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❖ Floquet theory follows from the adiabatic theorem
‣ alternative decomposition of dynamics: geometric & dynamical phases 
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Geometric Floquet theory 
(take-home messages)
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❖ Floquet theory follows from the adiabatic theorem

❖ geometric phase captures inherently nonequilibrium phenomena

‣ alternative decomposition of dynamics: geometric & dynamical phases 

Floquet topological order discrete time crystals

‣ guaranteed by parallel-transport gauge and the adiabatic limit
❖ dynamical phase defines uniquely a Floquet ground state



Outline
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• Floquet theory from counterdiabatic driving

‣ geometric Floquet decomposition

• Anomalous chiral spin liquids

‣ Floquet topological order

‣ unambiguous Floquet ground state

• Time crystals
‣ nonequilibrium eigenstate order

‣ locality of average energy

Schindler & MB, PRX 15, 031037 (2025)

• Heating in kicked Ising chain



Floquet theorem as a special case of the Adiabatic theorem

๏ Floquet’s theorem:
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Ulab(t,0) = P(t,0) exp(−it HF[0])

micromotion quasienergy

Hlab(t) = Hlab(t + T)
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Floquet theorem as a special case of the Adiabatic theorem

๏ Floquet’s theorem:
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๏ Adiabatic theorem (CD driving):

Ulab(t,0) = P(t,0) exp(−it HF[0]) Ulab(t,0) = 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it Φ(t,0))

micromotion quasienergy geometric phase dynamical ‘phase’

Hlab(t) = Hlab(t + T) HCD
lab (t) = Hctrl(λ(t)) + ·λ𝒜K(λ(t))

๏ rotating frame ๏ co-moving frame

Sels and Polkovnikov, PNAS 114 (2017)
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Floquet theorem as a special case of the Adiabatic theorem

๏ Floquet’s theorem:
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๏ Adiabatic theorem (CD driving):

Ulab(t,0) = P(t,0) exp(−it HF[0]) Ulab(t,0) = 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it Φ(t,0))

micromotion quasienergy geometric phase dynamical ‘phase’

Hlab(t) = Hlab(t + T) HCD
lab (t) = Hctrl(λ(t)) + ·λ𝒜K(λ(t))

✦ dynamical ‘phase’

✦ geometric phase

ϕn(t) = ∫
t

0
ds ε(λ(s)) ∈ ℝ

γn(t) = ∫
λ(t)

λ(0)
dλ ⟨n[λ] | i∂λ |n[λ]⟩ ∈ [0,2π)

can be unambiguously unfolded/unwound: comes from energy

๏ rotating frame



Floquet theorem as a special case of the Adiabatic theorem

๏ Floquet’s theorem:
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๏ Adiabatic theorem (CD driving):

Ulab(t,0) = P(t,0) exp(−it HF[0]) Ulab(t,0) = 𝒯 exp (−i∫
t

0
𝒜K(s)ds) exp(−it Φ(t,0))

micromotion quasienergy geometric phase dynamical ‘phase’

Hlab(t) = Hlab(t + T) HCD
lab (t) = Hctrl(λ(t)) + ·λ𝒜K(λ(t))

๏ rotating frame ๏ co-moving frame

Floquet rotating frame waiter’s co-moving frame= (up to a gauge)

Sels and Polkovnikov, PNAS 114 (2017)



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:
HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t) HF[t] = P(t)HF[0]P†(t)

|nF[t]⟩ = P(t) |nF[0]⟩
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/ P(t) ( ⋅ ) P†(t)



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

HF[t] = H(t) − i∂tP(t)P†(t)

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t) HF[t] = P(t)HF[0]P†(t)
|nF[t]⟩ = P(t) |nF[0]⟩

:

         gauge potential w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)

mpipks (Dresden)Marín Bukov

/ P(t) ( ⋅ ) P†(t)



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

HF[t] = H(t) − i∂tP(t)P†(t)

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

HCD(λ) = Hctrl(λ) + ·λ𝒜λ

λ =̂ t

HF[t] = P(t)HF[0]P†(t)
|nF[t]⟩ = P(t) |nF[0]⟩

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for  ?H(t) HF[t]

:

         gauge potential w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)

mpipks (Dresden)Marín Bukov

/ P(t) ( ⋅ ) P†(t)



Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

‣ check:

HF[t] = H(t) − i∂tP(t)P†(t)

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

|nF(t)⟩ = 𝒯e−i ∫t
0 dsH(s) |nF(0)⟩ = P(t)e−itHF |nF(0)⟩ = e−itε(n)

F P(t) |nF[0]⟩ = e−itε(n)
F |nF[t]⟩

recall definition (CD driving):

HCD(λ) = Hctrl(λ) + ·λ𝒜λ

λ =̂ t

HF[t] = P(t)HF[0]P†(t)
|nF[t]⟩ = P(t) |nF[0]⟩

evolved e’state =  instantaneous e’stateei phase

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for  !H(t) HF[t]

:

         gauge potential w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)
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๏ hidden relation between counterdiabatic driving and Floquet physics

Floquet theory as a shortcut to adiabaticity

๏ Floquet’s theorem:

‣ check:

HF[t] = H(t) − i∂tP(t)P†(t)

‣ provides a geometric angle at Floquet theory

HF[0] = P†(t)H(t)P(t) − P†(t)i∂tP(t)

|nF(t)⟩ = 𝒯e−i ∫t
0 dsH(s) |nF(0)⟩ = P(t)e−itHF |nF(0)⟩ = e−itε(n)

F P(t) |nF[0]⟩ = e−itε(n)
F |nF[t]⟩

HCD(λ) = Hctrl(λ) + ·λ𝒜λ

λ =̂ t

HF[t] = P(t)HF[0]P†(t)
|nF[t]⟩ = P(t) |nF[0]⟩

evolved e’state =  instantaneous e’stateei phase

H(t) = HF[t] + 𝒜F(t)
 is the CD Hamiltonian for  !H(t) HF[t]

:

         gauge potential w.r.t. time / phase of drive

𝒜F(t) = i∂tP(t)P†(t)
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recall definition (CD driving):

/ P(t) ( ⋅ ) P†(t)



AGP  not unique: U(1) gauge freedom𝒜

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)

Geometric Floquet Theory H(t) = HF[t] + 𝒜F(t)

Marín Bukov mpipks (Dresden)

𝒜F(t) = i∂tP(t)P†(t)



AGP  not unique: U(1) gauge freedom𝒜

Periodic gauge: 𝒜F(t)

U(T,0) = 𝒯 exp (−i∫
T

0
𝒜F(t)dt) exp(−iTHF[0])

micromotion quasienergy

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)

H(t) = HF[t] + 𝒜F(t)
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Geometric Floquet Theory
𝒜F(t) = i∂tP(t)P†(t)



AGP  not unique: U(1) gauge freedom𝒜

Periodic gauge: 𝒜F(t) Parallel-transport gauge: 𝒜K(t)

U(T,0) = 𝒯 exp (−i∫
T

0
𝒜F(t)dt) exp(−iTHF[0]) U(T,0) = 𝒯 exp (−i∫

T

0
𝒜K(t)dt) exp(−iT (T,0))

<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

micromotion quasienergy geometric phase dynamical ‘phase’

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)
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H(t) = HF[t] + 𝒜F(t)Geometric Floquet Theory
𝒜F(t) = i∂tP(t)P†(t)
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Æ

micromotion quasienergy geometric phase dynamical ‘phase’

‣ micromotion: P(t) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds)

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)
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H(t) = HF[t] + 𝒜F(t)

P(t + T) = P(t)
P(T) = 1

Geometric Floquet Theory
𝒜F(t) = i∂tP(t)P†(t)
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Æ

micromotion quasienergy geometric phase dynamical ‘phase’

‣ micromotion: P(t) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) ‣ Wilson line: 𝒲(t) = 𝒯 exp (−i∫

t

0
𝒜K(s)ds)

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)

𝒲(T) ≠ 1
𝒲(t + T) ≠ 𝒲(t)
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P(t + T) = P(t)
P(T) = 1

H(t) = HF[t] + 𝒜F(t)Geometric Floquet Theory
𝒜F(t) = i∂tP(t)P†(t)
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Æ

micromotion quasienergy geometric phase dynamical ‘phase’
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0
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‣ quasienergy: HF[0] = ∑
n

ε(n)
F |nF[0]⟩⟨nF[0] |

𝒲(T) ≠ 1P(T) = 1

Geometric Floquet Theory
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Æ

micromotion quasienergy geometric phase dynamical ‘phase’

‣ micromotion: P(t) = 𝒯 exp (−i∫
t

0
𝒜F(s)ds) ‣ Wilson line: 𝒲(t) = 𝒯 exp (−i∫

t

0
𝒜K(s)ds)

‣ quasienergy: HF[0] = ∑
n

ε(n)
F |nF[0]⟩⟨nF[0] | ‣ Average Energy:
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Æ(T,0)=∑
n

(T,0) |nF[0]⟩⟨nF[0]|<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn

✦ eigenstates: Floquet states

✦ e’energies: <latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn(T,0) =
1
T ∫

T

0
dt ⟨nF[t] |H(t) |nF[t]⟩

๏ periodically driven system: H(t)
๏ evolution operator:

U(T,0) = 𝒯 exp (−i∫
T

0
H(t)dt)

P(t + T) = P(t) 𝒲(t + T) ≠ 𝒲(t)

H(t) = HF[t] + 𝒜F(t)
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𝒲(T) ≠ 1P(T) = 1

Geometric Floquet Theory
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ε(n)
F = T−1γn + <latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn

‣ quasienergy: HF[0] = ∑
n

ε(n)
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no folding:  extensiveH(t)
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mpipks (Dresden)Marín Bukov

✓ Floquet theory from counterdiabatic driving

‣ geometric Floquet decomposition

• Anomalous chiral spin liquids

‣ Floquet topological order

‣ unambiguous Floquet ground state

• Time crystals
‣ nonequilibrium eigenstate order

‣ locality of average energy

Schindler & MB, PRX 15, 031037 (2025)

• Heating in kicked Ising chain
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‣ intermediate frequency: Floquet topological order
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FIG. 4. Bulk non-equilibrium topological order. a Sketch of anyonic e and m anyons, which are transmuted in the bulk
under the Floquet driving. Measuring the electric loop operator gives a negative or positive sign, for the e and m anyons,
respectively. b Initial state preparation. Starting from the flux-free state |!FF→ we rearrange the fermions to prepare the
state |!0→. Applying three Z operators creates an e anyon in the center of the system yielding |!e→. The paired anyon is
pushed out of the system on the right hand side. c Bulk invariant showing oscillations in the FTO phase (red), which are
absent in the Kitaev phase (blue). Oscillations in the invariant are robust to integrability breaking disorder on the time scale
of the experiments. d In the Kitaev phase, the Fourier transform of the order parameter ω(ε) is expected to peak at zero
frequency, whereas it peaks at ϑ in the FTO phase. e Phase diagram as a function of the detuning JT and disorder ” obtained
from the di#erence of the Fourier components at ϑ (top number) and 0 (bottom number). The yellow star marks the critical
point of the exactly solvable model (” = 0). Data taken with dynamical decoupling and randomized compiling for CZ gates
(Ntwirling = 20, Nshots = 106, Ndisorder = 20, 58 qubits).

non-equilibrium loop order parameter, need to be devel-
oped to characterize these dynamical phases of matter.
Our interferometric probes for imaging the dynamical
transmutation of anyons provide a novel approach to-
ward exploring highly entangled non-equilibrium phases
of matter.

While completing this project, we became aware of
related research that investigates the equilibrium Ki-
taev phase and its associated emergent fermionic dynam-
ics, implemented on a neutral-atom quantum computing
platform [50].

Acknowledgments

M.W. thanks Ashvin Vishwanath and Erez Berg for
helpful discussions. A.G-S. acknowledges support from
the Royal Commission for the Exhibition of 1851, and
support from the UK Research and Innovation (UKRI)
under the UK government’s Horizon Europe fund-
ing guarantee [grant number EP/Y036069/1]. M.W.,
F.P., and M.K. acknowledge support from the Deutsche
Forschungsgemeinschaft (DFG, German Research Foun-
dation) under Germany’s Excellence Strategy–EXC–
2111–390814868, TRR 360 – 492547816 and DFG grants

No. KN1254/1-2, KN1254/2-1, the European Research
Council (ERC) under the European Union’s Horizon
2020 research and innovation programme (grant agree-
ment No. 851161 and No. 771537), as well as the Mu-
nich Quantum Valley, which is supported by the Bavar-
ian state government with funds from the Hightech
Agenda Bayern Plus. M.W. and F.P. acknowledge sup-
port from the DFG Research Unit FOR 5522 (project-id
499180199). All experiments were conducted remotely
on 72-qubit Google Sycamore (Figs. 1–3) and Willow
(Fig. 4) processors [51, 52], with access provided via the
Google Cloud Quantum Engine. Calibration and sup-
port were provided by the Quantum Hardware Residency
Program. We thank the Google Quantum AI team for
providing the quantum systems and support that en-
abled these results. The views expressed in this work are
solely those of the authors and do not reflect the policy
of Google or the Google Quantum AI team.

Data and materials availability

Data and codes are available on Zenodo upon reason-
able request [53].

drive period

di
so

rd
er

 s
tre

ng
th

⇒

quasimomentum, qx

qu
as

ie
ne

rg
y, 

ε F
T

• origin: Majorana -mode in q’energy spectrumπ

Will et al. arXiv:2501.18461Po et al, PRB 96, 245116 (2017)

‣dynamical anyon transmutation:

Anomalous Floquet chiral spin liquid phase

+ +

++

−

++



Geometric origins of Floquet topological order

Marín Bukov

๏ geometric Floquet theory:
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๏ geometric Floquet theory:

mpipks (Dresden)

Wilczek and Zee, PRL 52, 2111 (1984)
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๏ geometric Floquet theory:
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‣ Majorana dispersion
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• degenerate & vanishing average energies: æ± = 0
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mpipks (Dresden)Marín Bukov

✓ Floquet theory from counterdiabatic driving

‣ geometric Floquet decomposition

✓ Anomalous chiral spin liquids

‣ Floquet topological order

‣ unambiguous Floquet ground state

• Time crystals
‣ nonequilibrium eigenstate order

‣ locality of average energy

Schindler & MB, PRX 15, 031037 (2025)

• Heating in kicked Ising chain
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Discrete time crystals

Sacha et al., Rep Prog Phys 81, 016401 (2017) Khemani et al., arXiv:1910.10745 Else et al., Ann Rev Cond Mat Phys 11, 467 (2020) 
mpipks (Dresden)Marín Bukov

๏ evolution operator UF(θx) = e−iTHze−iθxHx

nonequilibrium phase of matter without equilibrium counterpart

| ↑ ⋯ ↑ ⟩
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๏ evolution operator UF(θx) = e−iTHze−iθxHx

Beatrez, …, MB, Ajoy, Nat Phys ‘22
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Discrete time crystals

‣ pairing of Floquet states (  symmetry)ℤ2

• difference in paired q’energies: ΔεF T = ± π

Hz |n⟩ = εn |n⟩

Sacha et al., Rep Prog Phys 81, 016401 (2017)

• -splitting in q’energy spectrumπ

Khemani et al., arXiv:1910.10745 Else et al., Ann Rev Cond Mat Phys 11, 467 (2020) 

UF(θx = π) |n±
F ⟩ = ± e−iTεn |n±
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Discrete time crystals

‣ symmetry breaking protects against perturbations in kick angle θx

‣ pairing of Floquet states (  symmetry)ℤ2

• difference in paired q’energies: ΔεF T = ± π

Hz |n⟩ = εn |n⟩

Sacha et al., Rep Prog Phys 81, 016401 (2017)

• -splitting in q’energy spectrumπ

Khemani et al., arXiv:1910.10745 Else et al., Ann Rev Cond Mat Phys 11, 467 (2020) 

time crystals = -pairing of quasienergies + symmetry breaking (no static counterpart)π

UF(θx = π) |n±
F ⟩ = ± e−iTεn |n±

F ⟩

mpipks (Dresden)Marín Bukov

๏ evolution operator UF(θx) = e−iTHze−iθxHx

robust to  
perturbations in  

kick angle  θx
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๏ evolution operator UF(θx) = e−iTHze−iθxHx

๏ average energy

 spinsL = 10
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Discrete time crystals

๏ evolution operator UF(θx) = e−iTHze−iθxHx

๏ average energy
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‣ spectral pairing: difference in paired q’energies: ΔεF T = ± π

average energy
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robust to  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kick angle  θx
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‣ compare: FM to PM transition in TFIM



Discrete time crystals

๏ evolution operator UF(θx) = e−iTHze−iθxHx

๏ average energy

๏ Berry phases

Δε(n)
F = T−1Δγn(T) + Δ (T)<latexit sha1_base64="uLpIPx+Fnig+Q8iqEN48/a3Wyv4="></latexit>æn
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2
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Xn

‣ -splitting purely geometricπ

‣ spectral pairing: difference in paired q’energies: ΔεF T = ± π

Berry phase average energy

mpipks (Dresden)Marín Bukov

robust to  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kick angle  θx
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๏ evolution operator UF(θx) = e−iTHze−iθxHx

๏ average energy

๏ Berry phases
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 spinsL = 10

‣ perfectly degenerate for all pairs: 

‣ similar for -modes in AFTIsπ

Hz = ∑
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JnZnZn+1 Hx =
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∑
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‣ -splitting purely geometricπ

‣ spectral pairing: difference in paired q’energies: ΔεF T = ± π

Berry phase average energy
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Discrete time crystals

๏ evolution operator UF(θx) = e−iTHze−iθxHx

๏ average energy

๏ Berry phases

Δε(n)
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 spinsL = 10

‣ perfectly degenerate for all pairs: 

‣ similar for -modes in AFTIsπ

Hz = ∑
n

JnZnZn+1 Hx =
1
2

L

∑
n=1

Xn

‣ -splitting purely geometricπ

‣ spectral pairing: difference in paired q’energies: ΔεF T = ± π

Berry phase average energy

mpipks (Dresden)Marín Bukov

❖ inherently nonequilibrium phenomena  
have geometric origin?

robust to  
perturbations in  

kick angle  θx
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‣ compare: FM to PM transition in TFIM
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mpipks (Dresden)Marín Bukov

✓ Floquet theory from counterdiabatic driving

‣ geometric Floquet decomposition

✓ Anomalous chiral spin liquids

‣ Floquet topological order

‣ unambiguous Floquet ground state

✓ Time crystals
‣ nonequilibrium eigenstate order

‣ locality of average energy

Schindler & MB, PRX 15, 031037 (2025)

• Heating in kicked Ising chain
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‣ initial state: ground state of Hz + Hx
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๏ evolution operator UF = e−i T
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‣ initial state: ground state of Hz + Hx

‣ decompose in Floquet basis |⟨ψi |nF⟩ |2
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๏ distribution over average energy

Heating in kicked Ising spin chain

๏ evolution operator UF = e−i T
4 Hze−i T
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‣ no folding problems

‣ initial state: ground state of Hz + Hx

‣ low-lying excitations

Marín Bukov mpipks (Dresden)
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‣ decompose in Floquet basis |⟨ψi |nF⟩ |2
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HF = ∑ ε(n)
F |nF⟩⟨nF | ⟶ ∑ ε(n)

F |nF⟩⟨nF |+ω |mF⟩⟨mF | = H′￼F

  is non-local!HF

‣ decompose in Floquet basis |⟨ψi |nF⟩ |2
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‣ find operator weight on all 2-body Pauli strings: σα ∈{X, Y, Z, I}
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Heating in kicked Ising spin chain

๏ distribution over average energy

๏ evolution operator UF = e−i T
4 Hze−i T

2 Hxe−i T
4 Hz

Hz = −
L

∑
n=1

J
4

ZnZn+1 +
h
2

Zn

Hx = −
g
2

L

∑
n=1

Xn

‣ no folding problems

‣ initial state: ground state of Hz + Hx

‣ low-lying excitations

 spinsL = 16

๏ locality   vs. ÆHF

𝒪approx =∑
α,β

oα σi+oαβ σασβ

HF = ∑ ε(n)
F |nF⟩⟨nF | ⟶ ∑ ε(n)

F |nF⟩⟨nF |+ω |mF⟩⟨mF | = H′￼F

  is non-local!HF

‣ decompose in Floquet basis |⟨ψi |nF⟩ |2
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‣ find operator weight on all 2-body Pauli strings: σα ∈{X, Y, Z, I}
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Heating in kicked Ising spin chain

๏ distribution over average energy

๏ evolution operator UF = e−i T
4 Hze−i T
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Hz = −
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‣ no folding problems

‣ initial state: ground state of Hz + Hx

‣ low-lying excitations

 spinsL = 16

๏ locality   vs. ÆHF

𝒪approx =∑
α,β

oα σi+oαβ σασβ

HF = ∑ ε(n)
F |nF⟩⟨nF | ⟶ ∑ ε(n)

F |nF⟩⟨nF |+ω |mF⟩⟨mF | = H′￼F

  is non-local!HF

‣ decompose in Floquet basis |⟨ψi |nF⟩ |2

half-chain entanglement



๏ ‘elementary’ families of periodic drives:

PM Schindler and MB, PRX 15, 031037 (2025)

‣ Floquet decomposition: H(t) = HF[t] + 𝒜F(t)

(i) equilibrium ‘drives’: 𝒜F ≡ 0 ⟹ H(t) = const

(ii) pure-micromotion drives: HF ≡ 0 ⟹ U(t) = P(t)

‣ Kato decomposition: H(t) = HK(t) + 𝒜K(t)

(iv) pure-geometric drives: HK ≡ 0 ⟹ U(t) = 𝒲(t)

(iii) flat drives:

static

no heating

q’energy = average energy

q’energy = geometric phase

𝒜     
<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

(no Floquet ground state! 
maximally nonequilibrium drives)

Wilson line

(equilibrium-like drives)

mpipks (Dresden)Marín Bukov

Families of periodic drives



www.pks.mpg.de/nqd

Summary & Outlook

mpipks (Dresden)Marín Bukov

‣ lab frame Hamiltonian  generates transitionless (CD) driving for Floquet states H(t) |nF[t]⟩
❖ Floquet’s theorem follows as a special case of the Adiabatic theorem 

H(t) = HF[t] + 𝒜F(t)

Schindler & MB, PRX 15, 031037 (2025)
PM Schindler E Poliquin



www.pks.mpg.de/nqd
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mpipks (Dresden)Marín Bukov

‣ lab frame Hamiltonian  generates transitionless (CD) driving for Floquet states H(t) |nF[t]⟩
❖ Floquet’s theorem follows as a special case of the Adiabatic theorem 

‣ dynamical ‘phase’: local average energy operator — unambiguous Floquet ground state

❖ parallel-transport formulation of Floquet theory: U(T,0) = 𝒲(T) e−iT (T,0)
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H(t) = HF[t] + 𝒜F(t)

Schindler & MB, PRX 15, 031037 (2025)
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‣ geometric phase: Wilson line operator — nonequilibrium phenomena w/o static counterpart 

H(t) = HF[t] + 𝒜F(t)

Schindler & MB, PRX 15, 031037 (2025)

time crystals heating
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‣ geometric phase: Wilson line operator — nonequilibrium phenomena w/o static counterpart 

❖ What is Geometric Floquet Theory useful for? H(t) = HF[t] + 𝒜F(t)

Schindler & MB, PRX 15, 031037 (2025)

time crystals heating
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Summary & Outlook

mpipks (Dresden)Marín Bukov

‣ lab frame Hamiltonian  generates transitionless (CD) driving for Floquet states H(t) |nF[t]⟩
❖ Floquet’s theorem follows as a special case of the Adiabatic theorem 

‣ dynamical ‘phase’: local average energy operator — unambiguous Floquet ground state

❖ parallel-transport formulation of Floquet theory: U(T,0) = 𝒲(T) e−iT (T,0)
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‣ geometric phase: Wilson line operator — nonequilibrium phenomena w/o static counterpart 

❖ What is Geometric Floquet Theory useful for? H(t) = HF[t] + 𝒜F(t)

‣ non-perturbative approximations to  thru variational principles for HF[t] 𝒜F(t)

• gapped? • ordered? • are certain Floquet states special (nonthermal)?
‣ variational principle for many-body Floquet ground states: MPS, NQS, etc.

Schindler & MB, PRX 15, 031037 (2025)
PM Schindler E Poliquin
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time crystals heating

Summary & Outlook

mpipks (Dresden)Marín Bukov

‣ lab frame Hamiltonian  generates transitionless (CD) driving for Floquet states H(t) |nF[t]⟩
❖ Floquet’s theorem follows as a special case of the Adiabatic theorem 

PM Schindler

‣ dynamical ‘phase’: local average energy operator — unambiguous Floquet ground state

❖ parallel-transport formulation of Floquet theory: U(T,0) = 𝒲(T) e−iT (T,0)
<latexit sha1_base64="kYpJzIyAffsgLHk0o3QupKkJtfg="></latexit>

Æ

‣ geometric phase: Wilson line operator — nonequilibrium phenomena w/o static counterpart 

❖ What is Geometric Floquet Theory useful for? H(t) = HF[t] + 𝒜F(t)

‣ non-perturbative approximations to  thru variational principles for HF[t] 𝒜F(t)

• gapped? • ordered? • are certain Floquet states special (nonthermal)?

‣ experiments: control away from equilibrium (Floquet-engineered states)

• geometric quantum gates (based on Berry phases)
• Thouless pumps away from adiabatic limit Schindler & MB, PRL 133, 123402 (2024)

‣ variational principle for many-body Floquet ground states: MPS, NQS, etc.

Schindler & MB, PRX 15, 031037 (2025)
E Poliquin
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Floquet resonances

Marín Bukov mpipks (Dresden)

H(t) =
1
2

L

∑
n=1

[(Jσ+
n+1σ

−
n + Aie−iωtσ+

n+1σ
+
n + h . c . ) +

g
2

σz
n]

H(t) = ∑
k

ψ†
k h(k, t)ψk

h(k, t) = Δkτz + Ak [cos(ωt)τx + sin(ωt)τy]

Δk = g + J cos(k)

Ak = A sin(k)



Anomalous  Floquet topological insulators

Marín Bukov mpipks (Dresden)
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Counterdiabatic driving for periodically driven systems

PM Schindler & MB, PRL 133, 123402 (2024)Marín Bukov mpipks (Dresden)

๏ Floquet toolbox is incomplete
‣ (i) engineer , (ii) suppress heating, (iii) prepare stateHF

transitionless driving of Floquet-engineered states ?|nF⟩
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๏ control Floquet states on top of periodic drives

Marín Bukov mpipks (Dresden)

๏ Floquet toolbox is incomplete
‣ (i) engineer , (ii) suppress heating, (iii) prepare stateHF

UF(t,0) = 𝒯 exp (−i∫
t

0
H(s)ds) = P(t) exp (−iTHF)

1. uncontrolled, periodically driven

transitionless driving of Floquet-engineered states ?|nF⟩
Counterdiabatic driving for periodically driven systems



PM Schindler & MB, PRL 133, 123402 (2024)

๏ control Floquet states on top of periodic drives

Marín Bukov mpipks (Dresden)

๏ Floquet toolbox is incomplete
‣ (i) engineer , (ii) suppress heating, (iii) prepare stateHF

UF(t,0) = 𝒯 exp (−i∫
t

0
H(s)ds) = P(t) exp (−iTHF)

UF,λ(t)(t,0) = 𝒯 exp (−i∫
t

0
Hλ(t)(s)ds) → Pλ(t)(t) exp (−itHF,λ(t))

1. uncontrolled, periodically driven

2. adiabatic, w.r.t.  (on top of periodic drive)λ(t)

transitionless driving of Floquet-engineered states ?|nF⟩
Counterdiabatic driving for periodically driven systems
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๏ control Floquet states on top of periodic drives

Marín Bukov mpipks (Dresden)

๏ Floquet toolbox is incomplete
‣ (i) engineer , (ii) suppress heating, (iii) prepare stateHF

UF(t,0) = 𝒯 exp (−i∫
t

0
H(s)ds) = P(t) exp (−iTHF)

UFCD,λ(t)(t,0) = 𝒯 exp −i∫
t

0

=HCD,λ(s)(s)

Hλ(s)(s)+ ·λ(s)𝒜λ(s)(s) ds

= Pλ(t)(t) exp (−it [HF,λ(t)+
·λ(t)𝒜F,λ(s)(t)])

UF,λ(t)(t,0) = 𝒯 exp (−i∫
t

0
Hλ(t)(s)ds) → Pλ(t)(t) exp (−itHF,λ(t))

1. uncontrolled, periodically driven

2. adiabatic, w.r.t.  (on top of periodic drive)λ(t)

3. counterdiabatic (on top of control & periodic drive)

transitionless driving of Floquet-engineered states ?|nF⟩

≠

different!

Counterdiabatic driving for periodically driven systems



✦ amplitude ramps 
λ(t) = A(t)

• what about other control parameters?

✦ frequency chirps 
λ(t) = ω(t)

‣ external ramps 
λ(t)

PM Schindler & MB, PRL 133, 123402 (2024)

๏ control Floquet states on top of periodic drives

Marín Bukov mpipks (Dresden)

๏ Floquet toolbox is incomplete
‣ (i) engineer , (ii) suppress heating, (iii) prepare stateHF

‣ so far: initial time/phase of the drive

time

UF(t,0) = 𝒯 exp (−i∫
t

0
H(s)ds) = P(t) exp (−iTHF)

UFCD,λ(t)(t,0) = 𝒯 exp −i∫
t

0

=HCD,λ(s)(s)

Hλ(s)(s)+ ·λ(s)𝒜λ(s)(s) ds

UF,λ(t)(t,0) = 𝒯 exp (−i∫
t

0
Hλ(t)(s)ds) → Pλ(t)(t) exp (−itHF,λ(t))

1. uncontrolled, periodically driven

2. adiabatic, w.r.t.  (on top of periodic drive)λ(t)

3. counterdiabatic (on top of control & periodic drive)

transitionless driving of Floquet-engineered states ?|nF⟩

= Pλ(t)(t) exp (−it [HF,λ(t)+
·λ(t)𝒜F,λ(t)(t)])

≠

different!

Counterdiabatic driving for periodically driven systems

‣ phase of drive 
φ(t)



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

Marín Bukov mpipks (Dresden)

‣perturbative approximations to  (e.g., Magnus expansion) fail to capture resonances HF

‣ ‘no Floquet ground state’ (quasi-energy not ordered)

๏ Issues:



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

Marín Bukov mpipks (Dresden)can use CD driving techniques to study Floquet systems!

‣perturbative approximations to  (e.g., Magnus expansion) fail to capture resonances HF

‣ ‘no Floquet ground state’ (quasi-energy not ordered)

๏ Issues:



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

๏ defining equation for Floquet gauge potential:

Marín Bukov mpipks (Dresden)

G(𝒜F) = i[H, 𝒜F] − ∂tH + ∂t𝒜F = 0

can use CD driving techniques to study Floquet systems!



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

๏ defining equation for Floquet gauge potential:

Marín Bukov mpipks (Dresden)

‣ make periodic ansatz for kick operator K(t) = ∑
n,ℓ

knℓ e−iℓωt𝒪n

‣ iterate until convergence

P(t) = eiK(t) = P(t + T )

‣ compute associated gauge potential: 𝒳F(t) = (i∂teiK(t)) e−iK(t)

‣ compute  G(𝒳F) = ∑
n,ℓ

gnℓ e−iℓωt𝒪n

Algorithm unknown pre-selected

‣ update: , for some  knℓ → knℓ − η |gnℓ | η

G(𝒜F) = i[H, 𝒜F] − ∂tH + ∂t𝒜F = 0

can use CD driving techniques to study Floquet systems!



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

๏ defining equation for Floquet gauge potential:

Marín Bukov mpipks (Dresden)

‣ make periodic ansatz for kick operator K(t) = ∑
n,ℓ

knℓ e−iℓωt𝒪n

‣ iterate until convergence

‣ compute associated gauge potential: 𝒳F(t) = (i∂teiK(t)) e−iK(t)

‣ compute  G(𝒳F) = ∑
n,ℓ

gnℓ e−iℓωt𝒪n

Algorithm unknown pre-selected

‣ update: , for some  knℓ → knℓ − η |gnℓ | η

P(t) = eiK(t) = P(t + T )

G(𝒜F) = i[H, 𝒜F] − ∂tH + ∂t𝒜F = 0
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can use CD driving techniques to study Floquet systems!



Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

๏ defining equation for Floquet gauge potential:

Marín Bukov mpipks (Dresden)

‣ make periodic ansatz for kick operator K(t) = ∑
n,ℓ

knℓ e−iℓωt𝒪n

‣ iterate until convergence

‣ compute associated gauge potential: 𝒳F(t) = (i∂teiK(t)) e−iK(t)

‣ compute  G(𝒳F) = ∑
n,ℓ

gnℓ e−iℓωt𝒪n

Algorithm unknown pre-selected

‣ update: , for some  knℓ → knℓ − η |gnℓ | η

P(t) = eiK(t) = P(t + T )

G(𝒜F) = i[H, 𝒜F] − ∂tH + ∂t𝒜F = 0

G. Aleksandrov, MSc thesis (2025)
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Nonperturbative variational ansatz for Floquet Hamiltonian
H(t) = HF[t] + 𝒜F(t)

๏ given drive ,  
finding AGP  determines Floquet Hamiltonian 

H(t)
𝒜F(t) HF[t]

๏ defining equation for Floquet gauge potential:

Marín Bukov mpipks (Dresden)

‣ make periodic ansatz for kick operator K(t) = ∑
n,ℓ

knℓ e−iℓωt𝒪n

‣ iterate until convergence

✓ no diagonalization

✓ no time-ordered exponentials

‣ compute associated gauge potential: 𝒳F(t) = (i∂teiK(t)) e−iK(t)

‣ compute  G(𝒳F) = ∑
n,ℓ

gnℓ e−iℓωt𝒪n

✓ no high-frequency regime

Algorithm unknown pre-selected

‣ update: , for some  knℓ → knℓ − η |gnℓ | η

P(t) = eiK(t) = P(t + T )

G(𝒜F) = i[H, 𝒜F] − ∂tH + ∂t𝒜F = 0

G. Aleksandrov, MSc thesis (2025)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)0.0 0.5 1.0

t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

a)

0.0 0.5 1.0
t/T

°1.0

°0.5

0.0

0.5

1.0

b)

0.0 0.5 1.0
t/T

°0.8

°0.6

°0.4

°0.2

0.0

0.2

c)

1
2Tr(HF · ∏1)
1
2Tr(HF · ∏2)
1
2Tr(HF · ∏3)
1
2Tr(HF · ∏4)
1
2Tr(HF · ∏5)
1
2Tr(HF · ∏6)
1
2Tr(HF · ∏7)
1
2Tr(HF · ∏8)

-system:   Λ H(t) = − Δλ8 + g sin ωt (λ4 + λ6)

ω/g = 0.5
Δ/g = 1

resonant 
drive

: Gell-Mann matricesλi

can use CD driving techniques to study Floquet systems!

0.0 0.5 1.0

time t/T

°1

0

1
kick operator K(t)

Kx(t)

Ky(t)

Kz(t)

0.0 0.5 1.0

time t/T

°0.5

0.0

0.5

1.0
gauge potential AF (t)

X x(t)

X y(t)

X z(t)

0.0 0.5 1.0

time t/T

0.0

0.5

Hamiltonian H(t)

Hx(t)

Hy(t)

Hz(t)

0.0 0.5 1.0

time t/T

°0.2

0.0

0.2

Floquet Hamiltonian HF [t]

Hx
F (t)

Hy
F (t)

Hz
F (t)

two-level system:   H(t) =
Δ
2

Z +
g
2

(1 + 2 cos ωt)X

ω/g = 2
Δ/g = 2

resonant drive

dashed: numerics
solid: variational

: Pauli matricesX, Y, Z



Variational approximation of  HF

๏ nonintegrable Ising chain: H(t) = ∑
j

JZj+1Zj + hzZj + hx sin ωtXj

ω/J = 20, hx /J = 3, hz /J = 0.9
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high frequency regime

‣ 2nd order FM: , etc.[ZZ, [X, ZZ]] ∼ ZXZ

 spins,  harmonics12 21

P R E L I M
 I N

 A R Y

K ∈ ∑
j

Xj, ∑
j

Yj, ∑
j

Zj, ∑
j

XjXj+1, ∑
j

YjYj+1, ∑
j

ZjZj+1, ∑
j

XjYj+1 + YjXj+1, ∑
j

YjZj+1 + ZjYj+1, ∑
j

ZjXj+1 + XjZj+1

∥A − B∥2 = 1 −
1

dim(H )
Re tr(A†B)

UF = e−iTHF

∥A − B∥2 ∈ [0,2]

∥e−iTHF − e−iTℋF∥

∥e−iTHF − e−iTH(n)
FM∥
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Thermal Hall effect

Marín Bukov

๏ chiral spin liquid phase

mpipks (Dresden)Kitaev, Annals of Physics 321, 2 (2006)

‣ Majoranas do not conserve particle number

drive period, JT0 3πJTc

gapless spin liquid

chiral 
spin liquid

Floquet 
topo order ???

• no particle edge current, but:

: Majorana

+ + +

+ : vortex

(a) (b)

(c) (d)

: spin liquid

: toric code

Majorana

vortex

+

++

+

++

+
chiral edge  

energy density current

• half quantized chiral energy density edge currents



Thermal Hall effect

Marín Bukov

๏ chiral spin liquid phase

mpipks (Dresden)Kitaev, Annals of Physics 321, 2 (2006)

‣ Majoranas do not conserve particle number

drive period, JT0 3πJTc

gapless spin liquid

chiral 
spin liquid

Floquet 
topo order ???

• no particle edge current, but:

: Majorana

+ + +

+ : vortex

(a) (b)

(c) (d)

: spin liquid

: toric code

Majorana

vortex

• half quantized chiral energy density edge currents

๏ mechanism & topological origin

‣ nonzero Chern number : quantized edge transportν

• complex fermions:  βκ = ν ×
π
6

• Majorana fermions:  (half-quantized)βκ =
ν
2

×
π
6
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Thermal Hall effect

Marín Bukov

๏ chiral spin liquid phase

mpipks (Dresden)Kitaev, Annals of Physics 321, 2 (2006)

‣ Majoranas do not conserve particle number

drive period, JT0 3πJTc

gapless spin liquid

chiral 
spin liquid

Floquet 
topo order ???

• no particle edge current, but:

: Majorana

+ + +

+ : vortex

(a) (b)

(c) (d)

: spin liquid

: toric code

Majorana

vortex๏ mechanism & topological origin

‣ nonzero Chern number : quantized edge transportν

• complex fermions:  βκ = ν ×
π
6

• Majorana fermions:  (half-quantized)βκ =
ν
2

×
π
6

Q: can we observe quantized Thermal Hall effect in intermediate-scale quantum simulators?
‣ promising candidate : phonon scattering, material imperfections, etc. α − RuCl3

+

++

+
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+
chiral edge  

energy density current

• half quantized chiral energy density edge currents



Marín Bukov

: Majorana

+ + +

+ : vortex

(a) (b)

(c) (d)

: spin liquid

: toric code

Majorana

vortex
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Tr Sr

SCr

Sl

SCl

x y

z
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Chiral spin liquid

Transverse-field Ising

Chiral edge heat flow

Bh / (1x, 1y, 1z)๏ two-terminal heat transport setup

‣ finite-size Kitaev chiral  spin-liquid device,  HKitaev

Thermal Hall effect in quantum simulators

mpipks (Dresden)

κ/T =
ν
2

×
π
6

Sun et al, arXiv:2509.03355

H = HKitaev+
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: Majorana

+ + +

+ : vortex
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(c) (d)
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Chiral spin liquid

Transverse-field Ising

Chiral edge heat flow

Bh / (1x, 1y, 1z)๏ two-terminal heat transport setup

‣ finite-size Kitaev chiral  spin-liquid device,  HKitaev

‣ 2 Ising chain reservoirs  at inv. temperatures Hl/r
res βr ≠ βl

Thermal Hall effect in quantum simulators

• critical (gapless): facilitates low-temperature transport

mpipks (Dresden)

κ/T =
ν
2

×
π
6

Sun et al, arXiv:2509.03355

H = HKitaev+Hl
res+Hr

res+
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Chiral spin liquid

Transverse-field Ising

Chiral edge heat flow

Bh / (1x, 1y, 1z)๏ two-terminal heat transport setup

‣ finite-size Kitaev chiral  spin-liquid device,  HKitaev

‣ 2 Ising chain reservoirs  at inv. temperatures Hl/r
res βr ≠ βl

Thermal Hall effect in quantum simulators

• critical (gapless): facilitates low-temperature transport

mpipks (Dresden)

κ/T =
ν
2

×
π
6

Sun et al, arXiv:2509.03355

‣ coupling term: Hcoupling = − JTSx
l Sx

Cl
− JTSx

r Sx
Cr

• turned on adiabatically, until steady-state heat currents form

Jl/r
E (t) = − JTB⟨Sy

l/r(t)S
x
Cl/r

(t)⟩ κl/r(t)/T = 2Jl/r
E (t)/ |T2

l − T2
r |

H = HKitaev+Hl
res+Hr

res+Hcoupling
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Chiral spin liquid

Transverse-field Ising

Chiral edge heat flow

Bh / (1x, 1y, 1z)๏ two-terminal heat transport setup

‣ finite-size Kitaev chiral  spin-liquid device,  HKitaev

‣ 2 Ising chain reservoirs  at inv. temperatures Hl/r
res βr ≠ βl

Thermal Hall effect in quantum simulators

• critical (gapless): facilitates low-temperature transport

‣ coupling term: Hcoupling = − JTSx
l Sx

Cl
− JTSx

r Sx
Cr

๏ results in a nutshell
‣ stable heat flow region, even for finite reservoirs (70-200 sites)

‣ half-quantized conductance measurements require  
very low reservoir temperatures T/JKitaev ∼ 10−3

• turned on adiabatically, until steady-state heat currents form

Jl/r
E (t) = − JTB⟨Sy

l/r(t)S
x
Cl/r

(t)⟩ κl/r(t)/T = 2Jl/r
E (t)/ |T2

l − T2
r |
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κ/T =
ν
2

×
π
6

• optimal coupling strength JT ≈ 0.8JKitaev
Sun et al, arXiv:2509.03355

H = HKitaev+Hl
res+Hr

res+Hcoupling


