole and pair-pair correlations for
the mixD system as a function of distance along x and
y in Fig. 3b and c. For improved statistics, we include
in our analysis all hole doping levels (see SI) for which
the o↵set o� of Eq. (2) becomes negligible. In both cases,
we observe positive correlations along y which extend
throughout the system, indicating that individual pairs

theory (DMRG)2

y

x

+ + + + +
nh2d

t2d
x , t2d

y

J2d
x , J2d

y

+ -
nhMixD

tx
Jx, Jy

a b c

FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
X

hi,ji,�

Jij

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1

Nd

X

i

 
hn̂h

i n̂
h
i+di
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i ihn̂h

i+di
� 1� o�

!
, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
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Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
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⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator

g
(2)

hh
(d)� 1 =

1

Nd

X

i

 
hn̂h

i n̂
h
i+di

hn̂h
i ihn̂h

i+di
� 1� o�

!
, (2)

with hole density operator n̂
h
i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 5. Spin sector analysis. a, Hole-spin-spin correlation
map. We show the bare correlator for diagonal and selected
next-nearest spin-bonds as a function of distance from the
hole. The strongest signal is found in the sign change of the
next-nearest neighbour bond across the hole along x pointing
towards a domain wall in the local AFM pattern. Along y,
the correlations keep their expected positive sign from the
AFM pattern. b, Similarly, by considering the string spin
correlator (dark green) and normal spin-spin correlator (light
green) at distance dx = 2 (see text), we observe a change in
sign consistent with the change in parity of the AFM pattern.
Shaded regions are theory results at kBT/tx = 0.3. Error bars
are estimated using bootstrapping and are smaller than the
marker size if not visible.

factor [5] (as also known in 1d systems [50]). While our
parameter regime is not favourable to investigate struc-
ture factors (see SI), our microscopic resolution in both
spin and charge sector allows us to evaluate real-space
observables inaccessible in solid-state experiments. Most
useful in this context are higher-order spin-charge corre-
lators such as the normalised, bare 3-point hole-spin-spin
correlator

Chss(d
s
,dh) =

1

Nds,dh

X

i
j=i+dh

�ds/2

hn̂h
i Ŝ

z
j Ŝ

z
j+dsi

hn̂h
i i�(Ŝz

j )�(Ŝ
z
j+ds)

, (5)

where ds is the spin bond vector, dh the distance of the
bond from the dopant and we normalise by hole density
hn̂hi and the spin standard deviation �(Ŝz).

Previous studies have shown that, in square lattice
2d Fermi-Hubbard systems, a single mobile dopant
will be surrounded by a dressing cloud of reduced spin
correlations forming a magnetic polaron [38–40]. In 1d
systems, incommensurate magnetism leads to a change
in the parity of the AFM pattern across impurities [51].
The same feature is predicted to prevail in stripe phases,
making this correlator suited to revealing this specific
feature in our data. We show the bare hole-spin-spin
correlator as defined in Eq. (5) for the mixD system in
Fig. 5a, where specific spin bonds are shown for varying
distances from a hole. We focus on the diagonal and
next-nearest neighbour correlators. The most prominent
feature is the strongly negative correlation across the
hole along x, which is consistent with a change in the
parity of the local AFM pattern across a hole. Similarly,
the diagonal bonds in the direct vicinity of the hole also
become negative. This is another indication of fluctua-
tions along x within charge structures. Meanwhile, the

ds = (0, 2) correlations along y are largely una↵ected by
the presence of a hole and retain their positive sign. The
slightly negative (positive) ds = (2, 0) (ds = (1, 1))-bond
in the background further away from the dopant is due
to the overall doping level and vanishes in the connected
correlator (see SI).

Another way to elucidate the change in spin order
across dopants employs a spin-string correlator [51, 52].
This spin-spin correlator has additional sign changes for
every hole between two spins in the same chain and is
defined as

Cstr(d) =
1

Nd

X

i

D
Ŝ
z
i

⇣Qd�1

j=1
R̂i+j

⌘
Ŝ
z
i+d

E
�

D
Ŝ
z
i

ED
Ŝ
z
i+d

E

�(Ŝz
i )�(Ŝ

z
i+d)

,

(6)

where R̂i = e
i⇡n̂h

i . Note that for R̂i = 1 the common
spin-spin correlator is recovered. For systems with spin-
charge separation, this correlator reveals a hidden spin
structure in doped AFM systems [51]. The changes in
the phase of the AFM pattern for stripe phases act in
a similar fashion and can be revealed by measuring this
string correlator along the direction perpendicular to the
stripes (i.e. along x). We show both correlators at dis-
tance d = 2 in Fig. 5b as a function of doping. We ob-
serve a change to a positive sign upon employing the
string correlator that only varies weakly with doping, in
agreement with theory predictions. These features can
be directly related to the characteristic spin domain par-
ity flips present in stripe phases. Note that we observe
these features even without long-range AFM correlations
- which are only expected at lower temperatures - be-
cause stripe-like structures already energetically favour
such a local spin arrangement.

VI. CONCLUSION

We have realised a mixed-dimensional Fermi-Hubbard
model using ultracold atoms and found signatures of hole
pairing and extended charge ordering in a temperature
regime with short-ranged spin correlations, where the col-
lective behaviour of charges remains poorly understood.
We detect e↵ective hole attraction in density correlations
and present additional evidence for the onset of fluctuat-
ing stripes and their interplay with the magnetic back-
ground using real-space observables. In addition, the
spin environment around such stripe-like structures is in
qualitative agreement with the formation of an AFM do-
main wall across the dopants both in 3-point and string
correlators. We interpret these features as signatures
of stripe formation in a cold-atom Fermi-Hubbard sys-
tem. As lower temperatures become available in exper-
iments, the same analysis shown here could be carried
out, paving the way towards more detailed studies of
stripes, extracting their precise periodicity, fluctuations
and filling. Thanks to the favourable energy scales of

Hole bunching across chains

Hidden correlations
4

FIG. 3. Multi-point correlators. a, Illustration of pair-
hole, pair-pair and hole-hole-hole correlator, where a pair is
defined as a nearest-neighbour pair of holes along y. b (c),
Symmetrised correlation map of the pair-hole (pair-pair) cor-
relator. We find an attraction of the pairs along y which
points towards the formation of larger-scale structures. Above
the map, the average over dy hints at the existence of another
charge structure at dx = 4. In the symmetrised, connected
three-point hole-hole-hole correlator with dh = (0, 1) we ob-
serve a positive signal at nearest neighbours along y in d
which indicates the existence of longer charge structures be-
yond pairs of two holes (see SI for statistical significance).
The data is evaluated over the hole doping distribution as
given in the SI.

are not repelled from other holes or each other but in-
stead align along y and tend to form stripe-like struc-
tures. Meanwhile, there is a strong anticorrelation along
x for |dy|  1, which we attribute to the antibunching of
individual holes in the same chain. We also compute the
average of the correlators over dy (top of Fig. 3b, c). This
reveals a slightly positive signal at a distance of dx = 4
which, similar to Fig. 2, may be related to the onset of a
charge density wave.

For further insights into the binding of larger struc-
tures, we consider the fully connected three-point hole-
hole-hole correlator

C
c
hhh

(dh
,d) =

1

Ndh,d

X

i
j=i+dh/2+d

 
hn̂h

i n̂
h
i+dh n̂

h
j i � Cdisc

hn̂h
i ihn̂h

i+dhihn̂h
j i

!
(4)

where Cdisc removes all lower-order disconnected parts
of the correlator (see SI). We show the correlator for
dh = (0, 1) in Fig. 3d and find a positive signal at
the closest distance along y while all other distances
are negative (along x) or vanish within the error bars
(see SI). This signal directly points to extended charge
structures being favoured in excess of just individual
hole pairs.
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FIG. 4. Stripe length histograms. a Normalised his-
togram of ‘stripes’ (as defined in the text) of at least length
` in mixD (green) and 2d systems (brown) at a doping
of � = 0.083 compared to a random distribution of holes
(grey line). We compare to a mean field theory (see SI) at
kBT/tx = 0.355 (light green line). The inset shows the dif-
ference �⇣(`) to the random distribution (see SI). The full
doping dependence of �⇣(`) is shown in b where the excess
occurrences tend towards longer lengths with doping.

In order to provide additional evidence for extended,
fluctuating charge structures, we make use of the full in-
formation in our snapshots and count ‘stripes’. To this
end, we define a fully filled ‘stripe’ as a connected line
of holes along y, where the pairwise distance along x

between holes in neighbouring chains is at most 1 (see
Fig. 4a inset). We designate the length ` of this struc-
ture by the number of chains involved. We then consider
the fraction ⇣(`) of experimental realisations containing
a ‘stripe’ of at least length `. In Fig. 4a we compare
the mixD (green) case with the 2d system (brown) and
randomly distributed holes (grey line, see SI) at a dop-
ing of � = 0.083 analysed on a subsystem of 9 ⇥ 9 sites.
For mixD we find an excess of events for large ` consis-
tent with the tendency to form long fluctuating struc-
tures while the results obtained for the standard 2d case
are consistent with randomly distributed holes. Full nu-
merical calculations are out of reach at our system size
and temperature range, but a mean-field model of stripes
shows quantitative agreement in the low doping regime
(see green lines in Fig. 4a and SI). We next analyse the
di↵erence to the random distribution �⇣(`) as a function
of doping (Fig. 4b). For all doping levels and lengths, this
signal is positive in the mixD system, indicating the in-
clination of the system to form extended structures. The
excess probability at longer lengths grows with doping as
structures of increasing lengths form.

V. SPIN SECTOR

The AFM correlations in the system and their inter-
play with charge delocalisation is crucial for the forma-
tion of stripes and leads to characteristic signatures in the
spin sector [11]. Most prominently, one expects a change
in the parity of the AFM order in the presence of stripes,
manifesting as incommensurate magnetism of the system
and splitting of the peak at (⇡,⇡) in the spin structure

Extended stripe patterns
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FIG. S11. Hole correlations in DMRG. a, Hole density
for Ly = 3, � = 0.25, kBT/tx = 0.41. Two separate stripes
form at this doping level. b, Hole-hole correlations vs dis-
tance, reminiscent of the structure shown in Fig. 2a. c, Hole
correlations as a function of temperature for dy = 1 (red) and
dy = 2 (blue), � = 0.125 (dashed lines) and � = 0.25 (solid
lines).

fluctuations of the total magnetization in the physical
system). This results in a total of Ly + 2 symmetries
employed by the DMRG implementation, leading to sig-
nificant speedups over a single global U(1) conservation
in the overall physical system [13].

The maximally entangled state needed as a starting
point of the imaginary time evolution, | (� = 0)i, is
generated using specifically tailored entangler Hamiltoni-
ans [13, 61]. Since these states (being projected product
states) are of low bond dimension (�(⌧ = 0) ⇠ O(100)),
local approximations of the Hamiltonian and subsequent
exponentiation will su↵er from large projection errors.
Hence, we start by employing global methods for a single
step in imaginary time, after which the entanglement in
the system (and the bond dimension of the thermal MPS)
has su�ciently increased to switch to local methods.

Due to the mapping of the (enlarged) 2d system to a
1d chain, the bond dimension required for a fixed ac-
curacy scales exponentially with linear system size in
y�direction. For doping scans, we limit the system size
to Lx ⇥ Ly = 8⇥ 3 with open boundaries, and hole con-
figurations N` = 1, 2, 3 for each ` = 1, 2, 3. For a single
hole per chain, we simulate systems up to Ly = 4. As this
mixD model su↵ers from the Fermion sign problem, these
limited system sizes are still state-of-the-art for numeri-
cal calculations while mostly allowing general qualitative
comparison to the much larger experimental system.

In particular, we evolve | (� = 0)i using global Krylov
schemes by a single step tx�⌧ = 0.01. Weight cut-
o↵s are set to 10�10, expanding the bond dimension to
�(⌧ = �⌧) ⇠ O(1000). From here on, we switch to
the local two-site TDVP method [60] with time steps
of tx�⌧ = 0.03, weight and truncation cuto↵s of 10�10

and 10�12, respectively, and cutting edge maximum bond
dimensions of �TDVP = 30000. We evolve the sys-
tem to ⌧ tx = 2.0, corresponding to a temperature of
kBT/tx = 0.25. Spin-spin correlations, as well as hole dis-
tributions in each leg, are exemplarily shown in Fig. S10
for kBT/tx ⇠ 0.4 for a system of size Lx⇥Ly = 8⇥4 with

JµC1
µ JyC2 ∑ = 0 ∑ = 1 ∑ = 2

y
y+1

-JyC1
y -2JyC1

y -3JyC1
y + JyC

2/Ly

FIG. S12. Illustration of the e↵ective potential be-
tween chain y with its neighbouring chain y + 1. Grey
lines illustrate energy contributions ⇠ Jµ

1 C
µ
1 , µ = x, y; green

line denotes diagonal correlation with energy contributions
⇠ JyC2 starting at |⌃| � 2. Intra-chain energy corrections
from the Néel state ⇠ JxC

x
1 are constant and not written

down explicitly in the potential.

periodic boundaries along the short direction and N` = 1
for all ` = 1 . . . 4. At the centre of the chains, where
the hole density peaks, an AFM domain wall forms, sig-
nalling the formation of a single, fully filled stripe. For
a higher doping of � = 0.25, (Ly = 3, open boundaries),
we show the hole density as well as hole-hole correlations
in Fig. S11a,b where the two separate stripes are visi-
ble. Results as a function of temperature are shown in
Fig. S11c for dy = 1 and dy = 2.

H. E↵ective descriptions of stripes in the mixD
t� J model

1. Mean field theory

In this section, we present a mean field theory (MFT)
for the stripe phase in the mixD t � J model. We focus
on describing an individual stripe in y�direction with ex-
actly one hole per chain, bound by the magnetically me-
diated confining potentials. In particular, we neglect the
interaction between multiple stripes at positions i1 and
i2, i.e., we focus on the low doping regime. To illustrate
the concept, we first consider a mean field description of
the ground state, before generalizing to finite tempera-
ture.

For tx � Jx, Jy, quantum correlations between
strongly fluctuating holes and spins in squeezed space
(defined in [52, 62]) can be neglected [63–67]. Hence, we
make the ansatz

| i = | i
sq

⌦ | i
c
, (17)

where | i
sq

is the spin state of the undoped Heisenberg
model in squeezed space, and | i

c
is the chargon wave

function. Our starting point for the description of the
single stripe is the variational Gutzwiller wave function,
given by

| i
c
=

1O

y=�1

����(0)
E

y
, (18)

i.e., we describe the charge sector by the product of iden-
tical single-leg wave functions

���(0)
↵
y
in chain y. Assum-
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FIG. 2. Hole correlations beyond nearest neighbours.
a, Hole-hole correlations in a mixD system revealing bunching
(attraction) along y at distances dy � 1 and antibunching
(repulsion) along x with � = 0.18. The symmetrisation is
indicated by the dashed lines. A cut along y (x) is shown
in dark (light) green for mixD systems in b, with the outset
showing the equivalent data for standard 2d systems. The
dependency of the mixD correlator g(2)hh at distance d = (0, 1),
(1, 1), (0, 2), (0, 3) on doping is plotted in c in red, purple,
blue, grey with a doping binning of ±0.009. In a doping region
around 0.2, the correlators for distances dy > 1 are positive,
indicating longer range charge correlations. Error bars are
estimated using bootstrapping. In d we show results for the
renormalised correlator (see SI) from DMRG calculations for
a system size of Lx ⇥ Ly = 8 ⇥ 3 as a function of doping for
kBT/tx = 0.41

x we find antibunching caused by the Pauli repulsion
of the holes (see Fig. 2a). Furthermore, at larger dis-
tances dy > 1 there are positive correlations, which in-
dicates that, instead of merely forming isolated, nearest-
neighbour hole pairs, there is a finite probability that
vertically aligned hole structures are extended through
the system. Additionally, there are significant correla-
tions along the diagonals at d = (1, 1), which we inter-
pret as signs of charge fluctuations along x due to the
finite coupling tx. The correlations at dy = 2 are slightly
suppressed which we attribute to next-nearest-neighbour
hopping (see SI). Finally, the positive signal at dx = ±5
may be related to the presence of a second, vertically
aligned charge structure in the system reminiscent of a
charge density wave.

By considering 1d cuts along y and x (Fig. 2b) we
corroborate the bunching (antibunching) along y (x)
through the system in the mixD setting. For the stan-
dard 2d system (� = 0, Fig. 2b inset), in contrast, there
is antibunching along both directions. The anticorrela-
tions along x are enhanced by removing ty due to the
absent competition between anticorrelations along x and
y.

In order to identify whether an ideal doping level for

the emergence of stripes exists in our mixD system, we

bin our data by doping and calculate g
(2)

hh
per bin (see

Fig. 2c). Both the nearest-neighbour and diagonal corre-
lations decrease with doping, indicative of the decrease
in pairing probability with doping and compatible with
a reduction of the spin correlations responsible for the
binding. For d = (0, 2), (0, 3) there is a non-trivial de-
pendence on doping with positive correlator values start-
ing at � = 0.17. This is indicative of a possible transi-
tion from the formation of individual pairs to extended
stripes [22–24].

We compare the correlations along y to DMRG calcula-
tions of Eq. (1) on 8⇥3 sites, Jy/tx = 0.5, kBT/tx = 0.41
as a function of doping in Fig. 2d (see also SI for normal-
isation). While qualitatively the result is comparable to
the experimental data, quantitative di↵erences are ex-
pected due to the strong finite size limitations in the
DMRG along y. Further di↵erences could arise due to
the presence of the aforementioned second-order hopping
process which introduces additional repulsion between
holes as well as the statistical distribution of holes be-
tween di↵erent chains in the experiment while calcula-
tions feature balanced hole numbers.

IV. STRUCTURES BEYOND HOLE PAIRING

The connected two-point correlator g
(2)

hh
only provides

limited insights into the physics of extended charge struc-
tures and how they interact with each other. We extend
the analysis by considering the two-point pair-hole and
pair-pair correlators

g
(2)

ph
(d)� 1 =

1

Nd

X

i

 
hn̂p

i n̂
h
i+di

hn̂p
i ihn̂h

i+di
� 1

!
,

g
(2)

pp
(d)� 1 =

1

Nd

X

i

✓ hn̂p
i n̂

p
i+di

hn̂p
i ihn̂

p
i+di

� 1

◆
,

(3)

where we define the pair operator n̂p
i = n̂

h
(ix,iy)

n̂
h
(ix,iy+1)

.
These correlators, as illustrated in Fig. 3a, assume the
existence of nearest-neighbour pairs along y (established

using g
(2)

hh
) and consider the attraction or repulsion of

these pairs to other dopants or pairs. They may be seen
as fully connected and normalised two-point correlators
of pairs or ‘partially connected’ three/four-point hole cor-
relators. Note that for simplicity we neglect diagonal
pairs (i.e. n̂

h
(ix,iy)

n̂
h
(ix±1,iy+1)

), associated with fluctua-
tions along x, and may thus underestimate the amount
of order within the system.

We present the pair-hole and pair-pair correlations for
the mixD system as a function of distance along x and
y in Fig. 3b and c. For improved statistics, we include
in our analysis all hole doping levels (see SI) for which
the o↵set o� of Eq. (2) becomes negligible. In both cases,
we observe positive correlations along y which extend
throughout the system, indicating that individual pairs

theory (DMRG)2

y

x

+ + + + +
nh2d

t2d
x , t2d

y

J2d
x , J2d

y

+ -
nhMixD

tx
Jx, Jy

a b c

FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,

Ĥt�J =
X

hi,ji,�

P̂
⇣
�tijĉ

†

i,� ĉj,� + h.c.
⌘
P̂+

+
X

hi,ji,�

Jij

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling

Jy = 2(t2dy )2
⇣

1

U��
+ 1

U+�

⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
hole correlator
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i at position i , and nor-

malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 1. Mixed-dimensional Fermi-Hubbard systems. a, Illustration of the isotropic 2d Fermi-Hubbard model. Holes
delocalise within small regions and disturb their respective spin background, forming magnetic polarons. The overall hole
density is uniform and holes repel each other due to their fermionic statistics at experimentally accessible temperatures of
kBT ⇡ J . There are no domain walls in the spin order. b, By raising the potential on every other lattice site along y by �, we
suppress tunnelling along this direction, thus removing the Pauli repulsion between holes, while preserving the superexchange
coupling Jy. The holes form collective structures, which also result in a domain wall in the AFM correlations of the system,
indicated by the AFM parity change across the stripe. c, A single raw experimental shot of spin-up (red), spin-down (blue)
atoms and doubly occupied sites (purple) as well as its reconstructed spin and charge distribution with the main system being
inside the black circle, surrounded by a low density reservoir (see SI). The green box indicates a stripe-like structure.

mation of magnetic polarons (see Fig. 1a) [38].

We tilt the balance in favour of collective charge and
spin ordering by restricting the hole motion to one di-
mension (1d), thus reducing the kinetic energy while
keeping spin couplings two-dimensional. This leads to
an increase in the characteristic energy scales of collec-
tive e↵ects to experimentally accessible regimes as kinetic
and magnetic terms in the Hamiltonian are less frus-
trated [13, 45, 46]. In this mixed-dimensional (mixD)
setting, we thereby bias hole attraction and stripe for-
mation along the direction perpendicular to the hole mo-
tion. Thus we favour fully filled stripes while retaining
the key concepts of charge and spin density wave order-
ing associated with the stripe phase (see Fig. 1b) [23, 24].
Here we engineer a mixD setting by applying a poten-
tial o↵set to every other chain within the lattice. For
su�ciently large o↵sets, this removes nearest-neighbour
hopping along the perpendicular direction while slightly
increasing spin couplings [47, 48].

In the experiment, we realise the spin-1/2 Fermi-
Hubbard model by using 6Li atoms in an optical super-
lattice with a homogeneous, circular system of ⇠ 110
sites surrounded by a low-density reservoir (see Fig. 1c).
In the limit of strong on-site interactions U , the essential
physics of the system can be captured by the t�J Hamil-
tonian using projections P onto singly occupied sites,
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with tunnel couplings tij 2 {tx, ty}, spin exchange cou-
plings Jij 2 {Jx, Jy}, spin-up/down fermionic creation

(annihilation) operators on site i, ĉ†i,"/# (ĉi,"/#), and on-

site spin (density) operators Ŝi (n̂i). This model su↵ers
from the Fermion sign problem, making it numerically

challenging to tackle even in the mixD regime [49].

Here we work at U/tx = 27(2), Jy/tx = 0.6(2) and
a filling of n ⇡ 0.7 � 0.9 (hole doping � = 1 � n)
with a temperature of kBT/tx = 0.3(1) (see SI). We
make use of an optical superlattice along y to control-
lably detune neighbouring sites by � = 0.65(5)U �
tx, t

2d

y , thus e↵ectively disabling nearest-neighbour tun-
nelling along y (ty ⇡ 0), and leading to a spin coupling
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⇣
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U��
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⌘
, where t2dy is the tunnel cou-

pling in the 2d system without potential o↵sets. Due
to the staggered superlattice potential, there is also a
second-order next-nearest-neighbour hopping term along
y, which reintroduces a weak Pauli repulsion at distance
dy = 2. This term, however, is smaller than Jy, such that
it is still expected to be favourable for stripes to form (see
SI for more details on preparation and subdominant cou-
plings).

III. HOLE-HOLE CORRELATIONS

In order to reveal the charge order within the system,
we evaluate the connected, normalised two-point hole-
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malisation Nd. Due to the finite size and particle num-
ber fluctuations in our system, there is a global, doping-
dependent o↵set o� ⇡ �0.03 on this correlator that we
subtract (see SI). A positive (negative) value of this cor-
relator indicates attraction (repulsion) between holes at
distance d.

We consider hole correlations in a mixD system with
a doping of � = 0.18 in Fig. 2a,b. We observe a posi-
tive nearest-neighbour correlation along y, while along
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FIG. 5. Spin sector analysis. a, Hole-spin-spin correlation
map. We show the bare correlator for diagonal and selected
next-nearest spin-bonds as a function of distance from the
hole. The strongest signal is found in the sign change of the
next-nearest neighbour bond across the hole along x pointing
towards a domain wall in the local AFM pattern. Along y,
the correlations keep their expected positive sign from the
AFM pattern. b, Similarly, by considering the string spin
correlator (dark green) and normal spin-spin correlator (light
green) at distance dx = 2 (see text), we observe a change in
sign consistent with the change in parity of the AFM pattern.
Shaded regions are theory results at kBT/tx = 0.3. Error bars
are estimated using bootstrapping and are smaller than the
marker size if not visible.

factor [5] (as also known in 1d systems [50]). While our
parameter regime is not favourable to investigate struc-
ture factors (see SI), our microscopic resolution in both
spin and charge sector allows us to evaluate real-space
observables inaccessible in solid-state experiments. Most
useful in this context are higher-order spin-charge corre-
lators such as the normalised, bare 3-point hole-spin-spin
correlator

Chss(d
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Nds,dh

X

i
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�ds/2

hn̂h
i Ŝ

z
j Ŝ

z
j+dsi
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i i�(Ŝz

j )�(Ŝ
z
j+ds)

, (5)

where ds is the spin bond vector, dh the distance of the
bond from the dopant and we normalise by hole density
hn̂hi and the spin standard deviation �(Ŝz).

Previous studies have shown that, in square lattice
2d Fermi-Hubbard systems, a single mobile dopant
will be surrounded by a dressing cloud of reduced spin
correlations forming a magnetic polaron [38–40]. In 1d
systems, incommensurate magnetism leads to a change
in the parity of the AFM pattern across impurities [51].
The same feature is predicted to prevail in stripe phases,
making this correlator suited to revealing this specific
feature in our data. We show the bare hole-spin-spin
correlator as defined in Eq. (5) for the mixD system in
Fig. 5a, where specific spin bonds are shown for varying
distances from a hole. We focus on the diagonal and
next-nearest neighbour correlators. The most prominent
feature is the strongly negative correlation across the
hole along x, which is consistent with a change in the
parity of the local AFM pattern across a hole. Similarly,
the diagonal bonds in the direct vicinity of the hole also
become negative. This is another indication of fluctua-
tions along x within charge structures. Meanwhile, the

ds = (0, 2) correlations along y are largely una↵ected by
the presence of a hole and retain their positive sign. The
slightly negative (positive) ds = (2, 0) (ds = (1, 1))-bond
in the background further away from the dopant is due
to the overall doping level and vanishes in the connected
correlator (see SI).

Another way to elucidate the change in spin order
across dopants employs a spin-string correlator [51, 52].
This spin-spin correlator has additional sign changes for
every hole between two spins in the same chain and is
defined as
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(6)

where R̂i = e
i⇡n̂h

i . Note that for R̂i = 1 the common
spin-spin correlator is recovered. For systems with spin-
charge separation, this correlator reveals a hidden spin
structure in doped AFM systems [51]. The changes in
the phase of the AFM pattern for stripe phases act in
a similar fashion and can be revealed by measuring this
string correlator along the direction perpendicular to the
stripes (i.e. along x). We show both correlators at dis-
tance d = 2 in Fig. 5b as a function of doping. We ob-
serve a change to a positive sign upon employing the
string correlator that only varies weakly with doping, in
agreement with theory predictions. These features can
be directly related to the characteristic spin domain par-
ity flips present in stripe phases. Note that we observe
these features even without long-range AFM correlations
- which are only expected at lower temperatures - be-
cause stripe-like structures already energetically favour
such a local spin arrangement.

VI. CONCLUSION

We have realised a mixed-dimensional Fermi-Hubbard
model using ultracold atoms and found signatures of hole
pairing and extended charge ordering in a temperature
regime with short-ranged spin correlations, where the col-
lective behaviour of charges remains poorly understood.
We detect e↵ective hole attraction in density correlations
and present additional evidence for the onset of fluctuat-
ing stripes and their interplay with the magnetic back-
ground using real-space observables. In addition, the
spin environment around such stripe-like structures is in
qualitative agreement with the formation of an AFM do-
main wall across the dopants both in 3-point and string
correlators. We interpret these features as signatures
of stripe formation in a cold-atom Fermi-Hubbard sys-
tem. As lower temperatures become available in exper-
iments, the same analysis shown here could be carried
out, paving the way towards more detailed studies of
stripes, extracting their precise periodicity, fluctuations
and filling. Thanks to the favourable energy scales of

Hole bunching across chains

Hidden correlations

4

FIG. 3. Multi-point correlators. a, Illustration of pair-
hole, pair-pair and hole-hole-hole correlator, where a pair is
defined as a nearest-neighbour pair of holes along y. b (c),
Symmetrised correlation map of the pair-hole (pair-pair) cor-
relator. We find an attraction of the pairs along y which
points towards the formation of larger-scale structures. Above
the map, the average over dy hints at the existence of another
charge structure at dx = 4. In the symmetrised, connected
three-point hole-hole-hole correlator with dh = (0, 1) we ob-
serve a positive signal at nearest neighbours along y in d
which indicates the existence of longer charge structures be-
yond pairs of two holes (see SI for statistical significance).
The data is evaluated over the hole doping distribution as
given in the SI.

are not repelled from other holes or each other but in-
stead align along y and tend to form stripe-like struc-
tures. Meanwhile, there is a strong anticorrelation along
x for |dy|  1, which we attribute to the antibunching of
individual holes in the same chain. We also compute the
average of the correlators over dy (top of Fig. 3b, c). This
reveals a slightly positive signal at a distance of dx = 4
which, similar to Fig. 2, may be related to the onset of a
charge density wave.

For further insights into the binding of larger struc-
tures, we consider the fully connected three-point hole-
hole-hole correlator

C
c
hhh

(dh
,d) =

1

Ndh,d
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j=i+dh/2+d
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i n̂
h
i+dh n̂

h
j i � Cdisc
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i+dhihn̂h
j i

!
(4)

where Cdisc removes all lower-order disconnected parts
of the correlator (see SI). We show the correlator for
dh = (0, 1) in Fig. 3d and find a positive signal at
the closest distance along y while all other distances
are negative (along x) or vanish within the error bars
(see SI). This signal directly points to extended charge
structures being favoured in excess of just individual
hole pairs.
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FIG. 4. Stripe length histograms. a Normalised his-
togram of ‘stripes’ (as defined in the text) of at least length
` in mixD (green) and 2d systems (brown) at a doping
of � = 0.083 compared to a random distribution of holes
(grey line). We compare to a mean field theory (see SI) at
kBT/tx = 0.355 (light green line). The inset shows the dif-
ference �⇣(`) to the random distribution (see SI). The full
doping dependence of �⇣(`) is shown in b where the excess
occurrences tend towards longer lengths with doping.

In order to provide additional evidence for extended,
fluctuating charge structures, we make use of the full in-
formation in our snapshots and count ‘stripes’. To this
end, we define a fully filled ‘stripe’ as a connected line
of holes along y, where the pairwise distance along x

between holes in neighbouring chains is at most 1 (see
Fig. 4a inset). We designate the length ` of this struc-
ture by the number of chains involved. We then consider
the fraction ⇣(`) of experimental realisations containing
a ‘stripe’ of at least length `. In Fig. 4a we compare
the mixD (green) case with the 2d system (brown) and
randomly distributed holes (grey line, see SI) at a dop-
ing of � = 0.083 analysed on a subsystem of 9 ⇥ 9 sites.
For mixD we find an excess of events for large ` consis-
tent with the tendency to form long fluctuating struc-
tures while the results obtained for the standard 2d case
are consistent with randomly distributed holes. Full nu-
merical calculations are out of reach at our system size
and temperature range, but a mean-field model of stripes
shows quantitative agreement in the low doping regime
(see green lines in Fig. 4a and SI). We next analyse the
di↵erence to the random distribution �⇣(`) as a function
of doping (Fig. 4b). For all doping levels and lengths, this
signal is positive in the mixD system, indicating the in-
clination of the system to form extended structures. The
excess probability at longer lengths grows with doping as
structures of increasing lengths form.

V. SPIN SECTOR

The AFM correlations in the system and their inter-
play with charge delocalisation is crucial for the forma-
tion of stripes and leads to characteristic signatures in the
spin sector [11]. Most prominently, one expects a change
in the parity of the AFM order in the presence of stripes,
manifesting as incommensurate magnetism of the system
and splitting of the peak at (⇡,⇡) in the spin structure

Extended stripe patterns
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advent of quantum-simulation experiments [23,24] afford-
ing single-atom, single-site resolution in extended lattices,
significant progress has been made [25], in particular,
concerning polarons [26–30] and, most recently, pairing
[31] and stripe formation [32].
In this work, we investigate a single pair of dopants to

determine which of the finite-doping puzzles can be traced
back to this minimal building block. We use the density-
matrix renormalization group (DMRG) [33,34] algorithm
to extract the ground-state properties of cylindrical systems
of width 6. In both the Fermi-Hubbard and t-J models, we
find bound pairs of dopants in a superposition of a tightly
bound configuration and a single 1=3 filled stripe, as
sketched in Figs. 1(a) and 1(b). By interpolating between
the Fermi-Hubbard and t-J Hamiltonians, we can quanti-
tatively trace back discrepancies in the relative weights of
the two charge contributions and the formation of a spin
domain wall in the Fermi-Hubbard model to the three-site
hopping term. We probe the interplay between charge and
magnetic order and conclude by giving an outlook on the
related t0 term. Overall, our work establishes a competition
of two charge configurations of a single pair of dopants as
the likely microscopic origin of more complex phases
found at finite doping.

II. MODELS

At the core of our work, we consider the Fermi-Hubbard
model

ĤFH ¼ −t
X

hi;ji;σ
ðĉ†i;σ ĉj;σ þ H:c:Þ þ U

X

i

n̂i↑n̂i↓ ð1Þ

characterized by the tunneling t and on-site interaction U.
Here, ĉð†Þi;σ is the fermionic annihilation (creation) operator
at coordinate i ¼ ðx; yÞ with spin σ and n̂i ¼

P
σ n̂i;σ ¼P

σ ĉ
†
i;σ ĉi;σ is the particle number operator. In the strong-

coupling limit t=U ≪ 1, the t-J-3s model

Ĥt−J−3s ¼ −t
X

hi;ji;σ
ðc̃†i;σ c̃j;σ þH:c:Þ þ J

X

hi;ji

!
Ŝi · Ŝj −

ñiñj
4

"

− t3
X

hi;j;ki
ðb̃†i;jb̃j;k þH:c:Þ ð2Þ

emerges as the lowest-order approximation in t=U from the
Schrieffer-Wolff transformation [35]. Double occupancies
are eliminated, and the creation operators are replaced by
c̃†i;σ ¼ ĉ†i;σð1 − n̂i;−σÞ. From c̃ð†Þi;σ , we define the correspond-
ing number operator ñi;σ and the singlet annihilation
operator

b̃i;j ¼
1ffiffiffi
2

p ðc̃i;↓c̃j;↑ − c̃i;↑c̃j;↓Þ: ð3Þ

The lowest-order terms in t=U correspond to virtual
hopping processes and give rise to the effective
Heisenberg superexchange interaction with J ¼ 4t2=U
and the singlet (or three-site) hopping term with
t3 ¼ J=2. Here, Ŝi denotes the Heisenberg spin operator
at site i and hi; j;ki restricts i and k to nearest neighbors of
j with i ≠ k. Following the common convention, we call
Ĥt-J ¼ Ĥt-J-3sðt3 ¼ 0Þ the t-J model, omitting the singlet-
hopping term. Throughout this work, we considerU=t ¼ 8,
which fixes J=t ¼ 1=2 and t3=t ¼ 1=4. This value of U is
realistic for the study of cuprate materials [36,37], and it is
achievable in typical ultracold-atom setups [38,39].
For an in-depth analysis contrasting the models, we

perform an interpolation controlled by the dimensionless
parameter λ∈ ½0; 1&. To interpolate between the Fermi-
Hubbard and t-J models, we consider the Hamiltonian

Ĥt-J-UðλÞ ¼ −t Ĥt þ
U

1 − λ
ĤU þ λJ ĤJ; ð4Þ

where Ĥt, ĤU, and ĤJ refer to the terms proportional to the
respective parameters t and U in Eq. (1) and J in Eq. (2). In

(a)

(c) (d) (e)

(f) (g) (h)

(b)

FIG. 1. Pair structure: charge and spin correlations for a pair of
dopants in the Fermi-Hubbard, t-J-3s, and t-J models on six-leg
cylinders. (a),(b) Stripelike and tightly bound configurations of
the holes: In the stripe configuration (a), the holes reside on
opposite sides of the cylindrical system, accompanied by a spin
domain wall. In the tightly bound configuration (b), the holes
form a (next-)nearest-neighbor pair in a uniform AFM back-
ground. (c)–(e) Connected density-density correlation function
relative to a reference position, averaged over the center of the
lattice. The color scale cuts off the strong autocorrelation at (0,0).
For the Fermi-Hubbard model, the correlations are corrected for
doublon-hole fluctuations. (f)–(h) Staggered spin-spin correlation
function, relative to a reference position at the edge of the
cylinder. Positive values indicate uninterrupted AFM order in the
t-J model, while a domain wall in the AFM manifests as a sign
change in the Fermi-Hubbard and t-J-3s models.
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load into an engineered ladder geometry similar to our
previous work [39]. In order to equally distribute doped
holes over both legs of the final system, we first load
atoms into uncoupled legs of equal potential. We then
apply an optical potential o↵set � to one of the legs us-
ing light shaped by a digital micromirror device (DMD).
We subsequently connect both legs by slowly lowering
the lattice potential in the rung direction (for details see
SI). The o↵set between the two legs prevents the atoms
from tunnelling along the rungs, such that we end up
with roughly equally populated legs. Occupation read-
out is achieved with single-site spin and charge resolu-
tion [40]. To highlight the influence of Pauli repulsion
on hole pairing, we compare the mixD � ⇡ U/2 case
with the standard ladder system at � = 0. Both sys-
tems are realised in the strong rung-singlet regime, with
J?/Jk = 21(5) in the mixD case with enhanced spin ex-
change and J?/Jk = 16(3) in the standard ladders. The
mixD system is governed by the energy scales of rung
spin exchange and leg tunnelling with tk/J? = 0.7(1).
The strong rung coupling keeps the spatial extent of hole
pairs small while staying in the regime where spin corre-
lations and hole motion compete on a comparable energy
scale. For larger tk, the binding energy is even expected
to grow [10] but becomes harder to observe in systems of
limited sizes due to increased pair sizes.

Fig. 1c shows the average density of the mixD system.
Doublon-hole fluctuations, dominantly from the energet-
ically higher to the lower leg, as well as preparation im-
perfections, lead to a small residual density imbalance
between the two legs (see SI). For the data analysis (ex-
cept Fig. 1c) we only take into account ladders without
double occupancies, such that holes arising from doublon-
hole fluctuations do not contribute to our observations.
Unless otherwise mentioned, we furthermore restrict the
data to realisations with two to four holes per ladder and
limit the occupation imbalance between the legs to one
hole.

In order to probe the pairing of holes in our system,
we evaluate the hole-hole correlator

g(2)h (r) =
1

Nr
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with normalisationNr the number of sites i, j at distance
r and n̂h

i the hole-density operator at position i. The

function g(2)h (r) is a connected two-point density correla-
tor that is negative if the presence of a hole at position
i makes it less likely to find a second hole at distance r,
and positive if it makes it more likely. The correlator is

bounded by �1  g(2)h (r)  (1/nh � 1) with hole density
nh = Nh/2L, where Nh is the number of holes in the
system.

By evaluating the correlation for holes in opposite legs
r = (d, 1), we observe a strong positive signal at distance

|d| = 0 in the mixD system of g(2)h (0, 1) = 0.15(2). This
corresponds to two holes bunching on the same rung (see
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Figure 2. Hole pairing in mixD versus standard lad-
ders. a, Hole-hole correlator g(2)h (d, 1) between sites on oppo-
site legs (as illustrated in the cartoon inset) for mixD (blue)
and standard (brown) ladders with two to four holes per lad-
der. The strong correlation at d = 0 corresponds to two
holes on the same rung. Correlations at this distance are
strongly enhanced in the mixD system (pairing) and strongly
suppressed in the standard ladders (repulsion). The blue line
is calculated using matrix product states (MPS) at finite tem-
perature kBT = 0.8 J? and corrected by the experimental de-
tection fidelity (see SI). b, Excess events �h(d) of the same
data, i.e. likelihood to find holes at distance d compared to
the infinite temperature distribution. c, Hole-hole correlation
on the same leg g

(2)
h (d, 0) in the mixD system, showing that

holes repel each other within the same leg. A finite-size o↵set
correction has been applied to this subfigure (see SI). d, Spin-
spin correlation C(0, 1) for spins on the same rung depending
on the number of holes in the system. The lines represent
linear fits. The larger slope indicates that the spin order of
the standard system (brown) is more strongly disturbed by
holes than the spin order of the mixD system (blue), where
paired holes leave the spin order largely unperturbed. The
errorbars denote one standard error of the mean (s.e.m) and
are smaller than the marker when not visible. Errorbars in a,
c, d are estimated using bootstrapping.

Fig. 2a). The fast decrease of correlation for |d| > 0
indicates that the holes are in a tightly bound state. We
find a minimum at |d| = 1, which we attribute to the
e↵ect of additional holes in the system. These holes are
repelled from the hole pair (see also Fig. 4), leading to
the weak modulation at larger distances which dominates
over the extent of the hole pair at short distances.

In contrast, in the standard ladders of t? > J?, a
strong repulsion of holes from the same rung is the domi-

nant feature leading to a negative g(2)h (0, 1) (see Fig. 2a).
This shows that tightly bound pairs are energetically un-
favourable and pairing, if at all, occurs at several sites
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load into an engineered ladder geometry similar to our
previous work [39]. In order to equally distribute doped
holes over both legs of the final system, we first load
atoms into uncoupled legs of equal potential. We then
apply an optical potential o↵set � to one of the legs us-
ing light shaped by a digital micromirror device (DMD).
We subsequently connect both legs by slowly lowering
the lattice potential in the rung direction (for details see
SI). The o↵set between the two legs prevents the atoms
from tunnelling along the rungs, such that we end up
with roughly equally populated legs. Occupation read-
out is achieved with single-site spin and charge resolu-
tion [40]. To highlight the influence of Pauli repulsion
on hole pairing, we compare the mixD � ⇡ U/2 case
with the standard ladder system at � = 0. Both sys-
tems are realised in the strong rung-singlet regime, with
J?/Jk = 21(5) in the mixD case with enhanced spin ex-
change and J?/Jk = 16(3) in the standard ladders. The
mixD system is governed by the energy scales of rung
spin exchange and leg tunnelling with tk/J? = 0.7(1).
The strong rung coupling keeps the spatial extent of hole
pairs small while staying in the regime where spin corre-
lations and hole motion compete on a comparable energy
scale. For larger tk, the binding energy is even expected
to grow [10] but becomes harder to observe in systems of
limited sizes due to increased pair sizes.

Fig. 1c shows the average density of the mixD system.
Doublon-hole fluctuations, dominantly from the energet-
ically higher to the lower leg, as well as preparation im-
perfections, lead to a small residual density imbalance
between the two legs (see SI). For the data analysis (ex-
cept Fig. 1c) we only take into account ladders without
double occupancies, such that holes arising from doublon-
hole fluctuations do not contribute to our observations.
Unless otherwise mentioned, we furthermore restrict the
data to realisations with two to four holes per ladder and
limit the occupation imbalance between the legs to one
hole.

In order to probe the pairing of holes in our system,
we evaluate the hole-hole correlator

g(2)h (r) =
1
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with normalisationNr the number of sites i, j at distance
r and n̂h

i the hole-density operator at position i. The

function g(2)h (r) is a connected two-point density correla-
tor that is negative if the presence of a hole at position
i makes it less likely to find a second hole at distance r,
and positive if it makes it more likely. The correlator is

bounded by �1  g(2)h (r)  (1/nh � 1) with hole density
nh = Nh/2L, where Nh is the number of holes in the
system.

By evaluating the correlation for holes in opposite legs
r = (d, 1), we observe a strong positive signal at distance

|d| = 0 in the mixD system of g(2)h (0, 1) = 0.15(2). This
corresponds to two holes bunching on the same rung (see
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Figure 2. Hole pairing in mixD versus standard lad-
ders. a, Hole-hole correlator g(2)h (d, 1) between sites on oppo-
site legs (as illustrated in the cartoon inset) for mixD (blue)
and standard (brown) ladders with two to four holes per lad-
der. The strong correlation at d = 0 corresponds to two
holes on the same rung. Correlations at this distance are
strongly enhanced in the mixD system (pairing) and strongly
suppressed in the standard ladders (repulsion). The blue line
is calculated using matrix product states (MPS) at finite tem-
perature kBT = 0.8 J? and corrected by the experimental de-
tection fidelity (see SI). b, Excess events �h(d) of the same
data, i.e. likelihood to find holes at distance d compared to
the infinite temperature distribution. c, Hole-hole correlation
on the same leg g

(2)
h (d, 0) in the mixD system, showing that

holes repel each other within the same leg. A finite-size o↵set
correction has been applied to this subfigure (see SI). d, Spin-
spin correlation C(0, 1) for spins on the same rung depending
on the number of holes in the system. The lines represent
linear fits. The larger slope indicates that the spin order of
the standard system (brown) is more strongly disturbed by
holes than the spin order of the mixD system (blue), where
paired holes leave the spin order largely unperturbed. The
errorbars denote one standard error of the mean (s.e.m) and
are smaller than the marker when not visible. Errorbars in a,
c, d are estimated using bootstrapping.

Fig. 2a). The fast decrease of correlation for |d| > 0
indicates that the holes are in a tightly bound state. We
find a minimum at |d| = 1, which we attribute to the
e↵ect of additional holes in the system. These holes are
repelled from the hole pair (see also Fig. 4), leading to
the weak modulation at larger distances which dominates
over the extent of the hole pair at short distances.

In contrast, in the standard ladders of t? > J?, a
strong repulsion of holes from the same rung is the domi-

nant feature leading to a negative g(2)h (0, 1) (see Fig. 2a).
This shows that tightly bound pairs are energetically un-
favourable and pairing, if at all, occurs at several sites
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LNO

FIG. 1. Schematic phase diagram and e↵ective model. (a) Schematic phase diagram of the mixD tk � J? � Jk model,
Eq. (1), at doping � = 50% relevant to LNO. In the limit of dominating inter-layer magnetic interactions, a BEC-type superfluid
of tightly bound pairs is realized. When the average sizes of pairs become larger, spatially extended pairs form a BCS-like
superconducting state. Binding energies and estimated critical temperatures in vicinity of the crossover are of the order of the
magnetic coupling J?. In the BEC regime, the model shows strange metallicity above the superconducting phase, which may
extend to larger values of tk/J? above the BCS regime. The relevant parameter regime for LNO depending on the strength of
the on-site repulsion is shown by the black hatched area, where tk/J? ⇠ 0.7 � 1.5. (b) In the limit J? � tk, Jk, the bilayer
mixD tk � J? � Jk model, Eq. (1), reduces to a model of hopping singlets (left panel). Singlets hop on the bilayer structure via
second order processes (right panel, upper illustration), leading to a single layer interacting hard-core bosonic system, Eq. (2),
in the perturbative limit. A further mapping to a spin system yields an e↵ective 2D XXZ model, Eq. (3), where spin-spin
correlations in the xy-plane map to coherent pair-pair correlations in the bilayer system (right panel, lower illustration).

layer ↵ = 1, 2, respectively; hi, ji denotes nearest neigh-
bor (NN) sites on the two-dimensional (2D) square lat-
tice, and P̂ is the Gutzwiller operator projecting out
states with double occupancy. To describe LNO, the
quarter filled dx2�y2 band corresponds to a doping level
of � = 0.5 in the mixD tk � J? � Jk model compared
to the half-filled state with one particle per site. The
Hamiltonian Eq. (1) and related models have been stud-
ied in particular with regard to pairing order using ma-
trix product [5, 25, 26] and mean field [3, 4, 27] methods,
supporting the appearance of inter-layer s-wave super-
conductivity. However, careful analysis of finite-size ef-
fects is needed to fully establish superconductivity in the
thermodynamic limit. Furthermore, though it is com-
monly agreed upon that inter-layer magnetic interactions
provide the pairing glue for superconductivity in the bi-
layer model [5, 12, 13], predicting and understanding the
structure of the ground state is a central problem in par-
ticular with regard to engineering materials with high
critical temperatures.

Here, we use matrix product methods to study pair-
pair correlations as well as binding energies in the bilayer
system. By comparison to the limit of strong inter-layer
spin-spin interactions, where the model can be mapped
to a spin-1/2 XXZ model, we gain a detailed understand-
ing of the mixD tk � J? � Jk model even away from this
perturbative limit. In particular, this allows us to under-
stand appearing finite-size e↵ects and the influence of the
various coupling parameters on the long-range pairing
order, where the latter might permit to realize a certain
tunability of experimental probes to favorable situations.

Through the computation of binding energies, we
anticipate the emergence of a crossover from a Bose-
Einstein condensate (BEC) to Bardeen-Cooper-Schrie↵er

(BCS) state in the mixD bilayer model as a function of
tk/J?, with LNO situated on the BCS side but close to
the crossover, see Fig. 1 (a), characterized by extended,
overlapping pairs. We estimate critical temperatures of
the superfluid transition to be of the order of the mag-
netic coupling, hence possibly facilitating superconduc-
tivity at temperatures beyond room temperature. In ad-
dition, as the e↵ective model of tightly-bound pairs in the
limit of strong spin couplings J? � tk, Jk yields a linear
resistivity as a function of temperature above the super-
conducting phase, we speculate that the resistivity in the
bilayer model in vicinity to the crossover is governed by
the conduction of pairs. Our results are summarized in
the schematic phase diagram in Fig. 1 (a).

Our work fully establishes the nature of magnetic pair-
ing in bilayer nickelates, and presents the perturbative
limit of dominating inter-layer spin couplings as an im-
portant case study that allows for an understanding of
qualitative physical features even away from this limit.
This is in stark contrast to the Fermi-Hubbard model –
believed to capture the essential physics of cuprate su-
perconductors – where such controlled perturbative lim-
its are absent, and large scale numerical simulations are
necessary to resolve the small energy di↵erences of com-
peting phases [28–36]. In fact, in the Fermi-Hubbard
model, though tremendous progress has been made in
recent years, its phase diagram (and in particular its ap-
plicability to capture the phases appearing in cuprate
superconductors) is still under active debate.

Perturbative limit.— In the case of dominating spin
couplings J? � tk, Jk, the fermions pair into tightly
bound inter-layer singlets, where breaking apart a sin-
glet is associated with energy cost J?. In this limit,
the low-energy physics of Eq. (1) is described by the

Tc ≃ 0.5J⊥ — achievable in cold atoms!

Schlömer et al., Comm. Phys. 7 (2024) 
Schlömer et al., PRX Quant. 5 (2024)

Strong pairing in mixD
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A recurring problem in my research has been the implementation of ubiquitous toy models in analogue 
quantum simulators. For example, many models supporting topological excitations that have been discussed 
theoretically involve multi-particle interactions, which are difficult to implement directly in photonic or 
atomic systems. For SU(N) invariant ring-exchange interactions I have recently proposed an optical tweezer 
scheme [G1]. My most important achievement along these lines, has been the proposal of a realistic 
Floquet approach to implement dynamical matter coupled to fully quantized Z2 lattice gauge fields 
for ultracold atoms in optical lattices [G2]. Our work includes a detailed analysis of the interplay of matter 
and gauge fields in realistic two-leg ladders, providing a significant step towards the quantum simulation of 
full-blown gauge theories. Immediately following the theoretical proposal, the experimental members of our 
team (Monika Aidelsburger’s and Immanuel Bloch’s groups) realized the fundamental two-site building 
block experimentally in modulated optical super-lattices [G3]. In an independent work, Tilman Esslinger’s 
group at ETH Zürich demonstrated another important ingredient of our scheme [Görg et al., Nat. Phys. 
(2019)]. These experiments are among the very first to realize quantized dynamical gauge fields for 
ultracold atoms, which is one of the central goals of field right now. In a more recent theoretical paper 
[G4], we explored the physics of 1D Z2 lattice gauge theory with matter: I expect this will be among the 
first physical problems that will soon be addressed experimentally.  
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian

Ĥ = �t
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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A recurring problem in my research has been the implementation of ubiquitous toy models in analogue 
quantum simulators. For example, many models supporting topological excitations that have been discussed 
theoretically involve multi-particle interactions, which are difficult to implement directly in photonic or 
atomic systems. For SU(N) invariant ring-exchange interactions I have recently proposed an optical tweezer 
scheme [G1]. My most important achievement along these lines, has been the proposal of a realistic 
Floquet approach to implement dynamical matter coupled to fully quantized Z2 lattice gauge fields 
for ultracold atoms in optical lattices [G2]. Our work includes a detailed analysis of the interplay of matter 
and gauge fields in realistic two-leg ladders, providing a significant step towards the quantum simulation of 
full-blown gauge theories. Immediately following the theoretical proposal, the experimental members of our 
team (Monika Aidelsburger’s and Immanuel Bloch’s groups) realized the fundamental two-site building 
block experimentally in modulated optical super-lattices [G3]. In an independent work, Tilman Esslinger’s 
group at ETH Zürich demonstrated another important ingredient of our scheme [Görg et al., Nat. Phys. 
(2019)]. These experiments are among the very first to realize quantized dynamical gauge fields for 
ultracold atoms, which is one of the central goals of field right now. In a more recent theoretical paper 
[G4], we explored the physics of 1D Z2 lattice gauge theory with matter: I expect this will be among the 
first physical problems that will soon be addressed experimentally.  
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian

Ĥ = �t
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-



Fabian Grusdt Benasque, 02/202639

PART 2.I: One-hole excitations  
& Parton picture



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

40

Parton picture of doped antiferromagnets

Fractional spin excitation!
+

Bulaevskii et al., JETP 27 (1968),  Trugman, PRB 37 (1988) 
Manousakis, PRB 75 (2007, Kane et al., PRB 39 (1989)

Grusdt et al., PRX 8 (2018) 
Grusdt et al., PRB 99 (2019)

Bohrdt et al., PRB 102 (2020)  
Bohrdt et al., PRL 127 (2021)



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

40

Parton picture of doped antiferromagnets

Movement of the hole distorts the Neel state 
— spin is carried by distortion!

Fractional spin excitation!
+

Bulaevskii et al., JETP 27 (1968),  Trugman, PRB 37 (1988) 
Manousakis, PRB 75 (2007, Kane et al., PRB 39 (1989)

Grusdt et al., PRX 8 (2018) 
Grusdt et al., PRB 99 (2019)

Bohrdt et al., PRB 102 (2020)  
Bohrdt et al., PRL 127 (2021)



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

40

Parton picture of doped antiferromagnets

Movement of the hole distorts the Neel state 
— spin is carried by distortion!

Chargon is bound (unbound) to the spinon at 
end of string in 2D (1D)!

E ∝ ℓ (E ≃ const.)

2D 1D

Fractional spin excitation!
+

Bulaevskii et al., JETP 27 (1968),  Trugman, PRB 37 (1988) 
Manousakis, PRB 75 (2007, Kane et al., PRB 39 (1989)

Grusdt et al., PRX 8 (2018) 
Grusdt et al., PRB 99 (2019)

Bohrdt et al., PRB 102 (2020)  
Bohrdt et al., PRL 127 (2021)



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

41Fig. 1. Probing spin-charge deconfinement with cold atoms. A, Cartoon depicting
fractionalization of a fermionic excitation into quasiparticles. The dynamics is initiated
by removing a fermion from the Hubbard chain. This quench creates a spin (spinon) and
a charge (holon) excitation, which propagate along the chain at di↵erent velocities vJ and
vt. B, Using quantum gas microscopy, we simultaneously detect the spin and density on
every site of the chain after a variable time after the quench. C, Average number of holes
in the chain a function of time. Error bars denote 1 s.e.m. The quench, performed at 0
ms creates a hole with a probability of ⇠ 78% in the central site of the chain (bottom).
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Fig. 2. Time evolution of spin and charge excitations. A, Hole density distribu-
tion hn̂h

i i as a function of time after the quench. The wavefront of the distribution starts
at the center of the chain and expands outwards linearly with time. Interference peaks
and dips are visible throughout the dynamics, indicating the coherent evolution of the
charge excitation. B, One-dimensional cuts of the experimental hole density distributions
at times 0 ⌧t, 1.88 ⌧t and 3.77 ⌧t (blue circles) are compared with simulations of a single
particle quantum walk (grey squares). C, Nearest neighbor squeezed space spin correla-
tion C(x̃ = 1) distribution as a function of time after the quench. D, One-dimensional
cuts of the experimental C(x̃ = 1) distributions at times 0 ⌧J , 1.54 ⌧J and 3.08 ⌧J (red cir-
cles) along with exact diagonalization simulations of the Heisenberg model (grey squares).
Error bars denote 1 s.e.m.
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Fig. 3. Quasiparticle velocities of spinons and holons. A, Time evolution of
the widths of the hole density distributions (blue circles) and nearest neighbour spin
correlation distributions (red circles) after the quench. The measured widths are defined
as the full width at 30% of maxima of the distributions (see inset). Density and spin
excitations reach the edge of the unity filled region of the chain (central 9 sites) after
di↵erent evolution times. Their dynamics are in quantitative agreement with both a single
particle quantum walk for hole and exact diagonalization calculations of the Heisenberg
model for the spin (grey squares). They are also found to reproduce the predictions of the
extended t�J model (grey dashed lines). The velocities of the spin (0.58±0.04 sites/ms)
and the charge (3.08± 0.09 sites/ms) excitations are obtained as half the slope of a linear
fit (solid blue and red lines) of the widths ignoring the width immediately after the quench.
B, Holon velocities as a function of t/h. The velocities of the holon (blue circles) increase
linearly with the tunneling rate in the chain, consistent with vt

max
= 4⇡tax/h sites/ms

(blue dahsed line). C, Spin excitation velocities as a function of J/h. The velocities of
the spin excitation (red circles) increase linearly with the spin-exchange coupling in the
chain, consistent with vJ

max
= ⇡2Jax/h sites/ms (red dashed line). Error bars denote 1

s.e.m.
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and the charge (3.08± 0.09 sites/ms) excitations are obtained as half the slope of a linear
fit (solid blue and red lines) of the widths ignoring the width immediately after the quench.
B, Holon velocities as a function of t/h. The velocities of the holon (blue circles) increase
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Formally:

3

by the Hamiltonian Ĥt�J = ĤJ + Ĥt, where

ĤJ = J
X

hi,ji

✓
Ŝi · Ŝj �

n̂in̂j

4

◆
, (1)

Ĥt = �t
X

hi,ji

X

�

P̂GW

�
ĉ†i,� ĉj,� + h.c.

�
P̂GW. (2)

Here hi, ji denotes a pair of nearest neighbor (NN) sites
and every bond is counted once. We consider fermions
ĉi,� with spins Ŝj =

P
�,⌧=",# ĉ

†
j,���,⌧ ĉj,⌧ and number

densities n̂j =
P

�=",# ĉ
†
j,� ĉj,�. The operator P̂GW de-

notes a Gutzwiller projection onto states with zero or one
fermion per lattice site.

To simplify the single-occupancy condition built into
the t�J model, we use a parton construction and write

ĉj,� = ĥ†
j f̂j,�. (3)

Here ĥj is a bosonic holon operator and f̂j,� is a S = 1/2
fermionic spinon operator [38, 39]. The physical Hilbert
space is defined by all states satisfying

X

�

f̂†
j,� f̂j,� + ĥ†

j ĥj = 1, 8j. (4)

When a single hole is introduced in the AFM ground
state at half filling, | 0i, by applying ĉj,�, a spinon and
a holon are created according to Eq. (3). The essence
of the meson theory is that these partons form a stable
two-body bound state which corresponds to the magnetic
polaron. In the following we discuss microscopic descrip-
tions of the spinons, and we argue that geometric strings
[25, 28] provide the required binding mechanism of the
holon to the spinon. When t � J we expect from a Born-
Oppenheimer ansatz that the dispersion relation of the
single hole is dominated by the heavy spinon.

Spinons at half filling.– At half filling, the t� J model
reduces to the Heisenberg Hamiltonian ĤJ in Eq. (1). Its
ground state spontaneously breaks the SU(2) spin sym-
metry and has long-range Néel order. The corresponding
low-energy excitations – spin-1 magnons constituting the
required Goldstone mode – are usually described by a
bosonic representation of spins, using e.g. Schwinger- or
Holstein-Primako↵ bosons. Recently it has been argued
that the high-energy excitations of the AFM ground state
can be captured more accurately by a fermionic spinon
representation [40] however.

As in Eq. (3), we focus on a fermionic representation of
spins. This is partly motivated by analogy with the 1D
t � J model, where spinons are weakly interacting and
form a Fermi sea [41, 42]. More importantly, Marston
and A✏eck [43] have shown that the ground state of the
2D Heisenberg model in the large-N limit corresponds
to the fermionic ⇡-flux, or d-wave [39], state of spinons.
A trial wavefunction | ⇡i corresponding to this state for
N = 2 can be constructed starting from the ground state

| MFi of the following spinon mean-field Hamiltonian

Ĥf,MF = �te↵
X

hi,ji,�

⇣
ei✓i,j f̂†

j,� f̂i,� + h.c.
⌘

+
Bst

2

X

j,�

(�1)jx+jy f̂†
j,�(�1)� f̂j,� (5)

for a phase choice ✓⇡i,j = (�1)jx+jy+ix+iy⇡/4 and at
Bst = 0. To obtain a physical state the Gutzwiller pro-
jection can be applied [20, 39], and one obtains | ⇡i =
P̂GW| MF(Bst = 0, ✓⇡)i.
Although the ⇡-flux state | ⇡i yields a low varia-

tional energy, unlike the the true ground state it does
not break SU(2) symmetry. Better variational states can
be obtained by starting from a mean-field state with
long-range Néel order, which is achieved by the stag-
gered magnetic field Bst 6= 0 in Eq. (5). In addition,
staggered fluxes ±� can be used instead of � = ⇡ to
obtain lower variational energies, which corresponds to
✓�i,j = (�1)jx+jy+ix+iy�/4 in Eq. (5). The two parame-
ters � and Bst were optimized in Refs. [40, 44] to obtain
the lowest variational energy from the ”staggered-flux
+ Néel” (SF+N) trial states | SF+Ni = P̂GW| SF+N

MF i,
where | SF+N

MF i = | MF(Bst, ✓�)i. The minimal value
ESF+N

0 /L2 = �0.664J is very close to the true ground
state energy E0/L2 = �0.669J known from more precise
Monte-Carlo simulations [45].
From Eq. (5) we obtain the shape of the mean-field

spinon dispersion relation,

!s(k) = �
r
4t2e↵

���cos(kx)e�i�
4 + cos(ky)ei

�
4

���
2
+

B2
st

4
.

(6)
For Bst = 0 and � 6= 0 it has Dirac points at k =
(⇡/2,⇡/2). A finite staggered magnetic field Bst opens a
gap everywhere. In this case the dispersion has a mini-
mum at k = (⇡/2,⇡/2), unless � = 0, see Fig. 2 (a).
Remarkably, for the optimal variational parameters

� = 0.4⇡ and Bst = 0.44te↵ [40], the shape of the mean-
field spinon dispersion (6) closely resembles the known
dispersion of a single hole moving inside an AFM: It is
weakly dispersive on the edge of the MBZ, has its mini-
mum at (⇡/2,⇡/2) and a pronounced maximum at (0, 0),
see Fig. 2 (a). This confirms our earlier expectation from
the meson theory, although more quantitative arguments
will be provided below.
In the ground state of the Heisenberg model with long-

range Néel order, the spinons are in a confined phase
and do not form well-defined quasiparticles. Hence, the
mean-field dispersion (6) with Bst is usually not consid-
ered to have a concrete physical meaning in a pure spin
system. We emphasize, however, that a single spinon
may exist in the system if it is accompanied by a holon
and both constitute a meson. In this case, which is of pri-
mary interest to us, we argue that the spinon dispersion
(6) has a concrete physical meaning.
Geometric strings.– Next we propose a binding mecha-

nism of holons and spinons by geometric strings, see also

Ĥ ' Ĥh[h] + Ĥs[f ]

| (t)i ' | h(t)i ⌦ | s(t)i

see e.g.: Baskaran et al., Sol. St. Comm. 63 (1987)

Experiment Gross/Bloch group, MPQ
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Abstract 

It is shown that the dynamics of a single hole in a quantum antiferromagnet (described by 
the t - J  model) can be simply understood in terms of a composite quasiparticle. This description 
provides naturally two different energy scales t and J corresponding to the inverse masses of the 
charge (holon) and spin (spinon) elementary excitations, respectively. This picture is consistent 
with the exact results obtained on small clusters for the single hole spectral function and optical 
conductivity providing that one assumes the existence of a string-like force of magnitude J 
between the holon and the spinon. Then the hole quasiparticle can be interpreted as a bound state 
of its two constituents. 

PACS: 74.72.-h; 71.27.+a; 71.55.-i 

1. Introduct ion  

The discovery of  high-temperature superconductivity has motivated a considerable 
effort in the study of  strongly correlated fermion systems. The question of  spin-charge 
separation is an important issue in these systems. In the case of  the 1D t - J  model, it 
is known [ 1] that a hole injected into the undoped system decays into two elemen- 
tary excitations, a charge-1 spinless excitation (holon) and a neutral spin-½ excitation 
(spinon).  Holons and spinons are independent excitations whose respective dispersion 
relations scale with the hopping integral t and with the spin-spin coupling constant J, so 
that the decay products of  an injected hole get quickly separated. The question of  spin- 
charge separation is more controverted in the case of  the 2D t - J  model, which is the 
simplest model used to describe the CuO planes of  doped HTc materials. Anderson [2] 
suggested that, in analogy with the 1D case, a single hole in the 2D t - J  model decays 

0550-3213/96/$15.00 Copyright (~) 1996 Elsevier Science B.V. All rights reserved 
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Evidence for Quasiparticle Decay in Photoemission from Underdoped Cuprates

R. B. Laughlin
Department of Physics, Stanford University, Stanford, California 94305
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I argue that the “gap” recently observed at the Brillouin zone face of cuprate superconductors in pho-
toemission by Marshall et al. [Phys. Rev. Lett. 76, 4841 (1996)] and Ding et al. [Nature 382, 54 (1996)]
is evidence for the decay of the injected hole into a spinon-holon pair. [S0031-9007(97)03968-9]

PACS numbers: 74.20.Mn, 74.72.–h, 79.60.– i

One of the most interesting developments in cuprate
superconductivity is the recent observation by Marshall
et al. [1] and Ding et al. [2] of a pseudogap in the
electron spectral function near the Brillouin zone face that
persists above the superconducting transition temperature
and grows in magnitude as doping is reduced. This
feature, which is also seen in optical conductivity [3] and
is almost certainly the “spin gap” effect seen in magnetic
resonance [4], has the momentum dependence expected
of a simple d-wave superconductor but a size, doping
dependence, and breadth that do not, particularly at low
dopings.
The purpose of this paper is to propose that these

experiments may constitute long-sought evidence that
spinons and holons, the solitonlike particles known from
studies of 1-dimensional antiferromagnets [5], actually
exist in these materials. The reason is that there is
no other simple explanation of the experiments that is
not also contrived. For example, the evolution of the
feature out of the d-wave gap with underdoping has led
to speculation that it is the dissociation of a “preformed”
Cooper pair, this being a specific realization of the quite
sensible ideas of Kivelson and Emery [6]. However,
the attractive force required to accomplish such pairing
would be outrageously large; no such effect has ever
been observed in a conventional metal, and the effect
persists to extreme underdoping where the material is
an insulator. Similarly, the practice of modeling the
system as a spin density wave does not work in situations
lacking long-range order, requires delicate adjustments
of the distant-neighbor hopping integrals to account for
the observed isotropy of the quasiparticle dispersion
relation, and does not account at all for the enormous
width of the quasiparticle peak at the zone face. The
last two remarks apply broadly to existing work on the
t-t0-J model as well [7]. The discussion I shall present
deliberately avoids sophisticated mathematics and argues
directly from the experiments shown in Figs. 1 and 2 and
the consistency of these with Eqs. (1)–(4). A formalism-
free approach is essential because the objective is not to
make a theory of high-Tc superconductivity—a delicate
question of symmetry breaking—to promote a model or
to report calculations, but rather to establish that spinons
and holons are real.

The spinon and holon I have proposed to be present in
the cuprates have the dispersion relations

E
spinon
k ≠ 1.6J

q
cos2skxbd 1 cos2skybd , (1)

Eholon
k ≠ 62t

q
cos2skxbd 1 cos2skybd , (2)

where t ≠ 0.5 eV and J ≠ 0.125 eV are the bandwidth
and magnetic exchange parameters of a magnetic Ham-
iltonian, such as the t-J model, and b ≠ 4 Å is the bond
length. I wish to be somewhat vague about the specifics
of the Hamiltonian because it is not known whether any
such model describes the cuprates in detail. Fortunately,
Eqs. (1) and (2), unlike questions of order, are insensitive
to subtleties. The values of the parameters are important.
t is a tight-binding fit to the bare Hartree-Fock-Slater
band structure [8] and is a number characterizing charge
transport. J is a Heisenberg fit to the 2-magnon raman
scattering [9] and neutron scattering [10] experiments
performed on the insulator and is a number characterizing
the magnetism. Both parameters should be considered
known and not adjusted later to fit other experiments.
The “new” development motivating this paper is the

discovery of the spin gap in underdoped superconductors.
I have recently written a series of papers arguing that
spinons and holons may be seen indirectly in numerical

FIG. 1. Solid lines: Photoemission energy distribution curves
near the X-point of BSCCO at various dopings as described
in the text. Dashed line: X 0 curve of the magnetic insulator
Sr2CuO2Cl2 taken from Fig. 2 with the zero of energy shifted
by 0.7 eV to account for the chemical potential difference.
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directly from the experiments shown in Figs. 1 and 2 and
the consistency of these with Eqs. (1)–(4). A formalism-
free approach is essential because the objective is not to
make a theory of high-Tc superconductivity—a delicate
question of symmetry breaking—to promote a model or
to report calculations, but rather to establish that spinons
and holons are real.

The spinon and holon I have proposed to be present in
the cuprates have the dispersion relations

E
spinon
k ≠ 1.6J

q
cos2skxbd 1 cos2skybd , (1)

Eholon
k ≠ 62t

q
cos2skxbd 1 cos2skybd , (2)

where t ≠ 0.5 eV and J ≠ 0.125 eV are the bandwidth
and magnetic exchange parameters of a magnetic Ham-
iltonian, such as the t-J model, and b ≠ 4 Å is the bond
length. I wish to be somewhat vague about the specifics
of the Hamiltonian because it is not known whether any
such model describes the cuprates in detail. Fortunately,
Eqs. (1) and (2), unlike questions of order, are insensitive
to subtleties. The values of the parameters are important.
t is a tight-binding fit to the bare Hartree-Fock-Slater
band structure [8] and is a number characterizing charge
transport. J is a Heisenberg fit to the 2-magnon raman
scattering [9] and neutron scattering [10] experiments
performed on the insulator and is a number characterizing
the magnetism. Both parameters should be considered
known and not adjusted later to fit other experiments.
The “new” development motivating this paper is the

discovery of the spin gap in underdoped superconductors.
I have recently written a series of papers arguing that
spinons and holons may be seen indirectly in numerical

FIG. 1. Solid lines: Photoemission energy distribution curves
near the X-point of BSCCO at various dopings as described
in the text. Dashed line: X 0 curve of the magnetic insulator
Sr2CuO2Cl2 taken from Fig. 2 with the zero of energy shifted
by 0.7 eV to account for the chemical potential difference.
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A universal high energy anomaly in the single particle spectral function is reported in three different
families of high temperature superconductors by using angle-resolved photoemission spectroscopy. As we
follow the dispersing peak of the spectral function from the Fermi energy to the valence band complex, we
find dispersion anomalies marked by two distinctive high energy scales, E1 ! 0:38 eV and E2 ! 0:8 eV.
E1 marks the energy above which the dispersion splits into two branches. One is a continuation of the near
parabolic dispersion, albeit with reduced spectral weight, and reaches the bottom of the band at the ! point
at ! 0:5 eV. The other is given by a peak in the momentum space, nearly independent of energy between
E1 and E2. Above E2, a bandlike dispersion reemerges. We conjecture that these two energies mark the
disintegration of the low-energy quasiparticles into a spinon and holon branch in the high Tc cuprates.
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Understanding how doped oxygen holes are transported
in the environment of antiferromagnetically coupled cop-
per spin is one of the most fundamental problems in the
field of high temperature superconductivity. It was pro-
posed early on that the doped holes in the oxygen 2p!
orbitals form singlets with the spins of the neighboring
coppers [1]. The resulting charge-e and spin-0 object is
called the Zhang-Rice singlet (ZRS). As the ZRS moves
through the CuO2 plane, the copper spins get rearranged.
As a result, the ZRS couples very strongly to the antiferro-
magnetic environment. Remarkably, as a consequence of
such strong coupling, quasiparticles emerge at low ener-
gies. This is evidenced by the sharp nodal quasiparticle
peaks seen in angle-resolved photoemission (ARPES) of
almost all cuprate compounds [2,3]. In simple physical
terms a quasiparticle is a composite object made of a
ZRS and a S # 1

2 copper spins. It is widely believed that,
at sufficiently low temperatures, superconducting pairing
occurs between these quasiparticles giving rise to the high
temperature superconducting state. Thus a microscopic
understanding of the pairing mechanism of high Tc super-
conductors requires an in-depth understanding of how a
ZRS is dressed into a quasiparticle.

Here we present the first systematic study of the evolu-
tion of the ARPES spectral function from the Fermi level
(EF $ 0) to the valence band complex (at energy !1 eV
[4]) for three families of high temperature superconduc-
tors. Our results provide a surprising new experimental

understanding on the quasiparticle formation process dis-
cussed above. Specifically, by covering a much broader
energy range than typically studied [2,3], we have identi-
fied anomalies in the ARPES spectra occurring at two uni-
versal high energy scales, E1 ! 0:38 eV and E2 ! 0:8 eV
from EF. We conjecture that these two energies mark the
threshold for the disintegration of the low-energy quasi-
particles at two different binding levels.

ARPES data have been collected at the Advanced
Light Source, beam lines 7.0.1, 10.0.1, and 12.0.1 for
three different families of hole-doped cuprates: single
layer Bi2Sr1:6La0:4Cu2O6%" (Bi2201), double layer
Bi2Sr2CaCu2O8%" (Bi2212), and Pb-doped Bi2212
(Pb2212) and for several doping values. The data presented
here were measured at least in both the first and the second
Brillouin zones (BZs) and along the two polarization pa
and pb as shown in Fig. 1. The double layer Bi2212 data
were collected at 52 eV for the underdoped (UD) (Tc #
64 K) and optimally doped (OPT) (Tc # 91 K) sample,
and 33 and 65 eV for the overdoped (OD) (Tc # 80 K)
sample. The OD Pb2212 (Tc # 65 K) sample was mea-
sured at 55, 60, and 75 eV and the OPT Bi2201 (Tc #
32 K) sample at 33 eV. Unless specified otherwise, all the
data reported were measured at 25 K.

Figure 1 shows the ARPES intensity map as a function
of energy and momentum in the (0, 0)-(#, #) direction for
an (a) UD, (b) OPT, and (c) OD Bi2212. In all panels two
main features are apparent: a high intensity feature at low
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We propose a quantum dimer model for the metallic state of the
hole-doped cuprates at low hole density, p. The Hilbert space is
spanned by spinless, neutral, bosonic dimers and spin S= 1=2,
charge +e fermionic dimers. The model realizes a “fractionalized
Fermi liquid” with no symmetry breaking and small hole pocket
Fermi surfaces enclosing a total area determined by p. Exact di-
agonalization, on lattices of sizes up to 8×8, shows anisotropic
quasiparticle residue around the pocket Fermi surfaces. We discuss
the relationship to experiments.

spin liquid | Fermi liquid | dimer model | superconductivity

The recent experimental progress in determining the phase
diagram of the hole-doped Cu-based high-temperature super-

conductors has highlighted the unusual and remarkable properties
of the pseudogap (PG) metal (Fig. 1). A characterizing feature of
this phase is a depletion of the electronic density of states at the
Fermi energy (1, 2), anisotropically distributed in momentum
space, that persists up to room temperature.
Attempts have been made to explain the pseudogap metal

using thermally fluctuating order parameters; we argue below
that such approaches are difficult to reconcile with recent trans-
port experiments. Instead, we introduce a new microscopic model
that realizes an alternative perspective (3), in which the pseudogap
metal is a finite temperature (T) realization of an interesting
quantum state: the fractionalized Fermi liquid (FL*). We show
that our model is consistent with key features of the pseudogap
metal observed by both transport and spectroscopic probes.
The crucial observation that motivates our work is the tension

between photoemission and transport experiments. In the cup-
rates, the hole density p is conventionally measured relative to
that of the insulating antiferromagnet (AF), which has one
electron per site in the Cu d band. Therefore, the hole density
relative to a filled Cu band, with two electrons per site, is actually
1+ p. In fact, photoemission experiments at large hole doping
observe a Fermi surface enclosing an area determined by the
hole density 1+ p (4), in agreement with the Luttinger relation.
In contrast, in the pseudogap metal, a mysterious “Fermi arc”
spectrum is observed (5–7), with no clear evidence of closed
Fermi surfaces. However, despite this unusual spectroscopic
feature, transport measurements report vanilla Fermi liquid
properties, but associated with carrier density p, rather than 1+ p.
The carrier density of p was indicated directly in Hall measure-
ments (8), whereas other early experiments indicated suppression
of the Drude weight (9–11). Although the latter could be com-
patible with a carrier density of 1+ p but with a suppressed kinetic
term, the Hall measurements indicate the suppression of the
Drude weight is more likely due to a small carrier density. Two
recent experiments displaying Fermi liquid behavior at low p are
especially notable: (i) the quasiparticle lifetime τðω,TÞ determined
from optical conductivity experiments (12) has the Fermi liquid-
like dependence 1=τ∝ ðZωÞ2 + ðcπkBTÞ2, with c an order unity
constant; and (ii) the in-plane magnetoresistance of the pseudogap
(13) is proportional to τ−1ð1+ bH2τ2 + . . .Þ in an applied field H,
where τ∼T−2 and b is a T-independent constant; this is Kohler’s
rule for a Fermi liquid.
It is difficult to account for the nearly perfect Fermi liquid-like

T dependence in transport properties of the pseudogap in a

theory in which a large Fermi surface of size 1+ p (14) is dis-
rupted by a thermally fluctuating order. In such a theory, we
expect that transport should instead reflect the T dependence of
the correlation length of the order.
Moreover, a reasonable candidate for the fluctuating order

has not yet been identified. The density wave (DW) order pre-
sent at lower temperature in the pseudogap regime has been
identified to have a d-form factor (15–18), and its temperature
dependence (19–25) indicates that it is unlikely to be the origin
of the pseudogap present at higher temperature. Similar con-
siderations apply to other fluctuating order models (26) based on
AF or d-wave superconductor.
We are therefore led to an alternative perspective (3), in which

the pseudogap metal represents a new quantum state that could
be stable down to very low T, at least for model Hamiltonians not
too different from realistic cuprate models. The observed low-T
DW order is then presumed to be an instability of the pseudogap
metal (27–31). An early discussion (32) of the pseudogap metal
proposed a state that was a doped spin liquid with “spinon” and
“holon” excitations fractionalizing the spin and charge of an
electron: the spinon carries spin S= 1=2 and is charge neutral,
whereas the holon is spinless and carries charge +e. However,
this state is incompatible with the sharp “Fermi arc” photo-
emission spectrum (7) around the diagonals of the Brillouin
zone: the spin liquid has no sharp excitations with the quantum
number of an electron and so will only produce broad multi-
particle continua in photoemission.
Instead, we need a quantum state that has long-lived electron-

like quasiparticles around a Fermi surface of size p, even though
such a Fermi surface would violate the Luttinger relation of a
Fermi liquid. The fractionalized Fermi liquid (FL*) (33) fulfills
these requirements.

Significance

The most interesting states of the copper oxide compounds are
not the superconductors with high critical temperatures. In-
stead, the novelty lies primarily in the higher temperature
metallic “normal” states from which the superconductors de-
scend. Here, we develop a simple, intuitive model for the
physics of the metal at low carrier density, in the “pseudogap”
regime. This model describes an exotic metal that is similar in
many respects to simple metals like silver. However, the simple
metallic character coexists with “topological order” and long-
range quantum entanglement previously observed only in ex-
otic insulators or fractional quantum Hall states in very high
magnetic fields. Our model is compatible with many recent ob-
servations, and we discuss more definitive experimental tests.
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Angle-resolved photoemission spectroscopy (ARPES) has revealed peculiar properties of mobile dopants in
correlated antiferromagnets (AFMs). But, describing them theoretically, even in simplified toy models, remains
a challenge. Here, we study ARPES spectra of a single mobile hole in the t-J model. Recent progress in
the microscopic description of mobile dopants allows us to use a geometric decoupling of spin and charge
fluctuations at strong couplings, from which we conjecture a one-to-one relation of the one-dopant spectral
function and the spectrum of a constituting spinon in the undoped parent AFM. We thoroughly test this
hypothesis for a single hole doped into a two-dimensional Heisenberg AFM by comparing our semianalytical
predictions to previous quantum Monte Carlo results and our large-scale time-dependent matrix product state
calculations of the spectral function. Our conclusion is supported by a microscopic trial wave function describing
spinon-chargon bound states, which captures the momentum and t/J dependence of the quasiparticle residue.
From our conjecture we speculate that ARPES measurements in the pseudogap phase of cuprates may directly
reveal the Dirac-fermion nature of the constituting spinons. Specifically, we demonstrate that our trial wave
function provides a microscopic explanation for the sudden drop of spectral weight around the nodal point
associated with the formation of Fermi arcs, assuming that additional frustration suppresses long-range AFM
ordering. We benchmark our results by studying the crossover from two to one dimension, where spinons and
chargons are confined and deconfined, respectively.

DOI: 10.1103/PhysRevB.102.035139

I. INTRODUCTION

The angle-resolved photoemission spectroscopy (ARPES)
[1] spectra of doped antiferromagnets (AFMs) have attracted
considerable attention. In quasi-one-dimensional (quasi-1D)
settings, they have revealed spin-charge separation: Instead
of discrete delta-function peaks, a broad continuum signifies
the existence of separate branches of a spinless holon and
a charge-neutral spinon [2–11]. The situation is strikingly
different in the two-dimensional (2D) Heisenberg AFM, the
parent compound of high-Tc cuprate superconductors [12].
There, a discrete quasiparticle peak is found in the one-
hole ARPES spectrum [13–15], corresponding to a long-lived
magnetic polaron [16–35]. For reconciling the experimental
observations with numerical calculations in the clean t-J or
Hubbard models, inclusion of electron-phonon interactions
has been an important issue [36,37]. At finite doping, but
before the system becomes superconducting, a pseudogap is
observed [38]. Instead of a closed Fermi surface, as might
be expected from a Fermi-liquid state, Fermi arcs have been
found at low energies around the nodal points (±π/2,±π/2)
[39] (we use units where the lattice constant a = 1 and h̄ = 1).

*Corresponding author: annabelle.bohrdt@tum.de

These arcs of high spectral weight appear like a part of a
small Fermi surface, but the backside of the putative Fermi
surface is invisible. The microscopic origin of Fermi arcs in
the pseudogap phase of cuprates is not understood today, but
their existence has been argued to imply exotic underlying
physics and topological order [40–43].

Theoretically predicting ARPES spectra of real solids is
challenging. Microscopic models are hard to solve because
they involve nontrivial band structures, and electron-phonon
and electron-electron interactions; moreover, model parame-
ters are not exactly known. This has led to a long-standing de-
bate about the explanation of ARPES spectra in the undoped
AFM insulator and the origin of Fermi arcs.

Here we focus on ARPES spectra in clean toy models
for doped AFMs. Even in such idealized scenarios, the the-
oretical challenges are significant enough that many open
questions remain and a universally accepted understanding
is lacking. Our work contributes two significant advances: (i)
we improve state-of-the-art numerical simulations of ARPES
spectra and (ii) we combine our results with recent insights
into the microscopic structure of charge carriers in doped
AFMs [46,47] obtained from cold-atom experiments with
quantum gas microscopes. As a result, we reach a detailed
understanding of one-hole ARPES spectra in the paradigmatic
t-J model.

2469-9950/2020/102(3)/035139(23) 035139-1 ©2020 American Physical Society
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Understanding the nature of charge carriers in doped Mott insulators holds the key to unravelling
puzzling properties of strongly correlated electron systems, including cuprate superconductors. Several
theoretical models suggested that dopants can be understood as bound states of partons, the analogues of
quarks in high-energy physics. However, direct signatures of spinon-chargon bound states are lacking, both
in experiment and theory. Here we propose a rotational variant of angle-resolved photo-emission
spectroscopy (ARPES) and calculate rotational spectra numerically using the density-matrix renormaliza-
tion group. We identify long-lived rotational resonances for an individual dopant, which we interpret as a
direct indicator of the microscopic structure of spinon-chargon bound states. Similar to Regge trajectories
reflecting the quark structure of mesons, we establish a linear dependence of the rotational energy on the
superexchange coupling. The rotational peaks we find are strongly suppressed in standard ARPES spectra,
but we suggest a multiphoton extension of ARPES which allows us to access rotational spectra. Our
findings suggest that multiphoton spectroscopy experiments should provide new insights into emergent
universal features of strongly correlated electron systems.

DOI: 10.1103/PhysRevLett.127.197004

Introduction.—Our understanding of strongly correlated
quantum matter often involves new emergent structures. For
example, emergent gauge fields play a central role for
understanding quantum spin liquids [1], and spin-charge
separation in the one-dimensional Hubbard model can be
related to the fractionalization of fermions into deconfined
spinons and chargons [2–4]. The fate of those partons in
dimensions higher than 1, which is a topic addressed in this
Letter, remains unresolved. Theoretically and experimen-
tally, one faces similar problems as in high-energy physics:
the mathematical models are too challenging to solve and
signatures of parton formation are often indirect or buried in
complex observables. In this Letterwe draw analogies to high
energy physics and report on unambiguous signatures for
parton structures in the two-dimensional (2D) t − J model.
In quantum chromodynamics it is well established that

directly observable nucleons are not the most elementary
constituents of matter. The quark model explains the larger
class of mesons and baryons as composite objects consisting
of two or three valence quarks. A smoking gun demonstra-
tion of the quark model was its ability to explain many
additional resonances observed in collider experiments as
rovibrational excitations of the fundamental parton configu-
rations. In the quark model, many heavy mesons are thus
understood as excited states of the fundamental mesons:
they contain the same quark content but realize a higher

vibrational state or have nonzero orbital angular momentum
[5,6]. A hallmark signature of rotational mesons comes from
analysis of their excitation energy. In a simplistic model, a
meson can be described as a rigid linelike object with
constant energy density per unit length, also known as
“string tension.” The relativistic expression for the energy
of a rotating meson of this type scales linearly with the string
tension andwith the square root of its angularmomentum[7].
The latter relation, known as the Regge trajectory, can be
directly probed in collider experiments and has been
observed experimentally [8]. It provides a strong indication
that the observed mesons are bound states of partons.
An idea almost as old as the problem of high-Tc super-

conductivity itself comprises that strongly correlated elec-
trons in these systems may be ruled by similar principles as
high-energy physics [9]. In analogy with quark confinement,
Béran et al. suggested a description of a hole doped into a 2D
antiferromagnet (AFM) in terms of a composite quasiparti-
cle, consisting of two partons—a chargon, carrying the
charge quantum number and a spinon, carrying the spin
quantum number—bound together by “an interaction obey-
ing a string law” [10]. However, finding direct experimental
or theoretical signatures for such structure has proven to be
difficult. In angle resolved photoemission spectra (ARPES)
no sign of rotational resonances has been seen, and the nature
of a possible first vibrational excitation is debated [11–15].

PHYSICAL REVIEW LETTERS 127, 197004 (2021)
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M. Riordan, “The discovery of quarks”, Science 256 (1992)The discovery of quarks:

Just twenty years ago, physicists were beginning to realize that the 

protons and neutrons at the heart of the atomic nucleus are not elementary 

particles, after all. Instead, they appeared to be composed of curious pointlike 

objects called “quarks,” a name borrowed from a line in James Joyce’s novel, 

Finne~uns Wake. First proposed in 1964 by Gell-Mann (1) and Zweig (2), these 

p$‘fticles had to have electrical charges equal to l/3 or 2/3 that of an electron 

or proton. Extensive searches for particles with such fractional charge were 

made during the rest of the decade-in ordinary matter, in cosmic rays, and at 

high-energy accelerators, all without success (3). But surprise results from a 

series of electron scattering experiments, performed from 1967 through 1973 

by a collaboration of scientists from the Massachusetts Institute of Technology 

(MIT)-and the Stanford Linear Accelerator Center (SLAC), began to give direct 

evidence for the existence of quarks as real, physical entities (4). For their 

crucial contributions as leaders of these experiments, which fundamentally 

altered physicists’ conception of matter, Jerome Friedman and Henry Kendall 

of MIT and Richard Taylor of SLAC were awarded the 1990 Nobel prize in 

physics. 

The Prediction of Quarks 

By the beginning of the 196Os, physicists had shown that protons and 

neutrons (known collectively as “nucleons”) had a finite size of about lo-l3 

cm, as indicated by elastic electron-nucleon scattering experiments of 

Hofsiadter and his Stanford coworkers (5), but the great majority considered 
.- 

these particles to be “soft” objects with only a diffuse internal structure. Along 

some fifty
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The same is true in high-Tc 
cuprate materials today 
— doped holes are widely 

considered as “soft objects” 
with only a diffuse internal 
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M. Riordan, “The discovery of quarks”, Science 256 (1992)The discovery of quarks:
I : 

In seeking a deeper explanation for the regularities of the SU3 

classification scheme, Gell-Mann and Zweig invented quarks (1,2). In this 

approach there are three fundamental quarks dubbed “up” or u, “down” or d, 

and “strange” or s -and their antiparticles, the antiquarks. Mesons are built 

from a quark plus an antiquark, while baryons are composed of three quarks. 

The proton is a combination of two up quarks plus a down quark (written 

uud), for example, while the neutron is made of an up quark plus two downs 

(udd). By assigning a charge to the up quark of +2/3e (where -e is the charge 

on the electron) and -1/3e to the other two, the charges on all the known 

mesons and baryons came out correctly. But the idea of fractional charges was 

fairly repulsive to physicists of the day; in his original paper, Gell-Mann even 

wrote that “a search for stable quarks of charge -l/3 or +2/3 at the highest 

energy accelerators would help to reassure us of the nonexistence of real 

quarks.” After several years of fruitless searches (3), most particle physicists 

agreed that although quarks might be useful mathematical constructs, they 

had no innate physical reality as objects of experience. 

The First MIT-SLAC Experiments 

The first electron-proton scattering experiment at SLAC, in which 

electrons with energies up to 20 GeV (1 GeV equals 1 billion electron volts) 

recoiled elastically from the proton (that is, without breaking.it up), gave no 

evidence for quark substructure (8). The cross section, or probability, for this 

process continued to plummet-approximately as the 12th power of the 

invariant. momentum transfer from electron to proton-much as had been 

observed earlier in the decade at lower energies. This behavior was generally 
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n2s+1`J ud us
11S0 ⇡ K
11P1 b1(1235) K1B

11D2 ⇡2(1670) K2(1770)
13F4 a4(2040) K⇤

4 (2045)
21S0 ⇡(1300) K(1460)

TABLE I. Examples of meson resonances corresponding to
rotational (`) and vibrational (n) excitations of the quark
anti-quark pair (qq). This list is incomplete and the data was
taken from Ref. [44]. The numbers in brackets denote the
mass of the excited meson state in units of MeV/c2.

B. Rotational excitations of parton pairs

In this paper we present theoretical evidence for the ex-
istence of confined partons in the two-dimensional t� Jz
model at strong coupling. Similar to strategies pursued
in high-energy physics, we analyze the excited states of
magnetic polarons. By introducing a microscopic parton
theory starting from first principles, we show that the
spectrum of a t� Jz Hamiltonian with a single hole con-
tains a series of rotational and vibrational states which
are similar to meson resonances observed in high-energy
experiments. We also introduce a formalism allowing to
generalize our results to the t� J model.

Mesons can be understood as bound states of two
quarks and thus are most closely related to the mag-
netic polarons studied in this paper. The success of the
quark model in QCD goes far beyond an explanation of
the simplest mesons, including for example pions (⇡) and
kaons (K). Collider experiments that have been carried
out over many decades, have identified an ever growing
zoo of particles. Within the quark model, many of the
observed heavier mesons can be understood as excited
states of the fundamental mesons. Aside from the total
spin s, heavier mesons can be characterized by the or-
bital angular momentum ` of the quark anti-quark pair
[43] as well as the principle quantum number n describing
their radial excitations. In Table I B we show a selected
set of excited mesons, together with the quantum num-
bers of the involved quark-antiquark pair. Starting from
the fundamental pion (kaon) state ⇡ (K), many rota-
tional states with ` = 1, 2, 3 (P,D, F ) can be constructed
[43, 44] which have been observed experimentally [45].
By changing n to two, the excited states ⇡(1300) and
K(1460) can be constructed. Due to the deep theoretical
understanding of quarks, all these mesons are considered
as composites instead of new fundamental particles.

Similarly, rotationally and vibrationally excited states
of magnetic polarons can be constructed in the t � Jz
model. They can be classified by the angular momentum
and radial quantum numbers ` and n of the spinon-holon
pair, as well as the spin � of the spinon. An important
di↵erence to mesons is that we consider a lattice model
where the usual angular momentum is not conserved.
But there still exist discrete rotational symmetries which
can be defined in the spinon reference frame.

To understand this, let us consider the Hilbert space
Hp of the parton theory introduced in this paper. As
illustrated in Fig. 1 (b), it can be described as a direct
product of the space of spinon positions on the square lat-
tice Hs and the space of string configurations H⌃ emerg-
ing from the spinon,

Hp = Hs ⌦ H⌃. (1)

The latter is equivalent to the Hilbert space of a sin-
gle particle hopping on a fractal Bethe lattice with four
bonds emerging from each site. We recognize a discrete
four-fold rotational symmetry Ĉ4 of the parton theory,
where the string configurations are cyclically permuted
around the spinon position, see Fig. 1 (b). Therefore we
can construct excited magnetic polaron states with non-
trivial eigenvalues ei⇡`/2 of Ĉ4 with ` = 1, 2, 3(P,D, F ),
which are analogous to the rotational excitations of
mesons. Similarly, there exist three-fold permutation
symmetries P̂3 in the parton theory corresponding to
cyclic permutations of the string configuration around
sites one lattice constant away from the spinon. This
leads to a second quantum number `0 = 0, 1, 2 required
to classify all excited states.
In Fig. 1 (c) we calculate the excitation energies of ro-

tational and vibrational states in the magnetic polaron
spectrum. We applied the linear string approximation,
where self-interactions of the string connecting spinon
and holon are neglected. It will be shown in the main
part of this paper, that this description is justified for
the low lying excited states of magnetic polarons in the
t � Jz model. In analogy with the meson resonances
listed in Table I B, we have labeled the eigenstates in
Fig. 1 (c) by their ro-vibrational quantum numbers. Sim-
ilar to the pion, the magnetic polaron corresponds to the
ground state 1S. The lowest excited states are given by
1P, 1D, 1F . In contrast to their high-energy analogues
[32], these states are degenerate because the moment of
inertia of the string is large. Depending on the ratio of
Jz/t, the next higher states correspond to a radial ex-
citation (2S), or a second rotational excitation (states
1`P, 1`D for ` = S, P,D, F ).
The parton theory of magnetic polarons provides an

approximate description over a wide range of energies at
low doping. This makes it an excellent starting point for
studying the transition to the pseudogap phase observed
in cuprates at higher hole concentration [3, 46, 47], be-
cause the e↵ective Hilbert space is not truncated to de-
scribe a putative low-energy sector of the theory. More-
over, the prediction of this paper – namely that a series of
rotationally excited magnetic polaron states exists – can
be directly probed experimentally. As will be discussed
in more detail, the capabilities of quantum gas micro-
scopes to directly observe ultracold atoms can be used to
study non-equilibrium dynamics of individual magnetic
polarons in the t� Jz and t� J models. We will demon-
strate that this allows a direct measurement of the fre-
quency of the first rotationally excited states of magnetic
polarons in the t� Jz model with current technology.

see e.g. Chiu et al., Science 365 (2019)
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theory starting from first principles, we show that the
spectrum of a t� Jz Hamiltonian with a single hole con-
tains a series of rotational and vibrational states which
are similar to meson resonances observed in high-energy
experiments. We also introduce a formalism allowing to
generalize our results to the t� J model.

Mesons can be understood as bound states of two
quarks and thus are most closely related to the mag-
netic polarons studied in this paper. The success of the
quark model in QCD goes far beyond an explanation of
the simplest mesons, including for example pions (⇡) and
kaons (K). Collider experiments that have been carried
out over many decades, have identified an ever growing
zoo of particles. Within the quark model, many of the
observed heavier mesons can be understood as excited
states of the fundamental mesons. Aside from the total
spin s, heavier mesons can be characterized by the or-
bital angular momentum ` of the quark anti-quark pair
[43] as well as the principle quantum number n describing
their radial excitations. In Table I B we show a selected
set of excited mesons, together with the quantum num-
bers of the involved quark-antiquark pair. Starting from
the fundamental pion (kaon) state ⇡ (K), many rota-
tional states with ` = 1, 2, 3 (P,D, F ) can be constructed
[43, 44] which have been observed experimentally [45].
By changing n to two, the excited states ⇡(1300) and
K(1460) can be constructed. Due to the deep theoretical
understanding of quarks, all these mesons are considered
as composites instead of new fundamental particles.

Similarly, rotationally and vibrationally excited states
of magnetic polarons can be constructed in the t � Jz
model. They can be classified by the angular momentum
and radial quantum numbers ` and n of the spinon-holon
pair, as well as the spin � of the spinon. An important
di↵erence to mesons is that we consider a lattice model
where the usual angular momentum is not conserved.
But there still exist discrete rotational symmetries which
can be defined in the spinon reference frame.

To understand this, let us consider the Hilbert space
Hp of the parton theory introduced in this paper. As
illustrated in Fig. 1 (b), it can be described as a direct
product of the space of spinon positions on the square lat-
tice Hs and the space of string configurations H⌃ emerg-
ing from the spinon,

Hp = Hs ⌦ H⌃. (1)

The latter is equivalent to the Hilbert space of a sin-
gle particle hopping on a fractal Bethe lattice with four
bonds emerging from each site. We recognize a discrete
four-fold rotational symmetry Ĉ4 of the parton theory,
where the string configurations are cyclically permuted
around the spinon position, see Fig. 1 (b). Therefore we
can construct excited magnetic polaron states with non-
trivial eigenvalues ei⇡`/2 of Ĉ4 with ` = 1, 2, 3(P,D, F ),
which are analogous to the rotational excitations of
mesons. Similarly, there exist three-fold permutation
symmetries P̂3 in the parton theory corresponding to
cyclic permutations of the string configuration around
sites one lattice constant away from the spinon. This
leads to a second quantum number `0 = 0, 1, 2 required
to classify all excited states.
In Fig. 1 (c) we calculate the excitation energies of ro-

tational and vibrational states in the magnetic polaron
spectrum. We applied the linear string approximation,
where self-interactions of the string connecting spinon
and holon are neglected. It will be shown in the main
part of this paper, that this description is justified for
the low lying excited states of magnetic polarons in the
t � Jz model. In analogy with the meson resonances
listed in Table I B, we have labeled the eigenstates in
Fig. 1 (c) by their ro-vibrational quantum numbers. Sim-
ilar to the pion, the magnetic polaron corresponds to the
ground state 1S. The lowest excited states are given by
1P, 1D, 1F . In contrast to their high-energy analogues
[32], these states are degenerate because the moment of
inertia of the string is large. Depending on the ratio of
Jz/t, the next higher states correspond to a radial ex-
citation (2S), or a second rotational excitation (states
1`P, 1`D for ` = S, P,D, F ).
The parton theory of magnetic polarons provides an

approximate description over a wide range of energies at
low doping. This makes it an excellent starting point for
studying the transition to the pseudogap phase observed
in cuprates at higher hole concentration [3, 46, 47], be-
cause the e↵ective Hilbert space is not truncated to de-
scribe a putative low-energy sector of the theory. More-
over, the prediction of this paper – namely that a series of
rotationally excited magnetic polaron states exists – can
be directly probed experimentally. As will be discussed
in more detail, the capabilities of quantum gas micro-
scopes to directly observe ultracold atoms can be used to
study non-equilibrium dynamics of individual magnetic
polarons in the t� Jz and t� J models. We will demon-
strate that this allows a direct measurement of the fre-
quency of the first rotationally excited states of magnetic
polarons in the t� Jz model with current technology.
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Figure 2: Regge trajectories for the low-lying mesons (figure from Bali, ref. [9]).

density σ per unit length, having a nearly massless quark at one end of the line, and a
nearly massless antiquark at the other. The quark and antiquark carry the flavor quantum
numbers of the system, and move at nearly the speed of light. For a straight line of length
L = 2R, whose ends rotate at the speed of light, the energy of the system is

m = E = 2
∫ R

0

σdr
√

1 − v2(r)

= 2
∫ R

0

σdr
√

1 − r2/R2

= πσR (5)

while the angular momentum is

J = 2
∫ R

0

σrv(r)dr
√

1 − v2(r)

=
2

R

∫ R

0

σr2dr
√

1 − r2/R2

=
1

2
πσR2 (6)

Comparing m and J , we find that

J =
m2

2πσ
(7)

which means that this very simple model has caught the essential feature, namely, a linear
relationship between m2 and J . From the particle data, the slope of the Regge trajectories

6

> rigid rotor model:
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Understanding the nature of charge carriers in doped Mott insulators holds the key to unravelling
puzzling properties of strongly correlated electron systems, including cuprate superconductors. Several
theoretical models suggested that dopants can be understood as bound states of partons, the analogues of
quarks in high-energy physics. However, direct signatures of spinon-chargon bound states are lacking, both
in experiment and theory. Here we propose a rotational variant of angle-resolved photo-emission
spectroscopy (ARPES) and calculate rotational spectra numerically using the density-matrix renormaliza-
tion group. We identify long-lived rotational resonances for an individual dopant, which we interpret as a
direct indicator of the microscopic structure of spinon-chargon bound states. Similar to Regge trajectories
reflecting the quark structure of mesons, we establish a linear dependence of the rotational energy on the
superexchange coupling. The rotational peaks we find are strongly suppressed in standard ARPES spectra,
but we suggest a multiphoton extension of ARPES which allows us to access rotational spectra. Our
findings suggest that multiphoton spectroscopy experiments should provide new insights into emergent
universal features of strongly correlated electron systems.

DOI: 10.1103/PhysRevLett.127.197004

Introduction.—Our understanding of strongly correlated
quantum matter often involves new emergent structures. For
example, emergent gauge fields play a central role for
understanding quantum spin liquids [1], and spin-charge
separation in the one-dimensional Hubbard model can be
related to the fractionalization of fermions into deconfined
spinons and chargons [2–4]. The fate of those partons in
dimensions higher than 1, which is a topic addressed in this
Letter, remains unresolved. Theoretically and experimen-
tally, one faces similar problems as in high-energy physics:
the mathematical models are too challenging to solve and
signatures of parton formation are often indirect or buried in
complex observables. In this Letterwe draw analogies to high
energy physics and report on unambiguous signatures for
parton structures in the two-dimensional (2D) t − J model.
In quantum chromodynamics it is well established that

directly observable nucleons are not the most elementary
constituents of matter. The quark model explains the larger
class of mesons and baryons as composite objects consisting
of two or three valence quarks. A smoking gun demonstra-
tion of the quark model was its ability to explain many
additional resonances observed in collider experiments as
rovibrational excitations of the fundamental parton configu-
rations. In the quark model, many heavy mesons are thus
understood as excited states of the fundamental mesons:
they contain the same quark content but realize a higher

vibrational state or have nonzero orbital angular momentum
[5,6]. A hallmark signature of rotational mesons comes from
analysis of their excitation energy. In a simplistic model, a
meson can be described as a rigid linelike object with
constant energy density per unit length, also known as
“string tension.” The relativistic expression for the energy
of a rotating meson of this type scales linearly with the string
tension andwith the square root of its angularmomentum[7].
The latter relation, known as the Regge trajectory, can be
directly probed in collider experiments and has been
observed experimentally [8]. It provides a strong indication
that the observed mesons are bound states of partons.
An idea almost as old as the problem of high-Tc super-

conductivity itself comprises that strongly correlated elec-
trons in these systems may be ruled by similar principles as
high-energy physics [9]. In analogy with quark confinement,
Béran et al. suggested a description of a hole doped into a 2D
antiferromagnet (AFM) in terms of a composite quasiparti-
cle, consisting of two partons—a chargon, carrying the
charge quantum number and a spinon, carrying the spin
quantum number—bound together by “an interaction obey-
ing a string law” [10]. However, finding direct experimental
or theoretical signatures for such structure has proven to be
difficult. In angle resolved photoemission spectra (ARPES)
no sign of rotational resonances has been seen, and the nature
of a possible first vibrational excitation is debated [11–15].

PHYSICAL REVIEW LETTERS 127, 197004 (2021)

0031-9007=21=127(19)=197004(6) 197004-1 © 2021 American Physical Society

Bohrdt et al., PRL 127 (2021)

— conventional ARPES
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quantum matter often involves new emergent structures. For
example, emergent gauge fields play a central role for
understanding quantum spin liquids [1], and spin-charge
separation in the one-dimensional Hubbard model can be
related to the fractionalization of fermions into deconfined
spinons and chargons [2–4]. The fate of those partons in
dimensions higher than 1, which is a topic addressed in this
Letter, remains unresolved. Theoretically and experimen-
tally, one faces similar problems as in high-energy physics:
the mathematical models are too challenging to solve and
signatures of parton formation are often indirect or buried in
complex observables. In this Letterwe draw analogies to high
energy physics and report on unambiguous signatures for
parton structures in the two-dimensional (2D) t − J model.
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tion of the quark model was its ability to explain many
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rations. In the quark model, many heavy mesons are thus
understood as excited states of the fundamental mesons:
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[5,6]. A hallmark signature of rotational mesons comes from
analysis of their excitation energy. In a simplistic model, a
meson can be described as a rigid linelike object with
constant energy density per unit length, also known as
“string tension.” The relativistic expression for the energy
of a rotating meson of this type scales linearly with the string
tension andwith the square root of its angularmomentum[7].
The latter relation, known as the Regge trajectory, can be
directly probed in collider experiments and has been
observed experimentally [8]. It provides a strong indication
that the observed mesons are bound states of partons.
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conductivity itself comprises that strongly correlated elec-
trons in these systems may be ruled by similar principles as
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Lattice modulation spectroscopy
Kendrick et al., arXiv:2509.18075 — Greiner lab

tμ(t) = t [1 + A cos(ωt + ϕμ)]

in-phase out-of-phaseBermes et al., in prep.
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From microscopic…

Complicated Hamiltonian

Ĥt�J = ...
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Theories of partons: Anderson’s RVB 
picture (doubted)



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

50

From microscopic…

Complicated Hamiltonian
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Theories of partons: Anderson’s RVB 
picture (doubted)

Striking signatures of confinement in weakly doped 
models of high-Tc superconductors!
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From the standard model…
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From the standard model… … to hadrons
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PART 2.II: Two-hole excitations 
— Pairing & Feshbach hypothesis
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Meson structure of magnetic polarons:

Movement of the hole distorts the Neel state 
— spin is carried by distortion!

Hole is bound to the fractional spin (spinon) 
at end of string (2D)!

Fractional spin excitation!
+

Bulaevskii et al., JETP 27 (1968),  Trugman, PRB 37 (1988) 
Manousakis, PRB 75 (2007, Kane et al., PRB 39 (1989)

Grusdt et al., PRX 8 (2018) 
Grusdt et al., PRB 99 (2019)

Bohrdt et al., PRB 102 (2020)  
Bohrdt et al., PRL 127 (2021)

Spinon-chargon (sc)2 Cooper pair

Pair of type I  = 
(sc)2
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Meson structure of pairs:

Shraiman & Siggia, PRL 60 (1988) Bohrdt et al., Nat. Phys. 18 (2022)

+Two hole excitations

Bohrdt et al., Nat. Comm. 14 (2023) Grusdt et al., SciPost Phys. 14, 090 (2023)
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Meson structure of pairs:

Shraiman & Siggia, PRL 60 (1988) Bohrdt et al., Nat. Phys. 18 (2022)

+Two hole excitations

Hole motion generates string

Bohrdt et al., Nat. Comm. 14 (2023) Grusdt et al., SciPost Phys. 14, 090 (2023)
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Meson structure of pairs:

Shraiman & Siggia, PRL 60 (1988) Bohrdt et al., Nat. Phys. 18 (2022)

One hole is bound to another hole at end of string (2D)

+Two hole excitations

Hole motion generates string

Bohrdt et al., Nat. Comm. 14 (2023) Grusdt et al., SciPost Phys. 14, 090 (2023)
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Meson structure of pairs:

Shraiman & Siggia, PRL 60 (1988) Bohrdt et al., Nat. Phys. 18 (2022)

One hole is bound to another hole at end of string (2D)

+Two hole excitations

Hole motion generates string

Bohrdt et al., Nat. Comm. 14 (2023) Grusdt et al., SciPost Phys. 14, 090 (2023)

Chargon-chargon (cc) meson

Pair of type II  = 
chargon – 

chargon (cc)



Fabian Grusdt Benasque, 02/2026

Strong coupling theory

55

From microscopic…

Complicated Hamiltonian

Ĥt�J = ...
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From microscopic…
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Strong coupling theory

T ∼ U

AFM stripes
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metal

MI
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1.0
hole doping δ

T ∼ J

T ∼ 0.2J
d-SC

t′￼ = 0

Validity of the parton picture

Bohrdt et al., PRB 102 (2020) 
Homeier et al., arXiv:2312.02982

Béran et al., Nuc. Phys. B 473 (1996)

chargon – 
chargon (cc)

<latexit sha1_base64="cyLfcIPws2Uv4XaQ3LDHJrtnirc=">AAACSnicbVDJTgJBFOxBVMQF0KOXicTEE5kxbkeiF4+YyJIAkjfNG+jQs6T7jZFM+BKv+jf+gL/hzXixWQ4CVtJJpd7S9cqLpdDkOJ9WZiO7ubWd28nv7u0fFIqlw4aOEsWxziMZqZYHGqUIsU6CJLZihRB4Epve6G5abz6j0iIKH2kcYzeAQSh8wYGM1CsWOkOg1Js8dfowGKDqFctOxZnBXifugpTZArVeySp3+hFPAgyJS9C67ToxdVNQJLjESb6TaIyBj2CAbUNDCFB305nziX1qlL7tR8q8kOyZ+ncihUDrceCZzgBoqFdrU/Hf2lRR2tdL/6eeghHSihZM8gZLNsm/6aYijBPCkM9d+om0KbKnGdp9oZCTHBsCXAlzqM2HoICTSXpp+cv8zryJ1V0NcZ00zivuVeXy4aJcvV0EnGPH7ISdMZddsyq7ZzVWZ5wl7JW9sXfrw/qyvq2feWvGWswcsSVksr/kcbKR</latexit>

b̂†

Te
tr
a-
pa

rt
on

(sc)2

⇡̂†
"⇡̂

†
#

<latexit sha1_base64="tty3Ebsq3SGfW08rWL86+9CKy9w=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWaqUJdFNy4r2Ad0armTZqahmcyQZCxl6Ke48VfcuFBEd/o1po+Ftj0QOJxzDzf3+AlnSjvOt5VbW9/Y3MpvF3Z29/YP7MOjhopTSWidxDyWLR8U5UzQumaa01YiKUQ+p01/cDPxm49UKhaLez1KaCeCULCAEdBG6toVrw868xI2fvB6EIZUdr00ASnjIV5h9eKhmJpdu+iUnCnwMnHnpIjmqHXtLxMmaUSFJhyUartOojsZSM0Ip+OClyqaABlASNuGCoio6mTTA8f4zCg9HMTSPKHxVP2byCBSahT5ZjIC3VeL3kRc5bVTHVx1MiaSVFNBZouClGMd40lbuMckJZqPDAEimfkrJn2QQLTptGBKcBdPXiaNcsm9KJXvLovV63kdeXSCTtE5clEFVdEtqqE6IugJvaA39G49W6/Wh/U5G81Z88wx+gfr5xfAxKUy</latexit>

Emergent hadronic constituents

M
es
on

s

spinon – 
chargon (sc)

<latexit sha1_base64="XjH8GPCYcf8Qm44TRt8gdZBXheY=">AAACU3icbVBNS8NAEN3E7/rV6kXwEiyCp5KIX0fRi0cFq4KpZbKdpEt3k7A7EUuov8ar/hsP/hYvbj8Otvpg4fHezOzMi3IpDPn+l+POzS8sLi2vVFbX1jc2q7WtO5MVmmOTZzLTDxEYlCLFJgmS+JBrBBVJvI96l0P//hm1EVl6S/0cWwqSVMSCA1mpXd0Ju0BlmIvBU9iBJEHdDo1IFLSrdb/hj+D9JcGE1NkE1+2aUw87GS8UpsQlGPMY+Dm1StAkuMRBJSwM5sB7kOCjpSkoNK1ydMLA27dKx4szbV9K3kj93VGCMqavIlupgLpm1huK/3pDRZvYTP1fRhp6SDOaGlQsptak+KxVijQvCFM+3jIupEeZNwzT6wiNnGTfEuBa2EM93gUNnGzkU8NfxndWbKzBbIh/yd1hIzhpHN8c1c8vJgEvs122xw5YwE7ZObti16zJOHtlb+ydfTifzrfruvPjUteZ9GyzKbjrP93DtIw=</latexit>

⇡̂†
�

magnon (ss)

â†
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Two-hole spectroscopy:
Pair Green's function:operator, we now consider the rotational Green’s function
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which we calculate using time-dependent matrix product states15–17.
The corresponding two-hole rotational spectrum, #π#1ImGðm4"

rot ðk,ω",
in Lehmann representation is

Aðm4"
rot ðk,ω"=

X

n
δ ω# En + E

0
0

$ %
Ψn
! ""Δ̂

ðs"
m4

ðk" Ψ0
0

"""
E"""
"""
2
, ð6"

where jΨ0
0i (E

0
0) is the ground state (energy) of the undoped system
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(En) are the eigenstates (eigenenergies) with two holes.

The two-hole rotational spectral function defined above is closely
related to the dynamical pairing correlations frequently considered in
the literature8,18,19,
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ð j". Here, however, we consider the fullmomentum
dependence of the pairing correlations, which enables direct insights
into the center-of-mass dispersion of pairs of charge carriers.

The resulting rotational spectra thus directly probe the existence
of bound states and their internal structure: If a bound state of two
holes with long-lived rotational excitations exists, the rotational
spectra should exhibit well-defined coherent peaks. If on the other
hand, such bound states do not exist, the excitationwith the rotational
operator Δ̂m4

ðk" will lead to a broad continuum in the corresponding
spectral function.

In Fig. 1b, we show the two-hole spectral function with angular
momentum, i.e.,m4 = 0 (s-wave) andm4 = 2 (d-wave) for the t−Jmodel

for momenta 0 ≤ kx ≤ π and ky =π and ky =0, respectively. We find a
well-defined coherent peak at low energies for all momenta, indicating
the existence of a bound state. The spectrum furthermore reveals a
plethoraof different features, including ahighlydispersive band (black
line, s-wave excitation) as well as bands with a dispersion proportional
to the spin-exchange J (gray dashed lines, d-wave excitation). At
momentum k = (π, π), the spectral weight vanishes for all energies for
the s-wave excitation since Δ̂

ðs"
0 ðk = ðπ,π""=0.

In order to gain a deeper understanding of these intriguing
results, we take a step back and analyze the conceptually simpler t−Jz
model in the following section.

The t−XXZ model
We now consider a modification of the t−J model, where the SU(2)
invariant spin interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J⊥ and Jz:
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x
j + Ŝ
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In the limit of J⊥≪ Jz, also called the t−Jz model, the lack of spin
dynamics facilitates our theoretical understanding. Experimentally,
the anisotropic interactions can for example be realized by employing
Rydberg interactions20,21 or using ultracold molecules in tweezer
arrays21.

Remarkably, the two-hole spectral function, Fig. 2, exhibits a
highlydispersive peakwith amass proportional to 1/t, best identified at
ky =π (bottom panel); I.e., we find a long-lived, tightly bound state of
two holes, which canmove as fast as the hole hopping t. This is in stark
contrast to the case of a single hole in the samemodel, whichhas a very
high effective mass≫ 1/t and thus an almost flat dispersion22, since it
can only move due to Trugman loops23, which are higher-order
processes.

In Fig. 3, we further analyze the scaling of the mass of the pair by
analyzing the position Δωmax of the lowest energy peak at ky =π as a
function of kx for different values of t/Jz = 1, 2, 3 and J⊥/Jz = 0.1. Note that
the frequency Δωmax is defined relative to the energy of the highly

Fig. 2 | Two-hole rotational spectra in the t−XXZmodel for t/Jz = 3 and J⊥/Jz =0.1
on a 40 ×4 cylinder, based on time evolution up to Tmax/Jz = 10 and bond
dimension χ = 600. The colormap corresponds to numerical matrix product state
simulations of the singlet two-hole rotational spectrum, blue lines are geometric
string theory predictions for the position of states (all shifted by −0.35Jz), and the
black line is a cosine fit. The upper (lower) plot corresponds to ky =0 (ky =π) at
m4 = 2, d-wave (m4 = 0, s-wave), and data are shown as a function of momentum kx
and frequencyω/Jz. In the toppanel, the overall ground state energy for twoholes is
marked by orange circles for ky =0, and the green dashed line corresponds to twice
the energy of a single hole (indicating a small pairing gap on the order of Jz).

Fig. 3 | Strongly dispersive pair state in the t−XXZmodel for t/Jz = 1, 2, 3 and J⊥/
Jz =0.1, 1.0 and m4 = 0 (s-wave). The symbols correspond to the position of the
lowest energy peak at ky =π extracted from numerical matrix product state simu-
lations of the singlet two-hole rotational spectrum. Yellow crosses correspond to
the isotropic case, Jz = J⊥ = J with t/J = 3. All data points are shifted vertically to
collapse at kx =0. The blue dashed lines are geometric string theory predictions for
the position of the strongly dispersing states. The black line is a cosine fit,
0:62 cosðkx"+0:72, to the extracted peak positions for t/Jz = 3, J⊥/Jz =0.1.
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operator Δ̂m4
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spectral function.
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for momenta 0 ≤ kx ≤ π and ky =π and ky =0, respectively. We find a
well-defined coherent peak at low energies for all momenta, indicating
the existence of a bound state. The spectrum furthermore reveals a
plethoraof different features, including ahighlydispersive band (black
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to the spin-exchange J (gray dashed lines, d-wave excitation). At
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In order to gain a deeper understanding of these intriguing
results, we take a step back and analyze the conceptually simpler t−Jz
model in the following section.

The t−XXZ model
We now consider a modification of the t−J model, where the SU(2)
invariant spin interactions are replaced by in-plane and Ising-type spin
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In the limit of J⊥≪ Jz, also called the t−Jz model, the lack of spin
dynamics facilitates our theoretical understanding. Experimentally,
the anisotropic interactions can for example be realized by employing
Rydberg interactions20,21 or using ultracold molecules in tweezer
arrays21.

Remarkably, the two-hole spectral function, Fig. 2, exhibits a
highlydispersive peakwith amass proportional to 1/t, best identified at
ky =π (bottom panel); I.e., we find a long-lived, tightly bound state of
two holes, which canmove as fast as the hole hopping t. This is in stark
contrast to the case of a single hole in the samemodel, whichhas a very
high effective mass≫ 1/t and thus an almost flat dispersion22, since it
can only move due to Trugman loops23, which are higher-order
processes.

In Fig. 3, we further analyze the scaling of the mass of the pair by
analyzing the position Δωmax of the lowest energy peak at ky =π as a
function of kx for different values of t/Jz = 1, 2, 3 and J⊥/Jz = 0.1. Note that
the frequency Δωmax is defined relative to the energy of the highly

Fig. 2 | Two-hole rotational spectra in the t−XXZmodel for t/Jz = 3 and J⊥/Jz =0.1
on a 40 ×4 cylinder, based on time evolution up to Tmax/Jz = 10 and bond
dimension χ = 600. The colormap corresponds to numerical matrix product state
simulations of the singlet two-hole rotational spectrum, blue lines are geometric
string theory predictions for the position of states (all shifted by −0.35Jz), and the
black line is a cosine fit. The upper (lower) plot corresponds to ky =0 (ky =π) at
m4 = 2, d-wave (m4 = 0, s-wave), and data are shown as a function of momentum kx
and frequencyω/Jz. In the toppanel, the overall ground state energy for twoholes is
marked by orange circles for ky =0, and the green dashed line corresponds to twice
the energy of a single hole (indicating a small pairing gap on the order of Jz).

Fig. 3 | Strongly dispersive pair state in the t−XXZmodel for t/Jz = 1, 2, 3 and J⊥/
Jz =0.1, 1.0 and m4 = 0 (s-wave). The symbols correspond to the position of the
lowest energy peak at ky =π extracted from numerical matrix product state simu-
lations of the singlet two-hole rotational spectrum. Yellow crosses correspond to
the isotropic case, Jz = J⊥ = J with t/J = 3. All data points are shifted vertically to
collapse at kx =0. The blue dashed lines are geometric string theory predictions for
the position of the strongly dispersing states. The black line is a cosine fit,
0:62 cosðkx"+0:72, to the extracted peak positions for t/Jz = 3, J⊥/Jz =0.1.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as
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with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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#kÞ=
X
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ffiffiffiffi
V

p Δ̂
#sÞ
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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— pair creation:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
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as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
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replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji
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angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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which we calculate using time-dependent matrix product states15–17.
The corresponding two-hole rotational spectrum, #π#1ImGðm4"
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in Lehmann representation is
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where jΨ0
0i (E

0
0) is the ground state (energy) of the undoped system

and Ψn

"" #
(En) are the eigenstates (eigenenergies) with two holes.

The two-hole rotational spectral function defined above is closely
related to the dynamical pairing correlations frequently considered in
the literature8,18,19,
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where Δ̂
ðs"
m4

=
P

jΔ̂
ðs"
m4

ð j". Here, however, we consider the fullmomentum
dependence of the pairing correlations, which enables direct insights
into the center-of-mass dispersion of pairs of charge carriers.

The resulting rotational spectra thus directly probe the existence
of bound states and their internal structure: If a bound state of two
holes with long-lived rotational excitations exists, the rotational
spectra should exhibit well-defined coherent peaks. If on the other
hand, such bound states do not exist, the excitationwith the rotational
operator Δ̂m4

ðk" will lead to a broad continuum in the corresponding
spectral function.

In Fig. 1b, we show the two-hole spectral function with angular
momentum, i.e.,m4 = 0 (s-wave) andm4 = 2 (d-wave) for the t−Jmodel

for momenta 0 ≤ kx ≤ π and ky =π and ky =0, respectively. We find a
well-defined coherent peak at low energies for all momenta, indicating
the existence of a bound state. The spectrum furthermore reveals a
plethoraof different features, including ahighlydispersive band (black
line, s-wave excitation) as well as bands with a dispersion proportional
to the spin-exchange J (gray dashed lines, d-wave excitation). At
momentum k = (π, π), the spectral weight vanishes for all energies for
the s-wave excitation since Δ̂

ðs"
0 ðk = ðπ,π""=0.

In order to gain a deeper understanding of these intriguing
results, we take a step back and analyze the conceptually simpler t−Jz
model in the following section.

The t−XXZ model
We now consider a modification of the t−J model, where the SU(2)
invariant spin interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J⊥ and Jz:
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In the limit of J⊥≪ Jz, also called the t−Jz model, the lack of spin
dynamics facilitates our theoretical understanding. Experimentally,
the anisotropic interactions can for example be realized by employing
Rydberg interactions20,21 or using ultracold molecules in tweezer
arrays21.

Remarkably, the two-hole spectral function, Fig. 2, exhibits a
highlydispersive peakwith amass proportional to 1/t, best identified at
ky =π (bottom panel); I.e., we find a long-lived, tightly bound state of
two holes, which canmove as fast as the hole hopping t. This is in stark
contrast to the case of a single hole in the samemodel, whichhas a very
high effective mass≫ 1/t and thus an almost flat dispersion22, since it
can only move due to Trugman loops23, which are higher-order
processes.

In Fig. 3, we further analyze the scaling of the mass of the pair by
analyzing the position Δωmax of the lowest energy peak at ky =π as a
function of kx for different values of t/Jz = 1, 2, 3 and J⊥/Jz = 0.1. Note that
the frequency Δωmax is defined relative to the energy of the highly

Fig. 2 | Two-hole rotational spectra in the t−XXZmodel for t/Jz = 3 and J⊥/Jz =0.1
on a 40 ×4 cylinder, based on time evolution up to Tmax/Jz = 10 and bond
dimension χ = 600. The colormap corresponds to numerical matrix product state
simulations of the singlet two-hole rotational spectrum, blue lines are geometric
string theory predictions for the position of states (all shifted by −0.35Jz), and the
black line is a cosine fit. The upper (lower) plot corresponds to ky =0 (ky =π) at
m4 = 2, d-wave (m4 = 0, s-wave), and data are shown as a function of momentum kx
and frequencyω/Jz. In the toppanel, the overall ground state energy for twoholes is
marked by orange circles for ky =0, and the green dashed line corresponds to twice
the energy of a single hole (indicating a small pairing gap on the order of Jz).

Fig. 3 | Strongly dispersive pair state in the t−XXZmodel for t/Jz = 1, 2, 3 and J⊥/
Jz =0.1, 1.0 and m4 = 0 (s-wave). The symbols correspond to the position of the
lowest energy peak at ky =π extracted from numerical matrix product state simu-
lations of the singlet two-hole rotational spectrum. Yellow crosses correspond to
the isotropic case, Jz = J⊥ = J with t/J = 3. All data points are shifted vertically to
collapse at kx =0. The blue dashed lines are geometric string theory predictions for
the position of the strongly dispersing states. The black line is a cosine fit,
0:62 cosðkx"+0:72, to the extracted peak positions for t/Jz = 3, J⊥/Jz =0.1.
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Rotational excitations:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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— pair creation:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
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eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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which we calculate using time-dependent matrix product states15–17.
The corresponding two-hole rotational spectrum, #π#1ImGðm4"
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in Lehmann representation is
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0) is the ground state (energy) of the undoped system
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(En) are the eigenstates (eigenenergies) with two holes.

The two-hole rotational spectral function defined above is closely
related to the dynamical pairing correlations frequently considered in
the literature8,18,19,
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ð j". Here, however, we consider the fullmomentum
dependence of the pairing correlations, which enables direct insights
into the center-of-mass dispersion of pairs of charge carriers.

The resulting rotational spectra thus directly probe the existence
of bound states and their internal structure: If a bound state of two
holes with long-lived rotational excitations exists, the rotational
spectra should exhibit well-defined coherent peaks. If on the other
hand, such bound states do not exist, the excitationwith the rotational
operator Δ̂m4

ðk" will lead to a broad continuum in the corresponding
spectral function.

In Fig. 1b, we show the two-hole spectral function with angular
momentum, i.e.,m4 = 0 (s-wave) andm4 = 2 (d-wave) for the t−Jmodel

for momenta 0 ≤ kx ≤ π and ky =π and ky =0, respectively. We find a
well-defined coherent peak at low energies for all momenta, indicating
the existence of a bound state. The spectrum furthermore reveals a
plethoraof different features, including ahighlydispersive band (black
line, s-wave excitation) as well as bands with a dispersion proportional
to the spin-exchange J (gray dashed lines, d-wave excitation). At
momentum k = (π, π), the spectral weight vanishes for all energies for
the s-wave excitation since Δ̂

ðs"
0 ðk = ðπ,π""=0.

In order to gain a deeper understanding of these intriguing
results, we take a step back and analyze the conceptually simpler t−Jz
model in the following section.

The t−XXZ model
We now consider a modification of the t−J model, where the SU(2)
invariant spin interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J⊥ and Jz:
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In the limit of J⊥≪ Jz, also called the t−Jz model, the lack of spin
dynamics facilitates our theoretical understanding. Experimentally,
the anisotropic interactions can for example be realized by employing
Rydberg interactions20,21 or using ultracold molecules in tweezer
arrays21.

Remarkably, the two-hole spectral function, Fig. 2, exhibits a
highlydispersive peakwith amass proportional to 1/t, best identified at
ky =π (bottom panel); I.e., we find a long-lived, tightly bound state of
two holes, which canmove as fast as the hole hopping t. This is in stark
contrast to the case of a single hole in the samemodel, whichhas a very
high effective mass≫ 1/t and thus an almost flat dispersion22, since it
can only move due to Trugman loops23, which are higher-order
processes.

In Fig. 3, we further analyze the scaling of the mass of the pair by
analyzing the position Δωmax of the lowest energy peak at ky =π as a
function of kx for different values of t/Jz = 1, 2, 3 and J⊥/Jz = 0.1. Note that
the frequency Δωmax is defined relative to the energy of the highly

Fig. 2 | Two-hole rotational spectra in the t−XXZmodel for t/Jz = 3 and J⊥/Jz =0.1
on a 40 ×4 cylinder, based on time evolution up to Tmax/Jz = 10 and bond
dimension χ = 600. The colormap corresponds to numerical matrix product state
simulations of the singlet two-hole rotational spectrum, blue lines are geometric
string theory predictions for the position of states (all shifted by −0.35Jz), and the
black line is a cosine fit. The upper (lower) plot corresponds to ky =0 (ky =π) at
m4 = 2, d-wave (m4 = 0, s-wave), and data are shown as a function of momentum kx
and frequencyω/Jz. In the toppanel, the overall ground state energy for twoholes is
marked by orange circles for ky =0, and the green dashed line corresponds to twice
the energy of a single hole (indicating a small pairing gap on the order of Jz).

Fig. 3 | Strongly dispersive pair state in the t−XXZmodel for t/Jz = 1, 2, 3 and J⊥/
Jz =0.1, 1.0 and m4 = 0 (s-wave). The symbols correspond to the position of the
lowest energy peak at ky =π extracted from numerical matrix product state simu-
lations of the singlet two-hole rotational spectrum. Yellow crosses correspond to
the isotropic case, Jz = J⊥ = J with t/J = 3. All data points are shifted vertically to
collapse at kx =0. The blue dashed lines are geometric string theory predictions for
the position of the strongly dispersing states. The black line is a cosine fit,
0:62 cosðkx"+0:72, to the extracted peak positions for t/Jz = 3, J⊥/Jz =0.1.
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Rotational excitations:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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ĉyi,σ ĉj,σ +h:c:
! "

P̂ +

+ J
P
hi, ji
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:
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z
i Ŝz
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In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the

The t-XXZ model:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
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V

p Δ̂
#sÞ
m4
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
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V

p Δ̂
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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Strong coupling theory

Two-hole spectroscopy:
Pair Green's function:operator, we now consider the rotational Green’s function
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which we calculate using time-dependent matrix product states15–17.
The corresponding two-hole rotational spectrum, #π#1ImGðm4"

rot ðk,ω",
in Lehmann representation is
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0
0) is the ground state (energy) of the undoped system

and Ψn

"" #
(En) are the eigenstates (eigenenergies) with two holes.

The two-hole rotational spectral function defined above is closely
related to the dynamical pairing correlations frequently considered in
the literature8,18,19,
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where Δ̂
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m4

=
P

jΔ̂
ðs"
m4

ð j". Here, however, we consider the fullmomentum
dependence of the pairing correlations, which enables direct insights
into the center-of-mass dispersion of pairs of charge carriers.

The resulting rotational spectra thus directly probe the existence
of bound states and their internal structure: If a bound state of two
holes with long-lived rotational excitations exists, the rotational
spectra should exhibit well-defined coherent peaks. If on the other
hand, such bound states do not exist, the excitationwith the rotational
operator Δ̂m4

ðk" will lead to a broad continuum in the corresponding
spectral function.

In Fig. 1b, we show the two-hole spectral function with angular
momentum, i.e.,m4 = 0 (s-wave) andm4 = 2 (d-wave) for the t−Jmodel

for momenta 0 ≤ kx ≤ π and ky =π and ky =0, respectively. We find a
well-defined coherent peak at low energies for all momenta, indicating
the existence of a bound state. The spectrum furthermore reveals a
plethoraof different features, including ahighlydispersive band (black
line, s-wave excitation) as well as bands with a dispersion proportional
to the spin-exchange J (gray dashed lines, d-wave excitation). At
momentum k = (π, π), the spectral weight vanishes for all energies for
the s-wave excitation since Δ̂

ðs"
0 ðk = ðπ,π""=0.

In order to gain a deeper understanding of these intriguing
results, we take a step back and analyze the conceptually simpler t−Jz
model in the following section.

The t−XXZ model
We now consider a modification of the t−J model, where the SU(2)
invariant spin interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J⊥ and Jz:
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In the limit of J⊥≪ Jz, also called the t−Jz model, the lack of spin
dynamics facilitates our theoretical understanding. Experimentally,
the anisotropic interactions can for example be realized by employing
Rydberg interactions20,21 or using ultracold molecules in tweezer
arrays21.

Remarkably, the two-hole spectral function, Fig. 2, exhibits a
highlydispersive peakwith amass proportional to 1/t, best identified at
ky =π (bottom panel); I.e., we find a long-lived, tightly bound state of
two holes, which canmove as fast as the hole hopping t. This is in stark
contrast to the case of a single hole in the samemodel, whichhas a very
high effective mass≫ 1/t and thus an almost flat dispersion22, since it
can only move due to Trugman loops23, which are higher-order
processes.

In Fig. 3, we further analyze the scaling of the mass of the pair by
analyzing the position Δωmax of the lowest energy peak at ky =π as a
function of kx for different values of t/Jz = 1, 2, 3 and J⊥/Jz = 0.1. Note that
the frequency Δωmax is defined relative to the energy of the highly

Fig. 2 | Two-hole rotational spectra in the t−XXZmodel for t/Jz = 3 and J⊥/Jz =0.1
on a 40 ×4 cylinder, based on time evolution up to Tmax/Jz = 10 and bond
dimension χ = 600. The colormap corresponds to numerical matrix product state
simulations of the singlet two-hole rotational spectrum, blue lines are geometric
string theory predictions for the position of states (all shifted by −0.35Jz), and the
black line is a cosine fit. The upper (lower) plot corresponds to ky =0 (ky =π) at
m4 = 2, d-wave (m4 = 0, s-wave), and data are shown as a function of momentum kx
and frequencyω/Jz. In the toppanel, the overall ground state energy for twoholes is
marked by orange circles for ky =0, and the green dashed line corresponds to twice
the energy of a single hole (indicating a small pairing gap on the order of Jz).

Fig. 3 | Strongly dispersive pair state in the t−XXZmodel for t/Jz = 1, 2, 3 and J⊥/
Jz =0.1, 1.0 and m4 = 0 (s-wave). The symbols correspond to the position of the
lowest energy peak at ky =π extracted from numerical matrix product state simu-
lations of the singlet two-hole rotational spectrum. Yellow crosses correspond to
the isotropic case, Jz = J⊥ = J with t/J = 3. All data points are shifted vertically to
collapse at kx =0. The blue dashed lines are geometric string theory predictions for
the position of the strongly dispersing states. The black line is a cosine fit,
0:62 cosðkx"+0:72, to the extracted peak positions for t/Jz = 3, J⊥/Jz =0.1.
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Rotational excitations:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4

# jÞ #4Þ

with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:
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In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the

The t-XXZ model:

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
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V

p Δ̂
#sÞ
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X
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eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
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j
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p Δ̂
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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Signatures of cc pairs:
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Supplementary Figure 2. Comparison of p-wave spectra to geometric string theory prediction, [1], left, to numerically
calculated spectra (right), for the t�Jz model with t/Jz = 3, � = 600, time evolution up to Tmax/Jz = 10, on a 40⇥4 cylinder.
Top, middle, bottom plots correspond to momentum ky = 0,⇡/2,⇡, respectively.

ky = 0

ky = π /2
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ky = 0

ky = π /2

ky = π

Supplementary Figure 3. Comparison of d-wave spectra to geometric string theory prediction, [1], left, to numerically
calculated spectra (right), for the t�Jz model with t/Jz = 3, � = 600, time evolution up to Tmax/Jz = 10, on a 40⇥4 cylinder.
Top, middle, bottom plots correspond to momentum ky = 0,⇡/2,⇡, respectively.

tend our time signal beyond the computationally acces-
sible regime [12]. Finally, the time signal is multiplied
by a Gaussian envelope w(t) = exp

⇥
�0.5(t�!)2

⇤
, where

�! = �/Tmax. The Fourier transformed signal, i.e. the
resulting spectral function, is shown for di↵erent choices

of the width of the Gaussian envelope in Supplementary
Fig. 6.
As can be seen in Supplementary Fig. 6, the finite evo-

lution time leads to some artifacts in the Fourier trans-
formed signal, in particular some negative values of the

— string theory — DMRG

t-Jz model, d-wave pairing
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Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 

Models and Known Phases:

Check out the paper [1]

Characterizing Pairs: Outlook:

Comparing Models and  System-Sizes:

Comparing Models:
interpolate between the FH and t-J mod-
els for detailed understanding 
find no qualitative differences – both 
models support both pair configurations 
quantitative differences are captured by 
the singlet-hopping term often omitted 
from the t-J model 
doublon-hole fluctuations make the 
Fermi-Hubbard model harder to 
                                study

local pairing 
+AFM

pairing 
+stripes stripes

tightly bound stripe likecoexistence
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Ĥt−J = − t ∑
⟨i,j⟩,σ

( ̂c†
i,σ ̂cj,σ + H . c.) + J∑

⟨i,j⟩ (Ŝi ⋅ Ŝj −
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study the ground states of the two models with exactly 
two dopants on a 6x12 cylinder (DMRG) 
find bound pairs in two distinct configurations, depend-
ing on on :t′ 

two microscopic models capture key aspects of 
the cuprate phase diagram:

Ground-state  scan in a 8x50 lattice using DMRG [4]t′ 

Schematic cuprate phase diagram [2]

Consistent Features:
extended AFM and uniform-density SC on the 
electron-doped side
stripes competing/coexisting with SC on the 
hole-doped side

Microscopic mod-
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more detailed insights via the 4-point correlation function 
 

directly examine the interplay between the charge and spin structure 
confirm that the configurations coexist in the ground state(!)

⟨nhnhszsz⟩

Global spin 
structure for 
each charge 
configuration

Local spin structure around each charge configuration

Lattice geometry

Interpolating between the t-J and Fermi-Hubbard models at t′ = 0

Comparing System Geometries:
the two types of pairs exist also in C4 
symmetric systems with open-bound-
ary conditions and persist when 
scanning system size 
 not merely a cylinder or finite-size 

     effect
→

The two types of pairs in open-boundary systems

10x10

8x8

Schrieffer-Wolff

Stripe Formation:
can study how multiple pairs form a (single) stripe 

 continues bottom-up approach 
 first step towards finite doping beyond the 

     narrow cylinders typically studied using DMRG

→
→

Microscopic Understanding:
take closer look at the roles of mo-
mentum and rotational symmetry 

 connect to (e.g.) truncated basis 
methods 

 combine insights 
effective two-channel model 

 potential Feshbach mechanism [5]

→

→

→

Tuning Parameters:
additional model pa-
rameters may also 

tune between the two 
pair configurations

 diagram of pairing in the 
6x12 t-J model
t′ − V e.g., nearest-neighbor 

     interaction 
→

V

Two-channel model [5]

Stripes formed out of multiple pairs of dopants 
(high-probability product states (see [4])) 

Two Types of Pairs

Tightly-Bound
Pair

Found on the Hole-Doped Side
dopants  sites apart 
spin domain wall 
extrapolates to a striped 
phase at finite doping

d ∼ 3dopants on (next-)nearest-
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uninterrupted AFM order

extrapolates to a uni-
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at finite doping
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Stripe-Like
Pair
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Results are general across the 
Fermi-Hubbard and t-J models
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carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 
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ĤFH = − t ∑
⟨i,j⟩,σ

( ̂c†
i,σ ̂cj,σ + H . c.) + U∑

i
̂ni↑ ̂ni↓

t-J Model: 
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→

→

→

Tuning Parameters:
additional model pa-
rameters may also 

tune between the two 
pair configurations

 diagram of pairing in the 
6x12 t-J model
t′ − V e.g., nearest-neighbor 

     interaction 
→

V

Two-channel model [5]

Stripes formed out of multiple pairs of dopants 
(high-probability product states (see [4])) 

Two Types of Pairs

Tightly-Bound
Pair

Found on the Hole-Doped Side
dopants  sites apart 
spin domain wall 
extrapolates to a striped 
phase at finite doping

d ∼ 3dopants on (next-)nearest-
neighbor sites 
uninterrupted AFM order

extrapolates to a uni-
form-density SC phase 
at finite doping

Found on the Electron-Doped Side

Stripe-Like
Pair

Remarkable agree-
ment known phase-

diagrams!

Results are general across the 
Fermi-Hubbard and t-J models
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Two types of pairs:

Hole-hole correlations: C(c)=⟨ ̂nh
i ̂nh

j ⟩, i = j + (Δx, Δy)
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Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 

Models and Known Phases:

Check out the paper [1]

Characterizing Pairs: Outlook:

Comparing Models and  System-Sizes:

Comparing Models:
interpolate between the FH and t-J mod-
els for detailed understanding 
find no qualitative differences – both 
models support both pair configurations 
quantitative differences are captured by 
the singlet-hopping term often omitted 
from the t-J model 
doublon-hole fluctuations make the 
Fermi-Hubbard model harder to 
                                study

local pairing 
+AFM

pairing 
+stripes stripes

tightly bound stripe likecoexistence
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study the ground states of the two models with exactly 
two dopants on a 6x12 cylinder (DMRG) 
find bound pairs in two distinct configurations, depend-
ing on on :t′ 

two microscopic models capture key aspects of 
the cuprate phase diagram:

Ground-state  scan in a 8x50 lattice using DMRG [4]t′ 

Schematic cuprate phase diagram [2]
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Lattice geometry
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symmetric systems with open-bound-
ary conditions and persist when 
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Comparing System Geometries:
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symmetric systems with open-bound-
ary conditions and persist when 
scanning system size 
 not merely a cylinder or finite-size 
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The two types of pairs in open-boundary systems
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Schrieffer-Wolff

Stripe Formation:
can study how multiple pairs form a (single) stripe 

 continues bottom-up approach 
 first step towards finite doping beyond the 

     narrow cylinders typically studied using DMRG
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Microscopic Understanding:
take closer look at the roles of mo-
mentum and rotational symmetry 

 connect to (e.g.) truncated basis 
methods 

 combine insights 
effective two-channel model 

 potential Feshbach mechanism [5]
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Tuning Parameters:
additional model pa-
rameters may also 

tune between the two 
pair configurations

 diagram of pairing in the 
6x12 t-J model
t′ − V e.g., nearest-neighbor 

     interaction 
→

V

Two-channel model [5]

Stripes formed out of multiple pairs of dopants 
(high-probability product states (see [4])) 

Two Types of Pairs

Tightly-Bound
Pair

Found on the Hole-Doped Side
dopants  sites apart 
spin domain wall 
extrapolates to a striped 
phase at finite doping

d ∼ 3dopants on (next-)nearest-
neighbor sites 
uninterrupted AFM order

extrapolates to a uni-
form-density SC phase 
at finite doping

Found on the Electron-Doped Side

Stripe-Like
Pair
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diagrams!

Results are general across the 
Fermi-Hubbard and t-J models
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Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 

Models and Known Phases:

Check out the paper [1]

Characterizing Pairs: Outlook:

Comparing Models and  System-Sizes:

Comparing Models:
interpolate between the FH and t-J mod-
els for detailed understanding 
find no qualitative differences – both 
models support both pair configurations 
quantitative differences are captured by 
the singlet-hopping term often omitted 
from the t-J model 
doublon-hole fluctuations make the 
Fermi-Hubbard model harder to 
                                study

local pairing 
+AFM

pairing 
+stripes stripes

tightly bound stripe likecoexistence
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Ground-state  scan in a 8x50 lattice using DMRG [4]t′ 

Schematic cuprate phase diagram [2]

Consistent Features:
extended AFM and uniform-density SC on the 
electron-doped side
stripes competing/coexisting with SC on the 
hole-doped side

Microscopic mod-
els on square lat-
tices [3]

How much is cap-
tured by the physics 

of a single pair?

ho
le

-h
ol

e 
co

rre
la

tio
ns

sp
in

-s
pi

n 
co

rre
la

tio
ns

more detailed insights via the 4-point correlation function 
 

directly examine the interplay between the charge and spin structure 
confirm that the configurations coexist in the ground state(!)

⟨nhnhszsz⟩

Global spin 
structure for 
each charge 
configuration

Local spin structure around each charge configuration

Lattice geometry

Interpolating between the t-J and Fermi-Hubbard models at t′ = 0

Comparing System Geometries:
the two types of pairs exist also in C4 
symmetric systems with open-bound-
ary conditions and persist when 
scanning system size 
 not merely a cylinder or finite-size 

     effect
→

The two types of pairs in open-boundary systems

10x10

8x8

Schrieffer-Wolff

Stripe Formation:
can study how multiple pairs form a (single) stripe 

 continues bottom-up approach 
 first step towards finite doping beyond the 

     narrow cylinders typically studied using DMRG

→
→

Microscopic Understanding:
take closer look at the roles of mo-
mentum and rotational symmetry 

 connect to (e.g.) truncated basis 
methods 

 combine insights 
effective two-channel model 

 potential Feshbach mechanism [5]

→

→

→

Tuning Parameters:
additional model pa-
rameters may also 

tune between the two 
pair configurations

 diagram of pairing in the 
6x12 t-J model
t′ − V e.g., nearest-neighbor 

     interaction 
→

V

Two-channel model [5]

Stripes formed out of multiple pairs of dopants 
(high-probability product states (see [4])) 

Two Types of Pairs

Tightly-Bound
Pair

Found on the Hole-Doped Side
dopants  sites apart 
spin domain wall 
extrapolates to a striped 
phase at finite doping

d ∼ 3dopants on (next-)nearest-
neighbor sites 
uninterrupted AFM order

extrapolates to a uni-
form-density SC phase 
at finite doping

Found on the Electron-Doped Side

Stripe-Like
Pair

Remarkable agree-
ment known phase-

diagrams!

Results are general across the 
Fermi-Hubbard and t-J models

ch
ar

ge
 a

nd
 

sp
in

 s
tru

ct
ur

e
N

N
 p

ai
rin

g 
st

re
ng

th

Quantum Simulators:
are starting to reach to low tempera-
tures necessary to observe pairing 
effects

Two-Dopant Origin of Competing Stripe and Pair Formation 
in Hubbard and t-J Models

Tizian Blatz1,2, Ulrich Schollwöck1,2, Fabian Grusdt1,2, and Annabelle Bohrdt1,2,3

(1) Department of Physics and Arnold Sommerfeld Center for Theoretical Physics (ASC), LMU Munich  
(2) Munich Center for Quantum Science and Technology (MCQST) (3) Institute of Theoretical Physics, University of Regensburg

[1] T. Blatz et al., arXiv:2409.18131 (2024)
[2] A. A. Kordyuk, Low Temp. Phys. 41, 5 (2015)
[3] L. Homeier et al. PRL 132, 230401 (2024)
[4] S. Jiang et al., PNAS 118, 44 (2021)

[5] L. Homeier et al., Nature Comms. 16, 314 (2025)

References:

Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
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Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 

Models and Known Phases:

Check out the paper [1]

Characterizing Pairs: Outlook:

Comparing Models and  System-Sizes:

Comparing Models:
interpolate between the FH and t-J mod-
els for detailed understanding 
find no qualitative differences – both 
models support both pair configurations 
quantitative differences are captured by 
the singlet-hopping term often omitted 
from the t-J model 
doublon-hole fluctuations make the 
Fermi-Hubbard model harder to 
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Feshbach hypothesis
Two-hole spectroscopy

3

The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:

Ĥt�XXZ =
X

hi,ji

⇣
J?

⇣
Ŝx
i Ŝx

j + Ŝy
i Ŝy

j

⌘
+ JzŜ

z
i Ŝz

j

⌘
�

� t P̂

X

hi,ji

X

�

⇣
ĉ†i,� ĉj,� + h.c.

⌘
P̂ �

Jz

4

X

hi,ji

n̂in̂j . (8)

In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the

The t-XXZ model:

Pair spectrum

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji
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with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4
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(and similar for triplets) as
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angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4

# jÞ #4Þ

with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:
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In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the

The t-XXZ model:

Pair spectrum

effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as
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with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
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# jÞ= Δ̂m4
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as
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with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:
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In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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P
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4

# jÞ #4Þ

with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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ĉyi,σ ĉj,σ +h:c:
! "

P̂ +

+ J
P
hi, ji
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=
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i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
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j

e!ik"j
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p Δ̂
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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The resulting rotational spectra thus directly probe the
existence of bound states and their internal structure: If
a bound state of two holes with long-lived rotational exci-
tations exists, the rotational spectra should exhibit well-
defined quasi-particle peaks. If on the other hand such
bound states do not exist, the excitation with the rota-
tional operator �̂m4(k) will lead to a broad continuum
in the corresponding spectral function.

In Fig. 1, we show the two-hole spectral function with-
out additional angular momentum, i.e. m4 = 0 (s-wave),
for the t � J model for momenta ky = 0, ⇡/2, and ⇡
and 0  kx  ⇡. We find a well-defined quasi-particle
peak at all momenta, indicating the existence of a bound
state at low energies. The spectrum furthermore reveals
a plethora of di↵erent features, including a highly disper-
sive band (black line) as well as bands with a dispersion
proportional to the spin-exchange J (gray dashed lines).
At momentum k = (⇡, ⇡), the spectral weight vanishes

for all energies since �̂(s)
0 (k = (⇡, ⇡)) = 0.

In order to gain a deeper understanding of these
intriguing results, we take a step back and analyze the
conceptually simpler t�Jz model in the following section.

The t � XXZ model.– We now consider a modifica-
tion of the t � J model, where the SU(2) invariant spin
interactions are replaced by in-plane and Ising-type spin
interactions with coupling constants J? and Jz:
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i Ŝy

j

⌘
+ JzŜ
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In the limit of J? ⌧ Jz, also called the t�Jz model, the
lack of spin dynamics facilitates our theoretical under-
standing. Experimentally, the anisotropic interactions
can for example be realized by employing Rydberg inter-
actions [17].

Remarkably, the two-hole spectral function, Fig. 2, ex-
hibits a highly dispersive peak with a mass proportional
to 1/t; I.e., we find a long-lived, tightly bound state of
two holes, which can move as fast as the hole hopping t.
This is in stark contrast to the case of a single hole in the
same model, which has a very high e↵ective mass � 1/t
and thus an almost flat dispersion [18], since it can only
move due to Trugman loops [19], which are higher order
processes.

In Fig. 3, we further analyze the scaling of the mass of
the pair by analyzing the position of the lowest energy
peak at ky = ⇡ as a function of kx for di↵erent values
of t/Jz = 1, 2, 3 and J?/Jz = 0.1. Note that here, the
frequency !max is shown in units of the hole hopping t.
We added a constant to the curves for di↵erent values
of t/Jz to show the remarkable agreement in the overall
shape of the dispersive peak for di↵erent values of t/Jz,
thus highlighting the scaling with the hole hopping t.

The lowest lying peak for ky = 0 and ky = ⇡/2 is –
within our numerical resolution – completely flat. Note

FIG. 2. Two hole rotational spectra in the t � XXZ
model for t/Jz = 3 and J?/Jz = 0.1 and m4 = 0 (s-wave) on
a 40⇥4 cylinder, based on time evolution up to Tmax/Jz = 10
and bond dimension � = 600. The colormap corresponds to
numerical matrix product state simulations of the singlet two-
hole rotational spectrum, blue lines are geometric string the-
ory predictions for the position of states (shifted by �0.2J),
and the black line is a cosine fit. The upper, middle, and lower
plots correspond to ky = 0, ⇡/2, ⇡. The overall ground state
energy for two holes is marked by orange circles for ky = 0,
and the green dashed line in the top panel corresponds to
twice the energy of a single hole.

that the situation of two unbound, and thus approxi-
mately immobile, holes should have a very small ma-
trix element in the spectral function considered here,
and can therefore not account for the pronounced flat
band peaks we find in the two-hole spectra. This is fur-
ther corroborated by the direct comparison of the energy
for two holes (E2h � E0h = �12.08Jz, orange circles in
top panel Fig. 2) and twice the energy of a single hole
(2 · (E1h � E0h) = �11.01Jz, green dashed line in top
panel Fig. 2).

In a companion paper [11], we extend the geometric
string theory developed for a single hole [18, 20] to the
case of two charge carriers. In particular, this geometric
string theory approach describes the properties of two
holes bound together by a string of displaced spins, and
thus provides estimates of the energy and dispersion re-
lation of such pair states, see blue lines in Figs. 2 and
3. Note that the existence of a state at a given energy
does not imply that said state is visible in the spectral
function, since the spectral weight, i.e. the overlap with
the excitation we consider, can still be zero.

The geometric string theory correctly predicts the
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4
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The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as
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with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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effective mass of the pairs, which is an essential property for under-
standing their ability to condense at finite doping and temperature.

We study pairing between two individual holes doped into the
two-dimensional t−Jmodel,whichcorresponds to the enigmatic Fermi-
Hubbard model to second order in t/U (up to next-nearest neighbor
hopping terms, where U is the on-site interaction) and describes
electrons in cuprates11:
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where P̂ projects to the subspacewithmaximum single occupancy per
site; Ŝj and n̂j denote the on-site spin and density operators,
respectively. In our numerical simulations, we consider a 40 site long,
four-legged cylinder, which is sufficiently long to ensure that the two-
holewavefront in the timeevolutionwe consider belowdoes not reach
the edges of the system. This alsomeans that the thermodynamic limit
is essentially reached in the long direction, and our resulting spectra
correspond to predictions at zero doping.

In order to probe a possible bound state of two charges, we
consider an extension of conventional angle-resolved photoemission
spectroscopy (ARPES). In particular, we excite the initially undoped
antiferromagnet by creating not one, but two charges while simulta-
neously imparting angular momentum on the system. The resulting
spectra thus directly contain information about the existence of pos-
sible bound states, their ground state energy, as well as their disper-
sion relation. In our numerical matrix product state calculations, we

find well-defined peaks in the rotational spectral function for all
angular momenta, for spin-singlet as well as triplet pairs, and
throughout an extended frequency range.

In order to gain a deeper understanding of the rotational two-
hole spectra, we also consider the conceptually simpler t−Jz model,
where the SU(2) invariant spin interactions are replaced by Ising-
type interactions. Without additional spin dynamics, a direct com-
parison of our numerical results to an effective theory describing
pairs of charge carriers bound by strings is possible, yielding
excellent agreement in terms of the existence as well as the dis-
persion of the various bound states we observe. In particular, we
discover a strongly dispersive low-energy peak, with a dispersion
scaling with the hole hopping t, as well as completely flat bands at
competitive energies. We attribute the flat bands to destructive
interference of pairs with d-wave symmetry (See Supplementary
Information file).

Upon introducing spin dynamics, the flat bands develop into
weakly dispersive bands, whereas the t-dependent feature remains
largely unchanged. We thus discover two qualitatively different
kinds of bound states: highly dispersive peaks, including a high-
energy feature with strong spectral weight in the s-wave spectra;
and a weakly dispersive band, which has a high amount of spectral
weight in the d-wave spectra. The dispersion of the latter is deter-
mined by the spin coupling J. The emergence of a slow time-scale set
by J is intuitive and well-known in the case of a single hole12, which
forms a spinon-chargon bound state and can thus only move as fast
as the spin excitation13. In contrast, it is surprising to find a coherent
bound state peak of two holes in the spectrum with a dispersion ∝ t
extending over a wide range of energies without decaying into
incoherent pairs of individual holes.

The remainder of this paper is organized as follows. We start by
introducing the rotational two-hole spectra. We then discuss results
for the t−Jz model, where the SU(2) invariant spin interactions are
replaced by Ising-type interactions. We discuss the features found in
thenumerically obtained spectra indetail andcompare them toa semi-
analytical theoretical description of pairs of charge carriers14. Finally,
we consider the full t−J model.

Results
Rotational Spectra
In order to probe the internal structure of pairs of charge carriers, we
study rotational spectra. We define an operator Δ̂m4

# j,σ,σ0Þ that cre-
ates a pair of holes on the bonds adjacent to site j with discrete C4

angular momentum m4 = 0, 1, 2, 3 as

Δ̂m4
# j,σ,σ0Þ=

X

i:hi, ji

eim4φi!j ĉi,σ0 ĉj,σ , #2Þ

with φr = arg#rÞ the polar angle of r; see Fig. 1a for an illustration. In
order to annihilate a spin-singlet, we define the singlet pair operator
(and similar for triplets) as

Δ̂
#sÞ
m4

# jÞ= Δ̂m4
# j, " , #Þ ! Δ̂m4

# j, # , "Þ: #3Þ

The simplest term creating a spin-singlet excitation with discrete
angular momentumm4, charge two, and total momentum k is directly
given by the spatial Fourier transform of the singlet pair operator as

Δ̂
#sÞ
m4

#kÞ=
X

j

e!ik"j
ffiffiffiffi
V

p Δ̂
#sÞ
m4

# jÞ #4Þ

with volume V. The discrete angularmomentumm4 is a goodquantum
number at C4 invariant momenta k = (0, 0), (π, π) only. Based on this

Fig. 1 | Rotational spectroscopy of two holes in a singlet state in the t−Jmodel
with t/J = 3, on a 40×4 cylinder, based on a time evolution up to Tmax/J = 3 and
bond dimension χ = 1200. Energies are measured relative to the undoped parent
antiferromagnet. a Sketch of the response probed by the rotational spectrum.
b The upper (lower) plot corresponds to ky =0(π) and a d-wave (s-wave) excitation.
Data are shown as a function ofmomentum kx and frequencyω/J. Gray dashed lines
correspond to a cosine dispersion !2Jα cos#kx Þ+bJ , black line corresponds to a
cosine dispersion !2tα cos#kxÞ+bt , where α =0.33 in both cases, bJ = −11J,
and bt = −9J.
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Fig. 1. – Energy levels for the electronic ground state of 6Li atoms in a magnetic field. The
experiments on strongly interacting Fermi gases are performed in the high magnetic field range,
where the nuclear spin essentially decouples from the electron spin. The two-component atomic
mixture is created in the lowest two states, labelled with 1 and 2 (inset), close to the broad
Feshbach resonance centered at 834G.

ations of an external magnetic field. In this section, we review the two-body interaction
properties of 6Li. In particular, we discuss the behavior close to a wide Feshbach reso-
nance with very favorable properties for interaction tuning in strongly interacting Fermi
gases.

3
.1. Energy levels of 6Li atoms in a magnetic field . – The magnetic-field dependence

of the energy structure of 6Li atoms in the electronic S1/2 ground state is shown in Fig. 1.
The general behavior is similar to any alkali atom [43] and is described by the well-known
Breit-Rabi formula. At zero magnetic field, the coupling of the 6Li nuclear spin (I = 1)
to the angular momentum of the electron (J = 1/2) leads to the hyperfine splitting of
228.2MHz between the states with quantum numbers F = I + J and F = I → J .

Already at quite moderate magnetic fields the Zeeman effect turns over into the high-
field regime, where the Zeeman energy becomes larger than the energy of the hyperfine
interaction. Here the nuclear spin essentially decouples from the electron spin. In atomic
physics this effect is well known as the “Paschen-Back effect of the hyperfine structure”
or “Back-Goudsmit effect” [43]. In the high-field region the states form two triplets,
depending on the orientation of the electron spin (ms = ±1/2), where the states are
characterized by the orientation of the nuclear spin with quantum number mI . For
simplicity, we label the states with numbers according to increasing energy (see inset in
Fig. 1). The lowest two states 1 and 2 are of particular interest for creating stable spin
mixtures. These two states ms = →1/2,mI = +1 (ms = →1/2,mI = 0) are adiabatically

Grimm, Proc. School Enrico Fermi, Vol 164 (2007)
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 
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Interpolating between the t-J and Fermi-Hubbard models at t′ = 0

Comparing System Geometries:
the two types of pairs exist also in C4 
symmetric systems with open-bound-
ary conditions and persist when 
scanning system size 
 not merely a cylinder or finite-size 

     effect
→

The two types of pairs in open-boundary systems

10x10

8x8

Schrieffer-Wolff

Stripe Formation:
can study how multiple pairs form a (single) stripe 

 continues bottom-up approach 
 first step towards finite doping beyond the 

     narrow cylinders typically studied using DMRG

→
→

Microscopic Understanding:
take closer look at the roles of mo-
mentum and rotational symmetry 

 connect to (e.g.) truncated basis 
methods 

 combine insights 
effective two-channel model 

 potential Feshbach mechanism [5]

→

→

→

Tuning Parameters:
additional model pa-
rameters may also 

tune between the two 
pair configurations

 diagram of pairing in the 
6x12 t-J model
t′ − V e.g., nearest-neighbor 

     interaction 
→

V

Two-channel model [5]

Stripes formed out of multiple pairs of dopants 
(high-probability product states (see [4])) 

Two Types of Pairs

Tightly-Bound
Pair

Found on the Hole-Doped Side
dopants  sites apart 
spin domain wall 
extrapolates to a striped 
phase at finite doping

d ∼ 3dopants on (next-)nearest-
neighbor sites 
uninterrupted AFM order

extrapolates to a uni-
form-density SC phase 
at finite doping

Found on the Electron-Doped Side

Stripe-Like
Pair

Remarkable agree-
ment known phase-

diagrams!

Results are general across the 
Fermi-Hubbard and t-J models
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tures necessary to observe pairing 
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Abstract
Understanding the physics of the 2D Hubbard model is widely believed to be a key step in achieving a full understanding of high-Tc cuprate superconductors. In recent years, 
progress has been made by large-scale numerical simulations at finite doping and, on the other hand, by microscopic theories able to capture the physics of individual charge 
carriers. Here, we present our recent work [1] studying single pairs of dopants using the DMRG algorithm. We identify two coexisting configurations that couple to the spin 
environment in different ways: A tightly bound configuration featuring (next-)nearest-neighbor pairs and a stripe-like configuration of dopants, accompanied by a spin domain 
wall. Thus, we establish that the interplay between stripe order and uniform pairing, central to the models’ phases at finite doping, has its origin at the single-pair level. A next-
nearest-neighbor tunneling , upsets the balance between the competing stripe and pair states on the two-dopant level.t′ 

Models and Known Phases:

Check out the paper [1]

Characterizing Pairs: Outlook:

Comparing Models and  System-Sizes:

Comparing Models:
interpolate between the FH and t-J mod-
els for detailed understanding 
find no qualitative differences – both 
models support both pair configurations 
quantitative differences are captured by 
the singlet-hopping term often omitted 
from the t-J model 
doublon-hole fluctuations make the 
Fermi-Hubbard model harder to 
                                study

local pairing 
+AFM

pairing 
+stripes stripes

tightly bound stripe likecoexistence
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study the ground states of the two models with exactly 
two dopants on a 6x12 cylinder (DMRG) 
find bound pairs in two distinct configurations, depend-
ing on on :t′ 

two microscopic models capture key aspects of 
the cuprate phase diagram:

Ground-state  scan in a 8x50 lattice using DMRG [4]t′ 

Schematic cuprate phase diagram [2]

Consistent Features:
extended AFM and uniform-density SC on the 
electron-doped side
stripes competing/coexisting with SC on the 
hole-doped side

Microscopic mod-
els on square lat-
tices [3]
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Feshbach hypothesis
Stripe or pairing instability?

Scenario 1:

Scenario 2:
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⌦

FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics

Stripe instability
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics

Feshbach resonance

t′￼ stripe instability on BCS side⇒



Fabian Grusdt Benasque, 02/202669

Feshbach hypothesis
Stripe or pairing instability? t-J model on open 8x8 patch

(sc)2(cc)

Blatz et al., in prep.



Fabian Grusdt Benasque, 02/202670

Feshbach hypothesis
Stripe or pairing instability? t-J model on open 10x10 patch

(sc)2(cc)

Blatz et al., in prep.

Preliminary
Preliminary



Fabian Grusdt Benasque, 02/202671

Feshbach hypothesis
Stripe or pairing instability?

Scenario 2:

Scenario 1:

 charge re-configuration⇒

4

<latexit sha1_base64="KNB74FQERYa7/IXDPsysbw5BJq0="></latexit>

stripes

<latexit sha1_base64="14T7wHMfLEmLbnkX4FVtCjglhMU="></latexit>

melt

<latexit sha1_base64="JWEAuGtwFVwxg8AY62ObD4bRieE="></latexit>

(a)
<latexit sha1_base64="Dht5klJknKMMlY9DDirGQ1+w19Y="></latexit>

(b)
<latexit sha1_base64="YLITJ4/b7MWx9KUs1RjtLXH2bzk="></latexit>

(c)

<latexit sha1_base64="Pp6UusZbFmeQTqh6NH4EeTaliIw="></latexit>

(d)

<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦
<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦

<latexit sha1_base64="VyKVay0X2tZ75rzl12Ozj21uL9w="></latexit>

∏⌧̂x

<latexit sha1_base64="7cAZnsmsYXfgyHTOEqMtbmlwk64="></latexit>

⌧̂z

<latexit sha1_base64="pXY+sEq/oan3nwYUJ5bf6dHxlUY="></latexit>

∏⌧̂z

<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦

FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics

Stripe instability

t′￼

4

<latexit sha1_base64="KNB74FQERYa7/IXDPsysbw5BJq0="></latexit>

stripes

<latexit sha1_base64="14T7wHMfLEmLbnkX4FVtCjglhMU="></latexit>

melt

<latexit sha1_base64="JWEAuGtwFVwxg8AY62ObD4bRieE="></latexit>

(a)
<latexit sha1_base64="Dht5klJknKMMlY9DDirGQ1+w19Y="></latexit>

(b)
<latexit sha1_base64="YLITJ4/b7MWx9KUs1RjtLXH2bzk="></latexit>

(c)

<latexit sha1_base64="Pp6UusZbFmeQTqh6NH4EeTaliIw="></latexit>

(d)

<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦
<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦

<latexit sha1_base64="VyKVay0X2tZ75rzl12Ozj21uL9w="></latexit>

∏⌧̂x

<latexit sha1_base64="7cAZnsmsYXfgyHTOEqMtbmlwk64="></latexit>

⌧̂z

<latexit sha1_base64="pXY+sEq/oan3nwYUJ5bf6dHxlUY="></latexit>

∏⌧̂z

<latexit sha1_base64="s/u8Kx2Claa/Dp374ppikVS+itM="></latexit>

⌦

FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG.1.GeometricFL⇤construction.(a)Schematicillustrationofphase-lockedstripes.Alonglinesofenhancedhole
density,⇡phase-slipsoftheAFMorderparameter⌦appear.(b)Uponmeltingstripes,weconsiderascenariowheremicroscopic
closedstructuresofholesleadtofluctuatingdomainsofAFMphaseslips.Fluctuationsofclosedloopsresultinavanishing
AFMorderparameterinrealspace.However,hiddenordersurvives–definingthe2Danalogofsqueezedspace.(c)Winding
ofthe⌦fieldaroundavison,i.e.,anopenmagneticfieldlinethatcreatesahalf-vortex.Byclosingapathacrossthedomain
wall(greyarrows),thefieldperformsafull2⇡rotation-leadingtoaBerryphaseof⇡whenamagneticpolaronwindsarounda
vison.(d)E↵ectofmovingavisonaroundalatticesite,wheretheencircledmicroscopicspinrotatesaroundtheBlochsphere
by2⇡.ThisleadstothelatticesitescarryingaZ2charge,i.e.,thereexistsabackgroundunitchargethatleadstoanoddZ2

spinliquid.

ternativeapproachandincludestripe-likeAFMdomain
walldefectsinane↵ectivedescriptionoftheFHmodel;
fluctuationsofthesedefectswillthenleadustothegeo-
metricfractionalizedFermiliquid(GFL*)scenario.Be-
forediscussingthelatter,wedescribehowfluctuating
domainwallstructurescane�cientlyhideAFMcorrela-
tions,whichistheessentialmechanismbehindtheGFL*.

Hiddenorderfromfluctuatingstripes.Wecon-
siderlow-energycontributionstoEq.(2)thataredi-
rectlymotivatedbythelow-temperaturephasesofthe
FHmodelatfinitedoping:Inthestronglyinteract-
inglimitU�t,allstate-of-the-artnumericalmethods
broadlyagreeontheappearanceofstripesintheground
state,whereachargedensitywaveofthedopedholes
isaccompaniedbyAFMdomainwallswherecharges
accumulate[86–94].Thisresultsinlong-rangecharge
andincommensuratelong-rangemagneticorder,inac-
cordancewithbroadexperimentalevidenceincuprate
materials[22–24].Thoughquantumfluctuationsofthe
microscopicholesleadtodeformationsofthelinesof
stripes,theyarelockedinplace,i.e.,individualstripes
alignandexplicitlybreaktheC4symmetryoftheunder-
lyingsquarelattice.Thisscenarioisschematicallyillus-
tratedinFig.1(a),showingarepresentativelow-energy
configurationinthestripephase.Here,theindicated
arrowsrepresentthedirectionof⌦,i.e.,itspecifiesthe
sublatticeparityoftheunderlyingAFMstate.

Uponraisingthetemperature,stripesmelt,andthe
FHmodeldisplaysapseudogapwithonlyshort-range
AFMcorrelationspresent[31,95–100].Weparticularly
highlightRef.[31],wherethefateofthepseudogapin
theFHmodelwhentuningthetemperaturetowardsthe
groundstatehasbeenanalyzedthrougha‘handshake’

ofwave-functionandfinitetemperaturebasedmethods.
QuotingRef.[31]:Therangeofdensityandcoupling
strengthwhereapseudogapisfoundpreciselycoincides
withthatinwhichground-statestudiesfindastripephase
withlong-rangespinandchargeorder.Thissuggests
anintricateinterplaybetweenthestripeandpseudogap
phaseintheFHmodel,withapossiblecommonmicro-
scopicorigin-itisthisscenariothatweworkoutindepth
intheremainderofthispaper.

Specifically,wenowproposeaspecificsetofmicro-
scopicconfigurationsthatmayberelevantforane↵ective
descriptionofthedopedFHmodelatelevatedtempera-
tures.Tothisend,wenotethattheformationofstripes
canbeassociatedwithtwoenergyscales:(i)Theappear-
anceof(undirected)domainwallstructures,i.e.,regions
ofaccumulatedchargedensityacrosswhichtheAFMde-
velops⇡phaseslips,and(ii)interactionsbetweensuch
individualstripes,resultingintheformationofcharge-
densitywaveswhereindividualstripeslockintoplace.
Generally,itisconceivablethateitherofthetwoenergy
scalesislarger,whichthengovernstheimportantcontri-
butionstoEq.(2)atintermediatetemperatures.

Weshallshallherefocusonthescenariowherebreak-
ingapartstripe-likedomainwallstructuresisassociated
withahigherenergycostcomparedtothemlockinginto
place.Thisisgenerallyexpectedatlowdopingwherethe
typicaldistancebetweenindividualstripesislarge,andis
supportedbylatestcold-atomexperimentswhichsuggest
theformationoffluctuating,stripe-likestructuresatel-
evatedtemperaturesinFHsystems[77].Wespecifically
focusonclosedloopsthatencloseregionswheretheAFM
orderparameterisflipped,whichweargueconstitute
aminimalscenariotodescribethelow-energyphysics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 1. Feshbach scattering mechanism. a In the presence of long-range AFM correlations, the underlying electrons can be
described by fractionalized partons, the spinon (s) and chargon (c), which form the meson bound states (sc) and (cc). b In the
low-energy scattering process between two (sc) with opposite spin, the mesons virtually recombine into an excited (cc) complex.
Due to the mesons’ internal structure, this scattering process leads to robust dx2�y2 -wave scattering. c The scattering gives
rise to BCS-like or BEC-like (sc)2 pairs depending on microscopic parameters. If the formation of a (cc) complex is a resonant
process, the scattering length diverges and yields strong effective interactions between the charge carriers. We hypothesis that
the underdoped cuprates are on BCS side and in the vicinity of the scattering resonance.

pling and low doping. To this end, we formulate a
concrete phenomenological model describing emergent
charge carriers and their low-energy internal excitation,
and demonstrate that it predicts robust dx2�y2 pairing in
these systems. Specifically, we use the well-known short-
distance qualitative properties of doped AFM Mott insu-
lators [23, 24], and by including both spin fluctuations J?
and next-nearest neighbour (NNN) tunneling t0 we obtain
a low-energy effective model with one dominant scatter-
ing channel of magnetic polarons around the nodal point;
this scattering channel has dx2�y2 symmetry.

Before we describe the model, we summarize our main
conclusions and formulate the following hypothesis, see
Figure 1c:

(i) Cuprates and commonly used models of the latter,
i.e. Fermi-Hubbard or t-J models at typical pa-
rameters, have a low-doping ground state close to a
d-wave (sc)2-(cc) scattering resonance as described
above.

(ii) More specifically, we hypothesis that underdoped
cuprates are on the BCS side, but close to the
d-wave resonance, causing the observed strong pair-
ing.

We conjecture that these resonant interactions can over-
come the intrinsic repulsion of two charge carriers caused
by e.g. Coulomb interactions or their finite spatial ex-
tend.

Our hypothesis further provides a new microscopic per-
spective for the scenario of a BEC-BCS crossover [45, 46]
in unconventional superconductors. In our model, we
explicitly include two channels, i.e. (sc)2 and (cc), corre-
sponding to weakly bound fermions and strongly bound
BEC pairs, respectively, which allows for a more de-
tailed, quantitative study of the crossover from BCS-like

to BEC-like pairing and pseudogap phenomenology [47].
In view of these studies, we interpret from our results that
cuprate superconductors are clearly on the BCS side of
the conjectured resonance but in proximity of this res-
onance, which explains the strong attractive interaction
between charge carriers.

The remainder of this paper is organized as follows. We
first identify and characterize the scattering channels in
more detail by reviewing previous work and we find that
we can reduce our description to a two-channel model on
a lattice, and we focus on the allowed spatial symmetries
of the channels. Further, we propose an low-energy, low-
doping effective model, in which we have integrated out
one channel. Next, we elaborate on the origin of the
Feshbach scattering and discuss the obtained results for
the scattering interaction; both for spin-flip and NNN
tunneling processes. Lastly, we interpret our results and
predict that in the low-doping regime hole doping leads
to stronger pairing interactions than particle doping.

Two-channel model.—Under doping of an antifer-
romagnetic Mott insulator, free quasiparticles emerge,
which form the new constituents in the system, and
which are the relevant channels in the Feshbach scatter-
ing model we construct now. To be concrete, we consider
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FIG. 1. Feshbach scattering mechanism. a In the presence of long-range AFM correlations, the underlying electrons can be
described by fractionalized partons, the spinon (s) and chargon (c), which form the meson bound states (sc) and (cc). b In the
low-energy scattering process between two (sc) with opposite spin, the mesons virtually recombine into an excited (cc) complex.
Due to the mesons’ internal structure, this scattering process leads to robust dx2�y2 -wave scattering. c The scattering gives
rise to BCS-like or BEC-like (sc)2 pairs depending on microscopic parameters. If the formation of a (cc) complex is a resonant
process, the scattering length diverges and yields strong effective interactions between the charge carriers. We hypothesis that
the underdoped cuprates are on BCS side and in the vicinity of the scattering resonance.

pling and low doping. To this end, we formulate a
concrete phenomenological model describing emergent
charge carriers and their low-energy internal excitation,
and demonstrate that it predicts robust dx2�y2 pairing in
these systems. Specifically, we use the well-known short-
distance qualitative properties of doped AFM Mott insu-
lators [23, 24], and by including both spin fluctuations J?
and next-nearest neighbour (NNN) tunneling t0 we obtain
a low-energy effective model with one dominant scatter-
ing channel of magnetic polarons around the nodal point;
this scattering channel has dx2�y2 symmetry.

Before we describe the model, we summarize our main
conclusions and formulate the following hypothesis, see
Figure 1c:

(i) Cuprates and commonly used models of the latter,
i.e. Fermi-Hubbard or t-J models at typical pa-
rameters, have a low-doping ground state close to a
d-wave (sc)2-(cc) scattering resonance as described
above.

(ii) More specifically, we hypothesis that underdoped
cuprates are on the BCS side, but close to the
d-wave resonance, causing the observed strong pair-
ing.

We conjecture that these resonant interactions can over-
come the intrinsic repulsion of two charge carriers caused
by e.g. Coulomb interactions or their finite spatial ex-
tend.

Our hypothesis further provides a new microscopic per-
spective for the scenario of a BEC-BCS crossover [45, 46]
in unconventional superconductors. In our model, we
explicitly include two channels, i.e. (sc)2 and (cc), corre-
sponding to weakly bound fermions and strongly bound
BEC pairs, respectively, which allows for a more de-
tailed, quantitative study of the crossover from BCS-like

to BEC-like pairing and pseudogap phenomenology [47].
In view of these studies, we interpret from our results that
cuprate superconductors are clearly on the BCS side of
the conjectured resonance but in proximity of this res-
onance, which explains the strong attractive interaction
between charge carriers.

The remainder of this paper is organized as follows. We
first identify and characterize the scattering channels in
more detail by reviewing previous work and we find that
we can reduce our description to a two-channel model on
a lattice, and we focus on the allowed spatial symmetries
of the channels. Further, we propose an low-energy, low-
doping effective model, in which we have integrated out
one channel. Next, we elaborate on the origin of the
Feshbach scattering and discuss the obtained results for
the scattering interaction; both for spin-flip and NNN
tunneling processes. Lastly, we interpret our results and
predict that in the low-doping regime hole doping leads
to stronger pairing interactions than particle doping.

Two-channel model.—Under doping of an antifer-
romagnetic Mott insulator, free quasiparticles emerge,
which form the new constituents in the system, and
which are the relevant channels in the Feshbach scatter-
ing model we construct now. To be concrete, we consider
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FIG. 1. Feshbach scattering mechanism. a In the presence of long-range AFM correlations, the underlying electrons can be
described by fractionalized partons, the spinon (s) and chargon (c), which form the meson bound states (sc) and (cc). b In the
low-energy scattering process between two (sc) with opposite spin, the mesons virtually recombine into an excited (cc) complex.
Due to the mesons’ internal structure, this scattering process leads to robust dx2�y2 -wave scattering. c The scattering gives
rise to BCS-like or BEC-like (sc)2 pairs depending on microscopic parameters. If the formation of a (cc) complex is a resonant
process, the scattering length diverges and yields strong effective interactions between the charge carriers. We hypothesis that
the underdoped cuprates are on BCS side and in the vicinity of the scattering resonance.

pling and low doping. To this end, we formulate a
concrete phenomenological model describing emergent
charge carriers and their low-energy internal excitation,
and demonstrate that it predicts robust dx2�y2 pairing in
these systems. Specifically, we use the well-known short-
distance qualitative properties of doped AFM Mott insu-
lators [23, 24], and by including both spin fluctuations J?
and next-nearest neighbour (NNN) tunneling t0 we obtain
a low-energy effective model with one dominant scatter-
ing channel of magnetic polarons around the nodal point;
this scattering channel has dx2�y2 symmetry.

Before we describe the model, we summarize our main
conclusions and formulate the following hypothesis, see
Figure 1c:

(i) Cuprates and commonly used models of the latter,
i.e. Fermi-Hubbard or t-J models at typical pa-
rameters, have a low-doping ground state close to a
d-wave (sc)2-(cc) scattering resonance as described
above.

(ii) More specifically, we hypothesis that underdoped
cuprates are on the BCS side, but close to the
d-wave resonance, causing the observed strong pair-
ing.

We conjecture that these resonant interactions can over-
come the intrinsic repulsion of two charge carriers caused
by e.g. Coulomb interactions or their finite spatial ex-
tend.

Our hypothesis further provides a new microscopic per-
spective for the scenario of a BEC-BCS crossover [45, 46]
in unconventional superconductors. In our model, we
explicitly include two channels, i.e. (sc)2 and (cc), corre-
sponding to weakly bound fermions and strongly bound
BEC pairs, respectively, which allows for a more de-
tailed, quantitative study of the crossover from BCS-like

to BEC-like pairing and pseudogap phenomenology [47].
In view of these studies, we interpret from our results that
cuprate superconductors are clearly on the BCS side of
the conjectured resonance but in proximity of this res-
onance, which explains the strong attractive interaction
between charge carriers.

The remainder of this paper is organized as follows. We
first identify and characterize the scattering channels in
more detail by reviewing previous work and we find that
we can reduce our description to a two-channel model on
a lattice, and we focus on the allowed spatial symmetries
of the channels. Further, we propose an low-energy, low-
doping effective model, in which we have integrated out
one channel. Next, we elaborate on the origin of the
Feshbach scattering and discuss the obtained results for
the scattering interaction; both for spin-flip and NNN
tunneling processes. Lastly, we interpret our results and
predict that in the low-doping regime hole doping leads
to stronger pairing interactions than particle doping.

Two-channel model.—Under doping of an antifer-
romagnetic Mott insulator, free quasiparticles emerge,
which form the new constituents in the system, and
which are the relevant channels in the Feshbach scatter-
ing model we construct now. To be concrete, we consider
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FIG. 1. Feshbach scattering mechanism. a In the presence of long-range AFM correlations, the underlying electrons can be
described by fractionalized partons, the spinon (s) and chargon (c), which form the meson bound states (sc) and (cc). b In the
low-energy scattering process between two (sc) with opposite spin, the mesons virtually recombine into an excited (cc) complex.
Due to the mesons’ internal structure, this scattering process leads to robust dx2�y2 -wave scattering. c The scattering gives
rise to BCS-like or BEC-like (sc)2 pairs depending on microscopic parameters. If the formation of a (cc) complex is a resonant
process, the scattering length diverges and yields strong effective interactions between the charge carriers. We hypothesis that
the underdoped cuprates are on BCS side and in the vicinity of the scattering resonance.

pling and low doping. To this end, we formulate a
concrete phenomenological model describing emergent
charge carriers and their low-energy internal excitation,
and demonstrate that it predicts robust dx2�y2 pairing in
these systems. Specifically, we use the well-known short-
distance qualitative properties of doped AFM Mott insu-
lators [23, 24], and by including both spin fluctuations J?
and next-nearest neighbour (NNN) tunneling t0 we obtain
a low-energy effective model with one dominant scatter-
ing channel of magnetic polarons around the nodal point;
this scattering channel has dx2�y2 symmetry.
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i.e. Fermi-Hubbard or t-J models at typical pa-
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(ii) More specifically, we hypothesis that underdoped
cuprates are on the BCS side, but close to the
d-wave resonance, causing the observed strong pair-
ing.
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come the intrinsic repulsion of two charge carriers caused
by e.g. Coulomb interactions or their finite spatial ex-
tend.

Our hypothesis further provides a new microscopic per-
spective for the scenario of a BEC-BCS crossover [45, 46]
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explicitly include two channels, i.e. (sc)2 and (cc), corre-
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tailed, quantitative study of the crossover from BCS-like

to BEC-like pairing and pseudogap phenomenology [47].
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first identify and characterize the scattering channels in
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Feshbach hypothesis:

— mediated interactions

— d-wave resonance
chargon – 

chargon (cc)

<latexit sha1_base64="cyLfcIPws2Uv4XaQ3LDHJrtnirc=">AAACSnicbVDJTgJBFOxBVMQF0KOXicTEE5kxbkeiF4+YyJIAkjfNG+jQs6T7jZFM+BKv+jf+gL/hzXixWQ4CVtJJpd7S9cqLpdDkOJ9WZiO7ubWd28nv7u0fFIqlw4aOEsWxziMZqZYHGqUIsU6CJLZihRB4Epve6G5abz6j0iIKH2kcYzeAQSh8wYGM1CsWOkOg1Js8dfowGKDqFctOxZnBXifugpTZArVeySp3+hFPAgyJS9C67ToxdVNQJLjESb6TaIyBj2CAbUNDCFB305nziX1qlL7tR8q8kOyZ+ncihUDrceCZzgBoqFdrU/Hf2lRR2tdL/6eeghHSihZM8gZLNsm/6aYijBPCkM9d+om0KbKnGdp9oZCTHBsCXAlzqM2HoICTSXpp+cv8zryJ1V0NcZ00zivuVeXy4aJcvV0EnGPH7ISdMZddsyq7ZzVWZ5wl7JW9sXfrw/qyvq2feWvGWswcsSVksr/kcbKR</latexit>

b̂†

Te
tr
a-
pa

rt
on

(sc)2

⇡̂†
"⇡̂

†
#

<latexit sha1_base64="tty3Ebsq3SGfW08rWL86+9CKy9w=">AAACIHicbVDLSgMxFM3UV62vUZdugkVwVWaqUJdFNy4r2Ad0armTZqahmcyQZCxl6Ke48VfcuFBEd/o1po+Ftj0QOJxzDzf3+AlnSjvOt5VbW9/Y3MpvF3Z29/YP7MOjhopTSWidxDyWLR8U5UzQumaa01YiKUQ+p01/cDPxm49UKhaLez1KaCeCULCAEdBG6toVrw868xI2fvB6EIZUdr00ASnjIV5h9eKhmJpdu+iUnCnwMnHnpIjmqHXtLxMmaUSFJhyUartOojsZSM0Ip+OClyqaABlASNuGCoio6mTTA8f4zCg9HMTSPKHxVP2byCBSahT5ZjIC3VeL3kRc5bVTHVx1MiaSVFNBZouClGMd40lbuMckJZqPDAEimfkrJn2QQLTptGBKcBdPXiaNcsm9KJXvLovV63kdeXSCTtE5clEFVdEtqqE6IugJvaA39G49W6/Wh/U5G81Z88wx+gfr5xfAxKUy</latexit>

M
es
on vs.



Fabian Grusdt Benasque, 02/202673

Summary Part 2

T ∼ U

AFM stripes

PG

strange 
metal FL

metal

MI

0 0.2
0

1.0
hole doping δdoublon doping δ

0.2

AFM

1.0

FL

temperature T

T ∼ J

T ∼ 0.2J

strange 
metal

d-SC d-SC

Feshbach Hypothesis of high-Tc superconductivity

t′￼ < 0

Blatz et al., in prep. 



Fabian Grusdt Benasque, 02/202673

Summary Part 2

T ∼ U

AFM stripes

PG

strange 
metal FL

metal

MI

0 0.2
0

1.0
hole doping δdoublon doping δ

0.2

AFM

1.0

FL

temperature T

T ∼ J

T ∼ 0.2J

strange 
metal

d-SC d-SC

Feshbach Hypothesis of high-Tc superconductivity

t′￼ < 0BCS-side

Blatz et al., in prep. 



Fabian Grusdt Benasque, 02/202673

Summary Part 2

T ∼ U

AFM stripes

PG

strange 
metal FL

metal

MI

0 0.2
0

1.0
hole doping δdoublon doping δ

0.2

AFM

1.0

FL

temperature T

T ∼ J

T ∼ 0.2J

strange 
metal

d-SC d-SC

Feshbach Hypothesis of high-Tc superconductivity

t′￼ < 0BCS-sideBEC-side

Blatz et al., in prep. 



Fabian Grusdt Benasque, 02/2026

Outline

74

Hidden orders

Matjaz Kebric, Lukas Homeier, Fabian Grusdt 
1Munich Center for Quantum Science and Technology 
2Ludwigs-Maximilians University Munich

LS Schollwöck group seminar, 12/2019

Quantum simulations of Z2 lattice gauge theories

Dr. Fabian Grusdt ETH Assistant Professor application

Achievement III: Quantum Simulation of Z2 lattice gauge theory with matter 
  

Dr. Fabian Grusdt 
Physics Department, Ludwig-Maximilians-Universität München  
80333 Munich, Germany 
fabian.grusdt@lmu.de 
https://sites.google.com//site/quantmanybody 

A recurring problem in my research has been the implementation of ubiquitous toy models in analogue 
quantum simulators. For example, many models supporting topological excitations that have been discussed 
theoretically involve multi-particle interactions, which are difficult to implement directly in photonic or 
atomic systems. For SU(N) invariant ring-exchange interactions I have recently proposed an optical tweezer 
scheme [G1]. My most important achievement along these lines, has been the proposal of a realistic 
Floquet approach to implement dynamical matter coupled to fully quantized Z2 lattice gauge fields 
for ultracold atoms in optical lattices [G2]. Our work includes a detailed analysis of the interplay of matter 
and gauge fields in realistic two-leg ladders, providing a significant step towards the quantum simulation of 
full-blown gauge theories. Immediately following the theoretical proposal, the experimental members of our 
team (Monika Aidelsburger’s and Immanuel Bloch’s groups) realized the fundamental two-site building 
block experimentally in modulated optical super-lattices [G3]. In an independent work, Tilman Esslinger’s 
group at ETH Zürich demonstrated another important ingredient of our scheme [Görg et al., Nat. Phys. 
(2019)]. These experiments are among the very first to realize quantized dynamical gauge fields for 
ultracold atoms, which is one of the central goals of field right now. In a more recent theoretical paper 
[G4], we explored the physics of 1D Z2 lattice gauge theory with matter: I expect this will be among the 
first physical problems that will soon be addressed experimentally.  
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.

CANDIDATE THEORIES FOR THE DOPED
HUBBARD MODEL

In this work we study the Fermi-Hubbard model,
which is defined by the Hamiltonian
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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FIG. 1. Quantum simulation of the Hubbard model.
(A) Quantum gases trapped in optical lattices realize the
Hubbard model with tunable U and t. Quantum gas mi-
croscopy allows for the site-resolved readout of the quantum
state. (B) Conjectured phase diagram of the Hubbard model
with the experimentally accessed regime shaded in green.
(C) Outline of experimental observables used and theoretical
models evaluated. We evaluate theories using both standard
observables and a novel pattern-recognition-based approach
in our snapshots of the quantum state.
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ĉ~j,�

+ h.c.
⌘
+U

X

~j

ĉ
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see Fig. 1A. The first term describes tunneling of am-
plitude t of spin-1/2 fermions ĉ~j,�

with spin � between
the sites of a two-dimensional square lattice. The sec-
ond term includes on-site interactions of strength U be-
tween opposite spins. We consider the strongly corre-
lated regime, where U � t and doubly occupied sites
are energetically costly.

The Fermi-Hubbard model is well understood when
the band is half filled at an average of one particle
per site, see Fig. 1B. For temperatures T ⌧ J , where
J = 4t2/U is the super-exchange coupling, AFM cor-
relations appear. Although these magnetic correlations

are finite-ranged at non-zero temperatures, su�ciently
cold finite-size systems can have AFM order across the
entire system [10].

Much less is known about the doped Fermi-Hubbard
model. However, it is understood that dopant delocal-
ization for kinetic energy minimization competes with
spin interactions in the background AFM. Experiments
on the cuprates have also shown that at temperatures
T ⌧ J and between 10% and 20% doping, the pseudo-
gap (PG) phase crosses over to the strange metal (SM),
located above the superconducting dome [7]. The two
novel metallic phases (PG and SM) defy a description
in terms of conventional quasiparticles and still lack a
unified theoretical understanding.

While phenomenological, numeric, and mean-field
(MF) approaches have provided key insights in the past,
quantum gas microscopy is naturally suited to assess mi-
croscopic theoretical approaches. For example, Ander-
son’s resonating valence bond (RVB) picture [16] con-
siders trial wavefunctions of free holes moving through a
spin liquid comprised of singlet coverings. Here we con-
sider one particular class of RVB wavefunctions called
⇡-flux states. They stem from a mean-field density ma-
trix ⇢̂ = P̂GWe

�ĤMF/kBT
P̂GW, where kB is Boltzmann’s

constant, P̂GW is the Gutzwiller projection, and ĤMF

is the quadratic Hamiltonian of itinerant fermions on a
square lattice with a Peierls phase of ⇡ per plaquette
[12]. Snapshots of the trial state in the Fock basis can
be obtained by Monte-Carlo sampling, with temperature
T as a free fit parameter [17].

A second microscopic approach we examine is the
geometric-string theory [11]. We assume that the hole
motion only modifies the parent AFM geometry: each
hole, independent of other holes, moves by displacing
spins along its trajectory by one lattice site. The original
AFM quantum state remains otherwise unmodified; this
is the frozen-spin approximation [18]. This theory, then,
relates doped with half-filled states in that the ordering
at half-filling is hidden in doped states via hole motion.
The key ingredient is the theoretical distribution func-
tion pth(`) of the string lengths `, see Fig. 1C, which we
derive from microscopic considerations of quantum co-
herent hole motion with input parameters t, U , and T

[12].
We directly assess these microscopic theoretical ap-

proaches with a quantum gas microscope, which pro-
vides projective measurements of the quantum mechani-
cal wavefunction for the doped Hubbard model in the
parity-projected Fock basis. Our experimental setup
consists of a balanced two-component gas of fermionic
Lithium in the lowest band of a square optical lattice,
as reported previously [19], and we image one or both of
the two spin states [20]. Entropy redistribution with a
digital micro-mirror device enables a disk-shaped homo-
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Wilke et al., arXiv:2506.03146; De Paciani et al., in prep.
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PART 3.I: Hidden antiferro-
magnetism in 1D

we inferred a splitting fidelity of 98% limited by
superlattice phase fluctuations of 25 mrad (30).
Last, we ramped up a 3D pinning lattice for
detection and reconstructed the lattice site occu-
pations from fluorescence images (Fig. 1, B and
C) after deconvolution with the measured point-
spread-function (24, 30). The above detection

procedure enables us to detect the position of all
spins, doublons, and holes in the system with
single-lattice-site resolution, obtaining complete
information about the system in Fock space.
First, we analyzed the spin correlations CðdÞ ¼

4ðhS^ i
z S
^
iþd
z i − hS^ i

zihS^ iþd
z iÞ between the spinoperators

S
^
i
z ¼ n̂ i;↑− n̂ i;↓

2
versus distance d. To this end, we fixed

the s wave scattering length to 671(10)aB, where
aB is the Bohr radius, corresponding toU=t ¼ 12:6
and took a high statistics data set of 1200 indi-
vidual pictures.We focused on the central region
of the inhomogeneous sample, defining two spa-
tial regions of interest for the analysis. The first
one, referred to as the loose filter, involves all
sites with an average density n̂i ¼ n̂i;↑ þ n̂i;↓ in the
range n̂i ¼ 1 T 0:3. Here, we benefit from higher
statistics, but there is a considerable effect of
lower-density regions in the data. The second,
so-called tight filter selects one specific tube and
takes into account only sites closer to unity
density with n̂i ¼ 1 T 0:1 (30). The strong near-
est-neighbor correlations of C(1) = –0.220(5) and
C(1) = –0.34(9) observed for the loose and tight
filtering correspond to 37 and 58%, respec-
tively, of the expected zero-temperature signal
in the Heisenberg limit (Fig. 2) (27, 28). These
data are based on the average over all measure-
ments taken for U/t > 8 (Fig. 3). We observed
significant correlations over a distance of up to
three sites of the staggered correlator Cs(d) =
(–1)dC(d). Acomparisonbetweentheexperimentally
measured correlator C(d) and finite-temperature
quantum Monte Carlo (QMC) calculations for
homogeneousHubbard chains at half-filling allows
the determination of the entropy and temperature
of the lattice gas (30). We inferred an effective local
entropy per particle of s = 0.61(1) in the loosely
filtered case, reducing to s = 0.51(5) for the tight
filter, both significantly below s* = ln(2)≈ 0.69. In a
uniform system at half-filling, this lowest entropy
corresponds to a temperature of kBT/t = 0.22(4) at
U/t = 12.6 (30).
In order to explore the properties of the

Hubbard chains at different interaction strengths
U/t, we measured spin correlations and particle-
hole fluctuations for varying onsite interactionsU,
while keeping the lattice ramp and final lattice
depth constant at 11 ER (Fig. 3). We compared the
measurements toQMC results for a homogeneous
system at half-filling for different temperatures
and entropies. The dependence of the correlations
on the interactions is rather different when com-
paring isothermal and isentropic state preparation.
In the former case, a maximum of the correlations
is expected at intermediate interactionsU/t, where
part of the entropy is carried by density modes
(33), whereas at large interactions, the correlations
decrease owing to the smaller energy scale of spin
excitations given by the superexchange coupling J.
In the isentropic case of constant entropy, spin
correlations saturate toward strong interactions,
where the energetic gap between spin and density
modes is large.At intermediate interactionstrengths,
the correlation behavior depends on the entropy,
and a weakly pronounced maximum exists for
intermediate entropies around s* = ln(2) (Fig.
3A), whereas below s = 0.6, a monotone increase
of the correlations with interaction strength is
expected. Experimentally, we observed a satura-
tion behavior of the spin correlations forU/t > 8.
The inferred temperature dropped from kBT =
0.6t to 0.3t while increasing U/t from 8 to 16, as
expected for adiabatic cooling. At intermediate
interactions, U/t ≈ 5, we observed reduced spin
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Fig. 2. Antiferromag-
netic spin correlations
versus distance.
Measured spin correla-
tions at U/t = 12.6 for
the loosely (blue
circles) and more
tightly filtered data (red
diamonds). The
staggered behavior
directly visualizes the
antiferromagnetic
nature of the correla-
tions C(d). Correlations
up to three sites are
statistically significant.
The transverse correla-
tions (gray line) vanish
within their 1 SEM uncertainty (light gray shading). The red and blue lines connecting filled symbols are
QMC results for a homogeneous system at half-filling corresponding to entropies per particle of s=0.51(5)
and s = 0.61(1), respectively. (Inset) Decay of the staggered spin correlator Cs(d) = (–1)dC(d) in a loga-
rithmic plot togetherwith an exponential fitCs(d)º exp(–d/x), revealing decay lengths of x =0.69(6) sites
and x = 1.3(4) sites for the two data sets. For low entropies, an exponential decay is expected to be strictly
valid only at large distances. However, within the statistical uncertainty of the experimental data, the fit
captures the observed behavior. All error bars represent 1 SEM.
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Fig. 1. Schematic of the spin- and density-resolved detection. (A) Schematic of the spin-resolved
imaging. Each site of the Hubbard chain was split spin-dependently into a local double-well potential by
applying a magnetic field gradient B′. This allows for the simultaneous detection of up spins (j↑i, red),
down spins (j↓i, green), doublons (up and down spins overlapping), and holes (gray spheres) and thus for
a full characterization of the Hubbard chains. (B) Typical fluorescence image of atoms in five mutually
independent 1D tubes imaged before splitting.The lattice potentials are indicated by the black lines next to
the images,with a spacing along the tubes oriented in the x direction of 1.15 mmand a transverse intertube
separation of 2.3 mm. The increasing fluorescence level is shown by darker colors in relative units (color
bar).The imaging slightly displaces the atoms from their original positions and also allows for the detection
of doubly occupied sites (saturated signal in the center) (24). (C) Typical image with spin-resolved
detection. A superlattice in the y direction (indicated on the left of the image) was used to split each chain
in a spin-dependent manner. The j↓i spins were pulled down, whereas the j↑i spins were pulled upward.
(Right) Illustration of the reconstructed Hubbard chains.
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FIG. 1. Analysis of a doped Hubbard chain. (A) Experimental spin and density resolved picture of a single, slightly-doped
Hubbard chain after a local Stern-Gerlach-like detection. The reconstructed chain is shown below the picture. (B) Illustration
of the magnetic environment around a hole. For aligned spins the hole cannot freely delocalize due to the magnetic energy
cost J , which is absent for anti-aligned spins. (C) Illustration of hole induced AFM parity flips, squeezed space and string
correlator. Hole doping leads to AFM parity flips highlighted by the color mismatch between the spins and the background
(top). Squeezed space is constructed by removing all sites with holes from the chain (bottom left). In the string correlator
analysis the flip in the AFM parity is canceled by a multiplication of �1 for each hole (bottom right). Comparing either of
these analyses to the conventional two-point correlator reveals the hidden finite-range AFM order in the system.

lations with distance that is faster than the one of the
Heisenberg model [3]. This decay can be understood from
spin-charge separation, allowing holes to freely move in
the AFM spin-chain. Consequently, the spins around the
hole are anti-aligned and the sign of the staggered mag-
netization (�1)iSz

i
, called AFM parity, changes. This

implies that a hole acts as a domain wall of the AFM
parity, which reduces the spin correlations. The spin or-
der however, is still present and can be revealed either in
squeezed space by effectively removing the holes in the
analysis or by evaluating string correlators, which take
the AFM parity domain walls into account by flipping
the sign of the correlator (Fig. 1C). Analytic and numer-
ical studies[18] have shown that at zero temperature, the
two-point spin correlations in squeezed space are com-
parable to the ones of a pure Heisenberg chain, for any
doping and any repulsive interaction U . This is readily
understood in the U/t ! 1 limit, where the many-body
wave function  ({xj,�}) =  ch({xj}) s({x̃j,�}) factor-
izes exactly into a density  ch and a spin  s part [15, 28].
The spin degree of freedom is described by a Heisenberg
model in squeezed space with the spins "living" on a lat-
tice defined by the positions of spinless, non-interacting
fermions [16]. Distances in squeezed space are rescaled
by the spinless fermion density x̃ ⇠ nx. Also at non-zero
temperature and finite interactions, the spin correlations
in squeezed space are governed by a Heisenberg model
with a renormalized exchange coupling Jeff(n) that de-
pends on the original density n [27].

The experiment started with a two-dimensional degen-
erate two-component Fermi gas. Using the large spacing
component of an optical superlattice (asl = 2.3µm),
the system was divided into about ten independent
one-dimensional tubes. The Fermi Hubbard chains
were then realized using a lattice of 1.15µm spacing
along the tubes. The atom number was set such that

the maximum density in the chains was typically just
below unity. At the final lattices depths the tunneling
amplitude reached t = h ⇥ 400Hz, and the confinement
due to the lattice beams fixed the length of the central
tubes to about 15 sites. The onsite repulsion U was
tuned to h⇥2.9 kHz using the broad Feshbach resonance
between the hyperfine states |#i = |F,mF i = |1/2,�1/2i
and |"i = |1/2, 1/2i to set a scattering length of 2000
Bohr radii at the end of the lattice ramps. These
parameters and the lattice ramps have been optimized
to produce cold, strongly interacting doped Hubbard
chains [27]. For the detection of the spin and density
degrees of freedom the lattice depth along the tubes
was rapidly increased, followed by a local Stern-Gerlach
like detection using a magnetic field gradient and the
short scale component of a superlattice transverse to the
tubes [25]. Applying Raman sideband cooling for 500
ms, we collected fluorescence photons on an EMCCD
camera to form a high contrast and site resolved image
of the atomic distribution [22] as shown in Fig. 1A.
From comparison of the measured spin-correlations at
half filling to Quantum Monte-Carlo results [25], we
estimated the temperature in the central chains to be
0.51(2) t or 0.90(3) J , which corresponds to an entropy
per particle of 0.63(2)kB .

To investigate the magnetic environment around a
hole, we calculate the conditional three-point spin-hole
correlation function CSH(2) = 4 hŜz

i
Ŝ
z

i+2i i#i+1 i+2
,

where the symbols describe the condition that the corre-
lator is only evaluated on configurations with the sites i

and i+2 singly occupied and the middle site empty [27].
The correlator indeed reveals anti-alignment of the spins
around individual holes (CSH(2) < 0) and Fig. 2A high-
lights the hole induced sign change by comparison to the
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FIG. 3. Effect of hole doping on spin order. (A) Com-
parison of the spin correlation function (blue) C(d) and the
spin-string correlation function (red) Cstr(d) averaged over
all local densities in the trap. The spin order is not visible
with the conventional two-point spin correlator, but can be re-
vealed by disentangling spin and charge sector with the string
correlator. The extracted exponential decay length of 1.2(1)
sites matches the one extracted at unity filling (cf. Fig. 1).
The insets show the data binned by density (bin widths 0.1)
for hni = 0.4 (blue), hni = 0.7 (red) and hni = 1 (green). Fi-
nite range AFM order in the conventional correlator C(d) is
present at hni = 1, while it quickly gets suppressed when
the system is doped away from half filling. At the same
time we observe an increasing periodicity of the two-point
spin correlations with decreasing density (left). In contrast,
string correlations Cstr(d) only marginally depend on den-
sity (right). Solid lines are guides to the eye. (B) Spin
correlation measured directly in squeezed space for d̃ = 1
(blue), d̃ = 2 (red) and d̃ = 3 (green) as a function of den-
sity n (bin widths 0.05). Dotted lines represent spin correla-
tions C(1) and C(2) in the Heisenberg model for temperatures
T/J = 0.6, 0.8, 1.0 obtained by exact diagonalization with a
coupling constant Jeff(n). The correlation decreases with in-
creasing ratio T/Jeff(n). All correlations shown are corrected
for the constant finite size offset [27].

C
str(d) (Fig. 3A). When analyzing the data in regions

of fixed density, we additionally observe an increasing
periodicity of the AFM correlations with decreasing den-
sity [3]. The amplitude of the string correlations, on the
other hand, even slightly increase in magnitude at a given

real space distance d which we attribute to the decreasing
distance d̃ ⇠ nd in squeezed space [27].

An analysis of the correlations directly in squeezed
space is also possible with the quantum gas microscope
by removing the empty and doubly occupied sites in the
analysis before evaluating the standard two-point corre-
lator C(d). This corresponds to a weighted summation
along the diagonals of Fig. 2B, and thus mixes events
that had different distances in real space. Similar to the
string correlator, the squeezed space analysis (Fig. 3B)
reveals the finite-range hidden antiferromagnetic order.
A quantitative comparison to a Heisenberg model with
renormalized coupling Jeff(n), that decreases with dop-
ing, agrees well at a temperature of T = 0.87(2) J ,
which demonstrates that the concept of squeezed space
can be successfully applied even away from the U/t ! 1
limit [29]. Here, Jeff was determined independently from
the microscopic parameters of the Hubbard model [27].
The discrepancy between theory and experiments at den-
sities below 0.45 might arise from adiabatic cooling when
decreasing the density during the preparation of the
chains.

In order to further confirm the independence of the
spin and density sectors, we define a tailored string cor-
relator

C
str
SH

(d, s) = 4

*
Ŝ
z

i

0

@
d�1Y

j=1,j 6=s

(�1)(1�n̂i+j)

1

A Ŝ
z

i+d

+

 i#i+s i+d

which isolates the effect of a single hole at distance s from
the first spin independent of the density. Here, the effect
of extra charge fluctuations is taken care of by inserting
string correlators around the hole. For a system with a
single hole this correlator is identical to the three-point
correlation function introduced before C

str
SH

= CSH . The
dependence of Cstr

SH
on the spin separation d and the po-

sition of the hole in the string s is shown in Fig. 4A. For
s = 0 and s = d the hole crosses one of the two spins,
which causes the previously discussed AFM parity flip,
while the correlation signal is almost independent of the
position of the hole between the two spins. This observa-
tion emphasizes spin-charge separation by the absence of
polaron-like effects, which would result in a local change
of the spin correlations around the hole. The rectified
correlator (�1)dCstr

SH
(d, s) in Fig. 4B highlights the two

domains of opposite AFM parity, demonstrating that the
hole acts as a domain wall for the magnetic order [30]. To
emphasize the symmetries of the three-point correlator,
the position of the hole is measured here relative to the
center of mass of the two spins.

Through the analysis of various local and non-local
correlation functions our measurements revealed strik-
ing equilibrium signatures of spin-charge separation in
one-dimensional Hubbard chains. An interesting exten-
sion of this work would be the detection of dynamic sig-
natures of spin-charge separation in quench experiments
through the measurements of different spin and charge
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FIG. 3. Effect of hole doping on spin order. (A) Com-
parison of the spin correlation function (blue) C(d) and the
spin-string correlation function (red) Cstr(d) averaged over
all local densities in the trap. The spin order is not visible
with the conventional two-point spin correlator, but can be re-
vealed by disentangling spin and charge sector with the string
correlator. The extracted exponential decay length of 1.2(1)
sites matches the one extracted at unity filling (cf. Fig. 1).
The insets show the data binned by density (bin widths 0.1)
for hni = 0.4 (blue), hni = 0.7 (red) and hni = 1 (green). Fi-
nite range AFM order in the conventional correlator C(d) is
present at hni = 1, while it quickly gets suppressed when
the system is doped away from half filling. At the same
time we observe an increasing periodicity of the two-point
spin correlations with decreasing density (left). In contrast,
string correlations Cstr(d) only marginally depend on den-
sity (right). Solid lines are guides to the eye. (B) Spin
correlation measured directly in squeezed space for d̃ = 1
(blue), d̃ = 2 (red) and d̃ = 3 (green) as a function of den-
sity n (bin widths 0.05). Dotted lines represent spin correla-
tions C(1) and C(2) in the Heisenberg model for temperatures
T/J = 0.6, 0.8, 1.0 obtained by exact diagonalization with a
coupling constant Jeff(n). The correlation decreases with in-
creasing ratio T/Jeff(n). All correlations shown are corrected
for the constant finite size offset [27].

C
str(d) (Fig. 3A). When analyzing the data in regions

of fixed density, we additionally observe an increasing
periodicity of the AFM correlations with decreasing den-
sity [3]. The amplitude of the string correlations, on the
other hand, even slightly increase in magnitude at a given

real space distance d which we attribute to the decreasing
distance d̃ ⇠ nd in squeezed space [27].

An analysis of the correlations directly in squeezed
space is also possible with the quantum gas microscope
by removing the empty and doubly occupied sites in the
analysis before evaluating the standard two-point corre-
lator C(d). This corresponds to a weighted summation
along the diagonals of Fig. 2B, and thus mixes events
that had different distances in real space. Similar to the
string correlator, the squeezed space analysis (Fig. 3B)
reveals the finite-range hidden antiferromagnetic order.
A quantitative comparison to a Heisenberg model with
renormalized coupling Jeff(n), that decreases with dop-
ing, agrees well at a temperature of T = 0.87(2) J ,
which demonstrates that the concept of squeezed space
can be successfully applied even away from the U/t ! 1
limit [29]. Here, Jeff was determined independently from
the microscopic parameters of the Hubbard model [27].
The discrepancy between theory and experiments at den-
sities below 0.45 might arise from adiabatic cooling when
decreasing the density during the preparation of the
chains.

In order to further confirm the independence of the
spin and density sectors, we define a tailored string cor-
relator

C
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which isolates the effect of a single hole at distance s from
the first spin independent of the density. Here, the effect
of extra charge fluctuations is taken care of by inserting
string correlators around the hole. For a system with a
single hole this correlator is identical to the three-point
correlation function introduced before C

str
SH

= CSH . The
dependence of Cstr

SH
on the spin separation d and the po-

sition of the hole in the string s is shown in Fig. 4A. For
s = 0 and s = d the hole crosses one of the two spins,
which causes the previously discussed AFM parity flip,
while the correlation signal is almost independent of the
position of the hole between the two spins. This observa-
tion emphasizes spin-charge separation by the absence of
polaron-like effects, which would result in a local change
of the spin correlations around the hole. The rectified
correlator (�1)dCstr

SH
(d, s) in Fig. 4B highlights the two

domains of opposite AFM parity, demonstrating that the
hole acts as a domain wall for the magnetic order [30]. To
emphasize the symmetries of the three-point correlator,
the position of the hole is measured here relative to the
center of mass of the two spins.

Through the analysis of various local and non-local
correlation functions our measurements revealed strik-
ing equilibrium signatures of spin-charge separation in
one-dimensional Hubbard chains. An interesting exten-
sion of this work would be the detection of dynamic sig-
natures of spin-charge separation in quench experiments
through the measurements of different spin and charge

String correlatorreal spacedensity n =1 - doping

A. Bohrdt, L. Homeier, C. Reinmoser et al. Annals of Physics 435 (2021) 168651

Fig. 3. Spin-charge separation. (a) Spin correlations as a function of distance d for densities hni = 0.4 (blue), hni = 0.7
(red), and hni = 1 (green). (b) String correlator (defined in the main text) as a function of distance. (c) Squeezed space spin
correlations as a function of density for distances d̃ = 1 (blue), d̃ = 2 (red), and d̃ = 3 (green). Dotted lines correspond
to the spin correlations C(d = 1) and C(d = 2) in the Heisenberg model with coupling constant Jeff(n), obtained by exact
diagonalization. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
Source: Figures extracted from [23].

separation over a wide range of energies in and out-of-equilibrium, by employing observables
directly accessible in quantum gas microscopes.

Spin-charge separation is a remarkable effect of strong interactions in one spatial dimension,
where charge and spin degrees of freedom effectively decouple. Although the underlying con-
stituents are fermions, for which spin and charge quantum numbers come together, the elementary
excitations are solitons, which carry exclusively one of them, either spin (spinons) or charge
(holons). This phenomenon is well understood theoretically in the low-energy limit, where it is
described by Luttinger liquid theory [97]. However, it has been predicted to remain robust and valid
far from equilibrium even at high excitation energies [98,99], and in the spin-incoherent Luttinger
liquid regime [100] where spin degrees of freedom form an incoherent bath.

In condensed matter systems, spin-charge separation has been probed indirectly at low tem-
peratures and energies with spectroscopic [101–103] or transport measurements [104,105]. Using
quantum gas microscopes, more direct real space probes through non-local correlation functions
are possible [106] over a wider range of energies and temperatures, as we discuss below.

3.1. Equilibrium

3.1.1. String-order parameters and squeezed space
In a finite temperature Fermi–Hubbard chain at zero doping, the antiferromagnetic spin corre-

lations decay exponentially with distance. For temperatures below the super-exchange energy as
realized in the experiments, correlations extending over several lattice spacings can be measured.
Upon doping, these correlations quickly loose their antiferromagnetic character and decay to zero
within a few sites at currently achievable temperatures [23], see Fig. 3(a). As summarized next,
ultracold atom experiments have demonstrated that this strong suppression of spin-correlations is
caused primarily by the motion of the doped holes, see Ref. [107] for earlier theoretical analysis.

As a consequence of spin-charge separation, the antiferromagnetic correlations are however not
lost, but rather hidden [108,109]. In [23], this hidden order was revealed by taking the hole positions
into account. First it was shown that across each hole the spin–spin correlations remain negative,
i.e. the spin–hole (SH) correlation CSH(2) = 4hŜzi n̂

h
i+1Ŝ

z
i+2i•�• < 0 where n̂h

i is the hole density
operator and filled (open) circles in the subscript refer to occupied (empty) sites. This reflects the
fact that each hole can be associated with an antiferromagnetic parity domain wall.

To include the effect of multiple holes, one can construct a string-order correlator to take the
hole positions – and thus the antiferromagnetic parity domain walls associated therewith – into

9

Hidden AFM correlations in 1D
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FIG. 3. Effect of hole doping on spin order. (A) Com-
parison of the spin correlation function (blue) C(d) and the
spin-string correlation function (red) Cstr(d) averaged over
all local densities in the trap. The spin order is not visible
with the conventional two-point spin correlator, but can be re-
vealed by disentangling spin and charge sector with the string
correlator. The extracted exponential decay length of 1.2(1)
sites matches the one extracted at unity filling (cf. Fig. 1).
The insets show the data binned by density (bin widths 0.1)
for hni = 0.4 (blue), hni = 0.7 (red) and hni = 1 (green). Fi-
nite range AFM order in the conventional correlator C(d) is
present at hni = 1, while it quickly gets suppressed when
the system is doped away from half filling. At the same
time we observe an increasing periodicity of the two-point
spin correlations with decreasing density (left). In contrast,
string correlations Cstr(d) only marginally depend on den-
sity (right). Solid lines are guides to the eye. (B) Spin
correlation measured directly in squeezed space for d̃ = 1
(blue), d̃ = 2 (red) and d̃ = 3 (green) as a function of den-
sity n (bin widths 0.05). Dotted lines represent spin correla-
tions C(1) and C(2) in the Heisenberg model for temperatures
T/J = 0.6, 0.8, 1.0 obtained by exact diagonalization with a
coupling constant Jeff(n). The correlation decreases with in-
creasing ratio T/Jeff(n). All correlations shown are corrected
for the constant finite size offset [27].

C
str(d) (Fig. 3A). When analyzing the data in regions

of fixed density, we additionally observe an increasing
periodicity of the AFM correlations with decreasing den-
sity [3]. The amplitude of the string correlations, on the
other hand, even slightly increase in magnitude at a given

real space distance d which we attribute to the decreasing
distance d̃ ⇠ nd in squeezed space [27].

An analysis of the correlations directly in squeezed
space is also possible with the quantum gas microscope
by removing the empty and doubly occupied sites in the
analysis before evaluating the standard two-point corre-
lator C(d). This corresponds to a weighted summation
along the diagonals of Fig. 2B, and thus mixes events
that had different distances in real space. Similar to the
string correlator, the squeezed space analysis (Fig. 3B)
reveals the finite-range hidden antiferromagnetic order.
A quantitative comparison to a Heisenberg model with
renormalized coupling Jeff(n), that decreases with dop-
ing, agrees well at a temperature of T = 0.87(2) J ,
which demonstrates that the concept of squeezed space
can be successfully applied even away from the U/t ! 1
limit [29]. Here, Jeff was determined independently from
the microscopic parameters of the Hubbard model [27].
The discrepancy between theory and experiments at den-
sities below 0.45 might arise from adiabatic cooling when
decreasing the density during the preparation of the
chains.

In order to further confirm the independence of the
spin and density sectors, we define a tailored string cor-
relator
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which isolates the effect of a single hole at distance s from
the first spin independent of the density. Here, the effect
of extra charge fluctuations is taken care of by inserting
string correlators around the hole. For a system with a
single hole this correlator is identical to the three-point
correlation function introduced before C

str
SH

= CSH . The
dependence of Cstr

SH
on the spin separation d and the po-

sition of the hole in the string s is shown in Fig. 4A. For
s = 0 and s = d the hole crosses one of the two spins,
which causes the previously discussed AFM parity flip,
while the correlation signal is almost independent of the
position of the hole between the two spins. This observa-
tion emphasizes spin-charge separation by the absence of
polaron-like effects, which would result in a local change
of the spin correlations around the hole. The rectified
correlator (�1)dCstr

SH
(d, s) in Fig. 4B highlights the two

domains of opposite AFM parity, demonstrating that the
hole acts as a domain wall for the magnetic order [30]. To
emphasize the symmetries of the three-point correlator,
the position of the hole is measured here relative to the
center of mass of the two spins.

Through the analysis of various local and non-local
correlation functions our measurements revealed strik-
ing equilibrium signatures of spin-charge separation in
one-dimensional Hubbard chains. An interesting exten-
sion of this work would be the detection of dynamic sig-
natures of spin-charge separation in quench experiments
through the measurements of different spin and charge
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FIG. 3. Effect of hole doping on spin order. (A) Com-
parison of the spin correlation function (blue) C(d) and the
spin-string correlation function (red) Cstr(d) averaged over
all local densities in the trap. The spin order is not visible
with the conventional two-point spin correlator, but can be re-
vealed by disentangling spin and charge sector with the string
correlator. The extracted exponential decay length of 1.2(1)
sites matches the one extracted at unity filling (cf. Fig. 1).
The insets show the data binned by density (bin widths 0.1)
for hni = 0.4 (blue), hni = 0.7 (red) and hni = 1 (green). Fi-
nite range AFM order in the conventional correlator C(d) is
present at hni = 1, while it quickly gets suppressed when
the system is doped away from half filling. At the same
time we observe an increasing periodicity of the two-point
spin correlations with decreasing density (left). In contrast,
string correlations Cstr(d) only marginally depend on den-
sity (right). Solid lines are guides to the eye. (B) Spin
correlation measured directly in squeezed space for d̃ = 1
(blue), d̃ = 2 (red) and d̃ = 3 (green) as a function of den-
sity n (bin widths 0.05). Dotted lines represent spin correla-
tions C(1) and C(2) in the Heisenberg model for temperatures
T/J = 0.6, 0.8, 1.0 obtained by exact diagonalization with a
coupling constant Jeff(n). The correlation decreases with in-
creasing ratio T/Jeff(n). All correlations shown are corrected
for the constant finite size offset [27].
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space is also possible with the quantum gas microscope
by removing the empty and doubly occupied sites in the
analysis before evaluating the standard two-point corre-
lator C(d). This corresponds to a weighted summation
along the diagonals of Fig. 2B, and thus mixes events
that had different distances in real space. Similar to the
string correlator, the squeezed space analysis (Fig. 3B)
reveals the finite-range hidden antiferromagnetic order.
A quantitative comparison to a Heisenberg model with
renormalized coupling Jeff(n), that decreases with dop-
ing, agrees well at a temperature of T = 0.87(2) J ,
which demonstrates that the concept of squeezed space
can be successfully applied even away from the U/t ! 1
limit [29]. Here, Jeff was determined independently from
the microscopic parameters of the Hubbard model [27].
The discrepancy between theory and experiments at den-
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the first spin independent of the density. Here, the effect
of extra charge fluctuations is taken care of by inserting
string correlators around the hole. For a system with a
single hole this correlator is identical to the three-point
correlation function introduced before C
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= CSH . The
dependence of Cstr

SH
on the spin separation d and the po-

sition of the hole in the string s is shown in Fig. 4A. For
s = 0 and s = d the hole crosses one of the two spins,
which causes the previously discussed AFM parity flip,
while the correlation signal is almost independent of the
position of the hole between the two spins. This observa-
tion emphasizes spin-charge separation by the absence of
polaron-like effects, which would result in a local change
of the spin correlations around the hole. The rectified
correlator (�1)dCstr
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(d, s) in Fig. 4B highlights the two

domains of opposite AFM parity, demonstrating that the
hole acts as a domain wall for the magnetic order [30]. To
emphasize the symmetries of the three-point correlator,
the position of the hole is measured here relative to the
center of mass of the two spins.

Through the analysis of various local and non-local
correlation functions our measurements revealed strik-
ing equilibrium signatures of spin-charge separation in
one-dimensional Hubbard chains. An interesting exten-
sion of this work would be the detection of dynamic sig-
natures of spin-charge separation in quench experiments
through the measurements of different spin and charge

String correlatorreal spacedensity n =1 - doping

A. Bohrdt, L. Homeier, C. Reinmoser et al. Annals of Physics 435 (2021) 168651

Fig. 3. Spin-charge separation. (a) Spin correlations as a function of distance d for densities hni = 0.4 (blue), hni = 0.7
(red), and hni = 1 (green). (b) String correlator (defined in the main text) as a function of distance. (c) Squeezed space spin
correlations as a function of density for distances d̃ = 1 (blue), d̃ = 2 (red), and d̃ = 3 (green). Dotted lines correspond
to the spin correlations C(d = 1) and C(d = 2) in the Heisenberg model with coupling constant Jeff(n), obtained by exact
diagonalization. (For interpretation of the references to color in this figure legend, the reader is referred to the web
version of this article.)
Source: Figures extracted from [23].

separation over a wide range of energies in and out-of-equilibrium, by employing observables
directly accessible in quantum gas microscopes.

Spin-charge separation is a remarkable effect of strong interactions in one spatial dimension,
where charge and spin degrees of freedom effectively decouple. Although the underlying con-
stituents are fermions, for which spin and charge quantum numbers come together, the elementary
excitations are solitons, which carry exclusively one of them, either spin (spinons) or charge
(holons). This phenomenon is well understood theoretically in the low-energy limit, where it is
described by Luttinger liquid theory [97]. However, it has been predicted to remain robust and valid
far from equilibrium even at high excitation energies [98,99], and in the spin-incoherent Luttinger
liquid regime [100] where spin degrees of freedom form an incoherent bath.

In condensed matter systems, spin-charge separation has been probed indirectly at low tem-
peratures and energies with spectroscopic [101–103] or transport measurements [104,105]. Using
quantum gas microscopes, more direct real space probes through non-local correlation functions
are possible [106] over a wider range of energies and temperatures, as we discuss below.

3.1. Equilibrium

3.1.1. String-order parameters and squeezed space
In a finite temperature Fermi–Hubbard chain at zero doping, the antiferromagnetic spin corre-

lations decay exponentially with distance. For temperatures below the super-exchange energy as
realized in the experiments, correlations extending over several lattice spacings can be measured.
Upon doping, these correlations quickly loose their antiferromagnetic character and decay to zero
within a few sites at currently achievable temperatures [23], see Fig. 3(a). As summarized next,
ultracold atom experiments have demonstrated that this strong suppression of spin-correlations is
caused primarily by the motion of the doped holes, see Ref. [107] for earlier theoretical analysis.

As a consequence of spin-charge separation, the antiferromagnetic correlations are however not
lost, but rather hidden [108,109]. In [23], this hidden order was revealed by taking the hole positions
into account. First it was shown that across each hole the spin–spin correlations remain negative,
i.e. the spin–hole (SH) correlation CSH(2) = 4hŜzi n̂

h
i+1Ŝ

z
i+2i•�• < 0 where n̂h

i is the hole density
operator and filled (open) circles in the subscript refer to occupied (empty) sites. This reflects the
fact that each hole can be associated with an antiferromagnetic parity domain wall.

To include the effect of multiple holes, one can construct a string-order correlator to take the
hole positions – and thus the antiferromagnetic parity domain walls associated therewith – into
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Doped transverse-field Ising (t-TFI) model see also: Thorngren et al., PRB 104 (2021)

Wilke et al., in prep.
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6 Basic concepts

Fig. 1.2b, there is a line of T > 0 second-order phase transitions (this is a line at which the
thermodynamic free energy is not analytic) that terminates at the T = 0 quantum critical
point at g = gc.

Moving beyond phase transitions, let us ask some basic questions about the dynamics
of the system. A very general way to characterize the dynamics at T > 0 is in terms of the
thermal equilibration time τeq. This is the characteristic time in which local thermal equi-
librium is established after imposition of a weak external perturbation (say, a heat pulse).
Here we are excluding equilibration with respect to globally conserved quantities (such as
energy or charge) which will take a long time to equilibrate, dependent upon the length
scale of the perturbation: hence the emphasis on local equilibration. Global equilibration
is described by the equations of hydrodynamics, and we expect such equations to apply
in all cases at times much larger than τeq. We focus here on the value of τeq as a function
of g − gc and T . From the energy scales discussed in Section 1.1, we can immediately
draw an important distinction between two regimes of the phase diagram. We character-
ized the ground state by the energy " in (1.1). At nonzero temperature, we have a second
energy scale, kB T . Comparing the values of " and kB T , we are immediately led to the
important phase diagram in Fig. 1.3. We will see that the two regimes, " > kB T and
" < kB T , are distinguished by different theories of thermal equilibration and of the val-
ues of τeq. In the regime where " > kB T , we will always find long equilibration times
which satisfy

τeq ≫ !
kB T

, " > kB T . (1.4)

One of the important consequences of this large value of τeq is that the dynamics of the
system becomes effectively classical. Thus we can use classical equations of motion to
describe the re-equilibration dynamics at the time scale τeq.

Let us now turn our attention to the important “Quantum Critical” region in Fig. 1.3,
where kB T > ". We shall mainly be interested in quantum critical points which are
strongly interacting, and not amenable to a nearly-free particle description. In such cases
we find a short equilibration time given by

T

ggc!Fig. 1.3 Separation of the phase diagram into distinct regimes determined by the energy scale ", which characterizes the
ground state, and kBT . The dashed lines are not phase transitions, but smooth crossovers at T ∼ |g − gc|zν .
The phase transition in Fig. 1.2b lies within the " > kBT region, and is not shown above.

hxc hx

Sachdev, “Quantum phase transitions”

/

1 TFIM

Need a better name for this section! Motivation to look at this model?! Extension of
t-J(with hubbard model decription of high Tc superconductivity) and transverse field
Ising model (TFI) (paradigmatic model for spontaneus symmetry breaking (SSB)) [58]
Doping and hopping gives rise to an additional phase, not present in the plain TFI. This
phases features stripe order, i.e. holes are bound to domain walls. Making use of the
notion of squeezed space, introduced in ??, we show that this stripe phase features long-
range antiferromagnetic (AFM) order and an Ising transition to a paramagnet (PM) -
both in squeezed space. The symmetry broken AFM phase in real space can be restored
by introducing an additional next-nearest-neighbor (NNN) hopping. From this phase,
there is a transition to a real space PM at high fields. Explain different limits of this
model The Hamiltonian is given by

Ĥ =� t1 Â
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Gutzwiller projectors PGW project our double occupations, i.e. only one particle per

Figure 1.1: Hopping term of Eq. (1.2), Triangular ladder

site although they might have the same spin. We are doping away from half filling. For
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1 TFIM

Need a better name for this section! Motivation to look at this model?! Extension of
t-J(with hubbard model decription of high Tc superconductivity) and transverse field
Ising model (TFI) (paradigmatic model for spontaneus symmetry breaking (SSB)) [58]
Doping and hopping gives rise to an additional phase, not present in the plain TFI. This
phases features stripe order, i.e. holes are bound to domain walls. Making use of the
notion of squeezed space, introduced in ??, we show that this stripe phase features long-
range antiferromagnetic (AFM) order and an Ising transition to a paramagnet (PM) -
both in squeezed space. The symmetry broken AFM phase in real space can be restored
by introducing an additional next-nearest-neighbor (NNN) hopping. From this phase,
there is a transition to a real space PM at high fields. Explain different limits of this
model The Hamiltonian is given by

Ĥ =� t1 Â
hi,ji,s

PGW(ĉ†
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Ŝ
z

i
Ŝ
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Gutzwiller projectors PGW project our double occupations, i.e. only one particle per

Figure 1.1: Hopping term of Eq. (1.2), Triangular ladder
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2

hx
<latexit sha1_base64="98zsHgLUg90dKI+nW9yXmmo7rQo=">AAAB6nicbVBNS8NAEJ34WetX1aOXxSJ4KkkV9Fj04rGi/YA2lM120y7dbMLuRCyhP8GLB0W8+ou8+W/ctjlo64OBx3szzMwLEikMuu63s7K6tr6xWdgqbu/s7u2XDg6bJk414w0Wy1i3A2q4FIo3UKDk7URzGgWSt4LRzdRvPXJtRKwecJxwP6IDJULBKFrpfth76pXKbsWdgSwTLydlyFHvlb66/ZilEVfIJDWm47kJ+hnVKJjkk2I3NTyhbEQHvGOpohE3fjY7dUJOrdInYaxtKSQz9fdERiNjxlFgOyOKQ7PoTcX/vE6K4ZWfCZWkyBWbLwpTSTAm079JX2jOUI4toUwLeythQ6opQ5tO0YbgLb68TJrVindeqd5dlGvXeRwFOIYTOAMPLqEGt1CHBjAYwDO8wpsjnRfn3fmYt644+cwR/IHz+QNgOo3b</latexit>

Jz
<latexit sha1_base64="+ya71gW0D1nOLgDDqby+2k9Yv6E=">AAAB6nicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL+IponlAsoTZySQZMju7zPQKccknePGgiFe/yJt/4yTZgyYWNBRV3XR3BbEUBl3328mtrK6tb+Q3C1vbO7t7xf2DhokSzXidRTLSrYAaLoXidRQoeSvWnIaB5M1gdD31m49cGxGpBxzH3A/pQIm+YBStdH/bfeoWS27ZnYEsEy8jJchQ6xa/Or2IJSFXyCQ1pu25Mfop1SiY5JNCJzE8pmxEB7xtqaIhN346O3VCTqzSI/1I21JIZurviZSGxozDwHaGFIdm0ZuK/3ntBPuXfipUnCBXbL6on0iCEZn+TXpCc4ZybAllWthbCRtSTRnadAo2BG/x5WXSqJS9s3Ll7rxUvcriyMMRHMMpeHABVbiBGtSBwQCe4RXeHOm8OO/Ox7w152Qzh/AHzucPNY6Nvw==</latexit>



Fabian Grusdt Benasque, 02/2026

Hidden order

80

Doped transverse-field Ising (t-TFI) model see also: Thorngren et al., PRB 104 (2021)
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z
j + hx

X

j

Ŝx
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t-J(with hubbard model decription of high Tc superconductivity) and transverse field
Ising model (TFI) (paradigmatic model for spontaneus symmetry breaking (SSB)) [58]
Doping and hopping gives rise to an additional phase, not present in the plain TFI. This
phases features stripe order, i.e. holes are bound to domain walls. Making use of the
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both in squeezed space. The symmetry broken AFM phase in real space can be restored
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Power-law instead of 
long-range correlations!

Symmetry-breaking without 
long-range order!

QCP without local order 
parameter!

HO-SPT Phase:
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ĉ†j,� ĉi,� + h.c.

⌘
P̂

<latexit sha1_base64="AWP7/wAy/WGcSQSbaWXwwGsUeWY="></latexit>
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PART 3.II: Hidden antiferro-
magnetism in 2D & Ising  

gauge theory

stripes > link variables ̂τz
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Néel order > Ising spins ̂Sz
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

the essential low-energy physics of cuprates [69]. In
its particle-hole symmetric formulation, the Hamiltonian
reads
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where ĉ(†)i,� and n̂i are fermionic annihilation (creation)
and particle density operators on site i, respectively; hi, ji
denotes nearest neighbor (NN) sites on the 2D square
lattice. Anticipating a metallic state close to an AFM
instability at light doping, the system can be decoupled
in the particle-hole channel by introducing the bosonic
collective mode �, often referred to as the “paramagnon
field”. The (exact) partition function then reads
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where we have used the local identity
U
�
n̂i," �

1

2

� �
n̂i,# �

1

2

�
= �

2U
3

S
2

i + U
4

with the spin
defined as Si = 1

2

P
↵,� c̄i,↵�↵,�ci,� . Though acquiring

the full solution of Eq. (2) is an extremely challenging
task, a systematic treatment of the path integral can
yield insights into the phases of the FH model in certain
limits.

Condensation of paramagnons leads to a spin-density
wave instability with wave vector K = [⇡, ⇡] on the
square lattice, resulting in a metallic state with spon-
taneous spin polarization that has opposite orientation
�i2A/|�i2A| = ��i2B/|�i2B | on A and B sublattices,
i.e., �i = ⌦i exp(iK · ri) with h⌦ii 6= 0 and ⌦i the align-
ment of the Néel field. A long-wavelength field theory
(the “spin-fermion” model) then describes Fermi surface
reconstruction due to translational symmetry breaking
that causes the formation of hole pockets close to hot-

spots where the spin-density wave gaps out the electronic
spectrum [5, 70]. This realizes the well-understood sce-
nario where the pseudogap emerges from a spontaneously
broken translational symmetry; a strong-coupling per-
spective of the pseudogap is provided by a theory of mag-
netic polarons [71–75].

It has been argued that by restricting fluctuations of
� only to its angle, the spin-density wave can become
“quantum disordered” [5], stabilizing an exotic state of
small hole pockets but without AFM order, i.e. h⌦ii = 0.
This realizes a fractionalized Fermi liquid [46, 47], where
the background spins form a quantum spin liquid e.g.
through resonances of spin-singlet dimers (analytically
represented by emergent gauge fields) [5]. This scenario
is in particular motivated by exploring possible ground
states of the undoped parent Hamiltonian (e.g. a Z2

spin liquid), which is then doped to form a fractionalized
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to the 2D HIO Hamiltonian,
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The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
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r

Y
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l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X
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j
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(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,

Ĥ = �JS
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(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),

Û
†
ĤÛ = �JS
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. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =

⌧
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z

r

✓ Y

l2Lj
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z

l
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z

j
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j
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j
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X

j
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x

hj�1,ji⌧̂
x
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x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS
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(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
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, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
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⌧̂
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hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,
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(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
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Y
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⌧̂
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l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X
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z
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hj,j+1iŜ
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(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,
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Ŝ
x

j

Y

l2+j

⌧̂
x

l
.

(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),

Û
†
ĤÛ = �JS
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Ŝ
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| {z }
ĤTC�F

. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =
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to the 2D HIO Hamiltonian,
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The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through
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, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS
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z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
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(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,
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Ŝ
x

j

Y

l2+j

⌧̂
x

l
.

(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
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| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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to the 2D HIO Hamiltonian,
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The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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ĤTC�F

. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X
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j
[⌧̂zhj,j+1i(1� �) + �] + hS
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j

⌧̂
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X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,
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(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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†
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. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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to the 2D HIO Hamiltonian,
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The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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†
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
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to the 2D HIO Hamiltonian,

Ĥ = �JS

X

hi,ji

Ŝ
z
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z
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hi,ji + hS

X
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Ŝ
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z
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l
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X
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Ŝ
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l2+j

⌧̂
x

l
.

(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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†
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Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =
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r
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
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j

� h⌧

X

j

⌧̂
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hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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to the 2D HIO Hamiltonian,

Ĥ = �JS
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Ŝ
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Ŝ
x

j

� h⌧

X

l

⌧̂
z

l
� µ⌧

X

⇤

Y

l2⇤
⌧̂
z

l
+ J⌧

X

j

Ŝ
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(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),
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†
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Ŝ
x

j

| {z }
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. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter
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. (9)

µ⌧ ! 1
<latexit sha1_base64="P8kbuujubZ9V+J/IOrrlOaJdXsQ=">AAAB/HicbVBNS8NAEN34WetXtEcvi0XwVJIq6LHoxWMF+wFNCJvtpl262YTdiRBC/StePCji1R/izX/jts1BWx8MPN6bYWZemAquwXG+rbX1jc2t7cpOdXdv/+DQPjru6iRTlHVoIhLVD4lmgkvWAQ6C9VPFSBwK1gsntzO/98iU5ol8gDxlfkxGkkecEjBSYNe8OAs8IBn2IMEelxHkgV13Gs4ceJW4JamjEu3A/vKGCc1iJoEKovXAdVLwC6KAU8GmVS/TLCV0QkZsYKgkMdN+MT9+is+MMsRRokxJwHP190RBYq3zODSdMYGxXvZm4n/eIIPo2i+4TDNgki4WRZnA5s9ZEnjIFaMgckMIVdzciumYKELB5FU1IbjLL6+SbrPhXjSa95f11k0ZRwWdoFN0jlx0hVroDrVRB1GUo2f0it6sJ+vFerc+Fq1rVjlTQ39gff4AjfiUtQ==</latexit>

h⌧
<latexit sha1_base64="+QUlWkk26wX78xQIDM1Vfr05tS8=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0mqoMeiF48V7Ae0oWy2m3btZhN2J0IJ/Q9ePCji1f/jzX/jts1BWx8MPN6bYWZekEhh0HW/ncLa+sbmVnG7tLO7t39QPjxqmTjVjDdZLGPdCajhUijeRIGSdxLNaRRI3g7GtzO//cS1EbF6wEnC/YgOlQgFo2il1qjfQ5r2yxW36s5BVomXkwrkaPTLX71BzNKIK2SSGtP13AT9jGoUTPJpqZcanlA2pkPetVTRiBs/m187JWdWGZAw1rYUkrn6eyKjkTGTKLCdEcWRWfZm4n9eN8Xw2s+ESlLkii0WhakkGJPZ62QgNGcoJ5ZQpoW9lbAR1ZShDahkQ/CWX14lrVrVu6jW7i8r9Zs8jiKcwCmcgwdXUIc7aEATGDzCM7zCmxM7L86787FoLTj5zDH8gfP5A52Ajyc=</latexit>

String tension:

The 2D Hidden Ising order (HIO) model
Wilke et al., arXiv:2506.03146



Fabian Grusdt Benasque, 02/2026

Hidden order

85

The 2D Hidden Ising order (HIO) model

2

FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
x

j

� h⌧
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hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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the basis states, see Eq. (2). The unitary is given by

Û =
Y

Ûj =
Y

j

(2Ŝx

j
)p̂j , p̂j =

1

2
(1�

Y

i<j

⌧̂
z

hi,i+1i) ,

(17)
with Û

† = Û , Û
2 = 1.We consider the action of the uni-

tary on the terms / JS , J⌧ in Eq. 1, where it acts non-
trivially. The term / JS transforms as

Û
†
Ŝ
z

j
Ŝ
z

j+1⌧̂
z

hj,j+1iÛ = Ŝ
z

j
Ŝ
z

j+1(⌧̂
z

hj,j+1i)
2 = Ŝ

z

j
Ŝ
z

j+1 ,

(18)
where we made use of {S↵

, S
�} = 1

2�↵,� as well as p̂j+1 =
p̂j + 1 (p̂j+1 = p̂j) if ⌧̂zhj,j+1i = �1 (⌧̂zhj,j+1i = 1). From

⌧̂
x

hj,j+1i(2Ŝ
x

i
)p̂i = (2Ŝx

i
)p̂i+1

⌧̂
x

hj,j+1i for i � j+1, it follows

Û
†
⌧̂
x

hj,j+1iÛ =
Y

i�j+1

(2Ŝx

i
)⌧̂xhj,j+1i . (19)

As a result, the term / J⌧ transforms as

Û
†
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
Û = (2Ŝx

j
)Ŝx

j
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i

=
1

2
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i .
(20)

The resulting decoupled Hamiltonian is given by

Û
†
ĤÛ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
+ hS

X

j

Ŝ
x

j

� h⌧

X

j

⌧̂
z

hj,j+1i +
J⌧

2

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i .
(21)

Numerical simulations in one dimension

The magnetization of the state of a system of L sites
is computed as

M =
1

N

X

i

|Mi|, Mi =
1

L

X

j

(Sz

j
)i , (22)

where we have introduced an additional index referring
to the i�th snapshot and N = 104 denotes the total
number of performed snapshots.

Finite-T SPT phase: For the classical Ising model,
the critical temperature Tc can be obtained analytically
from the self-duality of the models high and low tem-
perature behavior [41]. The critical temperature sep-
arating the ordered and disordered phase is given by
T

I

c
/JS ⇡ T

TC

c
/h̃T ⇡ 2.27 at elevated temperatures.
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to the 2D HIO Hamiltonian,

Ĥ = �JS

X

hi,ji

Ŝ
z

i Ŝ
z

j ⌧̂
z

hi,ji + hS

X

j

Ŝ
x

j

� h⌧

X

l

⌧̂
z

l
� µ⌧

X

⇤

Y

l2⇤
⌧̂
z

l
+ J⌧

X

j

Ŝ
x

j

Y

l2+j

⌧̂
x

l
.

(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),

Û
†
ĤÛ = �JS

X

hi,ji

Ŝ
z

i Ŝ
z

j + hS

X

j

Ŝ
x

j

| {z }
ĤTFIM

+ J⌧

X

j

Y

l2+j

⌧̂
x

l
� h⌧

X

l

⌧̂
z

l

| {z }
ĤTC�F

. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =

⌧
Ŝ
z

r

✓ Y

l2Lj

⌧̂
z

l

◆
Ŝ
z

j

�
. (9)

The 2D Hidden Ising order (HIO) model

2

FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
x

j

� h⌧

X

j

⌧̂
z

hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional

9

the basis states, see Eq. (2). The unitary is given by

Û =
Y

Ûj =
Y

j

(2Ŝx

j
)p̂j , p̂j =

1

2
(1�

Y

i<j

⌧̂
z

hi,i+1i) ,

(17)
with Û

† = Û , Û
2 = 1.We consider the action of the uni-

tary on the terms / JS , J⌧ in Eq. 1, where it acts non-
trivially. The term / JS transforms as

Û
†
Ŝ
z

j
Ŝ
z

j+1⌧̂
z

hj,j+1iÛ = Ŝ
z

j
Ŝ
z

j+1(⌧̂
z

hj,j+1i)
2 = Ŝ

z

j
Ŝ
z

j+1 ,

(18)
where we made use of {S↵

, S
�} = 1

2�↵,� as well as p̂j+1 =
p̂j + 1 (p̂j+1 = p̂j) if ⌧̂zhj,j+1i = �1 (⌧̂zhj,j+1i = 1). From

⌧̂
x

hj,j+1i(2Ŝ
x

i
)p̂i = (2Ŝx

i
)p̂i+1

⌧̂
x

hj,j+1i for i � j+1, it follows
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x

hj,j+1iÛ =
Y

i�j+1

(2Ŝx

i
)⌧̂xhj,j+1i . (19)

As a result, the term / J⌧ transforms as

Û
†
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x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
Û = (2Ŝx

j
)Ŝx

j
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x
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x
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=
1

2
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x
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x
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(20)

The resulting decoupled Hamiltonian is given by

Û
†
ĤÛ = �JS

X

j
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z

j+1Ŝ
z

j
+ hS

X
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j

� h⌧
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x
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(21)

Numerical simulations in one dimension

The magnetization of the state of a system of L sites
is computed as

M =
1

N

X

i

|Mi|, Mi =
1

L

X

j

(Sz

j
)i , (22)

where we have introduced an additional index referring
to the i�th snapshot and N = 104 denotes the total
number of performed snapshots.

Finite-T SPT phase: For the classical Ising model,
the critical temperature Tc can be obtained analytically
from the self-duality of the models high and low tem-
perature behavior [41]. The critical temperature sep-
arating the ordered and disordered phase is given by
T

I

c
/JS ⇡ T

TC

c
/h̃T ⇡ 2.27 at elevated temperatures.
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to the 2D HIO Hamiltonian,
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Ŝ
x

j

� h⌧

X

l

⌧̂
z

l
� µ⌧

X

⇤

Y

l2⇤
⌧̂
z

l
+ J⌧

X

j

Ŝ
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(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),

Û
†
ĤÛ = �JS

X

hi,ji

Ŝ
z

i Ŝ
z

j + hS

X

j

Ŝ
x

j

| {z }
ĤTFIM

+ J⌧

X

j

Y

l2+j

⌧̂
x

l
� h⌧

X

l

⌧̂
z

l

| {z }
ĤTC�F

. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =

⌧
Ŝ
z

r

✓ Y

l2Lj

⌧̂
z

l

◆
Ŝ
z

j

�
. (9)
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
x

j

� h⌧

X

j

⌧̂
z

hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional

9

the basis states, see Eq. (2). The unitary is given by

Û =
Y

Ûj =
Y

j

(2Ŝx

j
)p̂j , p̂j =

1

2
(1�

Y

i<j

⌧̂
z

hi,i+1i) ,

(17)
with Û

† = Û , Û
2 = 1.We consider the action of the uni-

tary on the terms / JS , J⌧ in Eq. 1, where it acts non-
trivially. The term / JS transforms as

Û
†
Ŝ
z

j
Ŝ
z

j+1⌧̂
z

hj,j+1iÛ = Ŝ
z

j
Ŝ
z

j+1(⌧̂
z

hj,j+1i)
2 = Ŝ

z

j
Ŝ
z

j+1 ,

(18)
where we made use of {S↵

, S
�} = 1

2�↵,� as well as p̂j+1 =
p̂j + 1 (p̂j+1 = p̂j) if ⌧̂zhj,j+1i = �1 (⌧̂zhj,j+1i = 1). From

⌧̂
x

hj,j+1i(2Ŝ
x

i
)p̂i = (2Ŝx

i
)p̂i+1

⌧̂
x

hj,j+1i for i � j+1, it follows

Û
†
⌧̂
x

hj,j+1iÛ =
Y

i�j+1

(2Ŝx

i
)⌧̂xhj,j+1i . (19)

As a result, the term / J⌧ transforms as

Û
†
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
Û = (2Ŝx

j
)Ŝx

j
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i

=
1

2
⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i .
(20)

The resulting decoupled Hamiltonian is given by

Û
†
ĤÛ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
+ hS

X

j

Ŝ
x

j

� h⌧

X

j

⌧̂
z

hj,j+1i +
J⌧

2

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1i .
(21)

Numerical simulations in one dimension

The magnetization of the state of a system of L sites
is computed as

M =
1

N

X

i

|Mi|, Mi =
1

L

X

j

(Sz

j
)i , (22)

where we have introduced an additional index referring
to the i�th snapshot and N = 104 denotes the total
number of performed snapshots.

Finite-T SPT phase: For the classical Ising model,
the critical temperature Tc can be obtained analytically
from the self-duality of the models high and low tem-
perature behavior [41]. The critical temperature sep-
arating the ordered and disordered phase is given by
T

I

c
/JS ⇡ T

TC

c
/h̃T ⇡ 2.27 at elevated temperatures.
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
x

j

� h⌧

X

j

⌧̂
z

hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional

/2D SPT

NO / O phases:
GL paradigm

Û
†
ĤÛ = ĤTFIM + ĤTC�F
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FIG. 1: The hidden-Ising order model (HIO) features SSB without a bulk order parameter. a) The phase diagrams
in 1D, Eq. (1) for � = 0, and in 2D, Eq. (4), have the same structure [only the critical values in 2D, (h⌧/J⌧ )c,2D
and (hS/JS)c,2D, di↵er from their value 0.5 in 1D]. The conventional SSB phase with long-range order (LRO) and
non-zero magnetization MS > 0 is located next to a symmetric phase (no order) and an SPT phase with hidden order
(HO), which features hidden SSB. As explained in the text, the HO can be detected by the magnetization of Ising
spins in squeezed space, M⇤

S
. A hidden quantum critical point (hQCP) separates the HO from the disordered phase.

Deep in the HO phase, when hS ⌧ JS , the ground state satisfies the hidden order rule, illustrated in the top panel
in b), where spins flip sign only across a flipped link ⌧̂

z = �1 (blue wiggly line). The bottom panel in b) shows an
excitation, corresponding to a spin-flip without a link-flip. Spins and link variables in the HIO model at � = 0 can
be exactly decoupled by the non-local unitary transformation Û illustrated in b), leading to the exact, straight phase
boundaries in a). As shown in c), the 1D HIO model can be understood as an excerpt of the 2D model (dark gray
box). The orange arrow in a) indicates the corresponding scan in our numerics shown in Fig. (2) a).

3. Edge correlations.

SPT from decorated domain walls [15] gapless
SPTs [16, 17] topological Luttinger liquids from deco-
rated domain walls [18]

HIDDEN ORDER IN 1D: SPT = HIDDEN SSB

We start by explaining the basic idea how hidden spon-
taneous symmetry breaking (hSSB) can be realized in an
exactly solvable model in one dimension (1D). In essence,
we provide an explicit construction of a symmetry-
protected topological (SPT) phase in 1D, which by itself
is well understood. However, as we show below, the con-
struction we make can be straightforwardly generalized
to higher dimensions, finite temperature or continuous
symmetries and provides new insights into the relation
of SPT and SSB orders.

We consider a 1D lattice with spin-1/2 degrees of free-
dom residing both on the lattice sites j and on the links
hj, j+1i. We define the following Hamiltonian, which we
refer to as the 1D hidden-Ising order (HIO) Hamiltonian,

Ĥ = �JS

X

j

Ŝ
z

j+1Ŝ
z

j
[⌧̂zhj,j+1i(1� �) + �] + hS

X

j

Ŝ
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j

� h⌧

X
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hj,j+1i + J⌧

X

j

⌧̂
x

hj�1,ji⌧̂
x

hj,j+1iŜ
x

j
.

(1)
Here, Ŝ↵

j
denotes the ↵-component of the spin on site j

with ↵ = x, y, z, and ⌧̂
↵

hj,j+1i refers to Pauli matrices on

the links between neighboring sites. The model exhibits
a NN Ising-like interaction / JS and a transverse field
hS . The real parameter � 2 [0, 1] interpolates between
a conventional NN Ising interaction (for � = 1) and one
with a sign-flip controlled by the ⌧̂z-field on the link con-
necting both sites (for � = 0).

In the following we focus on the ordered and disordered
phases of the spins Ŝj , associated with the global Z2 sym-

metry Ŝ
z

j
! �Ŝ

z

j
of the HIO model, Eq. (1). The model

has a further, global Z2 symmetry, ⌧̂x
j
! �⌧̂

x

j
, which is

not important for our following discussion and can be
broken by a weak longitudinal field term, b⌧

P
j
⌧̂
x

hj,j+1i,
without changing the nature of the observed phase tran-
sitions of the spins Ŝj . Moreover, the HIO model at

b⌧ = � = 0 has a self-duality ⌧
z $ Ŝ

x and a local Z2

gauge symmetry [8, 19], neither of which will be essential
for the physics that we describe now.

When the link field ⌧̂
z = 1 is fully polarized, for large

h⌧ � J⌧ � 0, the 1D HIO Hamiltonian reduces to a
transverse-field Ising model (TFIM). In this limit, it ex-
hibits a well-known quantum critical point (QCP) de-
scribing a transition from a SSB ferromagnet (FM) to a
paramagnet (PM) [20, 21], assuming JS > 0 and tuning
hS . The situation becomes more interesting when quan-
tum fluctuations of the link variables, introduced by the
last term / J⌧ in Eq. (1), dominate, J⌧ � h⌧ � 0: On
one hand, this tends to de-polarize the links ⌧̂

z; on the
other hand, the operator Ŝx

j
appearing in this term intro-

duces spin flips in the FM. By construction of the HIO
Hamiltonian, for � = 0 the latter lead to no additional
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5

to the 2D HIO Hamiltonian,

Ĥ = �JS

X

hi,ji

Ŝ
z

i Ŝ
z

j ⌧̂
z

hi,ji + hS

X

j

Ŝ
x

j

� h⌧

X

l

⌧̂
z

l
� µ⌧

X

⇤

Y

l2⇤
⌧̂
z

l
+ J⌧

X

j

Ŝ
x

j

Y

l2+j

⌧̂
x

l
.

(4)

The first line describes a TFIM with sign-flipped Ising
interactions on bonds where ⌧̂zhi,ji = �1. The second line
starts with the string tension h⌧ , followed by a Gauss
law term / µ⌧ defined on plaquettes ⇤ which penalizes
open strings. Finally a correlated fluctuation of spins
and links / J⌧ is added, involving a product over links l
forming a star +j around site j. This last term guarantees

flipped spins Ŝ
z

j to be accompanied by a flip of all links
⌧̂
z

l
surrounding site j. The model is illustrated on the

square lattice in Fig. 1 c).
The 2D HIO model features a global Z2 symmetry,

Ŝ
z ! �Ŝ

z that can be spontaneously broken. Restricted
to a 1D chain, the 2D HIO model reduces to the 1D
HIO model Eq. (1) (for � = µ⌧ = 0) if the four-link
operators are reduced to two-link terms; this is illustrated
in Fig. 1 c). For simplicity we only consider the case
� = 0 here, but a generalization of the Ising interactions
to � 2 [0, 1] as in 1D, Eq. (1), is also possible. Like the 1D
HIO model, the 2D HIO model features a second global
Z2 symmetry, ⌧̂x ! �⌧̂x, but this symmetry cannot be
broken spontaneously because it turns into a local Z2

gauge symmetry of the loop-gas model in Eq. (4) that
will be discussed further below.

To derive the phase diagram and solve the 2D HIO
model, Eq. (4), we apply a similar strategy as in 1D and
construct a unitary Û that disentangles spins and link
variables. This only works, however, when the strings
defined by ⌧̂z

l
= �1 form closed loops, i.e. for

Y

l2⇤
⌧̂
z

l
| i ⌘ B̂⇤ | i = | i , 8 ⇤. (5)

Since [B̂⇤, Ĥ] = 0 this defines a sector of the HIO
Hilbertspace to which we will restrict ourselves in the fol-
lowing. For µ⌧ > 0, which we shall assume, the ground
state of Eq. (4) is in this sector.

The unitary transformation Û defining squeezed space
in 2D, is the same as in 1D, see Eq. (2). It is only in the
definition of pj that care has to be taken: We define

(�1)p̂j =
Y

l2Lj

⌧̂
z

l
(6)

as a product of link variables along a path Lj from some
fixed reference site to j. Since this parity p̂j is inde-
pendent of the path Lj in the subspace of closed loops,
Eq. (5), the above expression for (�1)p̂j is well-defined.
Intuitively, the parity (�1)pj distinguishes sites j inside
and outside of the closed loops of strings ⌧̂z = �1. By ap-
plying the unitary Û in Eq. (2), spins inside closed loops

are flipped: This is the defining property of squeezed
space in 2D.
Now we apply Û to the 2D HIO Hamiltonian, which

decouples the system into a TFIM of spins Ŝ and a toric
code in a field (TC-F),

Û
†
ĤÛ = �JS

X

hi,ji

Ŝ
z

i Ŝ
z

j + hS

X

j

Ŝ
x

j

| {z }
ĤTFIM

+ J⌧

X

j

Y

l2+j

⌧̂
x

l
� h⌧

X

l

⌧̂
z

l

| {z }
ĤTC�F

. (7)

Note that we dropped the term / µ⌧ from Eq. (4), since
we work in the sector B̂⇤ = 1 becomes a constant.
Zero-temperature phase diagram.– As in the 1D HIO

model, the decoupling of the spin and link degrees of free-
dom results in a factorization of eigenstates in squeezed
space. The zero-temperature phase diagram is similar
to the 1D case, shown in Fig. 1 a), with independent,
straight phase boundaries. For hS/JS < (hS/JS)c,2D the
global Z2 symmetry is spontaneously broken, M⇤

S
> 0,

manifesting in hidden and long-range order, respectively,
depending on the loop gas configuration. For larger val-
ues of hS/JS , the spins realize a Z2 symmetric paramag-
net with MS = M

⇤
S
= 0.

The most interesting phase is the HO phase, in which
long-range order in squeezed space, M⇤

S
> 0, is hidden in

real space by fluctuating strings, MS = 0. This happens
for h⌧/J⌧ < (h⌧/J⌧ )c,2D when the loop gas is deconfined
(topologically non-trivial) and strings ⌧̂z = �1 percolate
through the entire system [31, 32]. The most direct way
to understand this SPT phase comes from the limit hS =
0: In this case, spins Ŝ

z are fully polarized in squeezed
space; in real space, the hidden-order rule relates spins
to links through

Ŝ
z

j = Ŝ
z

r

Y

l2Lj

⌧̂
z

l
, for hS = 0, (8)

where r is the reference site to which Lj connects site j.

I.e., the spins Ŝ
z realize the dual variables of the loop

gas [33, 34]. The latter undergo an Ising transition as
h⌧/J⌧ is increased beyond (h⌧/J⌧ )c,2D, restoring long-
range order in real space, MS > 0, in the confined (topo-
logically trivial) phase of the loop gas where strings form
finite-size loops and do not percolate.

The transition from the HO phase to the disordered
phase realizes a hQCP, or a 2D SPT transition. It is
invisible to local order parameters in real space, since
MS = 0 remains zero; I.e., both sides of the transition
appear symmetric in their bulks. The hQCP can be de-
tected directly in squeezed space or, equivalently, via a
string order parameter

C
⇤(j) =

⌧
Ŝ
z

r

✓ Y

l2Lj

⌧̂
z

l

◆
Ŝ
z

j

�
. (9)

Û
†
ĤÛ = ĤTFIM + ĤTC�F
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FIG. 3: Schematic phase diagram of the 2D HIO model,
Eq. (4), at finite temperature and in the closed-loop limit,
µ⌧ ! 1. The decoupling of spin and link degrees of free-
dom in squeezed space, after applying the unitary trans-
formation in Eq. (2), leads to a factorization of the phase
diagram. The TFIM of spins Ŝ features a finite-T Ising
transition, describing where SSB takes place. The toric
code in a field describing links ⌧̂ is dual to a TFIM, with
an associated Ising⇤ transition characterizing the decon-
finement of the loop gas. In regimes where the loop gas
is deconfined (percolating), through quantum or thermal
fluctuations, spin order is hidden (blue region) in real
space. For large J⌧/h⌧ , a finite-T SPT transition at Tc

is obtained. In the confined (non-percolating) region of
the loop gas, for small J⌧/h⌧ , and when hS/JS is small,

low-T LRO gives way to a HO phase at T
(1)
c where the

loop-gas thermally deconfines, before entering the fully

symmetric, disordered phase at T (2)
c .

Along edges of the system without open strings, C⇤(j)
develops long-range edge correlations in the HO phase,
demonstrating the SPT nature of the latter. Finally,
within the Z2 symmetric, disordered phase for hS/JS >

(hS/JS)c,2D, another topological phase transition takes
place at (h⌧/J⌧ )c,2D: This is the confining transition of
the loop gas, which can be detected through a Wilson
loop [11] or a percolation analysis of link snapshots [31],
but has no influence on the spins Ŝ.
Finite-temperature phase diagram.– Next, we turn to

the finite-temperature phase diagram of the 2D HIO
model, which is a lot more interesting than in 1D since
the discrete Z2 symmetry Ŝ

z ! �Ŝ
z can be broken at

T > 0. In the following we assume µ⌧ � kBT , such that
we can still work in the closed loop subspace, Eq. (5).
Hence, the decoupled Hamiltonian in squeezed space,
Eq. (7), remains valid, allowing us to derive the phases of
spin and link variables independently. We start with the
spins in the 2D TFIM, which spontaneously break the
discrete Z2 symmetry, and form an ordered state in 2D
squeezed space signified by M

⇤
S
(T ) > 0, below a critical

temperature T < Tc(JS , hS) depending on JS and hS .
The phase diagram of the closed-loop gas model at

T > 0 in squeezed space is similar. By the help of a du-
ality mapping, the toric code in a field is equivalent to
a 2D TFIM, with Ising interactions h⌧ and a transverse
field J⌧ [34]. Below Tc(J⌧ , h⌧ ), in the ordered phase of the
dual variables, the loop gas forms non-percolating, finite-
size clusters of strings. In contrast, above Tc(h⌧ , J⌧ ), in
the disordered phase of the dual variables, the loop gas
forms a percolating net of strings extending across the
entire system [31]. Notably, SSB of the dual variables
in their ordered phase has no equivalent in the original
string basis – in contrast to SSB of the spins Ŝ, which
leads to e.g. a doubly-degenerate ground state. For both
models in squeezed space, the respective Tc = 0 van-
ishes at the zero-temperature quantum phase transition
at (JS/hS)c,2D and (J⌧/h⌧ )c,2D.
The resulting finite-temperature phase diagram of the

2D HIO model is shown in Fig. 3. One of its most in-
teresting features is the extension of the HO, SPT-type
phase above T > 0. For small hS/JS , ensuring M

⇤
S
> 0,

and provided the loop gas is in its percolating phase, i.e.
for large J⌧/h⌧ and ensuring that MS = 0, we find that
the T = 0 HO phase extends to some Tc > 0. At this Tc,
it turns into the fully symmetric, disordered phase, re-
alizing a finite-T SPT transition. Below the critical Tc,
in the finite-T HO phase, the system shows true long-
range correlations at edges without open strings – in a
1D subsystem and at T > 0. This is not permitted in any
isolated 1D system with local interactions, highlighting
the SPT nature of the HO phase.
For smaller values of J⌧/h⌧ , where the loop gas is in

its non-percolating, confined phase at low T , the spon-
taneous breaking of the spin’s Z2 symmetry manifests in
long-range order, MS > 0. This is stable up to a critical

temperature T
(1)
c , above which MS = 0. When simulta-

neously hS/JS is su�ciently small, we obtain a second

critical T (2)
c : In between, for T

(1)
c < T < T

(2)
c , the Z2

symmetry remains broken but the system is in the HO

phase. Only beyond T > T
(2)
c the Z2 symmetry is re-

stored. Thereby we establish an interesting new scenario
how long-range order can be destroyed in a step-like man-
ner as temperature is increased, from LRO to HO and fi-
nally to the disordered phase in an SPT transition. The
two scenarios are illustrated in Fig. 3 along exemplary
scans through the phase diagram (orange arrows).
Open strings & relation to Ising gauge theory.– So far

we restricted our discussion of the 2D HIO model to the
subspace of closed ⌧̂

z loops. Next, we include an ad-
ditional term in the Hamiltonian introducing ⌧̂

z strings
with open ends:

Ĥ ! Ĥ + hX

X

l

⌧̂
x

l
. (10)

With this term included, we can no longer use the uni-
tary Û to decoupled spin and link variables, since the
inside and outside of the ⌧̂

z loops become ill-defined in
the presence of open strings.
We will argue next that the HO phase remains stable

even when hX 6= 0 and open ⌧̂
z strings are included. By

Finite-temperature phase diagram:

Finite-T SPT transition

Tc|SPT > 0
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FIG. 3: Schematic phase diagram of the 2D HIO model,
Eq. (4), at finite temperature and in the closed-loop limit,
µ⌧ ! 1. The decoupling of spin and link degrees of free-
dom in squeezed space, after applying the unitary trans-
formation in Eq. (2), leads to a factorization of the phase
diagram. The TFIM of spins Ŝ features a finite-T Ising
transition, describing where SSB takes place. The toric
code in a field describing links ⌧̂ is dual to a TFIM, with
an associated Ising⇤ transition characterizing the decon-
finement of the loop gas. In regimes where the loop gas
is deconfined (percolating), through quantum or thermal
fluctuations, spin order is hidden (blue region) in real
space. For large J⌧/h⌧ , a finite-T SPT transition at Tc

is obtained. In the confined (non-percolating) region of
the loop gas, for small J⌧/h⌧ , and when hS/JS is small,

low-T LRO gives way to a HO phase at T
(1)
c where the

loop-gas thermally deconfines, before entering the fully

symmetric, disordered phase at T (2)
c .

Along edges of the system without open strings, C⇤(j)
develops long-range edge correlations in the HO phase,
demonstrating the SPT nature of the latter. Finally,
within the Z2 symmetric, disordered phase for hS/JS >

(hS/JS)c,2D, another topological phase transition takes
place at (h⌧/J⌧ )c,2D: This is the confining transition of
the loop gas, which can be detected through a Wilson
loop [11] or a percolation analysis of link snapshots [31],
but has no influence on the spins Ŝ.
Finite-temperature phase diagram.– Next, we turn to

the finite-temperature phase diagram of the 2D HIO
model, which is a lot more interesting than in 1D since
the discrete Z2 symmetry Ŝ

z ! �Ŝ
z can be broken at

T > 0. In the following we assume µ⌧ � kBT , such that
we can still work in the closed loop subspace, Eq. (5).
Hence, the decoupled Hamiltonian in squeezed space,
Eq. (7), remains valid, allowing us to derive the phases of
spin and link variables independently. We start with the
spins in the 2D TFIM, which spontaneously break the
discrete Z2 symmetry, and form an ordered state in 2D
squeezed space signified by M

⇤
S
(T ) > 0, below a critical

temperature T < Tc(JS , hS) depending on JS and hS .
The phase diagram of the closed-loop gas model at

T > 0 in squeezed space is similar. By the help of a du-
ality mapping, the toric code in a field is equivalent to
a 2D TFIM, with Ising interactions h⌧ and a transverse
field J⌧ [34]. Below Tc(J⌧ , h⌧ ), in the ordered phase of the
dual variables, the loop gas forms non-percolating, finite-
size clusters of strings. In contrast, above Tc(h⌧ , J⌧ ), in
the disordered phase of the dual variables, the loop gas
forms a percolating net of strings extending across the
entire system [31]. Notably, SSB of the dual variables
in their ordered phase has no equivalent in the original
string basis – in contrast to SSB of the spins Ŝ, which
leads to e.g. a doubly-degenerate ground state. For both
models in squeezed space, the respective Tc = 0 van-
ishes at the zero-temperature quantum phase transition
at (JS/hS)c,2D and (J⌧/h⌧ )c,2D.
The resulting finite-temperature phase diagram of the

2D HIO model is shown in Fig. 3. One of its most in-
teresting features is the extension of the HO, SPT-type
phase above T > 0. For small hS/JS , ensuring M

⇤
S
> 0,

and provided the loop gas is in its percolating phase, i.e.
for large J⌧/h⌧ and ensuring that MS = 0, we find that
the T = 0 HO phase extends to some Tc > 0. At this Tc,
it turns into the fully symmetric, disordered phase, re-
alizing a finite-T SPT transition. Below the critical Tc,
in the finite-T HO phase, the system shows true long-
range correlations at edges without open strings – in a
1D subsystem and at T > 0. This is not permitted in any
isolated 1D system with local interactions, highlighting
the SPT nature of the HO phase.
For smaller values of J⌧/h⌧ , where the loop gas is in

its non-percolating, confined phase at low T , the spon-
taneous breaking of the spin’s Z2 symmetry manifests in
long-range order, MS > 0. This is stable up to a critical

temperature T
(1)
c , above which MS = 0. When simulta-

neously hS/JS is su�ciently small, we obtain a second

critical T (2)
c : In between, for T

(1)
c < T < T

(2)
c , the Z2

symmetry remains broken but the system is in the HO

phase. Only beyond T > T
(2)
c the Z2 symmetry is re-

stored. Thereby we establish an interesting new scenario
how long-range order can be destroyed in a step-like man-
ner as temperature is increased, from LRO to HO and fi-
nally to the disordered phase in an SPT transition. The
two scenarios are illustrated in Fig. 3 along exemplary
scans through the phase diagram (orange arrows).
Open strings & relation to Ising gauge theory.– So far

we restricted our discussion of the 2D HIO model to the
subspace of closed ⌧̂

z loops. Next, we include an ad-
ditional term in the Hamiltonian introducing ⌧̂

z strings
with open ends:

Ĥ ! Ĥ + hX

X

l

⌧̂
x

l
. (10)

With this term included, we can no longer use the uni-
tary Û to decoupled spin and link variables, since the
inside and outside of the ⌧̂

z loops become ill-defined in
the presence of open strings.
We will argue next that the HO phase remains stable

even when hX 6= 0 and open ⌧̂
z strings are included. By

Finite-temperature phase diagram:

Finite-T sequence

0 < T (1)
c |Ising < T (2)

c |SPT
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FIG. 3: Schematic phase diagram of the 2D HIO model,
Eq. (4), at finite temperature and in the closed-loop limit,
µ⌧ ! 1. The decoupling of spin and link degrees of free-
dom in squeezed space, after applying the unitary trans-
formation in Eq. (2), leads to a factorization of the phase
diagram. The TFIM of spins Ŝ features a finite-T Ising
transition, describing where SSB takes place. The toric
code in a field describing links ⌧̂ is dual to a TFIM, with
an associated Ising⇤ transition characterizing the decon-
finement of the loop gas. In regimes where the loop gas
is deconfined (percolating), through quantum or thermal
fluctuations, spin order is hidden (blue region) in real
space. For large J⌧/h⌧ , a finite-T SPT transition at Tc

is obtained. In the confined (non-percolating) region of
the loop gas, for small J⌧/h⌧ , and when hS/JS is small,

low-T LRO gives way to a HO phase at T
(1)
c where the

loop-gas thermally deconfines, before entering the fully

symmetric, disordered phase at T (2)
c .

Along edges of the system without open strings, C⇤(j)
develops long-range edge correlations in the HO phase,
demonstrating the SPT nature of the latter. Finally,
within the Z2 symmetric, disordered phase for hS/JS >

(hS/JS)c,2D, another topological phase transition takes
place at (h⌧/J⌧ )c,2D: This is the confining transition of
the loop gas, which can be detected through a Wilson
loop [11] or a percolation analysis of link snapshots [31],
but has no influence on the spins Ŝ.
Finite-temperature phase diagram.– Next, we turn to

the finite-temperature phase diagram of the 2D HIO
model, which is a lot more interesting than in 1D since
the discrete Z2 symmetry Ŝ

z ! �Ŝ
z can be broken at

T > 0. In the following we assume µ⌧ � kBT , such that
we can still work in the closed loop subspace, Eq. (5).
Hence, the decoupled Hamiltonian in squeezed space,
Eq. (7), remains valid, allowing us to derive the phases of
spin and link variables independently. We start with the
spins in the 2D TFIM, which spontaneously break the
discrete Z2 symmetry, and form an ordered state in 2D
squeezed space signified by M

⇤
S
(T ) > 0, below a critical

temperature T < Tc(JS , hS) depending on JS and hS .
The phase diagram of the closed-loop gas model at

T > 0 in squeezed space is similar. By the help of a du-
ality mapping, the toric code in a field is equivalent to
a 2D TFIM, with Ising interactions h⌧ and a transverse
field J⌧ [34]. Below Tc(J⌧ , h⌧ ), in the ordered phase of the
dual variables, the loop gas forms non-percolating, finite-
size clusters of strings. In contrast, above Tc(h⌧ , J⌧ ), in
the disordered phase of the dual variables, the loop gas
forms a percolating net of strings extending across the
entire system [31]. Notably, SSB of the dual variables
in their ordered phase has no equivalent in the original
string basis – in contrast to SSB of the spins Ŝ, which
leads to e.g. a doubly-degenerate ground state. For both
models in squeezed space, the respective Tc = 0 van-
ishes at the zero-temperature quantum phase transition
at (JS/hS)c,2D and (J⌧/h⌧ )c,2D.
The resulting finite-temperature phase diagram of the

2D HIO model is shown in Fig. 3. One of its most in-
teresting features is the extension of the HO, SPT-type
phase above T > 0. For small hS/JS , ensuring M

⇤
S
> 0,

and provided the loop gas is in its percolating phase, i.e.
for large J⌧/h⌧ and ensuring that MS = 0, we find that
the T = 0 HO phase extends to some Tc > 0. At this Tc,
it turns into the fully symmetric, disordered phase, re-
alizing a finite-T SPT transition. Below the critical Tc,
in the finite-T HO phase, the system shows true long-
range correlations at edges without open strings – in a
1D subsystem and at T > 0. This is not permitted in any
isolated 1D system with local interactions, highlighting
the SPT nature of the HO phase.
For smaller values of J⌧/h⌧ , where the loop gas is in

its non-percolating, confined phase at low T , the spon-
taneous breaking of the spin’s Z2 symmetry manifests in
long-range order, MS > 0. This is stable up to a critical

temperature T
(1)
c , above which MS = 0. When simulta-

neously hS/JS is su�ciently small, we obtain a second

critical T (2)
c : In between, for T

(1)
c < T < T

(2)
c , the Z2

symmetry remains broken but the system is in the HO

phase. Only beyond T > T
(2)
c the Z2 symmetry is re-

stored. Thereby we establish an interesting new scenario
how long-range order can be destroyed in a step-like man-
ner as temperature is increased, from LRO to HO and fi-
nally to the disordered phase in an SPT transition. The
two scenarios are illustrated in Fig. 3 along exemplary
scans through the phase diagram (orange arrows).
Open strings & relation to Ising gauge theory.– So far

we restricted our discussion of the 2D HIO model to the
subspace of closed ⌧̂

z loops. Next, we include an ad-
ditional term in the Hamiltonian introducing ⌧̂

z strings
with open ends:

Ĥ ! Ĥ + hX

X

l

⌧̂
x

l
. (10)

With this term included, we can no longer use the uni-
tary Û to decoupled spin and link variables, since the
inside and outside of the ⌧̂

z loops become ill-defined in
the presence of open strings.
We will argue next that the HO phase remains stable

even when hX 6= 0 and open ⌧̂
z strings are included. By

Finite-temperature phase diagram:

LRO: 1D edge, T>0
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Dual-Higgs Ising-gauge theory
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relating the HIO model to a double-Higgs Ising gauge
theory (IGT), we will show that the HO phase coincides
with the Higgs phase of the IGT. Indeed, it was recently
shown by Verresen et al. that the Higgs phase realizes an
SPT phase [9]: We conjecture that the HO SPT phase
we constructed above is identical to the Higgs-SPT phase
found by Verresen et al., see Fig. 4 a).

Before going into details, we provide intuition why the
HO phase remains stable upon including open strings, for
hX > 0. To this end, we consider the limit hS = 0, where
the hidden-order rule, Eq. (8), applies when hX = 0. I.e.,
any string segment ⌧zhi,ji = �1 is bound to a domain wall

of the Ising spins, Sz

i = �S
z

j . Adding small |hX | ⌧ µ⌧

can perturbatively open the string, but keeps the spin-
domain wall unchanged, as we illustrate in Fig. 4 b). This
costs energy / Js per open string segment, and realizes
a force linear in the distance between the two charges,
B⇤ = �1, at the open ends of the strings. As long as
these charges remain confined, the inside and outside of
the loop gas can still be meaningfully defined and HO is
stabilized. When hX/µ⌧ becomes too large, open ends
with B⇤ = �1 proliferate and deconfine, destroying the
HO phase in an SPT transition at hX,c > 0.

Now we proceed by describing the 2D HIO model in
the framework of an IGT. When the string tension asso-
ciated with the links vanishes, h⌧ = 0, the Hamiltonian
Eq. (4) features a further local Gauss law, [Ĥ, Ĝj] = 0

with Ĝj =
Q

l2+j
⌧̂
x

l
Ŝ
x

j , in addition to the closed-loop

constraint, Eq. (5). By introducing a second Higgs field
�̂
x, in addition to Ŝ

z, to describe the open ends of the
⌧̂
x strings, we can elevate the entire HIO model, for any

h⌧ , to an IGT:
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l
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This Hamiltonian acts in a Hilbert space satisfying the
following Gauss law,

Ŝ
x

j �̂
x

j

Y

l2+j

⌧̂
x

l
| i ⌘ Ĝj | i = | i , 8 j. (12)

The T = 0 phase diagram of the double-Higgs IGT,
Eq. (11), is shown in Fig. 4 a). We construct it starting
from the phase diagram of the 2D HIO, see Fig. 4 a), at
hX/µ⌧ = 0. Next, we set h⌧ = 0 (J⌧ > 0) in Eq. (11) and
eliminate Ŝx making use of the Gauss law, Eq. (12): Ŝx

j =
�̂
x

j

Q
l2+j

⌧̂
x

l
. The resulting Hamiltonian commutes with

�̂
x

j , which takes the value �x

j = �1 in the ground state.

This finally leads to the identification Ŝ
x

j = �
Q

l2+j
⌧̂
x

l

FIG. 4: Zero-temperature phase diagram of the double-
Higgs Z2 gauge theory, Eq. (11). a) On the left vertical
plane, for hX = 0, the exactly solvable phases of the
2D HIO model are obtained, including HO of both Higgs
fields. The latter regimes connect directly to the respec-
tive Higgs-SPT phases of S (�) on the bottom horizon-
toal (back vertical) plane. The phase boundaries of these
SPT phases - which we conjecture to coincide with our
HO SPT phases - are taken from Ref. [9]. The topological
toric code phase (green) corresponds to the disordered,
PM phases of the Higgs fields. b) The HO phase remains
stable upon including open ⌧

z strings, by hX 6= 0, be-
cause domain walls of Ŝz spins lead to a linear confining
force between open ends of the strings, B⇤ = �1.

and

Ĥ(h⌧/J⌧ = 0) = �JS

X

l
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l
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which is the well-known perturbed toric code Hamilto-
nian with two fields, JS and hX [11, 30]. Its phase dia-
gram is sketched in the h⌧ = 0 plane in Fig. 4 a), demon-
strating that the HO phase is directly connected to the
Higgs-SPT phase.
Further insights into the phase diagram of the double-

Higgs IGT can be obtained by using the symmetry be-
tween the two Higgs fields. Exchanging 2Ŝ $ �̂, as well
as JS $ h⌧ and hS $ J⌧ , the Hamiltonian ĤIGT is in-
variant. This establishes the relation between the �-HO
phase and the �-Higgs-SPT phases on the vertical planes
in Fig. 4 a). The ordered phase at large h⌧/J⌧ and small
hS/JS features LRO of both Higgs fields, �z and S

z. Fi-
nally, for large hX/µ⌧ both Higgs fields are in a fully
symmetric, paramagnetic (PM) phase.

Higgs=SPT: Verresen et al., arXiv:2211.01376HO = Higgs-SPT
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FIG. 3: Schematic phase diagram of the 2D HIO model,
Eq. (4), at finite temperature and in the closed-loop limit,
µ⌧ ! 1. The decoupling of spin and link degrees of free-
dom in squeezed space, after applying the unitary trans-
formation in Eq. (2), leads to a factorization of the phase
diagram. The TFIM of spins Ŝ features a finite-T Ising
transition, describing where SSB takes place. The toric
code in a field describing links ⌧̂ is dual to a TFIM, with
an associated Ising⇤ transition characterizing the decon-
finement of the loop gas. In regimes where the loop gas
is deconfined (percolating), through quantum or thermal
fluctuations, spin order is hidden (blue region) in real
space. For large J⌧/h⌧ , a finite-T SPT transition at Tc

is obtained. In the confined (non-percolating) region of
the loop gas, for small J⌧/h⌧ , and when hS/JS is small,

low-T LRO gives way to a HO phase at T
(1)
c where the

loop-gas thermally deconfines, before entering the fully

symmetric, disordered phase at T (2)
c .

Along edges of the system without open strings, C⇤(j)
develops long-range edge correlations in the HO phase,
demonstrating the SPT nature of the latter. Finally,
within the Z2 symmetric, disordered phase for hS/JS >

(hS/JS)c,2D, another topological phase transition takes
place at (h⌧/J⌧ )c,2D: This is the confining transition of
the loop gas, which can be detected through a Wilson
loop [11] or a percolation analysis of link snapshots [31],
but has no influence on the spins Ŝ.
Finite-temperature phase diagram.– Next, we turn to

the finite-temperature phase diagram of the 2D HIO
model, which is a lot more interesting than in 1D since
the discrete Z2 symmetry Ŝ

z ! �Ŝ
z can be broken at

T > 0. In the following we assume µ⌧ � kBT , such that
we can still work in the closed loop subspace, Eq. (5).
Hence, the decoupled Hamiltonian in squeezed space,
Eq. (7), remains valid, allowing us to derive the phases of
spin and link variables independently. We start with the
spins in the 2D TFIM, which spontaneously break the
discrete Z2 symmetry, and form an ordered state in 2D
squeezed space signified by M

⇤
S
(T ) > 0, below a critical

temperature T < Tc(JS , hS) depending on JS and hS .
The phase diagram of the closed-loop gas model at

T > 0 in squeezed space is similar. By the help of a du-
ality mapping, the toric code in a field is equivalent to
a 2D TFIM, with Ising interactions h⌧ and a transverse
field J⌧ [34]. Below Tc(J⌧ , h⌧ ), in the ordered phase of the
dual variables, the loop gas forms non-percolating, finite-
size clusters of strings. In contrast, above Tc(h⌧ , J⌧ ), in
the disordered phase of the dual variables, the loop gas
forms a percolating net of strings extending across the
entire system [31]. Notably, SSB of the dual variables
in their ordered phase has no equivalent in the original
string basis – in contrast to SSB of the spins Ŝ, which
leads to e.g. a doubly-degenerate ground state. For both
models in squeezed space, the respective Tc = 0 van-
ishes at the zero-temperature quantum phase transition
at (JS/hS)c,2D and (J⌧/h⌧ )c,2D.
The resulting finite-temperature phase diagram of the

2D HIO model is shown in Fig. 3. One of its most in-
teresting features is the extension of the HO, SPT-type
phase above T > 0. For small hS/JS , ensuring M

⇤
S
> 0,

and provided the loop gas is in its percolating phase, i.e.
for large J⌧/h⌧ and ensuring that MS = 0, we find that
the T = 0 HO phase extends to some Tc > 0. At this Tc,
it turns into the fully symmetric, disordered phase, re-
alizing a finite-T SPT transition. Below the critical Tc,
in the finite-T HO phase, the system shows true long-
range correlations at edges without open strings – in a
1D subsystem and at T > 0. This is not permitted in any
isolated 1D system with local interactions, highlighting
the SPT nature of the HO phase.
For smaller values of J⌧/h⌧ , where the loop gas is in

its non-percolating, confined phase at low T , the spon-
taneous breaking of the spin’s Z2 symmetry manifests in
long-range order, MS > 0. This is stable up to a critical

temperature T
(1)
c , above which MS = 0. When simulta-

neously hS/JS is su�ciently small, we obtain a second

critical T (2)
c : In between, for T

(1)
c < T < T

(2)
c , the Z2

symmetry remains broken but the system is in the HO

phase. Only beyond T > T
(2)
c the Z2 symmetry is re-

stored. Thereby we establish an interesting new scenario
how long-range order can be destroyed in a step-like man-
ner as temperature is increased, from LRO to HO and fi-
nally to the disordered phase in an SPT transition. The
two scenarios are illustrated in Fig. 3 along exemplary
scans through the phase diagram (orange arrows).
Open strings & relation to Ising gauge theory.– So far

we restricted our discussion of the 2D HIO model to the
subspace of closed ⌧̂

z loops. Next, we include an ad-
ditional term in the Hamiltonian introducing ⌧̂

z strings
with open ends:

Ĥ ! Ĥ + hX

X

l

⌧̂
x

l
. (10)

With this term included, we can no longer use the uni-
tary Û to decoupled spin and link variables, since the
inside and outside of the ⌧̂

z loops become ill-defined in
the presence of open strings.
We will argue next that the HO phase remains stable

even when hX 6= 0 and open ⌧̂
z strings are included. By
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relating the HIO model to a double-Higgs Ising gauge
theory (IGT), we will show that the HO phase coincides
with the Higgs phase of the IGT. Indeed, it was recently
shown by Verresen et al. that the Higgs phase realizes an
SPT phase [9]: We conjecture that the HO SPT phase
we constructed above is identical to the Higgs-SPT phase
found by Verresen et al., see Fig. 4 a).

Before going into details, we provide intuition why the
HO phase remains stable upon including open strings, for
hX > 0. To this end, we consider the limit hS = 0, where
the hidden-order rule, Eq. (8), applies when hX = 0. I.e.,
any string segment ⌧zhi,ji = �1 is bound to a domain wall

of the Ising spins, Sz

i = �S
z

j . Adding small |hX | ⌧ µ⌧

can perturbatively open the string, but keeps the spin-
domain wall unchanged, as we illustrate in Fig. 4 b). This
costs energy / Js per open string segment, and realizes
a force linear in the distance between the two charges,
B⇤ = �1, at the open ends of the strings. As long as
these charges remain confined, the inside and outside of
the loop gas can still be meaningfully defined and HO is
stabilized. When hX/µ⌧ becomes too large, open ends
with B⇤ = �1 proliferate and deconfine, destroying the
HO phase in an SPT transition at hX,c > 0.

Now we proceed by describing the 2D HIO model in
the framework of an IGT. When the string tension asso-
ciated with the links vanishes, h⌧ = 0, the Hamiltonian
Eq. (4) features a further local Gauss law, [Ĥ, Ĝj] = 0

with Ĝj =
Q

l2+j
⌧̂
x

l
Ŝ
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j , in addition to the closed-loop

constraint, Eq. (5). By introducing a second Higgs field
�̂
x, in addition to Ŝ
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x strings, we can elevate the entire HIO model, for any
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ĤIGT = �JS

X

hi,ji

Ŝ
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This Hamiltonian acts in a Hilbert space satisfying the
following Gauss law,

Ŝ
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| i ⌘ Ĝj | i = | i , 8 j. (12)

The T = 0 phase diagram of the double-Higgs IGT,
Eq. (11), is shown in Fig. 4 a). We construct it starting
from the phase diagram of the 2D HIO, see Fig. 4 a), at
hX/µ⌧ = 0. Next, we set h⌧ = 0 (J⌧ > 0) in Eq. (11) and
eliminate Ŝx making use of the Gauss law, Eq. (12): Ŝx

j =
�̂
x

j

Q
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⌧̂
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. The resulting Hamiltonian commutes with
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j , which takes the value �x

j = �1 in the ground state.

This finally leads to the identification Ŝ
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FIG. 4: Zero-temperature phase diagram of the double-
Higgs Z2 gauge theory, Eq. (11). a) On the left vertical
plane, for hX = 0, the exactly solvable phases of the
2D HIO model are obtained, including HO of both Higgs
fields. The latter regimes connect directly to the respec-
tive Higgs-SPT phases of S (�) on the bottom horizon-
toal (back vertical) plane. The phase boundaries of these
SPT phases - which we conjecture to coincide with our
HO SPT phases - are taken from Ref. [9]. The topological
toric code phase (green) corresponds to the disordered,
PM phases of the Higgs fields. b) The HO phase remains
stable upon including open ⌧

z strings, by hX 6= 0, be-
cause domain walls of Ŝz spins lead to a linear confining
force between open ends of the strings, B⇤ = �1.

and

Ĥ(h⌧/J⌧ = 0) = �JS
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which is the well-known perturbed toric code Hamilto-
nian with two fields, JS and hX [11, 30]. Its phase dia-
gram is sketched in the h⌧ = 0 plane in Fig. 4 a), demon-
strating that the HO phase is directly connected to the
Higgs-SPT phase.
Further insights into the phase diagram of the double-

Higgs IGT can be obtained by using the symmetry be-
tween the two Higgs fields. Exchanging 2Ŝ $ �̂, as well
as JS $ h⌧ and hS $ J⌧ , the Hamiltonian ĤIGT is in-
variant. This establishes the relation between the �-HO
phase and the �-Higgs-SPT phases on the vertical planes
in Fig. 4 a). The ordered phase at large h⌧/J⌧ and small
hS/JS features LRO of both Higgs fields, �z and S

z. Fi-
nally, for large hX/µ⌧ both Higgs fields are in a fully
symmetric, paramagnetic (PM) phase.

Ising domain wall: confining force

Open strings:

Wilke et al., arXiv:2506.03146
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

the essential low-energy physics of cuprates [69]. In
its particle-hole symmetric formulation, the Hamiltonian
reads

ĤFH = �t
X

hi,ji
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where ĉ(†)i,� and n̂i are fermionic annihilation (creation)
and particle density operators on site i, respectively; hi, ji
denotes nearest neighbor (NN) sites on the 2D square
lattice. Anticipating a metallic state close to an AFM
instability at light doping, the system can be decoupled
in the particle-hole channel by introducing the bosonic
collective mode �, often referred to as the “paramagnon
field”. The (exact) partition function then reads

Z =
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where we have used the local identity
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with the spin
defined as Si = 1

2

P
↵,� c̄i,↵�↵,�ci,� . Though acquiring

the full solution of Eq. (2) is an extremely challenging
task, a systematic treatment of the path integral can
yield insights into the phases of the FH model in certain
limits.

Condensation of paramagnons leads to a spin-density
wave instability with wave vector K = [⇡, ⇡] on the
square lattice, resulting in a metallic state with spon-
taneous spin polarization that has opposite orientation
�i2A/|�i2A| = ��i2B/|�i2B | on A and B sublattices,
i.e., �i = ⌦i exp(iK · ri) with h⌦ii 6= 0 and ⌦i the align-
ment of the Néel field. A long-wavelength field theory
(the “spin-fermion” model) then describes Fermi surface
reconstruction due to translational symmetry breaking
that causes the formation of hole pockets close to hot-

spots where the spin-density wave gaps out the electronic
spectrum [5, 70]. This realizes the well-understood sce-
nario where the pseudogap emerges from a spontaneously
broken translational symmetry; a strong-coupling per-
spective of the pseudogap is provided by a theory of mag-
netic polarons [71–75].

It has been argued that by restricting fluctuations of
� only to its angle, the spin-density wave can become
“quantum disordered” [5], stabilizing an exotic state of
small hole pockets but without AFM order, i.e. h⌦ii = 0.
This realizes a fractionalized Fermi liquid [46, 47], where
the background spins form a quantum spin liquid e.g.
through resonances of spin-singlet dimers (analytically
represented by emergent gauge fields) [5]. This scenario
is in particular motivated by exploring possible ground
states of the undoped parent Hamiltonian (e.g. a Z2

spin liquid), which is then doped to form a fractionalized
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4

Fermi liquid under certain assumptions [36].
Hidden order from fluctuating stripes. We here

take an alternative perspective and consider low-energy
contributions to Eq. (2) that are directly motivated by
the low-temperature phases of the FH model at finite
doping: In the strongly interacting limit U � t, all state-
of-the-art numerical methods broadly agree on the ap-
pearance of stripes in the ground state, where a charge
density wave of the doped holes is accompanied by AFM
domain walls where charges accumulate [76–84]. This
results in long-range charge and incommensurate long-
range magnetic order, in accordance with broad exper-
imental evidence in cuprate materials [21–23]. Though
quantum fluctuations of the microscopic holes lead to de-
formations of the lines of stripes, they are locked in place,
i.e., individual stripes align and explicitly break the C4

symmetry of the underlying square lattice. This scenario
is schematically illustrated in Fig. 1 (a), showing a rep-
resentative low-energy configuration in the stripe phase.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [85–90]. Based on the intuition
of stripes and domain walls, we now propose a specific set
of microscopic configurations that may be relevant for an
e↵ective description of the doped FH model at elevated
temperatures. To this end, we note that the formation
of stripes can be associated with two energy scales: (i)
The appearance of (undirected) domain wall structures,
i.e., regions of accumulated charge density across which
the AFM develops ⇡ phase slips, and (ii) interactions be-
tween such individual stripes, resulting in the formation
of charge-density waves where individual stripes lock into
place. Generally, it is conceivable that either of the two
energy scales is larger, which then governs the important
contributions to Eq. (2) at intermediate temperatures.

We shall here focus on the scenario where breaking
apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is supported by latest cold-atom experiments,
which suggest the formation of fluctuating, stripe-like
structures at elevated temperatures in FH systems [68].
Specifically, in this setting, it is conceivable that mo-
bile holes form a Fermi sea, and local spin-charge cor-
relations arising from microscopic interactions stabilize
certain domain wall configurations of the AFM back-
ground. Holes locally feel an attractive potential, and
contribute to form correlated stripe-like structures. We
here specifically focus on closed loops that enclose regions
where the AFM order parameter is flipped, which we ar-
gue constitute a minimal scenario to describe the low-
energy physics of domain wall fluctuations at tempera-
tures above the stripe ordering transition. An exemplary
configuration of the closed loop domain wall scenario is
shown in Fig. 1 (b). Here, the indicated arrows represent
the direction of ⌦, i.e., it specifies the sublattice parity of
the underlying AFM state. In particular, across a closed
loop, the AFM order parameter ⌦ features ⇡ phase slips.

Our starting point is hence a state with broken SU(2)

symmetry, where ⌦ points in a particular direction.
Thermal fluctuations of the AFM background are de-
scribed through a non-linear � model (NLSM) [91]. On
top of this we allow for closed loop excitations where the
AFM order parameter is flipped, i.e., ⌦ ! �⌦. Should
we here also comment on that on top of the NLSM fluc-
tuations, doping induces frustraton in the brackground?
We now mention this when talking about the hidden crit-
ical point. Our aim is to simplify the full description of
the field ⌦(x) to string configurations ⌧̂(x) that describe
the ⇡ phase slips of ⌦. To this end, we introduce the
operator ⌧̂x

` which flips local Z2 degrees of freedom that
live on the links ` of the two-dimensional square lattice,
⌧̂x

|1i` = |0i`, see the inset of Fig. 1 (b). In this descrip-
tion, loops of flipped Z2 degrees of freedom on top of the
state

N
` |0i` can be created through the application of

terms
Q

`2+i
⌧̂x
` , where +i includes all links connected to

vertex i. These loops then correspond to closed islands
where the sublattice of the AFM order switches in our
domain wall picture, cf. Fig. 1 (b). This motivates the
following classical Hamiltonian to describe the thermody-
namic properties of closed line domain walls at elevated
temperatures,

Ĥcl = �K⇤
X

⇤

Y

`2⇤
⌧̂z
` � h

X

`

⌧̂z
` , (3)

where the sum runs over all plaquettes on the square
lattice and ⌧̂z

` |qi = ± |qi with q = 0, 1. The K⇤ term
energetically favors an even number of strings per pla-
quette, which suppresses open string configurations and
favors closed loop structures [cf. the blue plaquette in
the inset of Fig. 1 (b)]. h takes the role of a chemical
potential, i.e. it relates to the density of strings, and
corresponds to a linear string tension of the loops (with
energy 2h|⌃| where |⌃| is the length of the loop). We
note that the choice of basis in the Hamiltonian Eq. (3)
is for reasons that will become clear later on.

We now analyze thermal fluctuations in the classical
regime by studying the Hamiltonian Eq. (3); the e↵ect
of quantum fluctuations and emergence of a small Fermi
surface is addressed further below. In the subspace of
closed loops (i.e. in the pure gauge scenario), the Hamil-
tonian Eq. (3) is dual to the 2D Ising model, which can be
seen by introducing new qubit operators on the vertices of
the original lattice �̂z

i = (�1)n+i , where n+i counts how
often

Q
`2+i

⌧̂x
` has been applied to the state

N
` |0i` to

construct a given loop configuration. Eq. (3) then be-
comes ĤIsing = �h

P
hi,ji �̂z

i �̂
z
j +const., with hi, ji denot-

ing nearest neighbor vertices on the lattice.
The Ising critical temperature Tc/h ⇡ 2.27 separates

an ordered (ferromagnetic) from a disordered (paramag-
netic) phase in the dual description. In terms of the
Hamiltonian Eq. (3), for T < Tc loops are confined,
leading to long-range AFM correlations as no domain
walls disrupt the order. In the high-temperature phase,
strings deconfine, i.e., loops span the whole system and
percolate [92]. Though no local order parameter can be
defined that characterizes the confined-deconfined phase

Wegner, J. Math. Phys. 12 (1971)
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 2. Phase diagrams. (a) Schematic phase diagram of hole-doped cuprates at strong magnetic fields, where superconduc-
tivity is suppressed. At low doping, long-range AFM order exists. We propose a scenario in which doping leads to the formation
of fluctuating closed loop domain walls across which the AFM order parameter switches its sign, leading to an extended phase
that features hidden order. We specifically propose that thermal fluctuations of string loops at elevated temperatures are cap-
tured by the Hamiltonian Eq. (3), which features Ising criticality (Ising⇤) that describes a transition from confined (long-range
AFM) to deconfined (hidden AFM) loops. This corresponds to the regime in the T � h plane in (b) where Tc/h = const.,
illustrated by the dotted grey line. At low temperatures, quantum fluctuations stabilize the deconfined phase, leading to string
condensation at zero temperature, see Eq. todo. This realizes ..

transition of Eq. (3), it is governed by an Ising critical-
ity through the dual mapping (and is hence denoted by
Ising⇤) [93].

The deconfined phase defines the concept of hidden
order in our scenario: While real space correlations be-
come short range for T > Tc, the order is merely hid-
den e�ciently through the existence of percolating string
nets. In other words, for a given snapshot of the phys-
ical system, one can reconstruct the loop configuration
by tracking the sublattice parity of each spin. This is
akin to hidden order in 1D and mixed-dimensional sys-
tems, which has been formalized through the notion of
squeezed space [94, 95], where the latter captures the
non-local structure of correlations [96–100]. The above
notion of hidden order through fluctuating stripes nat-
urally extends the concept of squeezed space to higher
dimensions: By identifying loops of flipped AFM order
parameter, one can reconstruct the original symmetry
broken state with long-range order by flipping the spins
within each closed loop. Using spin-resolved snapshots,
cold-atom quantum simulators at state-of-the-art tem-
peratures can directly search for these structures, which
highlights the importance of exploring the intermediate
temperature regime of doped antiferromagnets.

We propose that this mechanism of hiding magnetic
correlations ultimately leads to the fast disappearance of
the AFM phase in doped cuprates. At elevated temper-
atures, the Ising⇤ criticality drives a transition from the
AFM phase with long-range order to the hidden AFM
phase with only short-range correlations in real space.
The phase diagram of the Hamiltonian Eq. (3) is shown in
the upper part of the T �h plane in Fig. 2 (b). Here, the
regime where classical fluctuations are expected to dom-
inate the physics corresponds to the part of the phase
diagram where Tc/h = const., see the dotted line in
Fig. 2 (b). May be confusing. If we don’t have spatial
constraints, we can think about adding another single

column figure with the PD of Eq. (3).

A schematic phase diagram of doped cuprates at strong
magnetic fields, i.e. where the d-wave superconducting
phase is suppressed, is presented in Fig. 2 (a). Start-
ing at elevated temperatures in the AFM phase, doping
leads to an increase of string density, in turn reducing
the loop gas tension. We therefore argue that � and h
are inversely related, resulting in the sharp drop of the
critical temperature of the AFM phase in Fig. 2 (a). The
transition to the hidden order phase at elevated temper-
atures is then governed by the same Ising⇤ criticality as
in Eq. (3), as corroborated in both Fig. 2 (a) and (b) by
the green horizontal line.

Describe here the transition from hidden order phase
to stripes; ordering transition of tau fields which gaps out
spectrum.

We note that the above discussion focuses on zero mat-
ter density, i.e., excluding open ends of (domain wall)
strings. In this setting, the percolating phase extends
up to infinite temperature, though the sti↵ness and cor-
relation length of the non-linear sigma model describing
AFM fluctuations of the underlying SU(2) symmetry bro-
ken state in squeezed space is reduced with rising temper-
ature [see the grey color gradient in Fig. 2 (a)]. In par-
ticular at higher temperatures, we expect that including
open domain wall strings is an important step towards a
more accurate description of our scenario. Ends of strings
then correspond to half-vortices of the ⌦ field, illustrated
in Fig. 1 (c). We speculate that explicitly taking into ac-
count open ends leads to a BKT-type transition driven by
the unbinding of (half) vortex-antivortex pairs connected
by domain wall strings, which we will discuss elsewhere.

Though we here restrict our considerations to closed
loops, analyzing the statistics of topological vortex
charges will give us important insights into the nature of
gauge fluctuations in our e↵ective domain wall descrip-
tion, which we examine in the following. This will ul-

High-T: AFM*

Finite-T: classical loop-gas model

4

Fermi liquid under certain assumptions [36].
Hidden order from fluctuating stripes. We here

take an alternative perspective and consider low-energy
contributions to Eq. (2) that are directly motivated by
the low-temperature phases of the FH model at finite
doping: In the strongly interacting limit U � t, all state-
of-the-art numerical methods broadly agree on the ap-
pearance of stripes in the ground state, where a charge
density wave of the doped holes is accompanied by AFM
domain walls where charges accumulate [76–84]. This
results in long-range charge and incommensurate long-
range magnetic order, in accordance with broad exper-
imental evidence in cuprate materials [21–23]. Though
quantum fluctuations of the microscopic holes lead to de-
formations of the lines of stripes, they are locked in place,
i.e., individual stripes align and explicitly break the C4

symmetry of the underlying square lattice. This scenario
is schematically illustrated in Fig. 1 (a), showing a rep-
resentative low-energy configuration in the stripe phase.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [85–90]. Based on the intuition
of stripes and domain walls, we now propose a specific set
of microscopic configurations that may be relevant for an
e↵ective description of the doped FH model at elevated
temperatures. To this end, we note that the formation
of stripes can be associated with two energy scales: (i)
The appearance of (undirected) domain wall structures,
i.e., regions of accumulated charge density across which
the AFM develops ⇡ phase slips, and (ii) interactions be-
tween such individual stripes, resulting in the formation
of charge-density waves where individual stripes lock into
place. Generally, it is conceivable that either of the two
energy scales is larger, which then governs the important
contributions to Eq. (2) at intermediate temperatures.

We shall here focus on the scenario where breaking
apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is supported by latest cold-atom experiments,
which suggest the formation of fluctuating, stripe-like
structures at elevated temperatures in FH systems [68].
Specifically, in this setting, it is conceivable that mo-
bile holes form a Fermi sea, and local spin-charge cor-
relations arising from microscopic interactions stabilize
certain domain wall configurations of the AFM back-
ground. Holes locally feel an attractive potential, and
contribute to form correlated stripe-like structures. We
here specifically focus on closed loops that enclose regions
where the AFM order parameter is flipped, which we ar-
gue constitute a minimal scenario to describe the low-
energy physics of domain wall fluctuations at tempera-
tures above the stripe ordering transition. An exemplary
configuration of the closed loop domain wall scenario is
shown in Fig. 1 (b). Here, the indicated arrows represent
the direction of ⌦, i.e., it specifies the sublattice parity of
the underlying AFM state. In particular, across a closed
loop, the AFM order parameter ⌦ features ⇡ phase slips.

Our starting point is hence a state with broken SU(2)

symmetry, where ⌦ points in a particular direction.
Thermal fluctuations of the AFM background are de-
scribed through a non-linear � model (NLSM) [91]. On
top of this we allow for closed loop excitations where the
AFM order parameter is flipped, i.e., ⌦ ! �⌦. Should
we here also comment on that on top of the NLSM fluc-
tuations, doping induces frustraton in the brackground?
We now mention this when talking about the hidden crit-
ical point. Our aim is to simplify the full description of
the field ⌦(x) to string configurations ⌧̂(x) that describe
the ⇡ phase slips of ⌦. To this end, we introduce the
operator ⌧̂x

` which flips local Z2 degrees of freedom that
live on the links ` of the two-dimensional square lattice,
⌧̂x

|1i` = |0i`, see the inset of Fig. 1 (b). In this descrip-
tion, loops of flipped Z2 degrees of freedom on top of the
state

N
` |0i` can be created through the application of

terms
Q

`2+i
⌧̂x
` , where +i includes all links connected to

vertex i. These loops then correspond to closed islands
where the sublattice of the AFM order switches in our
domain wall picture, cf. Fig. 1 (b). This motivates the
following classical Hamiltonian to describe the thermody-
namic properties of closed line domain walls at elevated
temperatures,

Ĥcl = �K⇤
X

⇤

Y

`2⇤
⌧̂z
` � h

X

`

⌧̂z
` , (3)

where the sum runs over all plaquettes on the square
lattice and ⌧̂z

` |qi = ± |qi with q = 0, 1. The K⇤ term
energetically favors an even number of strings per pla-
quette, which suppresses open string configurations and
favors closed loop structures [cf. the blue plaquette in
the inset of Fig. 1 (b)]. h takes the role of a chemical
potential, i.e. it relates to the density of strings, and
corresponds to a linear string tension of the loops (with
energy 2h|⌃| where |⌃| is the length of the loop). We
note that the choice of basis in the Hamiltonian Eq. (3)
is for reasons that will become clear later on.

We now analyze thermal fluctuations in the classical
regime by studying the Hamiltonian Eq. (3); the e↵ect
of quantum fluctuations and emergence of a small Fermi
surface is addressed further below. In the subspace of
closed loops (i.e. in the pure gauge scenario), the Hamil-
tonian Eq. (3) is dual to the 2D Ising model, which can be
seen by introducing new qubit operators on the vertices of
the original lattice �̂z

i = (�1)n+i , where n+i counts how
often

Q
`2+i

⌧̂x
` has been applied to the state

N
` |0i` to

construct a given loop configuration. Eq. (3) then be-
comes ĤIsing = �h

P
hi,ji �̂z

i �̂
z
j +const., with hi, ji denot-

ing nearest neighbor vertices on the lattice.
The Ising critical temperature Tc/h ⇡ 2.27 separates

an ordered (ferromagnetic) from a disordered (paramag-
netic) phase in the dual description. In terms of the
Hamiltonian Eq. (3), for T < Tc loops are confined,
leading to long-range AFM correlations as no domain
walls disrupt the order. In the high-temperature phase,
strings deconfine, i.e., loops span the whole system and
percolate [92]. Though no local order parameter can be
defined that characterizes the confined-deconfined phase
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FIG. 2. Phase diagrams. (a) Schematic phase diagram of hole-doped cuprates at strong magnetic fields, where superconduc-
tivity is suppressed. At low doping, long-range AFM order exists. We propose a scenario in which doping leads to the formation
of fluctuating closed loop domain walls across which the AFM order parameter switches its sign, leading to an extended phase
that features hidden order. We specifically propose that thermal fluctuations of string loops at elevated temperatures are cap-
tured by the Hamiltonian Eq. (3), which features Ising criticality (Ising⇤) that describes a transition from confined (long-range
AFM) to deconfined (hidden AFM) loops. This corresponds to the regime in the T � h plane in (b) where Tc/h = const.,
illustrated by the dotted grey line. At low temperatures, quantum fluctuations stabilize the deconfined phase, leading to string
condensation at zero temperature, see Eq. todo. This realizes ..

transition of Eq. (3), it is governed by an Ising critical-
ity through the dual mapping (and is hence denoted by
Ising⇤) [93].

The deconfined phase defines the concept of hidden
order in our scenario: While real space correlations be-
come short range for T > Tc, the order is merely hid-
den e�ciently through the existence of percolating string
nets. In other words, for a given snapshot of the phys-
ical system, one can reconstruct the loop configuration
by tracking the sublattice parity of each spin. This is
akin to hidden order in 1D and mixed-dimensional sys-
tems, which has been formalized through the notion of
squeezed space [94, 95], where the latter captures the
non-local structure of correlations [96–100]. The above
notion of hidden order through fluctuating stripes nat-
urally extends the concept of squeezed space to higher
dimensions: By identifying loops of flipped AFM order
parameter, one can reconstruct the original symmetry
broken state with long-range order by flipping the spins
within each closed loop. Using spin-resolved snapshots,
cold-atom quantum simulators at state-of-the-art tem-
peratures can directly search for these structures, which
highlights the importance of exploring the intermediate
temperature regime of doped antiferromagnets.

We propose that this mechanism of hiding magnetic
correlations ultimately leads to the fast disappearance of
the AFM phase in doped cuprates. At elevated temper-
atures, the Ising⇤ criticality drives a transition from the
AFM phase with long-range order to the hidden AFM
phase with only short-range correlations in real space.
The phase diagram of the Hamiltonian Eq. (3) is shown in
the upper part of the T �h plane in Fig. 2 (b). Here, the
regime where classical fluctuations are expected to dom-
inate the physics corresponds to the part of the phase
diagram where Tc/h = const., see the dotted line in
Fig. 2 (b). May be confusing. If we don’t have spatial
constraints, we can think about adding another single

column figure with the PD of Eq. (3).

A schematic phase diagram of doped cuprates at strong
magnetic fields, i.e. where the d-wave superconducting
phase is suppressed, is presented in Fig. 2 (a). Start-
ing at elevated temperatures in the AFM phase, doping
leads to an increase of string density, in turn reducing
the loop gas tension. We therefore argue that � and h
are inversely related, resulting in the sharp drop of the
critical temperature of the AFM phase in Fig. 2 (a). The
transition to the hidden order phase at elevated temper-
atures is then governed by the same Ising⇤ criticality as
in Eq. (3), as corroborated in both Fig. 2 (a) and (b) by
the green horizontal line.

Describe here the transition from hidden order phase
to stripes; ordering transition of tau fields which gaps out
spectrum.

We note that the above discussion focuses on zero mat-
ter density, i.e., excluding open ends of (domain wall)
strings. In this setting, the percolating phase extends
up to infinite temperature, though the sti↵ness and cor-
relation length of the non-linear sigma model describing
AFM fluctuations of the underlying SU(2) symmetry bro-
ken state in squeezed space is reduced with rising temper-
ature [see the grey color gradient in Fig. 2 (a)]. In par-
ticular at higher temperatures, we expect that including
open domain wall strings is an important step towards a
more accurate description of our scenario. Ends of strings
then correspond to half-vortices of the ⌦ field, illustrated
in Fig. 1 (c). We speculate that explicitly taking into ac-
count open ends leads to a BKT-type transition driven by
the unbinding of (half) vortex-antivortex pairs connected
by domain wall strings, which we will discuss elsewhere.

Though we here restrict our considerations to closed
loops, analyzing the statistics of topological vortex
charges will give us important insights into the nature of
gauge fluctuations in our e↵ective domain wall descrip-
tion, which we examine in the following. This will ul-
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Fermi liquid under certain assumptions [36].
Hidden order from fluctuating stripes. We here

take an alternative perspective and consider low-energy
contributions to Eq. (2) that are directly motivated by
the low-temperature phases of the FH model at finite
doping: In the strongly interacting limit U � t, all state-
of-the-art numerical methods broadly agree on the ap-
pearance of stripes in the ground state, where a charge
density wave of the doped holes is accompanied by AFM
domain walls where charges accumulate [76–84]. This
results in long-range charge and incommensurate long-
range magnetic order, in accordance with broad exper-
imental evidence in cuprate materials [21–23]. Though
quantum fluctuations of the microscopic holes lead to de-
formations of the lines of stripes, they are locked in place,
i.e., individual stripes align and explicitly break the C4

symmetry of the underlying square lattice. This scenario
is schematically illustrated in Fig. 1 (a), showing a rep-
resentative low-energy configuration in the stripe phase.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [85–90]. Based on the intuition
of stripes and domain walls, we now propose a specific set
of microscopic configurations that may be relevant for an
e↵ective description of the doped FH model at elevated
temperatures. To this end, we note that the formation
of stripes can be associated with two energy scales: (i)
The appearance of (undirected) domain wall structures,
i.e., regions of accumulated charge density across which
the AFM develops ⇡ phase slips, and (ii) interactions be-
tween such individual stripes, resulting in the formation
of charge-density waves where individual stripes lock into
place. Generally, it is conceivable that either of the two
energy scales is larger, which then governs the important
contributions to Eq. (2) at intermediate temperatures.

We shall here focus on the scenario where breaking
apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is supported by latest cold-atom experiments,
which suggest the formation of fluctuating, stripe-like
structures at elevated temperatures in FH systems [68].
Specifically, in this setting, it is conceivable that mo-
bile holes form a Fermi sea, and local spin-charge cor-
relations arising from microscopic interactions stabilize
certain domain wall configurations of the AFM back-
ground. Holes locally feel an attractive potential, and
contribute to form correlated stripe-like structures. We
here specifically focus on closed loops that enclose regions
where the AFM order parameter is flipped, which we ar-
gue constitute a minimal scenario to describe the low-
energy physics of domain wall fluctuations at tempera-
tures above the stripe ordering transition. An exemplary
configuration of the closed loop domain wall scenario is
shown in Fig. 1 (b). Here, the indicated arrows represent
the direction of ⌦, i.e., it specifies the sublattice parity of
the underlying AFM state. In particular, across a closed
loop, the AFM order parameter ⌦ features ⇡ phase slips.

Our starting point is hence a state with broken SU(2)

symmetry, where ⌦ points in a particular direction.
Thermal fluctuations of the AFM background are de-
scribed through a non-linear � model (NLSM) [91]. On
top of this we allow for closed loop excitations where the
AFM order parameter is flipped, i.e., ⌦ ! �⌦. Should
we here also comment on that on top of the NLSM fluc-
tuations, doping induces frustraton in the brackground?
We now mention this when talking about the hidden crit-
ical point. Our aim is to simplify the full description of
the field ⌦(x) to string configurations ⌧̂(x) that describe
the ⇡ phase slips of ⌦. To this end, we introduce the
operator ⌧̂x

` which flips local Z2 degrees of freedom that
live on the links ` of the two-dimensional square lattice,
⌧̂x

|1i` = |0i`, see the inset of Fig. 1 (b). In this descrip-
tion, loops of flipped Z2 degrees of freedom on top of the
state

N
` |0i` can be created through the application of

terms
Q

`2+i
⌧̂x
` , where +i includes all links connected to

vertex i. These loops then correspond to closed islands
where the sublattice of the AFM order switches in our
domain wall picture, cf. Fig. 1 (b). This motivates the
following classical Hamiltonian to describe the thermody-
namic properties of closed line domain walls at elevated
temperatures,

Ĥcl = �K⇤
X

⇤

Y

`2⇤
⌧̂z
` � h

X

`

⌧̂z
` , (3)

where the sum runs over all plaquettes on the square
lattice and ⌧̂z

` |qi = ± |qi with q = 0, 1. The K⇤ term
energetically favors an even number of strings per pla-
quette, which suppresses open string configurations and
favors closed loop structures [cf. the blue plaquette in
the inset of Fig. 1 (b)]. h takes the role of a chemical
potential, i.e. it relates to the density of strings, and
corresponds to a linear string tension of the loops (with
energy 2h|⌃| where |⌃| is the length of the loop). We
note that the choice of basis in the Hamiltonian Eq. (3)
is for reasons that will become clear later on.

We now analyze thermal fluctuations in the classical
regime by studying the Hamiltonian Eq. (3); the e↵ect
of quantum fluctuations and emergence of a small Fermi
surface is addressed further below. In the subspace of
closed loops (i.e. in the pure gauge scenario), the Hamil-
tonian Eq. (3) is dual to the 2D Ising model, which can be
seen by introducing new qubit operators on the vertices of
the original lattice �̂z

i = (�1)n+i , where n+i counts how
often

Q
`2+i

⌧̂x
` has been applied to the state

N
` |0i` to

construct a given loop configuration. Eq. (3) then be-
comes ĤIsing = �h

P
hi,ji �̂z

i �̂
z
j +const., with hi, ji denot-

ing nearest neighbor vertices on the lattice.
The Ising critical temperature Tc/h ⇡ 2.27 separates

an ordered (ferromagnetic) from a disordered (paramag-
netic) phase in the dual description. In terms of the
Hamiltonian Eq. (3), for T < Tc loops are confined,
leading to long-range AFM correlations as no domain
walls disrupt the order. In the high-temperature phase,
strings deconfine, i.e., loops span the whole system and
percolate [92]. Though no local order parameter can be
defined that characterizes the confined-deconfined phase

Wegner, J. Math. Phys. 12 (1971)

Dual to 2D Ising model!

Quantum gas microscopes can check!
Schlömer et al., PRX Quantum 6 (2025)
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⌦

FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics

Melting stripes: Hidden AFM order
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Kitaev’s toric code
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code,

ĤTC = � K⇤
X

⇤

Y

`2⇤
⌧̂z
` � h

X

`

⌧̂z
`

+ K+

X

+

Y

`2+

⌧̂x
` � �

X

`

⌧̂x
` .

(5)

In particular, the positive sign in front of the K+ term
fixes the gauge sector to

Q
`2+

⌧̂x
` = �1. This ensures a

unit background charge and hence captures the correct
Berry phases of visons when winding around lattice sites.
We have further added fluctuations of the form / ⌧̂x

` to
Eq. (5).

The well-known phase diagram of Hamiltonian Eq. (5)
as a function of �, h and T (while assuming K⇤ = K+) is
shown in Fig. 2 (b) (see also Refs. [114, 115]). Within the
blue regime at T = 0, the ground state features topologi-
cal order, realizing an odd Z2 spin liquid due to the non-
vanishing background charge. In particular, this regime
corresponds to a deconfined phase characterized by loop
gas condensation, i.e., it features hidden AFM order in
our domain wall setting.

Fractionalized Fermi liquid. In the hidden order
scenario, well-defined fermionic excitations, i.e. magnetic
polarons, exist. Lastly, we look into how these fermionic
excitations couple to the fluctuating domain walls. To
this end, consider again the case of an open domain wall
end, Fig. 1 (c). Across the domain wall, the continuous ⌦

field experiences a ⇡ phase slip, as illustrated by grey ar-
rows in Fig. 1 (c). A magnetic polaron encircling an open
domain wall string adiabatically follows the orientation
of the ⌦ field, and correspondingly it picks up a Berry
phase of 'B = ⇡. Meanwhile, all other closed paths that
do not encircle a vison result in a vanishing Berry phase.
Magnetic polarons and visons are thus mutual semions,
and as a result the former couple to excitations of an
electric field, i.e., e-particles, of the e↵ective Toric code
model Eq. (5).

————– Need to continue writing from here.
These physical insights of mutual statistics due to non-

trivial geometric phases motivate the following model as
an e↵ective low-energy description of Eq. (2):

Ĥ = ĤTC +
X

�

X

hhi,kii

X

j2NN{i,k}

h
tMP

hhi,kiif̂
†
i,� ⇥ . . .

· · ·⇥ ⌧̂z
`=hi,ji⌧̂

z
`=hj,kif̂j,� + H.c.

i
,

(6)

where i and ` are site and link indices, respectively. Due
to the non-trivial semionic statistics between magnetic

polarons f̂ (†)
i,� and visons, the polarons couple to electric

field lines when hopping on the lattice. Note that only

next-to-nearest neighbor (NNN) hoppings tMP

hhi,kii are fi-

nite [84, 116]; the sum over j in Eq. (6) includes both
NNN paths when hopping from i $ k. Concerning fluc-
tuations of the gauge and matter fields, we have taken
into account perturbations ⇠ ⌧̂x/z as well as the simplest
loop fluctuation terms, Ĝi =

Q
`2+i

⌧̂x
` , as depicted in

the inset of Fig. 1 (b). The positive sign of the Ĝi term
(with K+ > 0) ensures the non-trivial winding statistics
of visons, i.e., it fixes the gauge sector to Ĝi = �1.

In the unperturbed model (� = h = 0), the ground
state | 0i is a loop gas [117] that features string-net con-
densation [118], realizing an (odd) Z2 quantum spin liq-
uid [47],

| 0i =
Y

i

(1 � Ĝi)
O

`

|"i` . (7)

We note again the di↵erences to the spin liquid con-
struction .. todo

TODO: Interpretation of phase diagran, perturbed
TC [114], discussion on backsides of Fermi pockets, hid-
den critical point where frustration leads to actual QSL

Discussion

We note that our picture of fluctuating stripe-like
structures is di↵erent to that put forward in e.g.
Refs. [30, 119]. As quantum oscillations and DC trans-
port measurements are essentially static probes, fluctu-
ating stripes (in terms of symmetry-breaking order) do
likely not lead to quantum oscillations and anomalous
transport measurements in cuprates. In our scenario,
they naturally appear due to the topological geometric
structure of the fluctuating stripes.

Acknowledgments.— We thank Immanuel Bloch,
Pietro Bonetti, Eugene Demler, Gesa Dünnweber, An-
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Ising∗

FIG. 2. Phase diagrams. (a) Schematic phase diagram of hole-doped cuprates at strong magnetic fields, where superconduc-
tivity is suppressed. At low doping, long-range AFM order exists. We propose a scenario in which doping leads to the formation
of fluctuating closed loop domain walls across which the AFM order parameter switches its sign, leading to an extended phase
that features hidden order. We specifically propose that thermal fluctuations of string loops at elevated temperatures are cap-
tured by the Hamiltonian Eq. (3), which features Ising criticality (Ising⇤) that describes a transition from confined (long-range
AFM) to deconfined (hidden AFM) loops. This corresponds to the regime in the T � h plane in (b) where Tc/h = const.,
illustrated by the dotted grey line. At low temperatures, quantum fluctuations stabilize the deconfined phase, leading to string
condensation at zero temperature, see Eq. todo. This realizes ..

transition of Eq. (3), it is governed by an Ising critical-
ity through the dual mapping (and is hence denoted by
Ising⇤) [93].

The deconfined phase defines the concept of hidden
order in our scenario: While real space correlations be-
come short range for T > Tc, the order is merely hid-
den e�ciently through the existence of percolating string
nets. In other words, for a given snapshot of the phys-
ical system, one can reconstruct the loop configuration
by tracking the sublattice parity of each spin. This is
akin to hidden order in 1D and mixed-dimensional sys-
tems, which has been formalized through the notion of
squeezed space [94, 95], where the latter captures the
non-local structure of correlations [96–100]. The above
notion of hidden order through fluctuating stripes nat-
urally extends the concept of squeezed space to higher
dimensions: By identifying loops of flipped AFM order
parameter, one can reconstruct the original symmetry
broken state with long-range order by flipping the spins
within each closed loop. Using spin-resolved snapshots,
cold-atom quantum simulators at state-of-the-art tem-
peratures can directly search for these structures, which
highlights the importance of exploring the intermediate
temperature regime of doped antiferromagnets.

We propose that this mechanism of hiding magnetic
correlations ultimately leads to the fast disappearance of
the AFM phase in doped cuprates. At elevated temper-
atures, the Ising⇤ criticality drives a transition from the
AFM phase with long-range order to the hidden AFM
phase with only short-range correlations in real space.
The phase diagram of the Hamiltonian Eq. (3) is shown in
the upper part of the T �h plane in Fig. 2 (b). Here, the
regime where classical fluctuations are expected to dom-
inate the physics corresponds to the part of the phase
diagram where Tc/h = const., see the dotted line in
Fig. 2 (b). May be confusing. If we don’t have spatial
constraints, we can think about adding another single

column figure with the PD of Eq. (3).

A schematic phase diagram of doped cuprates at strong
magnetic fields, i.e. where the d-wave superconducting
phase is suppressed, is presented in Fig. 2 (a). Start-
ing at elevated temperatures in the AFM phase, doping
leads to an increase of string density, in turn reducing
the loop gas tension. We therefore argue that � and h
are inversely related, resulting in the sharp drop of the
critical temperature of the AFM phase in Fig. 2 (a). The
transition to the hidden order phase at elevated temper-
atures is then governed by the same Ising⇤ criticality as
in Eq. (3), as corroborated in both Fig. 2 (a) and (b) by
the green horizontal line.

Describe here the transition from hidden order phase
to stripes; ordering transition of tau fields which gaps out
spectrum.

We note that the above discussion focuses on zero mat-
ter density, i.e., excluding open ends of (domain wall)
strings. In this setting, the percolating phase extends
up to infinite temperature, though the sti↵ness and cor-
relation length of the non-linear sigma model describing
AFM fluctuations of the underlying SU(2) symmetry bro-
ken state in squeezed space is reduced with rising temper-
ature [see the grey color gradient in Fig. 2 (a)]. In par-
ticular at higher temperatures, we expect that including
open domain wall strings is an important step towards a
more accurate description of our scenario. Ends of strings
then correspond to half-vortices of the ⌦ field, illustrated
in Fig. 1 (c). We speculate that explicitly taking into ac-
count open ends leads to a BKT-type transition driven by
the unbinding of (half) vortex-antivortex pairs connected
by domain wall strings, which we will discuss elsewhere.

Though we here restrict our considerations to closed
loops, analyzing the statistics of topological vortex
charges will give us important insights into the nature of
gauge fluctuations in our e↵ective domain wall descrip-
tion, which we examine in the following. This will ul-
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the presence of a small Fermi surface. However, in the
ground state, this surface does not appear in angle-resolved
photoemission spectroscopy (ARPES) due to the absence
of coherent electron quasiparticles. Nevertheless, as we
discuss later, incoherent, broadened features in the elec-
tronic spectral function can still emerge at finite tem-
perature—consistent with experimental observations in
cuprates.

A. Overview of our results
Our description of the pseudogap phase builds upon

the idea that domain walls of the underlying AFM—i.e.,
individual stripes—can be held together by strong spin-
charge correlations, even in a regime where interactions
between neighboring stripes can be overcome by ther-
mal or quantum fluctuations. This prevents the formation
of charge-density-wave order and results in a low-energy
theory of stringlike fluctuating stripes that leads us to pro-
pose a microscopic theory for an orthogonal metal phase:
a string-net condensate of stripes introduces topological
order that lends an emergent gauge charge to the magnetic
polaron excitations of the underlying AFM. This fraction-
alizes their Fermi surface and geometrically suppresses
long-range AFM correlations, in a state with an underlying
spontaneously broken SU(2) symmetry. In particular, our
proposed scenario consists of the following; see Fig. 1.

(i) The mechanism behind the efficient disruption of
the AFM phase close to half-filling is hidden order,

Small FS

No LRO
Large FS

Geometric OM

FIG. 1. Phase diagram of hole-doped cuprates. Interpretation
of the phase diagram of hole-doped cuprates at strong mag-
netic fields, where superconductivity is suppressed. Around half-
filling, long-range AFM order exists. Upon doping, the string
tension h of domain-wall loops decreases, driving an Ising∗

transition to a hidden ordered state (green arrow). At zero tem-
perature, we propose that cuprates realize a geometric orthogonal
metal (GOM), whereby topological excitations of the fluctuat-
ing domain walls lead to the formation of a small Fermi surface
constituted by magnetic (or spin) polarons. At a critical doping,
hidden order vanishes through a frustration mechanism governed
by fluctuations of microscopic holes, resulting in a hidden quan-
tum critical point (hQCP) that drives a topological transition
from a GOM (with a small Fermi surface) to a Fermi liquid (with
a large Fermi surface).

caused by fluctuating domain walls of the spin
background linked to charge fluctuations. Specifi-
cally, we propose that, while the SU(2) symmetry
of the AFM background is broken, the order is hid-
den through fluctuations of closed loops that enclose
areas where the AFM order switches its sublattice.
The transition between visible and hidden orders is
governed by an Ising∗ criticality characterized by
highly nonlocal observables.

(ii) Hidden order allows for the existence of well-
defined fermionic quasiparticles, i.e., magnetic (or
spin) polarons, as well as bosonic Goldstone modes
(paramagnons). The latter live in the space of the
ordered spin background, referred to as squeezed
space.

(iii) At low temperatures, interactions between fluctu-
ating domain walls drive a transition to the stripe
phase, where individual stripes align and excitations
are gapped out. In this case, magnetic order reap-
pears in the lab frame through long-range incom-
mensurate spin correlations.

(iv) At zero temperature and enhanced doping (and
strong magnetic fields), where neither stripes nor
superconductivity appear in the ground state, the
pseudogap phase is the realization of a loop gas of
fluctuating domain walls. String-net condensation
leads to hidden order and the formation of an odd
Z2 spin liquid.

(v) Magnetic polarons couple to the geometric spin
liquid formed by the fluctuating domain walls,
acquire an emergent gauge charge, and form a
small Fermi surface. The broken SU(2) sym-
metry together with sublattice fluctuations define
what we call a geometric orthogonal metal
(GOM), which features topological excitations that
absorb momentum in Oshikawa’s flux insertion
protocol.

(vi) At a hidden quantum critical point (hQCP) on the
doping axis, hidden order disappears and the SU(2)
symmetry is fully restored as spin interactions in
squeezed space become frustrated. Signatures of
this transition are detectable only through highly
nonlocal observables or quantum critical transport
properties. We conjecture these to underlie the bad
metallicity observed in cuprates.

The picture of hidden order allows us to naturally unite
the AFM and stripe phases with the pseudogap: in all cases,
the SU(2) symmetry of the spin background is sponta-
neously broken; it is merely hidden in the experimentalist’s
frame of reference within the pseudogap phase. We argue
that by postulating hidden order in the system, a geomet-
ric fractionalized orthogonal metal constituted by magnetic
polarons naturally emerges. It further directly suggests
the presence of spin-wave-like excitations (paramagnons)
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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FIG. 1. Geometric FL⇤ construction. (a) Schematic illustration of phase-locked stripes. Along lines of enhanced hole
density, ⇡ phase-slips of the AFM order parameter⌦ appear. (b) Upon melting stripes, we consider a scenario where microscopic
closed structures of holes lead to fluctuating domains of AFM phase slips. Fluctuations of closed loops result in a vanishing
AFM order parameter in real space. However, hidden order survives – defining the 2D analog of squeezed space. (c) Winding
of the ⌦ field around a vison, i.e., an open magnetic field line that creates a half-vortex. By closing a path across the domain
wall (grey arrows), the field performs a full 2⇡ rotation - leading to a Berry phase of ⇡ when a magnetic polaron winds around a
vison. (d) E↵ect of moving a vison around a lattice site, where the encircled microscopic spin rotates around the Bloch sphere
by 2⇡. This leads to the lattice sites carrying a Z2 charge, i.e., there exists a background unit charge that leads to an odd Z2

spin liquid.

ternative approach and include stripe-like AFM domain
wall defects in an e↵ective description of the FH model;
fluctuations of these defects will then lead us to the geo-
metric fractionalized Fermi liquid (GFL*) scenario. Be-
fore discussing the latter, we describe how fluctuating
domain wall structures can e�ciently hide AFM correla-
tions, which is the essential mechanism behind the GFL*.

Hidden order from fluctuating stripes. We con-
sider low-energy contributions to Eq. (2) that are di-
rectly motivated by the low-temperature phases of the
FH model at finite doping: In the strongly interact-
ing limit U � t, all state-of-the-art numerical methods
broadly agree on the appearance of stripes in the ground
state, where a charge density wave of the doped holes
is accompanied by AFM domain walls where charges
accumulate [86–94]. This results in long-range charge
and incommensurate long-range magnetic order, in ac-
cordance with broad experimental evidence in cuprate
materials [22–24]. Though quantum fluctuations of the
microscopic holes lead to deformations of the lines of
stripes, they are locked in place, i.e., individual stripes
align and explicitly break the C4 symmetry of the under-
lying square lattice. This scenario is schematically illus-
trated in Fig. 1 (a), showing a representative low-energy
configuration in the stripe phase. Here, the indicated
arrows represent the direction of ⌦, i.e., it specifies the
sublattice parity of the underlying AFM state.

Upon raising the temperature, stripes melt, and the
FH model displays a pseudogap with only short-range
AFM correlations present [31, 95–100]. We particularly
highlight Ref. [31], where the fate of the pseudogap in
the FH model when tuning the temperature towards the
ground state has been analyzed through a ‘handshake’

of wave-function and finite temperature based methods.
Quoting Ref. [31]: The range of density and coupling
strength where a pseudogap is found precisely coincides
with that in which ground-state studies find a stripe phase
with long-range spin and charge order. This suggests
an intricate interplay between the stripe and pseudogap
phase in the FH model, with a possible common micro-
scopic origin - it is this scenario that we work out in depth
in the remainder of this paper.

Specifically, we now propose a specific set of micro-
scopic configurations that may be relevant for an e↵ective
description of the doped FH model at elevated tempera-
tures. To this end, we note that the formation of stripes
can be associated with two energy scales: (i) The appear-
ance of (undirected) domain wall structures, i.e., regions
of accumulated charge density across which the AFM de-
velops ⇡ phase slips, and (ii) interactions between such
individual stripes, resulting in the formation of charge-
density waves where individual stripes lock into place.
Generally, it is conceivable that either of the two energy
scales is larger, which then governs the important contri-
butions to Eq. (2) at intermediate temperatures.

We shall shall here focus on the scenario where break-
ing apart stripe-like domain wall structures is associated
with a higher energy cost compared to them locking into
place. This is generally expected at low doping where the
typical distance between individual stripes is large, and is
supported by latest cold-atom experiments which suggest
the formation of fluctuating, stripe-like structures at el-
evated temperatures in FH systems [77]. We specifically
focus on closed loops that enclose regions where the AFM
order parameter is flipped, which we argue constitute
a minimal scenario to describe the low-energy physics
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