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Introduction

How much dynamical information about a relativistic QFT can we extract
from the knowledge of its ground-state ∣Ω⟩?

• ρ(s) contains (part of) the spectrum of the theory; in particular,
the mass gap M ≡ E1 − E0
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A “simple” relativistic QFT: renormalized ϕ4
2 theory

H = ∫ dx
∶π2∶
2 +

∶(∇ϕ)2∶
2 + m2

2 ∶ ϕ
2 ∶

´¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¸¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¹¶
Hfree

+ g ∶ ϕ4 ∶

1. Rigorously defined relativistic QFT without cutoff, a Wightman
QFT (Wightman QFT = Hilbert space + local fields + Lorentz
invariance + stable vacuum)

2. Energy density of the interacting vacuum is negative but finite

3. Very hard to solve unless g ≪ m2 (perturbation theory)

4. Phase transition around gc ≃ 2.7
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Relativistic continuous matrix product states

• Use RCMPS to variationally determine ground state of 1+1
dimensional QFTs:

H = ∫ dx
∶ π2 ∶

2
+
∶ (∇ϕ)2 ∶

2
+
m2

2
∶ ϕ2
∶ +∶ V (ϕ) ∶

• parametrized by two complex D ×D dimensional matrices Q,R
(variational parameters, analogous to matrices for MPS)

• approximation of ground state of interacting theory found by
minimizing: ∣Q,R⟩ = argmin ⟨Q,R ∣h∣Q,R⟩ ≃ ∣Ω⟩

Tilloy ’21
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Renormalized ϕ4
2 theory with RCMPS

H = ∫ dx
∶ π2 ∶

2
+
∶ (∇ϕ)2 ∶

2
+
m2

2
∶ ϕ2
∶ +g ∶ ϕ4

∶

Obtain approximation of GS with cost ∝ D3, minimum is an upper
bound of true GS energy density e0, ⟨Q,R ∣h∣Q,R⟩ = e0 + ϵ3.1. T!" #"$%&’()"*+,)’(- #,+$+* %’"$. 51
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Figure 3.1: Left: Energy density as a function of 𝜔 , in the thermodynamic limit, com-
pared with renormalized Hamiltonian truncation results (RHT) obtained for a size𝜀 = 10. Right: relative error in energy density with the method explained in the text.

Magnetization

A natural order parameter for 𝜗4 theory is the !eld average. It should be zero because
of the ℤ2 symmetry of the Hamiltonian, but for su"ciently large 𝜔 (𝜔 > 𝜔𝜛 ω 2.77),
there is a spontaneous symmetry breaking.

Interestingly, with RCMPS, we do not need to add a tiny external !eld to create
this spontaneous magnetization, and the optimization over 𝜚, 𝜍 breaks the symme-
try on its own (with a random sign depending on the initial condition). This is quite
intuitive7. In the symmetry broken phase, breaking the symmetry of the ground state
does not cost energy in the thermodynamic limit compared to taking the symmetric
superposition of opposite magnetizations. However, the symmetric Schrödinger cat
state has more entanglement. With RCMPS, we have a limited number of param-
eters, supporting a limited amount of entanglement: the minimization will reduce
entanglement if it saves parameters to minimize the energy. This is also why the
spontaneous symmetry breaking happens always slightly before (𝜔 < 𝜔𝜛) than ex-
pected, especially at lower 𝜑. Indeed, in the symmetric phase near the phase transi-

7I am grateful to Jutho Haegeman who explained this to me when I !rst presented early RCMPS
results.

Tilloy ’21, Tiwana ’25
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Renormalized ϕ4
2 theory with RCMPS

H = ∫ dx
∶ π2 ∶

2
+
∶ (∇ϕ)2 ∶

2
+
m2

2
∶ ϕ2
∶ +g ∶ ϕ4

∶

Can obtain equal-time static n-point correlation functions

⟨Q,R ∣ϕ(0, x1)ϕ(0, x2) . . . ϕ(0, xn)∣Q,R⟩

directly in continuum and thermodynamic limit (∀x ∈ R) with cost
∝ D3

Plots

January 3, 2026
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Relativity makes things special
• Once we have the energy spectrum of the eigenstates at rest, we can

obtain the full spectrum by applying a boost

• After Wick rotating to imaginary time t → τ = it the two-point functions
are equal
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The Källén-Lehmann transform

• ρ(s) contains (part of) the spectrum of the theory; in particular,
the mass gap M ≡ E1 − E0

• Lorentz/Euclidean invariance: ⟨ϕ(τ,0)ϕ(0,0)⟩ = ⟨ϕ(0, τ)ϕ(0,0)⟩
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The Källén-Lehmann transform
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• ρ(s) contains (part of) the spectrum of the theory; in particular,
the mass gap M ≡ E1 − E0

• Lorentz/Euclidean invariance: ⟨ϕ(τ,0)ϕ(0,0)⟩ = ⟨ϕ(0, τ)ϕ(0,0)⟩
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Formulation as a linear program

• The spectral function is

ρ(s) = ∑
λ

(2π)δ(s − sλ) ⟨Ω∣ϕ(0)∣λ⟩
2 ,

with ∣λ⟩ physical states

• ⟨Ω∣ϕ(0)∣λ⟩2 probabilities and therefore

ρ(s) ≥ 0 ∀s ≥ 0

→ Space of physically allowed spectral functions is convex

Lawrence ’24
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Formulation as a linear program
Define smeared spectral function centered at µ2

ρσ(µ2) ≡ 1
√

2πσ ∫R+
ρ(s)e−(µ

2
−s)2/(2σ2

)ds

max
ρ
/min

ρ
ρσ(µ2)

under ⋅ρ(s) ≥ 0 ∀s ≥ 0

⋅ ∫ ds ρ(s) = 1

⋅C(x)Q,R = ∫R+ ds ρ(s)GF (s, x) ∀x ∈ R

Lawrence ’24
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Formulation as a linear program
Define smeared spectral function centered at µ2

ρσ(µ2) ≡ 1
√

2πσ ∫R+
ρ(s)e−(µ

2
−s)2/(2σ2

)ds

max
ρ
/min

ρ
ρσ(µ2)

under ⋅ρ(s) ≥ 0 ∀s ≥ 0

⋅ ∫ ds ρ(s) = 1

⋅C(xi)Q,R = ∫R+ ds ρ(s)GF (s, xi) for i = 1 . . .Nc

• Restricting to discrete points is a true relaxation

• CQ,R has systematic error: need to allow a certain slack on
correlator

• Discretising in s is an approximation,

Lawrence ’24
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correlator

• Discretising in s is an approximation, choose Nv ∼ 10
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Formulation as a linear program
Define smeared spectral function centered at µ2

ρσ(µ2) ≡ 1
√

2πσ ∫R+
ρ(s)e−(µ

2
−s)2/(2σ2

)ds

max
ρj
/min

ρj
ρj

σ(µ2)

under ⋅ρj ≥ 0 for j = 1, . . .Nv

⋅∑j ρj∆j = 1

⋅C(xi)Q,R − δC ≤ ∑j∆j ρjGF (sj , xi) ≤ C(xi)Q,R + δC

for i = 1 . . .Nc

Can use convex optimization tools to obtain rigorous upper/lower

bounds on spectral density Lawrence ’24

Lawrence ’24
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Bootstrapping smeared spectral functions
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• Solve linear program for a few µ2 gives upper/lower bound on smeared
spectral density centered at µ2

• Increase number of points xi (=number of constraints Nc) until result
does not change

• reduce δC until upper and lower bounds coincide
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Bootstrapping smeared spectral functions

continuum di!cult
to reconstruct
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• Perfectly reconstruct the Dirac without any prior theoretical input

• Output: a-posteriori estimate (lower bound) of systematic error
of CD

Q,R(x)
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Bootstrapping the mass gap
 

I
M
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M

C

We know from theory:

ρ(s) = Zϕδ(s −M
2
) + ρ̃(s)θ(s − sth)

→ optimize over Zϕ and ρ̃(s) instead
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Bootstrapping the mass gap
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Bootstrapping the mass gap
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Mass gap

Plots

February 17, 2026
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• Good agreement with renormalized HT and perturbation theory

• Extrapolation M ∼ c ∣g − gc ∣ gives precise estimate of critical point
gc = 2.796 for D = 48 (at D = 32, we get gc = 2.812)
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Real-time evolution
Replace objective function by

max
ρ
/min

ρ
GR(ρ; t,0) =

1

2 ∫
∞

0
ds ρ(s)J0(

√
st)

Plots
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Conclusion

• New method to extract dynamical information from the GS of
relativistic 1+1-d QFTs directly in the continuum and
thermodynamic limit

• Method consists in turning the inversion problem into a linear
program Lawrence ’24

• Bootstrap approach gives us in return an a-posteriori estimate of
the systematic error on our RCMPS correlation functions

• Estimates for mass-gap in ϕ4 theory agree well with the ones from
renormalized Hamiltonian truncation and perturbation theory
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Future work

• Dual formulation directly in the continuum (without discretization
of ρ)

→ gives fully rigorous characterization of spectral bounds

→ if unfeasible for δC = 0: (computer-assisted) proof that
RCMPS do not have a local, relativistic parent Hamiltonian?

• Study excitations in Z2 symmetry-broken phase

• Finite entanglement scaling for estimate of gc
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Slack on correlator

Plots

September 29, 2025
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• Error of CQ,R(x) is more or less constant as a function of x

• Around xmax ∼ 1 − 2 error starts increasing

• Choose xi ∈ [0, a few M−1]
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Field-renormalization constant

Plots

February 17, 2026

0 0.5 1 1.5 2 2.5 3

0

0.2

0.4

0.6

0.8

1

g

M

ω4-theory

RHT Rychkov, Vitale ’15

N8LO Serone et al. ’18

RHT Elias-Mirò et al. ’17
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Get non-perturbative estimate for field-renormalization constant

ρ(s) = Zϕδ(s −M
2
) + ρ̃(s)θ(s − sth)

14 / 14


