.; Periodically driven systems

video: YouTube (bluedwarf1127) video: YouTube (Harvard Nat Sci)

High-frequency periodic drives
can change drastically
the fundamental properties of physical systems

Marin Bukov pks (Dresden)


https://www.youtube.com/watch?v=rwGAzy0noU0&ab_channel=bluedwarf1127
https://www.youtube.com/@nyakamoto
https://www.youtube.com/watch?v=XTJznUkAmIY&ab_channel=HarvardNaturalSciencesLectureDemonstrations
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741 Geometric Floquet theory
Sy g (take-home messages)

» Floquet theory TOIIOWS from the adiabatic theorem

A

> alternative decomposition of dynamics: geometric & dynamical phases

+ dynamical phase defines uniquely a Floquet ground state

> guaranteed by parallel-transport gauge and the adiabatic limit
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. =% Geometric Floguet theory
Sy g (take-home messages)

+ Floquet tneofry roliows from the adiabatic theorem

> alternative decomposition of dynamics: geometric & dynamical phases

+ dynamical phase defines uniquely a Floquet ground state

> guaranteed by parallel-transport gauge and the adiabatic limit

+ geometric phase captures inherently nonequilibrium phenomena

J, S7S5%

o N e

J. S757

e e N

J, SY S

\ ® : Majorana J

f Floquet topological order \ r discrete time crystals

Ur

)

Marin Bukov

pks (Dresden)
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Outline

* Floquet theory from counterdiabatic driving

> geometric Floquet decomposition

> unambiguous Floquet ground state

* Anomalous chiral spin liquids

> Flogquet topological order

 Time crystals

> nonequilibrium eigenstate order

* Heating in kicked Ising chain

lab frame

rotating frame

> |ocality of average energy

Schindler & MB, PRX 15, 031037 (2025)
Marin Bukov mpipks (Dresden)



Floquet theorem as a special case of the Adiabatic theorem

® Floguet’s theorem:

Hyp(8) = Hp(t + T)

U,..(1,0) = P(1,0) exp(—it H.{0])

\ /

micromotion quasienergy
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Floquet theorem as a special case of the Adiabatic theorem

® Floguet’s theorem:

Hyp(8) = Hp(t + T)

U,..(1,0) = P(1,0) exp(—it H.{0])

\ /

micromotion quasienergy

e rotating frame
f

W /q
- /K\,
@‘\\ K"D ( ) [//7

\
\

W Ly P

lab frame
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Floquet theorem as a special case of the Adiabatic theorem

e Floquet’s theorem: e Adiabatic theorem (CD driving):
H. 0t =H,t+T) H-2(1) = H(A(D)) + Al (D))
t
U,..,(1,0) = P(1,0) exp(—it H.[0]) Uap(t,0) = T exp | —1 [ A (s)ds | exp(—it D(z,0))
N/ N /
micromotion quasienergy geometric phase dynamical ‘phase’
e rotating frame @ co-moving frame
%
/q : A Sstatic
g {I) P(t) /ﬁk \' —
§ | | ||
o o 7 T . l/
oy o~ @ &
W my PO N Hy Sels and Polkovnikov, PNAS 114 (2017)

lab frame

Marin Bukov pks (Dresden)



Floquet theorem as a special case of the Adiabatic theorem

e Floquet’s theorem: e Adiabatic theorem (CD driving): "
H (1) = H  (t+T) ngl?(t) = H_(A(?)) + Al (A(7)) y
t
U,..,(t,0) = P(1,0) exp(—it H[0]) U,.,(1,0) = T exp [ A (s)ds | exp(—it D(,0))
0
\ / \ /
micromotion quasienergy geometric phase dynamical ‘phase’
e rotating frame e(l) 4
.4 { —
L] hl P(t AT + dynamical ‘phase’  ¢,(!) =J ds £(2(s)) € R =
, W | / 0 §
s o ' can be unambiguously unfolded/unwound: comes from energy —
) \/ —
oagy; H{(t) PT(t) L - A1) —
lab frame tating frame + geometric phase  7,(f) = dA (n[A]|id,|n[A]) € [0,27)
J2(0)

Marin Bukov pks (Dresden)



Floquet theorem as a special case of the Adiabatic theorem

® Floguet’s theorem:

Hyp(8) = Hp(t + T)

U,..(1,0) = P(1,0) exp(—it H.{0])

\ /

micromotion quasienergy

e rotating frame

~ /X %\'
W
o KI) P(t) N /
‘\ &
O # /\ \ ¢
(0 P1(t) = .

lab frame rotating frame

Floquet rotating frame
Marin Bukov

e Adiabatic theorem (CD driving):

HS2(0) = H i (A(0) + A (D))

U,.,(1,0) = T exp (—i[ A K(S)dS) exp(—it D(2,0))
0
"\ /

geometric phase dynamical ‘phase’

@ CO-moving frame

Sels and Polkovnikov, PNAS 114 (2017)

(up to a gauge)
pks (Dresden)

waiter’s co-moving frame



Floquet theory as a shortcut to adiabaticity

® Floguet’s theorem:
H 0] = PT(0)H(H)P(f) — P'(t)io, P(t)
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Floquet theory as a shortcut to adiabaticity

e Floguet’s theorem: / P ()P | n:1]) = P(£) | ng[0])
H 0] = PT(0)H(H)P(f) — P'(t)io, P(t) H.[1] = P(OH 0P (2)
H.[f] = H(f) — i0,P(£)P" () o (1) = i0,P()P (1)
gauge potential w.r.t. time / phase of drive

Marin Bukov pks (Dresden)



Floquet theory as a shortcut to adiabaticity

® Floguet’s theorem:
H 0] = PT(0)H(H)P(f) — P'(t)io, P(t)

H.[f] = H(f) — i0,P(£)P" ()

H(t) = Hglt] + o (1)

H(¢) is the CD Hamiltonian for H|t] ?
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Floquet theory as a shortcut to adiabaticity

® Floguet’s theorem:
H 0] = PT(0)H(H)P(f) — P'(t)io, P(t)

H.[f] = H(f) — i0,P(£)P" ()

H(t) = Hglt] + o (1)

H(¢) is the CD Hamiltonian for H[?] !

iphase ; stantaneous e’state

> check:  [ng(?)) = T e~y dsH) | n(0)) = P(f)e_itHF‘”F(O» = e_itg’gn)P(f) | np[0]) = el | npl])

evolved e'state = e
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Floquet theory as a shortcut to adiabaticity

® Floguet’s theorem:
H 0] = PT(0)H(H)P(f) — P'(t)io, P(t)

H.[f] = H(f) — i0,P(£)P" ()

H(t) = Hglt] + o (1)

H(¢) is the CD Hamiltonian for H[?] !

L phase

evolved e’state = Instantaneous e’state

(n)

» check: ‘nF(t)> — ge—ifédSH(S) ‘ nF(O)> — P(l‘)e_itHF ‘ nF(O)> — e—il‘eF (n)

P(0) | ng[0]) = e e | nplt])

e hidden relation between counterdiabatic driving and Floquet physics

> provides a geometric angle at Floquet theory

Marin Bukov pks (Dresden)



Geometric Floquet Theory H(?) = HA{f] + o (5)
—H, .

AGP &/ not unique: U(1) gauge freedom

e periodically driven system: H(¢)
e evolution operator:

T
U(T,0) = TJ exp (—iJ H(t)dt)

0
Marin Bukov pks (Dresden)



Geometric Floquet Theory H(?) = HA{f] + o (5)
—H, .

AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?)

T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTH|0])
X

micromotion quasienergy

e periodically driven system: H(¢)
e evolution operator:

T
U(T,0) = TJ exp (—iJ H(t)dt)

0
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Geometric Floquet Theory H(?) = HA{f] + o (5)
—H, .

AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i [ QfK(t)dt> exp(—iTA(T,0))
LN LN /

micromotion quasienergy geometric phase dynamical ‘phase’

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory H(?) = HA{f] + o (5)
—H, .

AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i[ A K(t)dt> exp(—iTA(T,0))

AN N /
P(T)=1 micromotion quasienergy geometric phase dynamical ‘phase’
» micromotion: P(f) = exp( J QYF(S)dS)
0

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory H(?) = HA{f] + o (5)
—H, .

AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i[ A K(t)dt) exp(—iTA(T,0))

X LN /
P(T)=1 micromotion guasienergy (T #1 geometric phase  dynamical ‘phase’
Pit+T) = P(1) / W(t+T)#= W) ¢
> micromotion: P(f) = I exp ( J QYF(S)dS) » Wilson line: 7/ (t) = J exp ( [ QYK(S)dS>
0 0

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i[ A K(t)dt) exp(—iTA(T,0))

XN 0N /
micromotion quasienergy geometric phase dynamical ‘phase’
t !
> micromotion: P(f) = I exp J A (s)ds » Wilson line: 7/ (t) = J exp [ A (s)ds
0 0

> quasienergy: H.[0] = Z elg”)lnF[O])(nF[O]\

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i[ A K(t)dt) exp(—iTA(T,0))

X 0N /
micromotion quasienergy geometric phase dynamical ‘phase’
t !
» micromotion: P(f) = exp( J QYF(S)dS> » Wilson line: 7 (1) = exp( [ QYK(S)dS>
0 0
» quasienergy: H,[0] = Z elg”) | n[0]){n:[0] | > Average Energy: A (7,0) =Zaen(T,O) | n[0])(ng[0]]

+ eigenstates: Floquet states
T

+ e’energies: &,(7,0) = % dr (n.(t] | H(?) | nglt])
Jo

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ o4 F(t)dt) exp(—iTHZ[0]) U(T,0) =5 exp (—i[ A K(t)dt) exp(—iTA(T,0))

XN LN /
micromotion quasienergy geometric phase dynamical ‘phase’
t !
» micromotion: P(f) = exp( J QYF(S)dS> » Wilson line: 7 (1) = exp( [ QYK(S)dS>
0 0
» quasienergy: H,[0] = Z elg”) | n[0]){n:[0] | > Average Energy: A (T,0) =Zaen(T,O) | n[0])(ng[0]]
L + eigenstates: Floquet states "
(e =T, +a, ) 1 (7
+ e’energies: &,(T,0) = e dr (ng{t]| H(t) | nglt])
Jo

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ ﬂF(t)dt> exp(—iTHZ[0]) U(T,0) =5 exp (—i[ QYK(t)dt> exp(—iTA(T,0))
LN LN /

micromotion quasienergy geometric phase dynamical ‘phase’
t !
» micromotion: P(t) = exp( J QYF(S)dS> » Wilson line: 7 (1) = exp( [ QYK(S)dS>
0 0
» quasienergy: H,[0] = Z elg”) | n[0]){n:[0] | > Average Energy: A (71.,0) =Zaen(T,O) | n[0])(ng[0]]
L + eigenstates: Floquet states "
(e =T, +a, ) 1 (7
+ e’energies: &,(T,0) = e dr (ng{t]| H(t) | nglt])
Jo

5

, ambiguous
A H FA/_\ unfolding 4

e periodically driven system: H(¢)

e evolution operator:

T
U(T,0) = exp( iJ H(t)dt)
0

! pks (Dresden)
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ ﬂF(t)dt> exp(—iTHZ[0]) U(T,0) =5 exp (—i[ QYK(t)dt> exp(—iTA(T,0))
LN LN /

micromotion quasienergy geometric phase dynamical ‘phase’
t !
» micromotion: P(t) = exp( J QYF(S)dS> » Wilson line: 7 (1) = exp( [ QYK(S)dS>
0 0
» quasienergy: H,[0] = Z elg”) | n[0]){n:[0] | > Average Energy: A (T,0) =Zaen(T,O) | n[0])(ng[0]]
L + eigenstates: Floquet states "
(e =Ty, +n ) 17
+ e’energies:  &,(T,0) = dr (ng{t]| H(t) | nglt])
Hy AL T J0O

, ambiguous
A H FA/_\ unfolding 4

e periodically driven system: H(¢)

no folding: H(?) extensive

e evolution operator:

* sorts Floquet states !

T
U(T,0) = T exp iJ H(5)dt ol State
0 = /

! pks (Dresden)
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Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T T
U(T,0) =3 exp (—iJ ﬂF(t)dt> exp(—iTHZ[0]) U(T,0) =5 exp (—i[ QYK(t)dt> exp(—iTA(T,0))
LN LN /

micromotion quasienergy geometric phase dynamical ‘phase’
t t
> micromotion: P(f) = I exp J A (s)ds » Wilson line: 7/ (t) = J exp [ A (s)ds
0 0
» quasienergy: H,[0] = Z elg”) | n[0]){n:[0] | > Average Energy: A (T,0) =Zaen(T,O) | n[0])(ng[0]]
L 1 + eigenstates: Floquet states "
(e =Ty, +n ) L
+ e’energies:  &,(T,0) = e dr (ng{t]| H(t) | nglt])
R H/F/wgggyﬁ e a full gauge group U(1) JE L
— = ,oartial gauge fixing l
. i m [é;o — o perIOdICgauge ........................................ %5 no folding: H(¢) extensive
% % + . F §§ r > &b mon 7z go = * sorts Floquet states !
§ % : ......................................................................................................................................... S unambicuous
= w — complete fixing % yndgstate
Marin Bukov unfolding gauges {ld} N pks (Dresden)




Geometric Floquet Theory
AGP &/ not unique: U(1) gauge freedom

Periodic gauge: &/ ;(?) Parallel-transport gauge: <f (?)

T
U(T,0) =5 exp (—i [ A K(t)dt) exp(—iTA(T,0))
AN /‘

geometric phase dynamical ‘phase’

T
U(T,0) =3 exp (—i J o4 F(t)dt) exp(—iTHZ[0])
X

micromotion quasienergy

» Wilson line: 7 (t) = exp( [ QYK(S)dS>

0
> Average Energy: A (T,0) =Zaen(T,O) | nz[0])(n:{0]]

f
» micromotion: P(f) = exp( J QYF(S)dS>

0
> quasienergy: H.[0] = Z elg”)lnF[O])(nF[O]\

= n_l + eigenstates: Floquet states
(EF =1y, + &n) | 1 7
+ e’energies:  &,(T,0) = e dr (ng{t]| H(t) | nglt])
bi Vid
. H%Nggg%ﬁding Hr full gauge group U(1) A J0
— [v% — ,oartial gauge fixing l
— o0 > . .
_ gl | ee————————, 0 no foldin :Ht extensive
= o e — /' periodic gauge 7 comp ;?t.e @ 7 - 2 ,
: % = Ur I : % (ep = €5 + mw) gauge lixing g)o = * sorts Floquet states !
§ % : .................................................................................................................................................................................................................................................. S unambiguous
v = — complete fixing paraIIeI transport' > ynd state
— | - - _gauge (unique) . =
Marin Bukov unfolding gauges {1d} || . .29XE° MRS oks (Dresden)




* Anomalous chiral spin liquids

> Flogquet topological order

 Time crystals

> nonequilibrium eigenstate order

* Heating in kicked Ising chain

lab frame

> |ocality of average energy

Schindler & MB, PRX 15, 031037 (2025)

Marin Bukov

rotating frame

pks (Dresden)



Kitaev’s honeycomb model

e Hamiltonian: Jp ST ST
H = 5757 = ) Jesese
sy Y Y 2

® : Majorana

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) pks (Dresden)



Kitaev’s honeycomb model

e Hamiltonian: Jp ST ST
—_ ./‘\‘/.\./.\. Z OZ acagCa
H = J.5757 = ) Jeses!
~ NN (i)
Jy Sfo f
» fractional excitations ® : Majorana

dispersion relation (zero-flux sector)

Wajorana

e —
4z qu

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) pks (Dresden)



Kitaev’s honeycomb model

e Hamiltonian: Jp ST ST
—_ ./‘\‘/.\./.\. Z OZ acagCa
H = J.5757 = ) Jeses!
~ NN (i)
Jy Sfo f
» fractional excitations ® : Majorana

dispersion relation (zero-flux sector)
» extensive number of conserved flux operators W, = SszySgijSsy S¢
Majorana
» work in fixed flux sector: integrability [H, W | = 0 p |

e —
4z qQ

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) pks (Dresden)



Kitaev’s honeycomb model

e Hamiltonian: Jp ST ST
—_ ./‘\./.\./.\. Z OZ acagCa
H = J.5757 = ) Jeses!
~ NN (i)
Jy Sij./ f
» fractional excitations ® : Majorana

dispersion relation (zero-flux sector)
» extensive number of conserved flux operators W, = SngSgijSsy S¢
Majorana
» work in fixed flux sector: integrability [H, W | = 0 p

A, : toric code e N
dx Qy

e ground state phase diagram Sz =

» gapped toric code phases A

L . | B : spin liquid
* applications in quantum error correction
» gapless spin liquid phase B
« excitations: abelian anyons Jo =1 Ty =1
Jyaz =0 Jz,:c =0

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006)



Kitaev’'s honeycomb model NN

— | ;\.x
o Hamiltonian: 7 Sfo /‘/‘/‘ B .SJ. external field { '\.y}
o No N
H = J.5087 m ) Jasest+ b ) sesPsT /.y '/' }

N~ NN (i) e [ijk] 5,

J, SY S

' itati ® : Majoran - - -
> fractional excitations ajorana dispersion relation (zero-flux sector)

» extensive number of conserved flux operators W, = S1\SJS3S,S52S¢ W
Majorana
» work in fixed flux sector: integrability [H, W] = 0 I ‘ 1 I’

A, : toric code e N
4z Qy

e ground state phase diagram Sz =

» gapped toric code phases A

_ _ _ _ B : spin liquid
* applications in quantum error correction
» gapless gapped chiral spin liquid phase B
G : Jr, =1 J, =1
e excitations: non-abelian anyons ’ Y
y Ty, =0 T =0

e thermal Hall effect

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006)



Kitaev’s honeycomb model { /z\.+W}
— > | y?\.g;
e Hamiltonian: Iy SF ST /‘ /‘ /‘ B -5; externalfield { '\.y}

A A
H = )58 m ) JaseSe + b ) sesPsT ./.y '/. I
s WD (i) 7KL,

J, SY S

» fractional excitations ® : Majorana

dispersion relation (zero-flux sector)
» extensive number of conserved flux operators W, = §15.5%5,S2S5?
P 17273747576 Majorana
» work in fixed flux sector: integrability [H, W | = 0 p

e ground state phase diagram J, =
- Aa : toric code

B

» gapped toric code phases A
* applications in quantum error correction

> gaptess gapped chiral spin liquid phase B

e excitations: non-abelian anyons
* thermal Hall effect

: spin liquid

|mage Nathan Goldman

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006)



Floguet realization of Kitaev’s honeycomb model

. L . iTI3 Y, SiSE o B XSS iTi3 Y S
e apply 3-step periodic switching of bond couplings Up=¢€  xlinks X e y-links e ok

» high-frequency regime: w, = 27/T JO T/3 2T/3 7: time
| .
E e t
'/\‘ o o ‘o .\0 0/.
Heff ~ HKitaev | | Z
~—" 8 ¢ \ o« .0 ./0
time average Sun Aldelsburger Goldman MB, PRXQ4 020329 (2023)

Kalinowski et al, PRX 13, 031008 (2023)

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) Po et al, PRB 96, 245116 (2017) pks (Dresden)



Floguet realization of Kitaev’s honeycomb model

. L . iTI3 Y, SiSE o B XSS iTi3 Y S
e apply 3-step periodic switching of bond couplings Up=¢€  xlinks X e y-links e ok

» high-frequency regime: w, = 27/T JO T/3 2T/3 7: time
- —>
| : t
Het ~Hiitaor [t 3— 3 JaySFS) 8] i‘z“'\‘ o
W :
~—"" P lijklus, ' * '\ ..o -/'
time average leading wp,! correction Sun Aldelsburger Goldman MB, PRXQ 4, 020329 (2023)
Kalinowski et al, PRX 13, 031008 (2023)
« step drive breaks time-reversal & opens up chiral Majorana gap A ~ (=> non-abelian anyons)

S A

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) Po et al, PRB 96, 245116 (2017) pks (Dresden)



Floguet realization of Kitaev’s honeycomb model

. L . iTI3 Y, SiSE o B XSS iTi3 Y S
e apply 3-step periodic switching of bond couplings Up=¢€  xlinks X e y-links e ok

» high-frequency regime: w, = 27/T JO T/3 2T/3 7: time
- —>
| : t
Het ~Hiitaor [t 3— 3 JaySFS) 8] i‘z“'\‘ e
W :
~—"" P lijklus, ' * '\ ..o -/'
time average leading wp,! correction Sun Aldelsburger Goldman MB, PRXQ 4, 020329 (2023)
Kalinowski et al, PRX 13, 031008 (2023)
« step drive breaks time-reversal & opens up chiral Majorana gap A ~ (=> non-abelian anyons)

» Floquet drive preserves flux quantum numbers: [Up, Wp] =(

« model is integrable at any drive period I’

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) Po et al, PRB 96, 245116 (2017) pks (Dresden)



A/

M Floguet realization of Kitaev’'s honeycomb model

. L . iTI3 Y, SiSE o B XSS iTi3 Y S
e apply 3-step periodic switching of bond couplings Up=¢€  xlinks X e y-links e ok

» high-frequency regime: w, = 27/T JO T/3 2T/3 7: time
- —>
| : t
Het ~Hiitaor [t 3— 3 JaySFS) 8] i‘z“'\‘ e
W :
~—"" P lijklus, ' * '\ ..o -/'
time average leading wp,! correction Sun Aldelsburger Goldman MB, PRXQ 4, 020329 (2023)
Kalinowski et al, PRX 13, 031008 (2023)
« step drive breaks time-reversal & opens up chiral Majorana gap A ~ (=> non-abelian anyons)

» Floquet drive preserves flux quantum numbers: [Up, Wp] =(

« model is integrable at any drive period I’ phase diagram

i gapless spin liquid

> intermediate frequency: Floguet topological order -

spin liquid spi

 exactly solvable point JT/3 =«
0 JT R¥/1 drive period, JT

C

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) Po et al, PRB 96, 245116 (2017) Mambrini et al, arXiv:2512.23418 pks (Dresden)



phase diagram

l gapless spin liquid

Anomalous Floquet chiral spin liquid phase prwr

spin liquid spi

O >

0 JTC 3 drive period, JT'

@ characteristic feature:

flux state unoccupied / occupied
paired Majorana state

(complex fermion y)

Marin Bukov Po et al, PRB 96, 245116 (2017) pks (Dresden)



phase diagram
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Anomalous Floquet chiral spin liquid phase e

spin liquid spi
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0 JT 3 drive period, JT'

@ characteristic feature:
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phase diagram

l gapless spin liquid

Anomalous Floquet chiral spin liquid phase

spin liquid spi

O >

0 JTC 3 drive period, JT'

@ characteristic feature:

G0
eeeee -1

flux state unoccupied / occupied magnetic anyon: | m) electric anyon | e)
paired Majorana state

(complex fermion y)

» dynamical anyon transmutation:
e anyonic Z, time crystal

Uplmy=1le)  Ugle)=Im)

Marin Bukov Po et al, PRB 96, 245116 (2017) pks (Dresden)



eXper'tS phase diagram

l gapless spin liquid

Anomalous Floquet chiral spin liquid phase

spin liquid spi

O >

0 JT 3 drive period, JT'

@ characteristic feature:

Do

flux state unoccupied / occupied magnetic anyon: | m) electric anyon | )

paired Majorana state
N7

(complex fermion y)

» dynamical anyon transmutation:

e anyonic Z, time crystal

Uplmy=1le)  Ugle)=Im)

quasienergy, €p1’

2_
1 / \
o-

0 1 2 3 4 5 6

quasimomentum, ¢,

e origin: Majorana m-mode in g’energy spectrum

Marin Bukov Po et al, PRB 96, 245116 (2017) Rudner et al, PRX 3, 031005 (2013) pks (Dresden)



eXper'tS phase diagram

l gapless spin liquid

Anomalous Floquet chiral spin liquid phase |

. spin liquid

b 4 >
0 JT 3n drive period, JT'

@ characteristic feature:

e

flux state unoccupied / occupied magnetic anyon: | m) electric anyon | e)
paired Majorana state

: Kitaev phase FTO phase
(complex fermiony) & . c A . . _
©o \ / 4?0-2 ?
» dynamical anyon transmutation: > \/ O 3
S . <
O /p —
. - - . > 0.1 |
anyonic Z, time crystal 5 5 =
0 o -0.1
U-1m) =le U-le) = |m © . \ o 0.03 | 0.04 022 | 0.27 | 0.29 | 0.29 3
F ‘ > ‘ > F ‘ > ‘ > 3 l %0'0 0.25 | 0.20 w5 | 0.03 | 0.03 | 0.04 I-o_z‘_é
0 1 2 3 4 5 6 ' ' ' ' ' : : —
* origin: Majorana z-mode in g’energy spectrum | 01 02 03 04 05 0- 0.8 09 1.0J7
quasimomentum, ¢, drive period

Marin Bukov Po et al, PRB 96, 245116 (2017) Will et al. arXiv:2501.18461 pks (Dresden)



Geometric origins of Floquet topological order

e geometric Floquet theory: (8}”) = &Xn + T_IY,D

" " " Wp - ;:;::l
» Majorana dispersion JT13 =n q,

N /
T~
/

(o))

quasienergy, exl

[
1

6

2 3 4 5
quasimomentum, g,

Marin Bukov pks (Dresden)



Geometric origins of Floquet topological order

e geometric Floquet theory: [8}”) = &p + T_IV,D

W, =0

» Majorana dispersion JT/3 = 1
< P >
5 : 3

> 1
= . 5 <
=2 L <
Clc) 34 — GC) 0 —I— C:)
Q O ©
7 g " :
5 - 0 :
N S 2 O)
guasimomentum, g, guasimomentum, g, guasimomentum, ¢,

Marin Bukov pks (Dresden)



Geometric origins of Floquet topological order

@ geometric Floquet theory: — W =0

™ n ] ] p
> Majorana dispersion +» m-edge modes arise due to quantum geometry JTI3 =r
~ P >
5 > g
> 1

= o 2.
o S o
GC) ; — CICJ 0 _I_ L:) 3
o © D .-
Z g " :
3 - : g,

. T 7 o

0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 d 2 3 4 5 6

quasimomentum, ¢, quasimomentum, ¢, quasimomentum, ¢,

Marin Bukov mpipks (Dresden)




Geometric origins of Floquet topological order

e geometric Floquet theory: (8}") = &p + T_IV,D W =0
p
> Majorana dispersion +» m-edge modes arise due to quantum geometry JTI3 =1

[¢)]
1

W,
]

-~
1

w

average energy, acl

N
1

o
1

quasienergy, exl
+
geometric phase, y

7 N

0 1 2 3 4 5 6 0 1 2 3 4 5 6 0 d 2 3 < 5 6

guasimomentum, g, guasimomentum, g, quasimomentum, g,

o
1

» many-body average-energy eigenstates
U
. e/m excitations not Floquet e’states: |m) «— |e)

+ construct e’states: | £ ) ( |m) * \e))

Marin Bukov pks (Dresden)



Geometric origins of Floquet topological order

e geometric Floquet theory: [8}”) = X + T_IV,D W =0
p
> Majorana dispersion <+ m-edge modes arise due to quantum geometry JT/3 =nx

(o)}
1

W,
]

S

-~
1

w

average energy, acl

N
1

quasienergy, exl

o
1

+
geometric phase, y

| SN

0 1 2 3 4 5 6 0 1 2 3 4 5 6

guasimomentum, g, guasimomentum, g,

o
1

» many-body average-energy eigenstates
U
. e/m excitations not Floquet e’states: |m) «— |e)

+ construct e’states: | £ ) (\m) + \e)) Ur o)) = J exp
e),|m

« degenerate & vanishing average energies: &+ = () Wilczek and Zee, PRL 52, 2111 (1984)

Marin Bukov pks (Dresden)



Geometric origins of Floquet topological order

e geometric Floquet theory: [8}”) = X + T_IV,D W =0
p
> Majorana dispersion +» m-edge modes arise due to quantum geometry JTI3 =1

(o)}
1

W,
]

S

-~
1

w

average energy, acl

N
1

quasienergy, exl

o
1

+
geometric phase, y

| SN

0 1 2 3 4 5 6 0 1 2 3 4 5 6

guasimomentum, g, guasimomentum, g,

o
1

» many-body average-energy eigenstates

U
. e/m excitations not Floquet e’states: |m) «— |e)

T

+ construct e’states: | £ ) ( |m) * \e)) U

= I exp —iJ

A (t)dt | exp(=iFf |
0 -

|e),|m)
» degenerate & vanishing average enerlgjgles: 2 =0 Wilczek and Zee, PRL 52, 2111 (1984)
F

+ anyon transmutation |m) <— |e) : Wilczek-Zee phase of non-abelian &/ ; connection
Marin Bukov pks (Dresden)



 Time crystals

> nonequilibrium eigenstate order

* Heating in kicked Ising chain

lab frame

> |ocality of average energy

Schindler & MB, PRX 15, 031037 (2025)

Marin Bukov

rotating frame

pks (Dresden)



Discrete time crystals

o evolution operator U(6,) = e THe=0H"  H= ) ]77 ., H'==) X,

‘discrete time crystal A
[ty | IR D U AEER
e e M e e

nonequilibrium phase of matter without equilibrium counterpart

Sacha et al., Rep Prog Phys 81, 016401 (2017) Khemani et al., arXiv:1910.10745 Else et al., Ann Rev Cond Mat Phys 11, 467 (2020)
Marin Bukov pks (Dresden)



Discrete time crystals

L

1
JnZnZn+1 H" = 5 Z Xn

n=1

e evolution operator U, (0, = e~ o= H"  H* = Z
n

z-polarization PARIARCA

0.5

[s]awn]

‘discrete time crystal

rrlg b ) 1) Y -
N e T e

107

/2 T

flip angle 6.

-TC -7t/2

Beatrez, ..., MB, Ajoy, Nat Phys ‘22

Else et al., Ann Rev Cond Mat Phys 11, 467 (2020)

Sacha et al., Rep Prog Phys 81, 016401 (2017) Khemani et al., arXiv:1910.10745
mpipks (Dresden)

Marin Bukov



Discrete time crystals

S I ¢
o evolution operator Un(@,) = e~ THe=0H" 1= ) J 7.7 . H = > ) X,  Hiln)=¢g,|n)
~ 1
Ur

> pairing of Floquet states (Z, symmetry)

P4 )
Z-polarization 097 (7 )

U0, =7)] nﬁ) = + ¢~ &, | n;?“)

o m-splitting in g’energy spectrum

0.5

» difference in paired g’energies: Aex T =* x

[s]awn]
o

‘discrete time crystal

O N R

ké—n“l‘) fZL v 2T - 3T t?me)

/2 T

flip angle 6,

-TC -7t/2

Beatrez, ..., MB, Ajoy, Nat Phys ‘22

Else et al., Ann Rev Cond Mat Phys 11, 467 (2020)

Khemani et al., arXiv:1910.10745
mpipks (Dresden)

Sacha et al., Rep Prog Phys 81, 016401 (2017)

Marin Bukov



Discrete time crystals

e evolution operator Un(0,) = e 'H 70!

OSSO N
» pairing of Floquet states (Z, symmetry) o E TOBUSE IO
pairing k 25y Y o) — ok  perturbations in
. + :
U0, =r)| nﬁ) = + ¢ nlj:L) CE kick angle 0.
e r-splitting in g’energy spectrum [P B
| | | | 0.00 0.01 0.02 0.03
« difference in paired g’energies: Ae, T =*rx (t —0,) [x]
> symmetry breaking protects against perturbations in kick angle 6.
a )
time crystals = m-pairing of quasienergies + symmetry breaking (no static counterpart)
U J

Sacha et al., Rep Prog Phys 81, 016401 (2017)

Khemani et al., arXiv:1910.10745
Marin Bukov

Else et al., Ann Rev Cond Mat Phys 11, 467 (2020)
pks (Dresden)



e evolution operator U, (0,) = e

® average energy

—iTH*

> perfectly degenerate for all pairs: A&, T =0

Marin Bukov

. . Ph4)
Discrete time crystals
)
—i0 H*
e i ]
~ robust to
™~ . .
= 0O} perturbations in
5 kick angle 6,
1 I I
Agl(pn) =T Ay (T)+ A, (T) 0.00 0.01 0.02 0.03
(T —6y) [T]
average energy
b
=~ :
. O-o ooooooooooooooooo 008::.
3
<
_Tc ————————————————————————

0.
L = 10 spins

00 001 0.02
(T —6y) 7]

0.03

pks (Dresden)



laser EQ

e evolution operator U.(0,) = e e

® average energy

’_‘gk\w‘ , Discrete time crystals

> perfectly degenerate for all pairs: A&, T =0

» compare: FM to PM transition in TFIM

Marin Bukov

L = 10 spins

(T —0y) [T

Ur
Ph4)
=)
—i0 H"
J'CL ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ .-.J
~ robust to
™~ . .
= 0O} perturbations in
5 kick angle 6,
I
Ael” = T~ Ay (T) + Aze,(T) 0.00 0.0l 0.02 0.03
(T —6y) [T]
average energy
P R
~ :
. O-o ooooooooooooooooo 008::.
R
<
_Tc ————————————————————————
0.00 0.01 0.02 0.03

pks (Dresden)



e evolution operator U, (0,) = e

® average energy

> perfectly degenerate for all pairs: A&, T =0

» compare: FM to PM transition in TFIM

e Berry phases

» m-splitting purely geometric

Marin Bukov

. . 1)
Discrete time crystals
- )
~iTH* ,~i0,H" nL ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ ]

~ robust to

™~ . .

= 0O} perturbations in
5 kick angle 6,
I
Ael” = T~ Ay (T) + Aze,(T) 0.00 0.0l 0.02 0.03
(T —6y) [T]
Berry phase average energy
2 L]
Tfeeoessesoeccecces eorna Il oo = o

...... ~— ..o.

Fo . % Obeccscccccscccccecs T
—JU[eeseeresreneesees eorna il oo o <
gk o = e S
0.00 0.01 0.02 0.03 0.00 0.01 0.02 0.03

(=8 [Tl 1 — 10 spins (T —8y) [m]

pks (Dresden)



e evolution operator U, (0,) = e

® average energy

> perfectly degenerate for all pairs: A&, T =0

» compare: FM to PM transition in TFIM

e Berry phases
» m-splitting purely geometric

» similar for 7-modes in AFTIs

Marin Bukov

. . 1)
Discrete time crystals
- )
~iTH* ,~i0,H" nL ‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘‘ ]

~ robust to

™~ . .

= 0O} perturbations in
5 kick angle 6,
I
Ael” = T~ Ay (T) + Aze,(T) 0.00 0.0l 0.02 0.03
(T —6y) [T]
Berry phase average energy
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Tfeeoessesoeccecces eorna Il oo = o

...... ~— ..o.

Fo . % Obeccscccccscccccecs T
—JU[eeseeresreneesees eorna il oo o <
gk o = e S
0.00 0.01 0.02 0.03 0.00 0.01 0.02 0.03

(=8 [Tl 1 — 10 spins (T —8y) [m]

pks (Dresden)



e evolution operator Un(0,) = e 'H 70!

® average energy
> perfectly degenerate for all pairs: A&, T =0

» compare: FM to PM transition in TFIM

e Berry phases
» m-splitting purely geometric

» similar for 7-modes in AFTIs

<+ Inherently nonequilibrium phenomena
have geometric origin?

Marin Bukov

Discrete time crystals

Ael” = T~ Ay, (T) + Az, (T)

Berry phase
Tc tttttttttttt o-o-.-.-.-'-:_:% ______
Of .
—TCeececccecceccoces o-o-o-.-.-'-:_:% ______

0.00 001 002 003
(T —8x) [7] L = 10 spins
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J'CL ﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂﬂ .-.J
~ robust to
~— . .
= 0O} perturbations in
5 kick angle 6,
I DM
0.00 0.01 0.02 0.03
(T —6,) 7]
average energy
T R
= )
. O-o ooooooooooooooooo T T I
%
<
_Tc ————————————————————————

0.00 0.0l 002 003
(T —6y) 7]
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* Heating in kicked Ising chain

> |ocality of average energy

Marin Bukov

Outline

lab frame

Schindler & MB, PRX 15, 031037 (2025)

rotating frame

pks (Dresden)



Heating in kicked Ising spin chain

Z J ’
—i%HZ H* = — Z ZZnZn+1 T EZn

TH? ,—isH"

e evolution operator U, = e "7 ¢ e

n=1

image: Schmitt & Turkeshi

Marin Bukov Ikeda et al., PRL 133, 030401 (2024) Heyl et al., Sci Adv 5 8342 (2019) mpipks (Dresden)



Heating in kicked Ising spin chain
L J h L

T H=-) T2 + 52, H'= - D X,

n=1 n=1

: _iTge T
e evolution operator U, = e 7 ¢~1211

> initial state: ground state of H* + H*

€

| w;)

image: Schmitt & Turkeshi

Marin Bukov Ikeda et al., PRL 133, 030401 (2024) Heyl et al., Sci Adv 5 8342 (2019) mpipks (Dresden)



Heating in kicked Ising spin chain

: _iTge T
e evolution operator U, = e 7 ¢~1211

> initial state: ground state of H* + H*

~ decompose in Floquet basis | (| ny) B

o~ iTH

| w;)

| (i | (T = 0)) |2 -

image: Schmitt & Turkeshi

spread-out distribution = heating

guasienergy, e}”)

Marin Bukov Ikeda et al., PRL 133, 030401 (2024) Heyl et al., Sci Adv 5 8342 (2019) pks (Dresden)



Heating in kicked Ising spin chain

. —LH: —jLpx _LH? H* = - Z iZnZn+1 T ﬁZn H" = — § Z Xn
e evolution operator Up = e 4" e"" 27 ¢4 ~ 4 2 2 &~
> initial state: ground state of H* + H* < Fo B,
| | o) 10~4 103 102 10-! 10
» decompose in Floquet basis | (y; | ny) | T *
B | 883580
E . '%:' Qgg'l
i ' '§§!i :|'
o
0% i o0 g e ;:! :.
2 Hininii l|
| (il ne(T = 0)) | AN |
—TU, : l .?0‘ .I. !
top view 0 period, JT 2
I . L = 16 spins

spectral folding

spread-out distribution = heating

guasienergy, elg”)

Marin Bukov Ikeda et al., PRL 133, 030401 (2024) Heyl et al., Sci Adv 5 8342 (2019) pks (Dresden)



TH? ,—isH"

. T T
e evolution operator U, = e "4 ¢ igH

€

> initial state: ground state of H* + H*

» decompose in Floquet basis | (l//l- | n]:) ‘2

e distribution over average energy
» no folding problems

» low-lying excitations

Marin Bukov Ikeda et al., PRL 133, 030401 (2024)

Heating in kicked Ising spin chain

L J h L

g
. X
HZ_—ZZZHZH+1+§ZH H _—EZXH
n=1 n=1
<1' Pb "I
10~ 1073 1072 10~! 10°
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I 25 b ' I )
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[ o | ‘0' 8
I o o © ' I 02 g!.
: @ © o! (o) l. : ..
— 1tk | oPF® . e . _475- |
(I) | | | ‘ | é (I) | | | ‘ | i
T period, JT period, JT
L = 16 spins

spectral folding

Heyl et al., Sci Adv 5 8342 (2019)

pks (Dresden)



J h
C .. . . . Hi=-) =77 +=2,
Heating In kicked Ising spin chain =t b ’
L
T T T = _§ A
e evolution operator U, = e~ "7/ e~ 12 =iz’ =1
L F N
> initial state: ground state of H* + H* 103 102 10-1 100
: . 9 wF i " : 47 i ¥
~ decompose in Floquet basis | (y; | ny) | i {1 O‘Q: l i
e distribution over average energy sllln o :
1o folding prober it L
. Iy . . C%* i 00 g o ;:! i % i i} ! ‘: 8°
low-lying excitations 1T 'I ont .::.653!".
. . I o © | °. °
o locality H vs. A H . is non-local! L4 ' l.. k! o
(5 | | .I ‘ | i (I) | | .I ‘ | i
H.. = g(n) n n N 8(”) n nel+w | m m — H' period, JT period, JT
p= 2 el Inp)ng| — X e ng)ng| +@ | mp)(mp| = Hy L 16 soin
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Heating In kicked Ising spin chain =t b ’
L
H=-2Yx
- —iLH: —ilH* —iLlp- 2 n
e evolution operator U = e 4" e 27 ™4 n=1
Iy
> initial state: ground state of H* + H* 103 102 10~ o
e in Floquet basis | (y: | ) |* nf TTTITTT S ¥
ecompose in Floquet basis | (y; | ng i ! -3:' QQ: I i
e distribution over average energy 8!l'|l ol
» no folding problems —'Qo— . °.§| A L_ or slmmm
» low-lying excitations “ i 1 '9 -:! ' fzn_ "L ,jg
| | THHHHHTT !l : i ':;gaggf'
o locality H vs. A H. is non-local! L :Tgio'.‘ l.! D ‘ o
/ 0 11 2 0 11 2
Hp = Z 8}(7”) | np)(np| — 2 8}(’,‘”) | np){ng | +o | mg)(mp| = Hg period. /T period ]TL — 16 spins
> find operator weight on all 2-body Pauli strings: @appmx= Z o, 0’+Oaﬁ %’ o7 {X,Y,Z,1}
a.p
H@approxu
H@exactu

Marin Bukov pks (Dresden)



Heating In kicked Ising spin chain =t b ’
L
T T T = _g A
e evolution operator U, = ¢ 't g2t =iz’ =1
. F M
> initial state: ground state of H* + H* 103 102 10~ 100
. _ o) - , ¥ 41 , W
~ decompose in Floquet basis | (y; | ny) | 7‘ 888. ig: I
e distribution over average energy 8’.'" sl
» no folding problems %o- . °.§| A %0' gl“m“!l
> low-lying excitations N | ’. | -;! “ oL gg}"
| HiLHLI | il | B
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> find operator weight on all 2-body Pauli strings: @appmx= Z o, 0’+Oaﬁ %’ o7 {X,Y,Z,1}
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£ —— L=6
S
| @approxu 2 — L =10
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Heating in kicked Ising spin chain e
L
- T - T T HX — _g Xn
e evolution operator U, = e "5 ¢=iaH g~17 " =1
> initial state: ground state of H* + H* 103 10 10~! 0
- - 2 ¥ 47 - -
» decompose in Floquet basis | (y; | np) | nf

e distribution over average energy | ', 8!| Ql! l sl i
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> find operator weight on all 2-body Pauli strings: @appmx= Z o, Gl+0aﬁ %’ o7 {X,Y,Z,1}
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Heating in kicked Ising spin chain e AR
L
- T - T T HX — _g Xn
e evolution operator U, = e "5 ¢=iaH g~17 " =1
> initial state: ground state of H* + H* 103 10 0T 0

- decompose in Floquet basis | (| 1) | nr

e distribution over average energy | ', 8!|Q|! l sl i :
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> low-lying excitations HININN il " P 5;}"
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> find operator weight on all 2-body Pauli strings: @appmx= Z o, Gl+0aﬁ %’ o7 {X,Y,Z,1}
Tl — L—4 Gin - -
“'32 — L=6 R=| B :
e = emergent
H@appmxu > — 1 —10 2 conservation law
— < — () ?
H@exactu § @ § I [UF’ /E] O :
~ &|unfolded . — Z|sorted |
é | ] | L L |
S0 = 2 0 = 2
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J h
Hi=-) =77 +=2,

Heating In kicked Ising spin chain =t b ’
L
T T T H=- % A
e evolution operator U, = e~ Tl omigH g —ig " half-chain entanglement = /=1
2000
Y : Z X
> initial state: ground state of <+ H 0 . Sent . log?2
» decompose in Floquet basis | (y: | nz) | 10r ““l!“m"
e distribution over average energy _ n “'“!!!!!!!!8:”“ R
: T r n L
» no folding problems = OF. '5 0 Ui
. L g |k s iiiiii"" el ity
» low-lying excitations l ““i“"i“iii'
. . _ R
o locality H vs. A Hpis non-locall I 10 el
| A | | | A |
1 2 0 1 2
Hp = 2 5;7”) | np)np| — 2 8}") | np)(np| +o | mp)(mp| = Hg period, JT period, JT ; _ ¢ Spins
> find operator weight on all 2-body Pauli strings: @appmx= Z o, 0i+oaﬁ o’  soe X, Y, 7,1}
e=1s - — L=4 Gin -
mmﬂ — L=6 & = B :
5 o emergent
| @approxu > 7 —10 2 conservation law
1O exacell Bl 5 = [Up, £]1 =07
— :O) _UnfOIded : . — § sorted
é | 1 e | é N L A |
S 0 1 2 S 0 1 2

Marin Bukov period, JT period, JT pks (Dresden)



Families of periodic drives

periodic drives
e ‘elementary’ families of periodic drives: (i)
~ Floquet decomposition: H(t) = Hy[t] + < (1)
(i) equilibrium ‘drives’: &/, =0 = H(r) = const static

(i) pure-micromotion drives:

» Kato decomposition: H(t) = Hy(t) + A ((¥)

(iii) flat drives: o/, =0 — H, 0] = & |T] g’energy = average energy
(equilibrium-like drives)
(iv) pure-geometric drives: H, =0 — U(t) = 7/ (1) g’energy = geometric phase
/ (no Floquet ground state!
maximally nonequilibrium drives)

Wilson line

PM Schindler and MB, PRX 15, 031037 (2025)
Marin Bukov pks (Dresden)



Summary & Outlook

Schindler & MB, PRX 15, 031037 (2025)
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

» lab frame Hamiltonian H(t) generates transitionless (CD) driving for Floquet states | ng[f])

H(t) = Hglt] + < p(2)

Marin Bukov mpipks (Dresden)



Summary & Outlook
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

» lab frame Hamiltonian H(t) generates transitionless (CD) driving for Floquet states | ng[f])

+ parallel-transport formulation of Floquet theory: U(T,0) = %' (T) e~ ET.0)

unambiguous
ground state

» dynamical ‘phase’: local average energy operator — unambiguous Floquet ground state

average energy
[T T

H(t) = Hglt] + < p(2)

4n ] ¥
1 [ ]
heating
1
2nF : i
|
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L0 ""mm
3 1| | LIS
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I ¢
—4nr, 1 1
0 — 2
period, JT
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Summary & Outlook
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

» lab frame Hamiltonian H(t) generates transitionless (CD) driving for Floquet states | ng[f])

+ parallel-transport formulation of Floquet theory: U(T,0) = %' (T) e~ ET.0)

unambiguous
ground state

» dynamical ‘phase’: local average energy operator — unambiguous Floquet ground state

average energy

» geometric phase: Wilson line operator — nonequilibrium phenomena w/o static counterpart

H(t) = Hglt] + < p(2)

41 ] W
»rk-time crystals heating
Jeo°® ok i
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

+ parallel-transport formulation of Floquet theory: U(T,0) = %' (T) e~ ET.0)

unambiguous
ground state

average energy
) [T T

+ What is Geometric Floquet Theory useful for? H(t) = Hp[t] + < 1 (¢)

4 ] - -
rrk-time crystals heating
=l |
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

+ parallel-transport formulation of Floquet theory: U(T,0) = %' (T) e~ ET.0)

unambiguous
ground state

average energy
) [T T

+ What is Geometric Floquet Theory useful for? H(t) = Hp[t] + < 1 (¢)

» non-perturbative approximations to H[¢| thru variational principles for & ;(¢)

» variational principle for many-body Floquet ground states: MPS, NQS, etc.

4m ] ¥
. . _time crystals heatin
* gapped? e ordered? * are certain Floquet states special (nonthermal)? 2™ Y IRTE T R 2 |
e L | i
5 of e S R 1
B e B °2:,:2g§;:i'"
_ZTC_ I I I _4TC| : ] |.‘ ] ]
0.00 0.0 0.02 0.03 0 period, JT :
(Tt —6y) (7]
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* Floquet’s theorem follows as a special case of the Adiabatic theorem

+ parallel-transport formulation of Floquet theory: U(T,0) = %' (T) e~ ET.0)

unambiguous
ground state

P

b'O_
;—4_
q)_
S =
Q)_
O

WE
<

H_
= .
CG_

+ What is Geometric Floquet Theory useful for? H(t) = Hp[t] + < 1 (¢)

» non-perturbative approximations to H[¢| thru variational principles for & ;(¢)

» variational principle for many-body Floquet ground states: MPS, NQS, etc.

e gapped? e ordered?  are certain Floquet states special (nonthermal)? onrtime crystals e M_he;ating
/11 ettt TSR, — | ,;
» experiments: control away from equilibrium (Floquet-engineered states) S 0F =00l e""mm
e Thouless pumps away from adiabatic limit Schindler & MB, PRL 133, 123402 (2024) __22 -_"“‘""“""“"‘H*.—.:'_':-_-:._,- jn- : egggfi
* geometric quantum gates (based on Berry phases) 0.00 o.ixc i &.)i)[zn] 0.03 0 peod T2

Marin Bukov pks (Dresden)
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Floquet resonances

1 .
H(r) = 5 Z [(]afjﬂan_ +Aie™" 6T 0,7 +h.c. ) + %65
n=1
a d 2
k=m/8
—
H®O = Y wihk dw, . Vo & [ 1ex, 0) |
k Al |
/ 2 s 0 :
h(k, 1) = A* + Ay [cos(wn) ™ + sin(wn)?| ’ - |
\ \ > |
\ v |
\\ - / —7 I
|
A= g +Jcos(k) 0.5 0 15
. ——cp = cptw | level splitting, A(k) (@]
A, = A sin(k)
b J_1
F

A

1FZ

| energieos [1/T]

3
I
<

L1
—7 quasi-momentum,k 7T —7 quasi-momentum,k @ T
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nomalous Floquet topological insulators

b
ﬂ————————— - . -

a

| 0-modes
il
- m-modes
w

O time,t T

_ﬂ—————————

B R R R R L e :
i
1 T T p—

i

—T , 0 T
quasi-momentum, k, mpipks (Dresden)
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Counterdiabatic driving for periodically driven systems

transitionless driving of Floquet-engineered states |n)?

® Floquet toolbox is iIncomplete
> (i) engineer Hy, (ii) suppress heating, (iii) prepare state

Marin Bukov PM Schindler & MB, PRL 133, 123402 (2024) pks (Dresden)



Counterdiabatic driving for periodically driven systems

transitionless driving of Floquet-engineered states |n)?

® Floquet toolbox is iIncomplete
> (i) engineer Hy, (ii) suppress heating, (iii) prepare state

e control Floquet states on top of periodic drives ﬁ uncontrolled, periodically driven \

U(1,0) = T exp (—i | H(s)ds) = P(1) exp (—iTHF)

J0

\_ /

Marin Bukov PM Schindler & MB, PRL 133, 123402 (2024) pks (Dresden)




Counterdiabatic driving for periodically driven systems

transitionless driving of Floquet-engineered states |n)?

® Floquet toolbox is iIncomplete
> (i) engineer Hy, (ii) suppress heating, (iii) prepare state

e control Floquet states on top of periodic drives ﬁ uncontrolled, periodically driven \

U(1,0) = T exp (—i | H(s)ds) = P(1) exp (—iTHF)

\ 4 J0

2. adiabatic, w.r.t. A(?) (on top of periodic drive)

rl

Up »(t,0) = T exp (—i
J0

\_ /

Marin Bukov PM Schindler & MB, PRL 133, 123402 (2024) pks (Dresden)




Counterdiabatic driving for periodically driven systems

transitionless driving of Floquet-engineered states |n)?

® Floquet toolbox is iIncomplete

> (i) engineer Hy, (ii) suppress heating, (iii) prepare state

e control Floquet states on top of periodic drives ﬁ uncontrolled, periodically driven \
ot
U(1,0) = T exp ( H(s)ds) = P(t) exp (—iTHF)

\ 4 J0

2. adiabatic, w.r.t. A(?) (on top of periodic drive)

rl

Ur ,W)(t 0) =5 exp ( H /W)(s)ds> — P/W)(t) exp (—itHF, /l(t))

\ 4 JO

3. counterdiabatic (on top of control & periodic drive)

" —HCD /I(s)(S )

Jo

‘\3‘" different!
k = P;»(1) exp (_it [HF,/I(t)'l"l(t)‘Q[ F,A(S)(t)e)

Marin Bukov PM Schindler & MB, PRL 133, 123402 (2024)

pks (Dresden)



Counterdiabatic driving for periodically driven systems

transitionless driving of Floquet-engineered states |n)?

® Floquet toolbox is iIncomplete

> (i) engineer Hy, (ii) suppress heating, (iii) prepare state

@ control Floquet states on top of periodic drives ﬁ uncontrolled, perioaically driven \
ot
» so far: initial time/phase of the drive Un(,0) = exp< H(s)ds> = P(t) exp (_ iTHF)
« what about other control parameters? M =0
< | 2. adiabatic, w.r.t. A(¢) (on top of periodic drive)
Ho + A\(t)cos(wt)Hy g
+ amplitude ramps Q/\/\/\MN Up »(t,0) = T exp ( H w)(s)ds> — P;,(7) exp (—itHF, /l(t))
A1) = A(¥) v J0
Hy + Acos (\(¢)t)Hi _ _ e g
.t . > 3. counterdiabatic (on top of control & periodic drive)
requency chirps (%\/\/\/V\/\/\/VWV
A1) = (1) . =Hep,)5)($)
Ho(A(t)HA cos(wt) Hy Urcpyo(1,0) = 7 exp | —i H/l(s)(s)_l_/l(s)ﬂ/l(s)(s) ds
> external ramps (341) JO
A1) A\ y- WM W differant!
» phase of drive — \ =P A(t)(t) CXp (_lt [HF,/I(t)'l'/l(t)Q[ F,/‘t(t)(f)lj /
Marin Bukov 20 PM Schindler & MB, PRL 133, 123402 (2024)

pks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

® |Issues:
» perturbative approximations to H. (e.g., Magnus expansion) fail to capture resonances

» ‘no Flogquet ground state’ (quasi-energy not ordered)

Marin Bukov pks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1]

® |Issues:
» perturbative approximations to H. (e.g., Magnus expansion) fail to capture resonances

» ‘no Flogquet ground state’ (quasi-energy not ordered)

Marin Bukov can use CD driving techniques to study Floquet systems! oks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1]

® defining equation for Floguet gauge potential:

Marin Bukov can use CD driving techniques to study Floguet systems! oks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1]

® defining equation for Floguet gauge potential:

Algorithm unknown pre-selected

N

» make periodic ansatz for kick operator K(t)szmp e 000
n,t

» compute associated gauge potential: X (1) = (i@teiK(t)) e K0

, _ iK(t) _
» compute G(ILp) = Z g, e"ilo5 P()=e P(t+T)
n,t

» update: k,—k,—nl|g,,|, for some p

» 1terate until convergence

Marin Bukov can use CD driving techniques to study Floguet systems! oks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

A
@)-Ievel system: H(¢) = ?Z + %(1 + 2 cos w%

X, Y, Z: Pauli matrices

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1] 0.2

— HE(t
HY(t
>4

) /N
% t; /?/ \‘\ resonant drive
\ yd >< wlg =2
\_/
0.5 1.

dashed: numerics
0 solid: variational

® defining equation for Floquet gauge potential: 0.0-

G(‘Q{F) — Z[H, *Q[F] — atH‘l' atﬂF — O ~0.2 -

0.0 .
Algorithm unknown pre-selected K time ¢/T

N

» make periodic ansatz for kick operator K(t)szmp e 000
n,t

» compute associated gauge potential: X (1) = (i@teiK(t)) e K0

, _ iK(t) _
» compute G(ILp) = Z g, e"ilo5 P()=e P(t+T)
n,t

» update: k,—k,—nl|g,,|, for some p

» 1terate until convergence

Marin Bukov can use CD driving techniques to study Floguet systems! oks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1]

® defining equation for Floguet gauge potential:

Algorithm unknown pre-selected

N

» make periodic ansatz for kick operator K(t)szmﬂ e 000
n,t

» compute associated gauge potential: X (1) = (i@teiK(t)) e K0

, _ iK(t) _
» compute G(ILp) = Z g, e"ilo5 P()=e P(t+T)

n,t
» update: k,—k,—nl|g,,|, for some p

» 1terate until convergence

A
@)-Ievel system: H(¢) = ?Z + %(1 + 2 cos a)%

0.2 -

0.0 -

-0.2 -

—— HEg(t) /
o N
—— HE(t) g

N

\
\

X, Y, Z: Pauli matrices
resonant drive

\ w/g =2

Alg =72

dashed: numerics

0.0 0.5
time /T

1.0 solid: variational

f A-system: H() = - Axlg + g sin wt (/14 + ’16)N

0.5 1

-0.57

-1.07

__________________________________

/’~‘
0.0 ==
__/

S 7\
/ N\
/
/
/
'/ -—
T

0.0 0.5 1.0

t/T

A;: Gell-Mann matrices

%TF(HF . )\1)

LT (HL . ), FESonant
2 H(Hr - 2a) drive
%TF(HF . )\6)

Yv(Hp - \;)  @/g =0.5

/

G. Aleksandrov, MSc thesis (2025)

Marin Bukov can use CD driving techniques to study Floquet systems!

pks (Dresden)



Nonperturbative variational ansatz for Floquet Hamiltonian

H(t) = Hglt] + o g (1)

e given drive H(?),
finding AGP & /(f) determines Floquet Hamiltonian H|1]

® defining equation for Floguet gauge potential:

Algorithm unknown pre-selected

N

» make periodic ansatz for kick operator K(t)szmp e 000
n,t

» compute associated gauge potential: X (1) = (iateiK(f)) o~ iK(®)
, _ LK) _

» compute G(ILp) = Z g, e"ilo5 P()=e P(t+T)

n,t

v’ no diagonalization
» update: k,—k,—nl|g,,|, for some p
v’ no time-ordered exponentials

» 1terate until convergence _ _
v’ no high-frequency regime

A
@)-Ievel system: H(¢) = ?Z + %(1 + 2 cos a)%

0.2 -

0.0 -

-0.2 -

—— HEg(t) /
o N
—— HE(t) g

N

\
\

X, Y, Z: Pauli matrices
resonant drive

\ w/g =2

Alg =72

dashed: numerics

0.0 0.5
time /T

1.0 solid: variational

K A-system: H() = - Axlg + g sin wt (/14 + ’16)x

0.5 1

-0.57

-1.07

__________________________________

/’~‘
0.0 ==
__/

S 7\
/ N\
/
/
/
'/ -—
T

0.0 0.5 1.0

t/T

A;: Gell-Mann matrices

%TI(HF . )\1)

LT (HL . ), FESonant
2 H(Hr - 2a) drive
%TF(HF . )\6)

Yv(Hp - \;)  @/g =0.5

J

G. Aleksandrov, MSc thesis (2025)

Marin Bukov can use CD driving techniques to study Floquet systems!
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Marin Bukov

Variational approximation of H;

e nonintegrable Ising chain: H(t)= ) JZ,\Z+h.Z+ h,sinotX,

Ke ZX"ZYj’zz"ZXijH’ZYij+1’ZZij+1’ZXij+1+Y +1,2Y j+1 T4, +1,ZZ jr1 T XL
J J J J J J J

high frequency regime

0.20 -
1
IA-B|I?=1- e Re tr(A'B)
m( 0.15 -
X |Up = U] = |Up U
. (Lo e [ N [ s
|IA — B||~ € [0,2] 0.10 A
E gL 4 g gue e pge " fEggEsn
0.05 -
UF=e_lTHF x X X X oy x X XXy
000 I NS S O N O S SRR S
|e~iTHr e—iT%F” 0.00 005 010 0.5 020 025  0.30
Floquet gauge %
e~ THr — e—"THrg'ﬁ” 0l =20, h/J=+/3, h/J=09

» 2nd order FM: [2Z,(X,ZZ]] ~ ZXZ, etcC.

12 spins, 21 harmonics

pks (Dresden)



Marin Bukov

Variational approximation of H;

@ nonintegrable Ising chain:

J

H(t)= ) JZ,\Z+h.Z+ h,sinotX,

K€y 2% 200 22 X XiXiws 2Vt 2220 D X oaa + Vs P Y2 + ZYi D 2K + X2,
J J J J J J ' ' '

J

frequency scan

0
10728y
_ RL
X ¢ u 0.20 -
X
¢ 0.15 -
X |
10_11
O 0.10 -
X UF_UE;arlH Q
X
Up — Up ™" 0.05 -
= ||Up - U
1024 ¢ ||Up— UM? :
' 0.00 -

25 50 75 100 125 150 175  20.0
frequency w/J

t0=0

12 spins, 21 harmonics

J J

high frequency regime

x U = U = U - U

“FM,0
|[Up = U

0.00 005 0.10 015 020 025  0.30
Floquet gauge tg

wl] =20, h/J=+/3, h/J=09

IA=B|I>=1-

.

1
Re tr(A'B)
H)

pks (Dresden)



i gapless spin liquid

chiral

spin liquid Thermal Hall effect
0 JT R¥/4 drive period, JT

e chiral spin liguid phase

> Majoranas do not conserve particle number Majorana

I A

e no particle edge current, but:

« half quantized chiral energy density edge currents

chiral edge
energy density current

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) mpipks (Dresden)



i gapless spin liquid

chiral Flc

spin liquid  tope 777 Thermal Hall effect
D
0 JT R¥/4 drive period, JT

C

e chiral spin liquid phase

> Majoranas do not conserve particle number Majorana

I A

e no particle edge current, but:

« half quantized chiral energy density edge currents

e mechanism & topological origin

» nonzero Chern number v: quantized edge transport

T
« complex fermions: ffix = v X —

chiral edge
energy density current

v T
« Majorana fermions: fx = > X 3 (half-quantized)

Marin Bukov Kitaev, Annals of Physics 321, 2 (2006) pks (Dresden)



i gapless spin liquid

chiral Flc

spin liquid | top 777 Thermal Hall effect
D
0 JT R¥/4 drive period, JT

C

e chiral spin liquid phase

> Majoranas do not conserve particle number Majorana

I A

e no particle edge current, but:

« half quantized chiral energy density edge currents

e mechanism & topological origin

» nonzero Chern number v: quantized edge transport

T
« complex fermions: ffix = v X —

chiral edge
energy density current

v T
« Majorana fermions: fx = > X 3 (half-quantized)

» promising candidate @ — RuCl;: phonon scattering, material imperfections, etc.

Q: can we observe quantized Thermal Hall effect in intermediate-scale quantum simulators?
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o critical (gapless): facilitates low-temperature transport ty
> coupling term: Hniine = = J75,S¢, = I15:5¢ X AU N
' o 1 Jr Chiral spin liquid

« turned on adiabatically, until steady-state heat currents form

Jg'(t) = = JpB(S) (OSE () &)/ T = 270 (0)/ | T — T? |
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o critical (gapless): facilitates low-temperature transport ty \
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1 Chiral spin liquid

« turned on adiabatically, until steady-state heat currents form

Jg'(t) = = JpB(S) (OSE () &)/ T = 270 (0)/ | T — T? |

- 1.0

H = HKitaeV_l_Hl +H +H 0.5

res res coupling

® results in a nutshell 00

» stable heat flow region, even for finite reservoirs (70-200 sites)

> half-quantized conductance measurements require —0.5-

very low reservoir temperatures T/Jy;.... ~ 107>

—TFull (GS+Exci.) T

Excitation only
_10_ —T:O,land”l“ Z

Quasi-conduct. r;,/T/(7/6)

. optimal coupling strength J & 0.8/ 10y s e e
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