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The Integer Quantum Hall effect

2 K. von Klitzing Séminaire Poincaré

strong magnetic field was an established method to get more information about microscopic de-
tails of the semiconductor. A review article published in 1982 by T. Ando, A. Fowler, and F. Stern
about the electronic properties of two-dimensional systems summarizes nicely the knowledge in
this field at the time of the discovery of the QHE [1].

Figure 2: Hall resistance and longitudinal resistance (at zero magnetic field and at B = 19.8 Tesla)
of a silicon MOSFET at liquid helium temperature as a function of the gate voltage. The quantized
Hall plateau for filling factor 4 is enlarged.

Since 1966 it was known, that electrons, accumulated at the surface of a silicon single crystal by
a positive voltage at the gate (= metal plate parallel to the surface), form a two-dimensional electron
gas [2]. The energy of the electrons for a motion perpendicular to the surface is quantized (“particle
in a box”) and even the free motion of the electrons in the plane of the two-dimensional system
becomes quantized (Landau quantization), if a strong magnetic field is applied perpendicular to
the plane. In the ideal case, the energy spectrum of a 2DEG in strong magnetic fields consists
of discrete energy levels (normally broadened due to impurities) with energy gaps between these
levels. The quantum Hall effect is observed, if the Fermi energy is located in the gap of the electronic
spectrum and if the temperature is so low, that excitations across the gap are not possible.

The experimental curve, which led to the discovery of the QHE, is shown in Fig. 2. The
blue curve is the electrical resistance of the silicon field effect transistor as a function of the
gate voltage. Since the electron concentration increases linearly with increasing gate voltage, the
electrical resistance becomes monotonically smaller. Also the Hall voltage (if a constant magnetic
field of e.g. 19.8 Tesla is applied) decreases with increasing gate voltage, since the Hall voltage
is basically inversely proportional to the electron concentration. The black curve shows the Hall
resistance, which is the ratio of the Hall voltage divided by the current through the sample. Nice
plateaus in the Hall resistance (identical with the transverse resistivity ρxy) are observed at gate
voltages, where the electrical resistance (which is proportional to the longitudinal resistivity ρxx)
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From Kubo formula to Chern number

same form as Berry 
curvature (1984).

Linear response: 
Ando, Matsumoto, Uemura 
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Can be recast into a topological invariant, the 
Chern number (integer): 
Avron, Seiler, Simon (1983)

Thouless, Kohmoto, Nightingale, den Nijs 
(1982)
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Berry curvature of the n(k) wave function with 
momentum k in the 2D Brillouin zone.
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Topological invariants — geometry

g is the number of handles 

(e.g. torus g=1, pretzel g=3)

total curvature = Euler characteristic

Gauss-Bonnet formula for closed surfaces provides a link between 

local geometric properties (local curvature K) 


and 

global topological properties.
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The analogy between the electrons and magnons

• the hopping amplitudes acquire a finite phase

• phase around the plaquette = 𝛷/𝛷0


• the complex hopping will lead to Berry curvature and Chern 
numbers


• Berry curvature is the manifestation of the Lorentz force
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<latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>
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report of THE in 2005 for Tb3Ga5O12:3 other notable examples include
Lu2V2O7, Tb2Ti2O7, α-RuCl3, La2CuO4-based high-temperature super-
conductors, and SrTiO3, to name only a few4–9. Faced with the diverse
class of materials showing a THE and their resulting different forms, it
is not an unreasonable guess that there can be several different
mechanisms (even competing mechanisms) at work for each of those
materials with a visible sign of a THE10. Whatever mechanism is behind
each experimental observation, it is clear now that THE reveals much
of the hitherto neglected but fascinating nature of the charge-neutral
heat current. For comparison with our work reported in this paper, it
should be noted that most previous THE reports have been made for
the ground and low-temperature ordered phases of given materials.

YMnO3 is a type 1multiferroic with a ferroelectric phase transition
above 900K and antiferromagnetic ordering at a much lower tem-
perature of TN = 72 K. The ferroelectric transition originates from a
structural trimerization induced by the buckling ofMnO5 bipyramids11,
which is boosted via a strong spin–lattice coupling upon entering the
antiferromagnetic phase12. The triangular lattice arrangement of
magnetic Mn3+ (S = 2) ions with antiferromagnetic Heisenberg inter-
actions leads to strong spin fluctuations promoted by a significant
geometrical frustration with the frustration ratio of 7, which is defined
as the ratio between Curie–Weiss temperature (ΘCW) and TN,
i.e., ΘCW

!! !!=TN
13.

The presence of spin fluctuations is clear from powder neutron
scattering data13. The suppression of thermal conductivity resulting
fromphonon scattering from the fluctuations has been reported14. The
fluctuations are most considerable in magnitude at TN but still finite,
even below and above the transition. Furthermore, YMnO3 hosts a
strong spin–lattice interaction of an exchange-striction type15. Theo-
retically, the magnon Hall effect could originate from the nontrivial
band structure of magnons in the ordered phase16. However, it is
essential to note that the twoexchange integrals are not the same J1≠J2,
where J1 and J2 are intra-trimer and inter-trimer exchange interactions
due to the structural trimerization, respectively (Fig. 1a). What is
essential for the discussion later is that spin-chirality does not cancel
altogether for this trimerized triangular latticewith a noncollinear spin
configuration, opening the door for a finite thermal Hall effect that is
otherwise totally absent for a perfect triangular lattice.

In this work, we report themeasurement of the thermalHall effect
in the supposedly paramagnetic phase of single-crystal YMnO3, a well-
studied hexagonal manganite insulator with frustrated anti-
ferromagnetism. Thanks to our theoretical studies, we can attribute
our measured THE signal to a new phenomenon induced by the non-
trivial band topology of its spin excitations.

Results and discussion
Two batches of high-purity YMnO3 single crystals were cut into an
x-y planar aspect (x k a-axis), normal to the crystallographic c-axis.
The magnetization data of the YMnO3 single crystal and the
Curie–Weiss fitting result are shown in Fig. 1b. A sharp peak at 72 K
represents the antiferromagnetic transition. Below the 250 K, we can
clearly see that the data starts to deviate from the Curie–Weiss
behavior. The Curie–Weiss fitting produces ΘCW = ! 497K and
effective magnetic moment of 5.08 μB, which is consistent with the
previous study17.

The thermal transport experimental setup is shown in Fig. 1c (see
the “Methods” section for details). The result for longitudinal thermal
conductivity (κxx) taken at zero fields is consistent with the previous
report14 (Fig. 2a). Measured longitudinal magneto-thermal con-
ductivity (MTC), Δκxx Hð Þ, for different sample temperatures, is shown
in Fig. 2d. The MTC is <5% for the measurement range, indicating that
the dominant heat carriers are phonons. The sign of the MTC is
negative for temperatures belowTN. Interestingly, the reduction of the
magnitude of κxx is observed in our data with the applied field below
TN. The size of the MTC above TN was <0.1%, almost absent up to the
resolution of our measurement system.

The temperature-dependent thermal Hall angle ratio (THAR),
κxy=κxx , at 9 T is shown in Fig. 2a, where κxy denotes thermal Hall
conductivity. The THAR data for sample 2 were scaled by an empirical
factor of 0.45 for plotting to give overlap with those from sample 1.
This discrepancymainly comes from the twofold difference of κxy, and
wewould like to note that the size of κxy is known to be highly sensitive
to the sample quality: even samples from the same source tend to
exhibit variations in their magnitude. For example, for Tb2Ti2O7,
SrTiO3, and Kitaev quantum spin liquid candidates, slightly different
values of κxy were reported by diverse researchers, but the sign, order
of magnitude, and temperature or field dependences of κxy were quite
reproducible5,6,8,9,18–27. Likewise, THAR for samples 1 and 2 falls to a
single curve after scaling, indicating the good reproducibility of our
data. The observed THAR is several times smaller than the smallest
values previously reported22, demonstrating the extremely high pre-
cision of our setup. The temperature-dependent thermal Hall con-
ductivity, κxy, at 9 T is plotted in Fig. 2b, with the same scaling factor
for sample 2. At high temperatures, κxy values for the two samples fall
to a single curve. On the other hand, we see a slight deviation at
temperatures below TN. Note that κxy is still finite above TN. Finally, we
note that the magnitude of κxy increases linearly with the applied
magnetic field (in analogy to electrical Hall effects) over the entire
measured temperature range (Fig. 2c).
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Fig. 1 | Lattice structure, magnetization data of YMnO3, and schematic of the
thermal transport measurement setup. a Schematic figure of the trimerized
triangular lattice with a 120°magnetic structure. The three sites connected by thick
orange lines consist of a unit cell. The magnetic field is applied along the z-direc-
tion. The red, blue, and green spheres represent sublattices A, B, and C. The
exchange interactions Jij are J1 and J2 on the orange-solid and gray-dotted edges,
respectively. The right side of the figure represents the enlarged picture of each

trianglewhich canpossess either positive or negative scalar spin chirality defined as
Si $ ðSj ×Sk Þ by the spin sites i, j, and k in a counterclockwise way. b Measured
magnetization (M) data of YMnO3 single crystal sample as a function of the tem-
perature. The magnetic field (H = 2000Oe) was applied along the c-axis of the
sample. A sharp peak at 72K indicates an antiferromagnetic transition. The inset
shows H=M data with the black curves of the Curie–Weiss fitting results.
c Schematic of the thermal Hall measurement setup.
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The crystal structure of Lu2V2O7 and the magnon Hall effect. 
(A) The V sublattice of Lu2V2O7, which is composed of 
corner-sharing tetrahedra. (B) The direction of the 
Dzyaloshinskii-Moriya vector on each bond of the 
tetrahedron. The Dzyaloshinskii-Moriya interaction acts 
between the i and j sites. (C) The magnon Hall effect. A wave 
packet of magnon (a quantum of spin precession) moving 
from the hot to the cold side is deflected by the 
Dzyaloshinskii-Moriya interaction playing the role of a 
vector potential.

Magnetic field variation of the thermal Hall 
conductivity of Lu2V2O7 at various temperatures. The 
magnetic field is applied along the [100] direction.

Observation of the Magnon Hall Effect
Y. Onose,1,2* T. Ideue,1 H. Katsura,3 Y. Shiomi,1,4 N. Nagaosa,1,4 Y. Tokura1,2,4

The Hall effect usually occurs in conductors when the Lorentz force acts on a charge current
in the presence of a perpendicular magnetic field. Neutral quasi-particles such as phonons and
spins can, however, carry heat current and potentially exhibit the thermal Hall effect without
resorting to the Lorentz force. We report experimental evidence for the anomalous thermal
Hall effect caused by spin excitations (magnons) in an insulating ferromagnet with a pyrochlore
lattice structure. Our theoretical analysis indicates that the propagation of the spin waves is
influenced by the Dzyaloshinskii-Moriya spin-orbit interaction, which plays the role of the vector
potential, much as in the intrinsic anomalous Hall effect in metallic ferromagnets.

Electronics based on the spin degree of free-
dom (spintronics) may lead to develop-
ments beyond silicon-based technologies

(1); spintronics avoids the dissipation from Joule
heating by replacing charge currents with currents
of themagneticmoment (spin currents). Phenomena
such as the spin Hall effect (generation of a trans-
verse spin current by a longitudinal electric field) in
metals and semiconductors have therefore recently
attracted much attention (2). However, some dis-
sipation is still inevitable because the spin current in
these conducting materials is carried by electronic
carriers. In this sense, achieving spin transport in
insulating magnets may be more promising.

In magnetic insulators, the spin moments are
carried by magnons, which are quanta of mag-
netic excitations. A fundamental question for the
magnon spin current is whether it exhibits the Hall
effect, which is usually driven by the Lorentz
force; therefore, charge-free particles (such as pho-
tons, phonons, and magnons) may be expected not
to lead to it. However, in ferromagnets the Hall
effect proportional to the magnetization—termed
the anomalous Hall effect—can be driven by the
relativistic spin-orbit interaction and does not
require the Lorentz force (3). Moreover, the Hall
effect of photons (4–6) and that of phonons (7–9)
have been already predicted and experimentally
observed. However, the Hall effect of magnons,
which is relevant to spin-current electronics, has
presented an experimental challenge.

We report the magnetic and thermal-transport
properties of an insulating collinear ferromagnet
Lu2V2O7 with a pyrochlore structure. Figure 1A
shows the vanadium sublattice in Lu2V2O7, which
is composed of corner-sharing tetrahedra. This
structure can be viewed as a stacking of alternat-

ing Kagomé and triangular lattices along the [111]
direction. Spin-polarized neutron diffraction sug-
gests that the orbitals of the d electron are ordered
so that they all point to the center of mass of theV
tetrahedron (10); calculations have shown that a
virtual hopping process to the high-energy state
stabilizes the ferromagnetic order of the V spin in
this orbital-ordered state (10). In the pyrochlore
structure, because the midpoint between any two
apices of a tetrahedron is not an inversion sym-
metry center, there is a nonzero Dzyaloshinskii-
Moriya (DM) interaction

HDM ¼ ∑
〈ij〉
D
→

i j : ðS
→
i # S

→
jÞ

whereD
→

ij andS
→
i are, respectively, the DMvector

between the i and j sites and theV spinmoment at
site i. As shown in Fig. 1B, the DM vector D

→
ij is

perpendicular to the vanadium bond and parallel to
the surface of the cube indicated by gray lines,

according to the crystal symmetry. Even starting
from the perfectly collinear ferromagnetic ground-
state spin configuration, theDM interaction affects
the spin wave and gives rise to the thermal Hall
effect as discussed below.

The magnetic, electric, and thermal properties
of Lu2V2O7 are illustrated in Fig. 2. The spon-
taneous magnetization M emerges below Curie
temperature TC = 70K (Fig. 2A). Figure 2B shows
the magnetization curves along various magnetic
field directions at 5 K. The magnetization saturates
at relatively low field (less than 1 T), and the sat-
urated magnetization is isotropic and almost co-
incides with 1 bohr magneton (mB), indicating the
collinear ferromagnetic state with spin S = 1=2
above the saturation field. The resistivity increases
rapidly with decreasing temperature T (Fig. 2C).
The longitudinal thermal conductivity (11) mono-
tonically falls with decreasing temperature (Fig. 2D).
The magnitude is small as compared with usual in-
sulators but comparable with similar orbital-ordered
materials (12). According to theWiedemann-Franz
law, the electric contribution of thermal conduc-
tivity is less than 10−5W/Km below 100 K. There-
fore, the heat current is carried only by phonons
and magnons in this temperature region. From
the analysis of the magnetic field variation of the
thermal conductivity (13), we estimate the mean
free paths of phonons and magnons (lph and lmag,
respectively) at 20 K as lph = 3.5 nm and lmag =
3.6 nm. Because the obtained lph and lmag are
much larger than the V-V distance (0.35 nm), the
Bloch waves of phonons and magnons are well
defined at least at 20 K.

The thermal Hall effect (the Righi-Leduc ef-
fect) is usually induced by the deflection of elec-
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Fig. 1. The crystal structure of Lu2V2O7 and themagnon Hall effect. (A) The V sublattice of Lu2V2O7, which is
composed of corner-sharing tetrahedra. (B) The direction of the Dzyaloshinskii-Moriya vector D

→
i j on each

bond of the tetrahedron. The Dzyaloshinskii-Moriya interaction D
→
i j ⋅ (S

→
i # S

→
j) acts between the i and j sites.

(C) The magnon Hall effect. A wave packet of magnon (a quantum of spin precession) moving from the hot
to the cold side is deflected by the Dzyaloshinskii-Moriya interaction playing the role of a vector potential.
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shows the vanadium sublattice in Lu2V2O7, which
is composed of corner-sharing tetrahedra. This
structure can be viewed as a stacking of alternat-

ing Kagomé and triangular lattices along the [111]
direction. Spin-polarized neutron diffraction sug-
gests that the orbitals of the d electron are ordered
so that they all point to the center of mass of theV
tetrahedron (10); calculations have shown that a
virtual hopping process to the high-energy state
stabilizes the ferromagnetic order of the V spin in
this orbital-ordered state (10). In the pyrochlore
structure, because the midpoint between any two
apices of a tetrahedron is not an inversion sym-
metry center, there is a nonzero Dzyaloshinskii-
Moriya (DM) interaction

HDM ¼ ∑
〈ij〉
D
→

i j : ðS
→
i # S

→
jÞ

whereD
→

ij andS
→
i are, respectively, the DMvector

between the i and j sites and theV spinmoment at
site i. As shown in Fig. 1B, the DM vector D

→
ij is

perpendicular to the vanadium bond and parallel to
the surface of the cube indicated by gray lines,

according to the crystal symmetry. Even starting
from the perfectly collinear ferromagnetic ground-
state spin configuration, theDM interaction affects
the spin wave and gives rise to the thermal Hall
effect as discussed below.
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respectively) at 20 K as lph = 3.5 nm and lmag =
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We present a theory of the thermal Hall effect in insulating quantum magnets, where the heat current is

totally carried by charge-neutral objects such as magnons and spinons. Two distinct types of thermal Hall

responses are identified. For ordered magnets, the intrinsic thermal Hall effect for magnons arises when

certain conditions are satisfied for the lattice geometry and the underlying magnetic order. The other type

is allowed in a spin liquid which is a novel quantum state since there is no order even at zero temperature.

For this case, the deconfined spinons contribute to the thermal Hall response due to Lorentz force. These

results offer a clear experimental method to prove the existence of the deconfined spinons via a thermal

transport phenomenon.
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The ground state and low-energy excitations of corre-
lated electronic systems are the subject of recent intensive
interest, and the possible quantum liquid states are espe-
cially the focus both theoretically and experimentally [1–
5]. For the quantum magnets, magnetic susceptibility, neu-
tron scattering, and specific heat are the experimental tools
to study this issue. In the conducting systems, on the other
hand, charge transport properties also offer important clues
to the novel electronic states such as the non-Fermi liquid
or the quantum Hall liquid. Therefore, a natural question is
whether there are any transport properties in insulating
quantum magnets which provide insight into the ground
state. To answer this question, we study in this Letter the
thermal Hall effect theoretically and find several different
mechanisms leading to the classification of the quantum
magnets.

For a finite Hall response, time-reversal symmetry must
be broken due to the magnetic field and/or magnetic order-
ing. The Hall effect in itinerant magnets, where the spin
structure and conduction electron motion are coupled, has
been studied extensively. In this case, in addition to the
usual Lorentz force, the scalar (spin) chirality defined for

three spins as ~Si " # ~Sj $ ~SkÞ plays an important role [6–8].
The scalar chirality acts as a fictitious magnetic flux for the
conduction electrons and gives rise to a nontrivial topology
of the Bloch wave functions, leading to the Hall effect. It is
natural to expect that a similar effect occurs even in the
localized spin systems for, e.g., the spin current [9].
Another important tool to detect charge-neutral modes is
the thermal transport measurement. In low-dimensional
magnets, the ballistic thermal transport property was pre-
dicted from the integrability of the one-dimensional
Heisenberg model [10] and has been experimentally ob-
served in Sr2CuO3 [11]. In !-#ETÞ2Cu2#CNÞ3, one of the
possible candidates for two-dimensional quantum spin
liquids [1], the thermal transport measurement was used
as a probe to unveil the nature of low-energy spin excita-

tions [12]. The measurements have been limited to the
longitudinal thermal conductivity so far. In this Letter we
predict a nonzero thermal Hall conductivity, i.e., the Righi-
Leduc effect, which will provide important information as
described below.
First, we need to consider the influence of the external

magnetic field on localized spin systems. In addition to the
Zeeman coupling, we have the ring exchange process
leading to the coupling between the scalar chirality and
external magnetic fields. This coupling is derived from the
t=U expansion for the Hubbard model at half filling with
on-site Coulomb interaction U and complex hopping tij ¼
teiAij [13,14] and its explicit form is given by

Hring ¼ ! 24t3

U2 sin! ~Si " # ~Sj $ ~SkÞ; (1)

where ! is the magnetic flux through the triangle formed
by the sites i, j, and k in a counterclockwise way. Since the
coefficient is proportional to t3=U2, it is expected to be
small. In the vicinity of the Mott transition, however, this
coupling is not negligible. We first examine the effect of
Hring within the spin-wave approximation. Then we find
that if the lattice geometry and the magnetic order satisfy
certain conditions, the magnons can experience the ficti-
tious magnetic field and there occurs the intrinsic thermal
Hall effect, i.e., the thermal Hall conductivity !xy due to
the anomalous velocity of the magnons. In this case, !xy is
independent of the lifetime of magnons ("), whereas the
longitudinal one !xx depends on " [15,16]. It can be
regarded as a bosonic analogue of the quantum Hall effect
with zero net flux [17]. We also derive a TKNN-type
formula [18] of the thermal Hall conductivity for a general
free-bosonic Hamiltonian. It should be possible to apply
this formula to the recently found phonon thermal Hall
effect [19]. Finally, we consider the effect of Hring in
quantum spin liquids. Since there is no magnetic order in
such a system, it has been proposed that deconfined fermi-
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The ground state and low-energy excitations of corre-
lated electronic systems are the subject of recent intensive
interest, and the possible quantum liquid states are espe-
cially the focus both theoretically and experimentally [1–
5]. For the quantum magnets, magnetic susceptibility, neu-
tron scattering, and specific heat are the experimental tools
to study this issue. In the conducting systems, on the other
hand, charge transport properties also offer important clues
to the novel electronic states such as the non-Fermi liquid
or the quantum Hall liquid. Therefore, a natural question is
whether there are any transport properties in insulating
quantum magnets which provide insight into the ground
state. To answer this question, we study in this Letter the
thermal Hall effect theoretically and find several different
mechanisms leading to the classification of the quantum
magnets.

For a finite Hall response, time-reversal symmetry must
be broken due to the magnetic field and/or magnetic order-
ing. The Hall effect in itinerant magnets, where the spin
structure and conduction electron motion are coupled, has
been studied extensively. In this case, in addition to the
usual Lorentz force, the scalar (spin) chirality defined for

three spins as ~Si " # ~Sj $ ~SkÞ plays an important role [6–8].
The scalar chirality acts as a fictitious magnetic flux for the
conduction electrons and gives rise to a nontrivial topology
of the Bloch wave functions, leading to the Hall effect. It is
natural to expect that a similar effect occurs even in the
localized spin systems for, e.g., the spin current [9].
Another important tool to detect charge-neutral modes is
the thermal transport measurement. In low-dimensional
magnets, the ballistic thermal transport property was pre-
dicted from the integrability of the one-dimensional
Heisenberg model [10] and has been experimentally ob-
served in Sr2CuO3 [11]. In !-#ETÞ2Cu2#CNÞ3, one of the
possible candidates for two-dimensional quantum spin
liquids [1], the thermal transport measurement was used
as a probe to unveil the nature of low-energy spin excita-

tions [12]. The measurements have been limited to the
longitudinal thermal conductivity so far. In this Letter we
predict a nonzero thermal Hall conductivity, i.e., the Righi-
Leduc effect, which will provide important information as
described below.
First, we need to consider the influence of the external

magnetic field on localized spin systems. In addition to the
Zeeman coupling, we have the ring exchange process
leading to the coupling between the scalar chirality and
external magnetic fields. This coupling is derived from the
t=U expansion for the Hubbard model at half filling with
on-site Coulomb interaction U and complex hopping tij ¼
teiAij [13,14] and its explicit form is given by

Hring ¼ ! 24t3

U2 sin! ~Si " # ~Sj $ ~SkÞ; (1)

where ! is the magnetic flux through the triangle formed
by the sites i, j, and k in a counterclockwise way. Since the
coefficient is proportional to t3=U2, it is expected to be
small. In the vicinity of the Mott transition, however, this
coupling is not negligible. We first examine the effect of
Hring within the spin-wave approximation. Then we find
that if the lattice geometry and the magnetic order satisfy
certain conditions, the magnons can experience the ficti-
tious magnetic field and there occurs the intrinsic thermal
Hall effect, i.e., the thermal Hall conductivity !xy due to
the anomalous velocity of the magnons. In this case, !xy is
independent of the lifetime of magnons ("), whereas the
longitudinal one !xx depends on " [15,16]. It can be
regarded as a bosonic analogue of the quantum Hall effect
with zero net flux [17]. We also derive a TKNN-type
formula [18] of the thermal Hall conductivity for a general
free-bosonic Hamiltonian. It should be possible to apply
this formula to the recently found phonon thermal Hall
effect [19]. Finally, we consider the effect of Hring in
quantum spin liquids. Since there is no magnetic order in
such a system, it has been proposed that deconfined fermi-
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The ground state and low-energy excitations of corre-
lated electronic systems are the subject of recent intensive
interest, and the possible quantum liquid states are espe-
cially the focus both theoretically and experimentally [1–
5]. For the quantum magnets, magnetic susceptibility, neu-
tron scattering, and specific heat are the experimental tools
to study this issue. In the conducting systems, on the other
hand, charge transport properties also offer important clues
to the novel electronic states such as the non-Fermi liquid
or the quantum Hall liquid. Therefore, a natural question is
whether there are any transport properties in insulating
quantum magnets which provide insight into the ground
state. To answer this question, we study in this Letter the
thermal Hall effect theoretically and find several different
mechanisms leading to the classification of the quantum
magnets.

For a finite Hall response, time-reversal symmetry must
be broken due to the magnetic field and/or magnetic order-
ing. The Hall effect in itinerant magnets, where the spin
structure and conduction electron motion are coupled, has
been studied extensively. In this case, in addition to the
usual Lorentz force, the scalar (spin) chirality defined for

three spins as ~Si " # ~Sj $ ~SkÞ plays an important role [6–8].
The scalar chirality acts as a fictitious magnetic flux for the
conduction electrons and gives rise to a nontrivial topology
of the Bloch wave functions, leading to the Hall effect. It is
natural to expect that a similar effect occurs even in the
localized spin systems for, e.g., the spin current [9].
Another important tool to detect charge-neutral modes is
the thermal transport measurement. In low-dimensional
magnets, the ballistic thermal transport property was pre-
dicted from the integrability of the one-dimensional
Heisenberg model [10] and has been experimentally ob-
served in Sr2CuO3 [11]. In !-#ETÞ2Cu2#CNÞ3, one of the
possible candidates for two-dimensional quantum spin
liquids [1], the thermal transport measurement was used
as a probe to unveil the nature of low-energy spin excita-

tions [12]. The measurements have been limited to the
longitudinal thermal conductivity so far. In this Letter we
predict a nonzero thermal Hall conductivity, i.e., the Righi-
Leduc effect, which will provide important information as
described below.
First, we need to consider the influence of the external

magnetic field on localized spin systems. In addition to the
Zeeman coupling, we have the ring exchange process
leading to the coupling between the scalar chirality and
external magnetic fields. This coupling is derived from the
t=U expansion for the Hubbard model at half filling with
on-site Coulomb interaction U and complex hopping tij ¼
teiAij [13,14] and its explicit form is given by

Hring ¼ ! 24t3

U2 sin! ~Si " # ~Sj $ ~SkÞ; (1)

where ! is the magnetic flux through the triangle formed
by the sites i, j, and k in a counterclockwise way. Since the
coefficient is proportional to t3=U2, it is expected to be
small. In the vicinity of the Mott transition, however, this
coupling is not negligible. We first examine the effect of
Hring within the spin-wave approximation. Then we find
that if the lattice geometry and the magnetic order satisfy
certain conditions, the magnons can experience the ficti-
tious magnetic field and there occurs the intrinsic thermal
Hall effect, i.e., the thermal Hall conductivity !xy due to
the anomalous velocity of the magnons. In this case, !xy is
independent of the lifetime of magnons ("), whereas the
longitudinal one !xx depends on " [15,16]. It can be
regarded as a bosonic analogue of the quantum Hall effect
with zero net flux [17]. We also derive a TKNN-type
formula [18] of the thermal Hall conductivity for a general
free-bosonic Hamiltonian. It should be possible to apply
this formula to the recently found phonon thermal Hall
effect [19]. Finally, we consider the effect of Hring in
quantum spin liquids. Since there is no magnetic order in
such a system, it has been proposed that deconfined fermi-

PRL 104, 066403 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

12 FEBRUARY 2010

0031-9007=10=104(6)=066403(4) 066403-1 ! 2010 The American Physical Society

onic spinons exist. In contrast to the magnons, the spinons,
which are the gauge dependent object, can feel the vector

potential ~A just as in the case of electrons, leading to the
Landau level formation [14]. We propose a novel way to
detect the spinon deconfinement via the thermal Hall effect
measurement in a candidate of quantum spin liquid,
!-ðET"2Cu2ðCN"3.

No-go theorem for the coupling to magnetic flux.—Let
us first consider the spin-wave expansion of Eq. (1) to find
a system in which the intrinsic thermal Hall effect occurs.
We consider the collinear ground state spin configurations.
The fluctuation of the scalar chirality up to the second

order in " ~S # ~S$ h ~Si is written as

h ~Sii % ð" ~Sj&" ~Sk"þ h ~Sji % ð" ~Sk&" ~Si"þ h ~Ski % ð" ~Si&" ~Sj":

Note here that the linear order terms in " ~S vanish since

h ~Sii& h ~Sji ¼ ~0.
As an example, we consider the ferromagnetic

Heisenberg model on a triangular lattice shown in
Fig. 1(a) with an ordered moment S0 along ŷ. In this

case, the quadratic terms in " ~S from Eq. (1) always cancel.
To explain this, let us focus on the edge hjki. From the

upper triangle, this edge gives S0ð" ~Sj & " ~Sk"y. On the

other hand, from the lower triangle, it gives S0ð" ~Sk &
" ~Sj"y, which cancels out the former one. Since such a
cancellation occurs on any edge, Hring in Eq. (1) does not
contribute to the spin-wave Hamiltonian to quadratic order.
This observation leads us to conclude that such a cancella-
tion occurs for any ferromagnetic model where each edge
is shared by the equivalent cells such as plaquettes and
triangles. A similar cancellation occurs for certain antifer-
romagnetic systems. An example is shown in Fig. 1(b). In
this example, there are several different types of ring
exchange processes, but again the cancellation between
the cells sharing a link occurs for the collinear antiferro-
magnetic configuration. Finally, for noncollinear spin
structures, we considered the 120) magnetic order on a

triangular lattice [Fig. 1(c)] and conclude that the cancel-

lation again occurs since ordered components of ~Si and that

of ~S!i are the same as shown in Fig. 1(c).
Intrinsic thermal Hall effect in the spin-wave approxi-

mation.—Once we understand the principles of the cancel-
lation, it is rather easy to find an example where it does not
occur, namely, when the link is shared by inequivalent
cells. An example is the ferromagnetic model on the ka-
gome lattice. In this case, the spin-wave Hamiltonian is
influenced by the magnetic flux ". We will develop below
a theoretical formalism to calculate the thermal Hall con-
ductivity in terms of the Kubo formula. For this purpose,
we consider a general Hamiltonian for noninteracting bo-
sons which can be regarded as a spin-wave Hamiltonian:

H ¼
X

j;#

hð ~Rj#"; hð ~Rj#" ¼
1

2

X

~"#

t ~"#
by~Rj#þ ~"#

b ~Rj#
þ H:c:;

where b ~Rj#
annihilates a boson at the #th site in the jth unit

cell and ~"# are vectors connecting ~Rj# and its neighboring
sites. The hopping t ~"#

is in general complex. In momen-

tum space, the Hamiltonian is written as H ¼P
~kb

y
#ð ~k"H #;$ð ~k"b$ð ~k", where b#ð ~k" is a Fourier trans-

form of b ~Rj#
and repeated indices are summed over. The

average energy current density is defined by ~jE #
i½H;

P
j#

~Rj#hð ~Rj#"+=V, where V is the total volume [20].

Using the Fourier transform of
P

#hð ~Rj#" defined by

hð ~q" ¼ P
j;#e

i ~q% ~Rj#hð ~Rj#", the energy current density is

rewritten as ~jE ¼ @~q½hð0"; hð ~q"+j ~q¼0=V. Using this fact,

the following convenient expression for ~jE is obtained:

~j E ¼ 1

2V

X

~k

by#ð ~k"ð@ ~kH ð ~k"2Þ#$b$ð ~k"; (2)

where the differential operator @ ~k acts only on H ð ~k"2. We

introduce the spin-wave basis ju#ð ~k"i which diagonalizes

H ð ~k" with eigenvalues !#ð ~k". It is important to note that
even in this basis ~jE is not diagonal. In addition to the

expected diagonal term d!#

d ~k
!#ð ~k", there are off-diagonal

terms which can be thought of as arising from anomalous
velocities. As we see below, these terms are responsible for
!xy, just as in the case of the intrinsic anomalous Hall
effect in metals [21].
Starting from the Kubo formula, the following expres-

sion analogous to the TKNN formula [18] can be obtained
for the thermal Hall conductivity !xy:

!xy ¼ $ 1

2T
Im

X

#

Z
BZ

d2k

ð2%"2 n#ð
~k"

& h@kxu#ð ~k"jðH ð ~k" þ!#ð ~k"Þ2j@kyu#ð ~k"i; (3)

for the noninteracting spin waves (free bosons) where the

integral is over the Brillouin zone (BZ), and n#ð ~k" ¼
ðe$!#ð ~k" $ 1"$1 is the Bose distribution function. The in-

FIG. 1 (color online). (a) A portion of the triangular lattice
with ferromagnetic order. The thick blue arrows indicate the
directions of spins. The counterclockwise rotations (red arrows)
indicate the order of sites in Hring. We use this convention

throughout this Letter. (b) Antiferromagnetic model on a square
lattice. The interaction along the diagonal edge is smaller than
that along the vertical or horizontal edge. (c) A portion of the
triangular lattice with the 120) order.
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onic spinons exist. In contrast to the magnons, the spinons,
which are the gauge dependent object, can feel the vector

potential ~A just as in the case of electrons, leading to the
Landau level formation [14]. We propose a novel way to
detect the spinon deconfinement via the thermal Hall effect
measurement in a candidate of quantum spin liquid,
!-ðET"2Cu2ðCN"3.
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us first consider the spin-wave expansion of Eq. (1) to find
a system in which the intrinsic thermal Hall effect occurs.
We consider the collinear ground state spin configurations.
The fluctuation of the scalar chirality up to the second
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h ~Sii % ð" ~Sj&" ~Sk"þ h ~Sji % ð" ~Sk&" ~Si"þ h ~Ski % ð" ~Si&" ~Sj":

Note here that the linear order terms in " ~S vanish since

h ~Sii& h ~Sji ¼ ~0.
As an example, we consider the ferromagnetic

Heisenberg model on a triangular lattice shown in
Fig. 1(a) with an ordered moment S0 along ŷ. In this

case, the quadratic terms in " ~S from Eq. (1) always cancel.
To explain this, let us focus on the edge hjki. From the

upper triangle, this edge gives S0ð" ~Sj & " ~Sk"y. On the

other hand, from the lower triangle, it gives S0ð" ~Sk &
" ~Sj"y, which cancels out the former one. Since such a
cancellation occurs on any edge, Hring in Eq. (1) does not
contribute to the spin-wave Hamiltonian to quadratic order.
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is shared by the equivalent cells such as plaquettes and
triangles. A similar cancellation occurs for certain antifer-
romagnetic systems. An example is shown in Fig. 1(b). In
this example, there are several different types of ring
exchange processes, but again the cancellation between
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structures, we considered the 120) magnetic order on a

triangular lattice [Fig. 1(c)] and conclude that the cancel-

lation again occurs since ordered components of ~Si and that

of ~S!i are the same as shown in Fig. 1(c).
Intrinsic thermal Hall effect in the spin-wave approxi-
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lation, it is rather easy to find an example where it does not
occur, namely, when the link is shared by inequivalent
cells. An example is the ferromagnetic model on the ka-
gome lattice. In this case, the spin-wave Hamiltonian is
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velocities. As we see below, these terms are responsible for
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The ground state and low-energy excitations of corre-
lated electronic systems are the subject of recent intensive
interest, and the possible quantum liquid states are espe-
cially the focus both theoretically and experimentally [1–
5]. For the quantum magnets, magnetic susceptibility, neu-
tron scattering, and specific heat are the experimental tools
to study this issue. In the conducting systems, on the other
hand, charge transport properties also offer important clues
to the novel electronic states such as the non-Fermi liquid
or the quantum Hall liquid. Therefore, a natural question is
whether there are any transport properties in insulating
quantum magnets which provide insight into the ground
state. To answer this question, we study in this Letter the
thermal Hall effect theoretically and find several different
mechanisms leading to the classification of the quantum
magnets.

For a finite Hall response, time-reversal symmetry must
be broken due to the magnetic field and/or magnetic order-
ing. The Hall effect in itinerant magnets, where the spin
structure and conduction electron motion are coupled, has
been studied extensively. In this case, in addition to the
usual Lorentz force, the scalar (spin) chirality defined for

three spins as ~Si " # ~Sj $ ~SkÞ plays an important role [6–8].
The scalar chirality acts as a fictitious magnetic flux for the
conduction electrons and gives rise to a nontrivial topology
of the Bloch wave functions, leading to the Hall effect. It is
natural to expect that a similar effect occurs even in the
localized spin systems for, e.g., the spin current [9].
Another important tool to detect charge-neutral modes is
the thermal transport measurement. In low-dimensional
magnets, the ballistic thermal transport property was pre-
dicted from the integrability of the one-dimensional
Heisenberg model [10] and has been experimentally ob-
served in Sr2CuO3 [11]. In !-#ETÞ2Cu2#CNÞ3, one of the
possible candidates for two-dimensional quantum spin
liquids [1], the thermal transport measurement was used
as a probe to unveil the nature of low-energy spin excita-

tions [12]. The measurements have been limited to the
longitudinal thermal conductivity so far. In this Letter we
predict a nonzero thermal Hall conductivity, i.e., the Righi-
Leduc effect, which will provide important information as
described below.
First, we need to consider the influence of the external

magnetic field on localized spin systems. In addition to the
Zeeman coupling, we have the ring exchange process
leading to the coupling between the scalar chirality and
external magnetic fields. This coupling is derived from the
t=U expansion for the Hubbard model at half filling with
on-site Coulomb interaction U and complex hopping tij ¼
teiAij [13,14] and its explicit form is given by

Hring ¼ ! 24t3

U2 sin! ~Si " # ~Sj $ ~SkÞ; (1)

where ! is the magnetic flux through the triangle formed
by the sites i, j, and k in a counterclockwise way. Since the
coefficient is proportional to t3=U2, it is expected to be
small. In the vicinity of the Mott transition, however, this
coupling is not negligible. We first examine the effect of
Hring within the spin-wave approximation. Then we find
that if the lattice geometry and the magnetic order satisfy
certain conditions, the magnons can experience the ficti-
tious magnetic field and there occurs the intrinsic thermal
Hall effect, i.e., the thermal Hall conductivity !xy due to
the anomalous velocity of the magnons. In this case, !xy is
independent of the lifetime of magnons ("), whereas the
longitudinal one !xx depends on " [15,16]. It can be
regarded as a bosonic analogue of the quantum Hall effect
with zero net flux [17]. We also derive a TKNN-type
formula [18] of the thermal Hall conductivity for a general
free-bosonic Hamiltonian. It should be possible to apply
this formula to the recently found phonon thermal Hall
effect [19]. Finally, we consider the effect of Hring in
quantum spin liquids. Since there is no magnetic order in
such a system, it has been proposed that deconfined fermi-

PRL 104, 066403 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

12 FEBRUARY 2010

0031-9007=10=104(6)=066403(4) 066403-1 ! 2010 The American Physical Society

onic spinons exist. In contrast to the magnons, the spinons,
which are the gauge dependent object, can feel the vector

potential ~A just as in the case of electrons, leading to the
Landau level formation [14]. We propose a novel way to
detect the spinon deconfinement via the thermal Hall effect
measurement in a candidate of quantum spin liquid,
!-ðET"2Cu2ðCN"3.

No-go theorem for the coupling to magnetic flux.—Let
us first consider the spin-wave expansion of Eq. (1) to find
a system in which the intrinsic thermal Hall effect occurs.
We consider the collinear ground state spin configurations.
The fluctuation of the scalar chirality up to the second

order in " ~S # ~S$ h ~Si is written as

h ~Sii % ð" ~Sj&" ~Sk"þ h ~Sji % ð" ~Sk&" ~Si"þ h ~Ski % ð" ~Si&" ~Sj":

Note here that the linear order terms in " ~S vanish since

h ~Sii& h ~Sji ¼ ~0.
As an example, we consider the ferromagnetic

Heisenberg model on a triangular lattice shown in
Fig. 1(a) with an ordered moment S0 along ŷ. In this

case, the quadratic terms in " ~S from Eq. (1) always cancel.
To explain this, let us focus on the edge hjki. From the

upper triangle, this edge gives S0ð" ~Sj & " ~Sk"y. On the

other hand, from the lower triangle, it gives S0ð" ~Sk &
" ~Sj"y, which cancels out the former one. Since such a
cancellation occurs on any edge, Hring in Eq. (1) does not
contribute to the spin-wave Hamiltonian to quadratic order.
This observation leads us to conclude that such a cancella-
tion occurs for any ferromagnetic model where each edge
is shared by the equivalent cells such as plaquettes and
triangles. A similar cancellation occurs for certain antifer-
romagnetic systems. An example is shown in Fig. 1(b). In
this example, there are several different types of ring
exchange processes, but again the cancellation between
the cells sharing a link occurs for the collinear antiferro-
magnetic configuration. Finally, for noncollinear spin
structures, we considered the 120) magnetic order on a

triangular lattice [Fig. 1(c)] and conclude that the cancel-

lation again occurs since ordered components of ~Si and that

of ~S!i are the same as shown in Fig. 1(c).
Intrinsic thermal Hall effect in the spin-wave approxi-

mation.—Once we understand the principles of the cancel-
lation, it is rather easy to find an example where it does not
occur, namely, when the link is shared by inequivalent
cells. An example is the ferromagnetic model on the ka-
gome lattice. In this case, the spin-wave Hamiltonian is
influenced by the magnetic flux ". We will develop below
a theoretical formalism to calculate the thermal Hall con-
ductivity in terms of the Kubo formula. For this purpose,
we consider a general Hamiltonian for noninteracting bo-
sons which can be regarded as a spin-wave Hamiltonian:

H ¼
X

j;#

hð ~Rj#"; hð ~Rj#" ¼
1

2

X

~"#

t ~"#
by~Rj#þ ~"#

b ~Rj#
þ H:c:;

where b ~Rj#
annihilates a boson at the #th site in the jth unit

cell and ~"# are vectors connecting ~Rj# and its neighboring
sites. The hopping t ~"#

is in general complex. In momen-

tum space, the Hamiltonian is written as H ¼P
~kb

y
#ð ~k"H #;$ð ~k"b$ð ~k", where b#ð ~k" is a Fourier trans-

form of b ~Rj#
and repeated indices are summed over. The

average energy current density is defined by ~jE #
i½H;

P
j#

~Rj#hð ~Rj#"+=V, where V is the total volume [20].

Using the Fourier transform of
P

#hð ~Rj#" defined by

hð ~q" ¼ P
j;#e

i ~q% ~Rj#hð ~Rj#", the energy current density is

rewritten as ~jE ¼ @~q½hð0"; hð ~q"+j ~q¼0=V. Using this fact,

the following convenient expression for ~jE is obtained:

~j E ¼ 1

2V

X

~k

by#ð ~k"ð@ ~kH ð ~k"2Þ#$b$ð ~k"; (2)

where the differential operator @ ~k acts only on H ð ~k"2. We

introduce the spin-wave basis ju#ð ~k"i which diagonalizes

H ð ~k" with eigenvalues !#ð ~k". It is important to note that
even in this basis ~jE is not diagonal. In addition to the

expected diagonal term d!#

d ~k
!#ð ~k", there are off-diagonal

terms which can be thought of as arising from anomalous
velocities. As we see below, these terms are responsible for
!xy, just as in the case of the intrinsic anomalous Hall
effect in metals [21].
Starting from the Kubo formula, the following expres-

sion analogous to the TKNN formula [18] can be obtained
for the thermal Hall conductivity !xy:

!xy ¼ $ 1

2T
Im

X

#

Z
BZ

d2k

ð2%"2 n#ð
~k"

& h@kxu#ð ~k"jðH ð ~k" þ!#ð ~k"Þ2j@kyu#ð ~k"i; (3)

for the noninteracting spin waves (free bosons) where the

integral is over the Brillouin zone (BZ), and n#ð ~k" ¼
ðe$!#ð ~k" $ 1"$1 is the Bose distribution function. The in-

FIG. 1 (color online). (a) A portion of the triangular lattice
with ferromagnetic order. The thick blue arrows indicate the
directions of spins. The counterclockwise rotations (red arrows)
indicate the order of sites in Hring. We use this convention

throughout this Letter. (b) Antiferromagnetic model on a square
lattice. The interaction along the diagonal edge is smaller than
that along the vertical or horizontal edge. (c) A portion of the
triangular lattice with the 120) order.
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tegrand in Eq. (3) is independent of a ~k-dependent phase

change of the spin-wave basis functions ju!ð ~k"i in a similar
way as for the orbital magnetization [22].

Thermal Hall effect in kagome ferromagnet.—We now
apply the above formula to the ferromagnetic model on the
kagome lattice. The Hamiltonian is given by H #P

4;5h4 þ h5 with

h4=5 #%Jð ~Si & ~Sj þ ~Sj & ~Sk þ ~Sk & ~Si"%
K

S
~Si & ð ~Sj ' ~Sk";

where %J is the ferromagnetic exchange coupling, K is
proportional to sin! according to Eq. (1), and the sum is
taken over all the triangles in the kagome lattice [see
Fig. 2(a)]. Again, note that the sites i, j, and k form a
triangle (4 or 5) in a counterclockwise way.

Using the Holstein-Primakoff transformation [Sþj #
ð2S% nj"1=2bj, S%j # byj ð2S% nj"1=2, Szj # S% nj with

nj # byj bj], we obtain the spin-wave Hamiltonian as

HSW # 4JS
X

j

nj % S
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
J2 þ K2

p X

hj;ki
ðe%i"=3byj bk þ H:c:";

where tanð"=3" # K=J and the sum is taken over
all the nearest neighbor bonds. The Fourier trans-

form of the Hamiltonian is given by H ð ~k" # 4JS%
2JS½cosð"=3")%1"ð ~k;"" with

"ð ~k;"" #
0 cosk1e

%i"=3 cosk3e
i"=3

cosk1e
i"=3 0 cosk2e

%i"=3

cosk3e
%i"=3 cosk2e

i"=3 0

0
B@

1
CA;

where ki # ~k & ~ai with ~a1 # ð%1=2;%
ffiffiffi
3

p
=2", ~a2 # ð1; 0",

and ~a3 # ð%1=2;
ffiffiffi
3

p
=2" as shown in Fig. 2(a). The dis-

persions of three bands [0 * !1ð ~k" * !2ð ~k" * !3ð ~k"] for
" # #=3 are shown in Fig. 2(b). In the limit of low
temperature and weak magnetic field, the dominant contri-

bution to the integral in Eq. (3) comes from ! # 1 (lowest

band) and small j ~kj due to the Bose factor n!ð ~k". By an

explicit calculation [23], we find that h@kxu1ð ~k"j@kyu1ð ~k"i+
%i"j ~kj2=ð27

ffiffiffi
3

p
" around ~k # 0 and obtain

$xy + ð6JS"2
2T

Z 1

0

dk

2#

k

e%JSk
2 % 1

"
"k2

27
ffiffiffi
3

p
#
# #"

36
ffiffiffi
3

p T; (4)

where we have replaced the integration over the BZ with

that over all ~k. In this way, a nonzero thermal Hall con-
ductivity is indeed realized by the coupling between the
scalar chirality and the magnetic field in the ferromagnetic
kagome lattice.
Thermal Hall effect in quantum spin liquids.—As dis-

cussed above, the spin Hamiltonian contains the magnetic
flux !, and the spin waves or magnons are influenced by
the magnetic field only through the off-diagonal matrix
elements of the thermal currents, corresponding to the
intrinsic anomalous Hall effect. This is in sharp contrast
to the case of electrons which is coupled to the vector

potential ~A, and the usual Hall effect due to the Lorentz
force occurs there. In this respect, it is interesting to note

that the spin operator ~Si can be represented by the fermion
operators fyi& and fi& (called spinons with spin 1=2) as
~Si #

P
&;&0fyi& ~&fi&0=2 [ ~& # ð&x;&y;&z": Pauli matrices,

&;&0 #"; # ] with the constraint
P

&f
y
i&fi& # 1. In this

representation, the exchange interaction J ~Si & ~Sj can be

written as %J'y
ij'ij=2 with 'ij #

P
&f

y
i&fj&. This 'ij is

called the order parameter of the resonating valence bond,
which describes the singlet formation between the two

spins ~Si and ~Sj. In the mean field approximation for 'ij,

the free fermion model for fyi&; fi& emerges [24]. The
phase aij of the order parameter h'iji # jh'ijijeiaij and
the Lagrange multiplier a0 to impose the constraint above
constitutes the gauge field, which is coupled to the spinons.
In the confining phase of this gauge field, two spinons are
bound to form a magnon. On the other hand, in the decon-
fining phase, the spinons behave as nearly free quasipar-
ticles. The latter case is realized in some of the quantum
spin-liquid states [24]. A similar state has been obtained
also for the Hubbard model [25], which contains the
gapped charge excitations. This charge degrees of freedom
are represented by the U(1) phase factor ei(i ; i.e., the
electron operator ci& is decomposed into the product
fi&e

%i(i , which is coupled to aij % Aij where Aij is the
vector potential (Peierls phase) corresponding to the mag-
netic flux ! [25]. Then, the Maxwell term Lg # ð1=g"'R
dr
P

)*ðF)* % F)*"2 (g: coupling constant, F)* #
@)a* % @*a), F)* # @)A* % @*A)) is generated by in-
tegrating over the charge degrees of freedom. To summa-
rize, the spinons are described by the Lagrangian

L #
X

j;&

fyj&ð@+ % ia0j %)"fj& %
X

j;k

tfe
iajkfyj&fk& þLg:

6

4

2

0

0

xk
0

-2 2

2 -2 yk

2

22

FIG. 2 (color online). (a) The unit cell of the kagome lattice
(the area enclosed by the dotted line). The vectors ~ai (i # 1, 2,
and 3) correspond to green (thin line), red (thick line), and blue
(dotted line), respectively. The arrows on the edges indicate the
sign of the phase factor ei"=3 (see main text). The fictitious fluxes
through triangle and hexagon are " and %2", respectively.
(b) Dispersions of bands in the case of " # #=3 with JS # 1.

PRL 104, 066403 (2010) P HY S I CA L R EV I EW LE T T E R S
week ending

12 FEBRUARY 2010

066403-3



Thermal Hall Effect of Spin Excitations in a Kagome Magnet 

Max Hirschberger, Robin Chisnell, Young S. Lee and N. P. Ong PRL 115, 106603 (2015) 

planar kagome magnet 
Cu(1,3-benzenedicarboxylate) 

κxyðT;HÞ: a purely n-type curve at the lowest T and, closer
to TC, a sign-change induced by a p-type term. Moreover,
the calculated curves at each T exhibit the high-field
suppression, in agreement with Fig. 3(d). For sample 3,
the peak values of κ2Dxy agree with the HP curves (0.04 K at
T ¼ 0.4 K; 0.2 K at 4.4 K). In the paramagnetic
region, however, our field profiles disagree with the SB
curves. Above TC, κxy is observed to be p-type at all B
whereas the SB curves are largely n-type apart from a small
window at low B. The comparison suggests that the HP
approach is a better predictor than the SB representation
even above TC.
A weak κxy was reported in Ref. [9] and identified with

phonons. A phonon Hall effect based on the Berry
curvature was calculated in Refs. [17,18]. Here, however,
the evidence is compelling that κxy arises from spin
excitations. The close correlation between the profiles of
κxy and κs vs T implies that they come from the same heat
carriers. Moreover, the plots in Fig. 3(d) and Eq. (1) show
that, when a gap opens, both the longitudinal and Hall

channels are suppressed at the same rate versus B. To us
this is firm evidence for spin excitations—the phonon
current cannot be switched off by a gap opening in the spin
spectrum (we discuss this further in the Supplemental
Material [16]).
In addition to confirming the existence of a large κxy in

the kagome magnet, the measured κxy can be compared
with calculations. For chiral magnets, κxy is capable of
probing incisively the effect of the Berry curvature on
transport currents.

We acknowledge support from the U.S. National Science
Foundation through the MRSECGrant No. DMR 1420541.
N. P. O. was supported by U.S. Army Office of Research
(Contract No. W911NF-11-1-0379) and by the Gordon
and Betty Moore Foundation’s EPiQS Initiative through
Grant No. GBMF4539. The work at MITwas supported by
the U.S. Department of Energy, Office of Science, Office of
Basic Energy Sciences under Grant No. DE-FG02-
07ER46134.

-4

-2

0

2

4

-10 -5 0 5 10 -8 -4 0 4 8

-2

-1

0

1

2

-3 -2 -1 0 1 2 3
-3

-2

-1

0

1

2

3

-0.1

0.0

0.1

0 2 4 6

-3

-2

-1

0

1

2

B (T)

4.9

 

κ xy
 (

10
-4

 W
/K

m
)

6.0

2.78

3.9

1.74

0.82 K

Sample 2

(a)

-0.2

-0.1

0.0

0.1

0.2

κ2D
xy

 /(
k B

2 /h
 )

 (
K

)
 

(b)

κ xy
 / 

T
 (

10
-4
 W

/K
2 m

)

B (T)

8.84
7.56

6.47 5.51
4.97

4.40
2.21

1.90 K

Sample 3
 

 
κ xy

 / 
T

 (
10

-4
 W

/K
2 m

)

B (T)

1.90
1.82

1.58
1.34

1.09

0.99
0.84

0.77
0.68

0.58
0.47

0.41

Sample 3

(c)

κ2D

xy
/(

T
 k

B

2 /h
 )

 

[κ
xy

/T
B

] 0 (
10

-3
 W

/K
2 T

m
)

(d) Sample 3

 

 

T(K)

TC = 1.85 K

FIG. 2 (color online). The thermal Hall conductivity κxy measured in Cu(1,3-bdc). In panel (a), we plot the strongly nonmonotonic
profiles of κxy vs B in sample 2. The dispersionlike profile changes sign below ∼1.7 K. The right scale gives κ2D=ðk2B=ℏÞ (per plane)
obtained by multiplying κxy by dℏ=k2B ¼ 443.2 (SI units). Panels (b) and (c) show corresponding curves in sample 3 (now plotted as
κxy=T). Above TC [panel (b)], κxy=T is p type. The behavior below 1.90 K is shown in panel (c). At 1.09 K, the n-type contribution
appears in weak B, and eventually changes κxy=T to n-type at all B. Right scale in (c) reports κ2Dxy =ðTk2B=ℏÞ. In panel (d), we plot the T
dependence of the quantity ½κxy=TB%0 which measures the thermal Hall response in the limit B → 0. The T dependence of ½κxy=TB%0
closely correlates with κSxx vs T (aside from the sign change).
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Thermal Hall effects due to topological spin
fluctuations in YMnO3

Ha-Leem Kim 1,2,9, Takuma Saito3,9, Heejun Yang 1,2,9, Hiroaki Ishizuka 4,
Matthew John Coak 1,2,5, Jun Han Lee 6, Hasung Sim1,2, Yoon Seok Oh 6,
Naoto Nagaosa7 & Je-Geun Park 1,2,8

The thermal Hall effect in magnetic insulators has been considered a powerful
method for examining the topological nature of charge-neutral quasiparticles
such as magnons. Yet, unlike the kagome system, the triangular lattice has
received less attention for studying the thermal Hall effect because the scalar
spin chirality cancels out between adjacent triangles. However, such cancel-
lation cannot be perfect if the triangular lattice is distorted. Here, we report
that the trimerized triangular lattice of multiferroic hexagonal manganite
YMnO3 produces a highly unusual thermal Hall effect under an applied mag-
netic field. Our theoretical calculations demonstrate that the thermal Hall
conductivity is related to the splitting of the otherwise degenerate two chir-
alities of its 120˚ magnetic structure. Our result is one of the most unusual
cases of topological physics due to this broken Z2 symmetry of the chirality in
the supposedly paramagnetic state of YMnO3, due to strong topological spin
fluctuations with the additional intricacy of a Dzyaloshinskii-Moriya
interaction.

Heat can, in principle, be carried by any quasiparticles, be they boson
or fermion, but two such examples—phonons and electrons—are the
most prominent. For magnetic insulators, magnons can be an alter-
native medium while electrons are out of the game. When phonons
carry heat for magnetic insulators, it is well-known that the tempera-
ture dependence follows the Debye–Gruneissen formula. With mag-
nons added to the picture, the variation of thermal transport with
temperature can be changed quantitatively. However, it has been
widely assumed in the community that it would still remain more or
less the same at a qualitative level.

The most prominent feature of phonons and magnons as heat
carriers is that they are charge-neutral. This feature significantly
impacts the fundamental problem of heat conduction transverse to a
thermal gradient by phonons andmagnons, as there can be no Lorentz

force upon applying a magnetic field. This starkly contrasts with
electrical conduction and the resulting Hall effect of electron currents
discovered by Edwin Hall in 18791. This discovery of off-diagonal terms
in electrical conductivity has proved of colossal importance. It has
more recently revolutionizedmodernphysicswithphenomena such as
the quantized integer and fractional Hall effects in certain high-quality
two-dimensional materials2.

Until recently, however, the chance of finding similar off-diagonal
terms in thermal conductivity has seemed to be highly unlikely, if not
impossible. There is no intuitive mechanism for a magnetic field to
bend heatflow. However, nature has a surprise up her sleeve, with now
a dozen reports that such an unexpected off-diagonal term in the
thermal conductivity, the so-called thermal Hall effect (THE), is found
in several classes ofmaterials. A series of experiments followed thefirst
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report of THE in 2005 for Tb3Ga5O12:3 other notable examples include
Lu2V2O7, Tb2Ti2O7, α-RuCl3, La2CuO4-based high-temperature super-
conductors, and SrTiO3, to name only a few4–9. Faced with the diverse
class of materials showing a THE and their resulting different forms, it
is not an unreasonable guess that there can be several different
mechanisms (even competing mechanisms) at work for each of those
materials with a visible sign of a THE10. Whatever mechanism is behind
each experimental observation, it is clear now that THE reveals much
of the hitherto neglected but fascinating nature of the charge-neutral
heat current. For comparison with our work reported in this paper, it
should be noted that most previous THE reports have been made for
the ground and low-temperature ordered phases of given materials.

YMnO3 is a type 1multiferroic with a ferroelectric phase transition
above 900K and antiferromagnetic ordering at a much lower tem-
perature of TN = 72 K. The ferroelectric transition originates from a
structural trimerization induced by the buckling ofMnO5 bipyramids11,
which is boosted via a strong spin–lattice coupling upon entering the
antiferromagnetic phase12. The triangular lattice arrangement of
magnetic Mn3+ (S = 2) ions with antiferromagnetic Heisenberg inter-
actions leads to strong spin fluctuations promoted by a significant
geometrical frustration with the frustration ratio of 7, which is defined
as the ratio between Curie–Weiss temperature (ΘCW) and TN,
i.e., ΘCW

!! !!=TN
13.

The presence of spin fluctuations is clear from powder neutron
scattering data13. The suppression of thermal conductivity resulting
fromphonon scattering from the fluctuations has been reported14. The
fluctuations are most considerable in magnitude at TN but still finite,
even below and above the transition. Furthermore, YMnO3 hosts a
strong spin–lattice interaction of an exchange-striction type15. Theo-
retically, the magnon Hall effect could originate from the nontrivial
band structure of magnons in the ordered phase16. However, it is
essential to note that the twoexchange integrals are not the same J1≠J2,
where J1 and J2 are intra-trimer and inter-trimer exchange interactions
due to the structural trimerization, respectively (Fig. 1a). What is
essential for the discussion later is that spin-chirality does not cancel
altogether for this trimerized triangular latticewith a noncollinear spin
configuration, opening the door for a finite thermal Hall effect that is
otherwise totally absent for a perfect triangular lattice.

In this work, we report themeasurement of the thermalHall effect
in the supposedly paramagnetic phase of single-crystal YMnO3, a well-
studied hexagonal manganite insulator with frustrated anti-
ferromagnetism. Thanks to our theoretical studies, we can attribute
our measured THE signal to a new phenomenon induced by the non-
trivial band topology of its spin excitations.

Results and discussion
Two batches of high-purity YMnO3 single crystals were cut into an
x-y planar aspect (x k a-axis), normal to the crystallographic c-axis.
The magnetization data of the YMnO3 single crystal and the
Curie–Weiss fitting result are shown in Fig. 1b. A sharp peak at 72 K
represents the antiferromagnetic transition. Below the 250 K, we can
clearly see that the data starts to deviate from the Curie–Weiss
behavior. The Curie–Weiss fitting produces ΘCW = ! 497K and
effective magnetic moment of 5.08 μB, which is consistent with the
previous study17.

The thermal transport experimental setup is shown in Fig. 1c (see
the “Methods” section for details). The result for longitudinal thermal
conductivity (κxx) taken at zero fields is consistent with the previous
report14 (Fig. 2a). Measured longitudinal magneto-thermal con-
ductivity (MTC), Δκxx Hð Þ, for different sample temperatures, is shown
in Fig. 2d. The MTC is <5% for the measurement range, indicating that
the dominant heat carriers are phonons. The sign of the MTC is
negative for temperatures belowTN. Interestingly, the reduction of the
magnitude of κxx is observed in our data with the applied field below
TN. The size of the MTC above TN was <0.1%, almost absent up to the
resolution of our measurement system.

The temperature-dependent thermal Hall angle ratio (THAR),
κxy=κxx , at 9 T is shown in Fig. 2a, where κxy denotes thermal Hall
conductivity. The THAR data for sample 2 were scaled by an empirical
factor of 0.45 for plotting to give overlap with those from sample 1.
This discrepancymainly comes from the twofold difference of κxy, and
wewould like to note that the size of κxy is known to be highly sensitive
to the sample quality: even samples from the same source tend to
exhibit variations in their magnitude. For example, for Tb2Ti2O7,
SrTiO3, and Kitaev quantum spin liquid candidates, slightly different
values of κxy were reported by diverse researchers, but the sign, order
of magnitude, and temperature or field dependences of κxy were quite
reproducible5,6,8,9,18–27. Likewise, THAR for samples 1 and 2 falls to a
single curve after scaling, indicating the good reproducibility of our
data. The observed THAR is several times smaller than the smallest
values previously reported22, demonstrating the extremely high pre-
cision of our setup. The temperature-dependent thermal Hall con-
ductivity, κxy, at 9 T is plotted in Fig. 2b, with the same scaling factor
for sample 2. At high temperatures, κxy values for the two samples fall
to a single curve. On the other hand, we see a slight deviation at
temperatures below TN. Note that κxy is still finite above TN. Finally, we
note that the magnitude of κxy increases linearly with the applied
magnetic field (in analogy to electrical Hall effects) over the entire
measured temperature range (Fig. 2c).
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Fig. 1 | Lattice structure, magnetization data of YMnO3, and schematic of the
thermal transport measurement setup. a Schematic figure of the trimerized
triangular lattice with a 120°magnetic structure. The three sites connected by thick
orange lines consist of a unit cell. The magnetic field is applied along the z-direc-
tion. The red, blue, and green spheres represent sublattices A, B, and C. The
exchange interactions Jij are J1 and J2 on the orange-solid and gray-dotted edges,
respectively. The right side of the figure represents the enlarged picture of each

trianglewhich canpossess either positive or negative scalar spin chirality defined as
Si $ ðSj ×Sk Þ by the spin sites i, j, and k in a counterclockwise way. b Measured
magnetization (M) data of YMnO3 single crystal sample as a function of the tem-
perature. The magnetic field (H = 2000Oe) was applied along the c-axis of the
sample. A sharp peak at 72K indicates an antiferromagnetic transition. The inset
shows H=M data with the black curves of the Curie–Weiss fitting results.
c Schematic of the thermal Hall measurement setup.
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The above observations imply that this newly measured THE
cannot be solely explained by the magnon Hall effect (MHE) as it is
found to still exist in the supposedly paramagnetic phase. As noted
previously, theoretical publications have predicted the existence of
the MHE in this material in the ordered phase below TN

16. However,
above TN, the magnon is not well defined and thus κxy should vanish
according to the MHE scenario. Indeed, the MHE diminishes sharply
above the magnetic ordering temperature, as demonstrated by ther-
mal Hall measurements in Lu2V2O7

4. Furthermore, our longitudinal
MTC data rule out a finite κxy above TN induced by still-surviving weak
magnons.BelowTN,we see adecreaseof κxx , whilst right aboveTN, the
size of theMTC is hugely suppressed (~0.1%), indicating the sharpnear-
absence of any magnon contribution.

Given thematerial’s strong spin–lattice coupling, the phononHall
effect would be a natural guess for themechanism responsible for THE
above TN. Notably, the thermal Hall angle ratio exhibits a maximal
value at TN, where spin fluctuations are most robust and decrease in
magnitude at temperatures away from TN (Fig. 2a). From the obser-
vation, one might naively expect the observed THE to be due to pho-
nons, assisted by the strong spin fluctuations.

For YMnO3, the correlation length of spin fluctuations (ξspin) is
4–10 times larger than the wavelength of the phonons (λphonon) in the
temperature range measured (at 100K, λphonon ~ 2–5 Å, ξspin ~ 38Å)14. It
is reasonable to expect the scattering potential of spin fluctuations to
be momentum-dependent too. Strong spatial correlations within the

spin fluctuations might also introduce further scattering between
them and phonons. Presumably, the combined effect of convoluted
momentum-dependent scattering and strong spin–lattice coupling
could lead to a finite κxy. However, we stress that the above reasoning
originating from the unusual behavior of the thermal Hall angle ratio
(THAR) ismisleading: κxx , whichhas a substantial localminimumatTN,
appears in the THAR’s denominator. Thus, within the wide variation of
the temperature dependence of κxy, the THAR will always have a local
maximumat this temperature. Further detailed analysis shows that the
skew-scattering scenario can be ruled out for the case of YMnO3 (see
Supplementary Note 2).

We analyzed theoretically the contribution to the thermal Hall
conductivity from the spin system,which is described by the following
Hamiltonian:

H =
X

i,jh i
JijSi ! Sj +Dij ! Si ×Sj

! "h i
"
X

i

h ! Si +
X

i

ST
i ΔSi, ð1Þ

where Jij is the exchange interaction, Dij is the Dzyalosinskii–Moriya
(DM) interaction. h is the external magnetic field, Δ is the single-ion
anisotropy matrix which satisfies ΔT =Δ (for more details, see the
“Methods” section). We have calculated the temperature dependence
of κxy for this spin Hamiltonian in terms of the stochastic
Landau–Lifshitz–Gilbert (LLG) equation combined with the Monte-
Carlo simulation (see Supplementary Note 6 for details). The ground
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Fig. 2 | Longitudinal thermal conductivity and thermal Hall conductivity.
a Measured temperature-dependent thermal Hall angle ratio, κxy=κxx , at 9 T (red
circle/diamond, right axis) and thermal conductivity κxx taken at 0 T (blue circles/
diamond, left axis). S1 and S2 indicate samples 1 and 2, respectively. THAR for
sample 2 was scaled as 0.45 for reasons explained in the text. Zero field thermal
conductivity data (κref ) from ref. 14. is also drawn as a black curve (left axis).
bMeasured temperature-dependent thermal Hall conductivity, κxy, at 9 T. c κxy=T
for different sample temperatures plotted against the applied magnetic field. The

data showgoodagreements to linear fits, shownasdashed lines (forb and c, κxy for
sample 2 was scaled as 0.45 likewise). d Temperature-dependent magnetothermal
conductivity at 9 T, Δκxx 9Tð Þ= κxx 9Tð Þ " κxx 0Tð Þ, with the thick line indicating the
antiferromagnetic transition temperature, TN. (inset) Normalizedmagnetothermal
conductivity, Δκxx Hð Þ= ½κxx Hð Þ " κxx 0Tð Þ&=κxx 0Tð Þ, for different temperatures.
The broken curve/lines are a guide for the eyes. All error bars are standard devia-
tions which were obtained by multiple measurements.
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The above observations imply that this newly measured THE
cannot be solely explained by the magnon Hall effect (MHE) as it is
found to still exist in the supposedly paramagnetic phase. As noted
previously, theoretical publications have predicted the existence of
the MHE in this material in the ordered phase below TN

16. However,
above TN, the magnon is not well defined and thus κxy should vanish
according to the MHE scenario. Indeed, the MHE diminishes sharply
above the magnetic ordering temperature, as demonstrated by ther-
mal Hall measurements in Lu2V2O7

4. Furthermore, our longitudinal
MTC data rule out a finite κxy above TN induced by still-surviving weak
magnons.BelowTN,we see adecreaseof κxx , whilst right aboveTN, the
size of theMTC is hugely suppressed (~0.1%), indicating the sharpnear-
absence of any magnon contribution.

Given thematerial’s strong spin–lattice coupling, the phononHall
effect would be a natural guess for themechanism responsible for THE
above TN. Notably, the thermal Hall angle ratio exhibits a maximal
value at TN, where spin fluctuations are most robust and decrease in
magnitude at temperatures away from TN (Fig. 2a). From the obser-
vation, one might naively expect the observed THE to be due to pho-
nons, assisted by the strong spin fluctuations.

For YMnO3, the correlation length of spin fluctuations (ξspin) is
4–10 times larger than the wavelength of the phonons (λphonon) in the
temperature range measured (at 100K, λphonon ~ 2–5 Å, ξspin ~ 38Å)14. It
is reasonable to expect the scattering potential of spin fluctuations to
be momentum-dependent too. Strong spatial correlations within the

spin fluctuations might also introduce further scattering between
them and phonons. Presumably, the combined effect of convoluted
momentum-dependent scattering and strong spin–lattice coupling
could lead to a finite κxy. However, we stress that the above reasoning
originating from the unusual behavior of the thermal Hall angle ratio
(THAR) ismisleading: κxx , whichhas a substantial localminimumatTN,
appears in the THAR’s denominator. Thus, within the wide variation of
the temperature dependence of κxy, the THAR will always have a local
maximumat this temperature. Further detailed analysis shows that the
skew-scattering scenario can be ruled out for the case of YMnO3 (see
Supplementary Note 2).

We analyzed theoretically the contribution to the thermal Hall
conductivity from the spin system,which is described by the following
Hamiltonian:

H =
X

i,jh i
JijSi ! Sj +Dij ! Si ×Sj
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X

i

ST
i ΔSi, ð1Þ

where Jij is the exchange interaction, Dij is the Dzyalosinskii–Moriya
(DM) interaction. h is the external magnetic field, Δ is the single-ion
anisotropy matrix which satisfies ΔT =Δ (for more details, see the
“Methods” section). We have calculated the temperature dependence
of κxy for this spin Hamiltonian in terms of the stochastic
Landau–Lifshitz–Gilbert (LLG) equation combined with the Monte-
Carlo simulation (see Supplementary Note 6 for details). The ground
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Fig. 2 | Longitudinal thermal conductivity and thermal Hall conductivity.
a Measured temperature-dependent thermal Hall angle ratio, κxy=κxx , at 9 T (red
circle/diamond, right axis) and thermal conductivity κxx taken at 0 T (blue circles/
diamond, left axis). S1 and S2 indicate samples 1 and 2, respectively. THAR for
sample 2 was scaled as 0.45 for reasons explained in the text. Zero field thermal
conductivity data (κref ) from ref. 14. is also drawn as a black curve (left axis).
bMeasured temperature-dependent thermal Hall conductivity, κxy, at 9 T. c κxy=T
for different sample temperatures plotted against the applied magnetic field. The

data showgoodagreements to linear fits, shownasdashed lines (forb and c, κxy for
sample 2 was scaled as 0.45 likewise). d Temperature-dependent magnetothermal
conductivity at 9 T, Δκxx 9Tð Þ= κxx 9Tð Þ " κxx 0Tð Þ, with the thick line indicating the
antiferromagnetic transition temperature, TN. (inset) Normalizedmagnetothermal
conductivity, Δκxx Hð Þ= ½κxx Hð Þ " κxx 0Tð Þ&=κxx 0Tð Þ, for different temperatures.
The broken curve/lines are a guide for the eyes. All error bars are standard devia-
tions which were obtained by multiple measurements.
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trimerization

state is the 120° structure with a uniform z-component under the
external magnetic field. The transition temperature is estimated from
the peak of the specific heat as TN ffi 2J1. As for the thermal Hall
conductivity, there are two contributions as κxy = κ

Kubo
xy + κEM

xy , where

κKubo
xy =

1
kBT

2

Z 1

0
dt JE, x tð Þ; JE,y 0ð Þ
D E

, ð2Þ

and

κEM
xy =

2ME,z

VT
, ð3Þ

the latter of which can be obtained from28

$∂T
ME

T2

 !

=
μE

T3 , μ
E: =

1
2iT

∇q × H$q; J
E
q

D E

eq

!!!!
q!0

: ð4Þ

Here JE,x (JE,y) is the energy current density along x (y) direction,
and the energymagnetizationME is given by the Fourier component of
the Hamiltonian H$q and that of JE. (The details of these formulas are
given in Supplementary Note 5) As shown in Fig. 3a and b, we have
estimated numerically μE,ME and κEM

xy by Monte Carlo simulation. The
high-temperature expansion for hH$q; J

E
qieq is employed to obtain the

asymptotic formandperformed the integrationwith respect to T from
T =1 to T = 3J1 where the numerical data agrees with the asymptotic
form, as shown in Fig. 3b. Figure 3d shows the obtained result for the
numerically obtained κxy (blue squares) together with the experi-
mental data for two samples. At T>2J1, hJ

E,x tð Þ; JE,y 0ð Þi becomes very
small and buries in the thermal noise, indicating κxy is invisible on this
scale. Below J1, the obtained κxy depends strongly on the number of
damped oscillators for the fitting, and we could not obtain the
convergence.

The quantum effect should also be relevant at lower tempera-
tures; hence, we did not present the numerical data in that tempera-
ture region. However, it is true that κxy should go to 0 as the
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Fig. 3 | The theoretical calculation of the thermal Hall conductivity.
a ImhH$q; J

E
qi appearing in Eq. (4). One can see the vortex-like structure in the

momentum space. The color bar is given in an arbitrary unit. b The temperature
dependence of the z-component of μE defined in Eq. (4). The triangular dotted
curve shows the high-temperature expansion result, and the blue and red points
show the numerically obtained results with different momentum cut-offs. c The

energy current correlation function eCxy tð Þ= ðCxy tð Þ $ Cyx tð ÞÞ=2 with
Cμν tð Þ= hJE,μ tð ÞJE,ν tð Þi calculated by the stochastic LLG equation. The fitting by the
superposition of the damped oscillators is also shown. d The obtained result of the
thermal Hall conductivity as a function of temperature (solid blue squares) toge-
ther with the experimental values for two samples. S1 and S2 indicate sample 1 and
sample 2, respectively. All error bars are standard deviation from our calculations.
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Field or no field ?

VOLUME 61, NUMBER 18 PHYSICAL REVIEW LETTERS 31 OCTOBER 1988

Model for a Quantum Hall Eff'ect without Landau Levels:
Condensed-Matter Realization of the "Parity Anomaly"
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A two-dimensional condensed-matter lattice model is presented which exhibits a nonzero quantization
of the Hall conductance a" in the absence of an external magnetic field. Massless fermions without
spectral doubling occur at critical values of the model parameters, and exhibit the so-called "parity
anomaly" of (2+1)-dimensional field theories.

PACS numbers: 05.30.Fk, 11.30.Rd

The quantum Hall effect' (QHE) in two-dimensional
(2D) electron systems is usually associated with the pres-
ence of a uniform externally generated magnetic field,
which splits the spectrum of electron energy levels into
Landau levels. In this Letter I show how, in principle, a
QHE may also result from breaking of time-reversal
symmetry (i.e., magnetic ordering) without any net mag-
netic fiux through the unit cell of a periodic 2D system.
In this case, the electron states retain their usual Bloch
state character.
The model presented here is also interesting in that if

its parameters are on a critical line at which its ground
state changes from the normal semiconductor state to
this new type of QHE state, its low-energy states simu-
late a "(2+1)-dimensional" relativistic quantum field
theory exhibiting the so-called "parity anomaly" and a
(2+1)-D analog of "chiral" fermions without the
opposite-chirality anomaly-canceling partners that usu-
ally accompany them in lattice realizations of field
theories ("fermion doubling" ).
In the zero-temperature limit, the transverse conduc-

tivity o "3' of a periodic 2D electron system with a gap in
the single-particle density of states at the Fermi level
takes quantized values ve /h, where v is generally ra-
tional, but can only take i nteger values in the absence of
electron interactions. This property of a pure system is
stable against sufficiently weak disorder effects. Since
a" is odd under time reversal, a nonzero value can only
occur if time-reversal invariance is broken.
In the usual QHE, the gap at the Fermi level results

from the splitting of the spectrum into Landau levels by
an external magnetic field. The scenario considered here
is different, and involves a 2D semimetal where there is a
degeneracy at isolated points in the Brillouin zone be-
tween the top of the valence band and the bottom of the
conduction band, that is associated with the presence of
both inversion symmetry and time-reversal invariance.
If inversion symmetry is broken, a gap opens and the sys-
tem becomes a normal semiconductor (v=0), but if the
gap opens because time-reversal invariance is broken the
system becomes a v=+ 1 integer QHE state. If both
perturbations are present, their relative strengths deter-

,bg qb, ~,

FIG. 1. The honeycomb-net model ("2D graphite") showing
nearest-neighbor bonds (solid lines) and second-neighbor bonds
(dashed lines). Open and solid points, respectively, mark the A
and 8 sublattice sites. The Wigner-Seitz unit cell is con-
veniently centered on the point of sixfold rotation symmetry
(marked "+")and is then bounded by the hexagon of nearest-
neighbor bonds. Arrows on second-neighbor bonds mark the
directions of positive phase hopping in the state with broken
time-reversal invariance.

mine which type of state is realized.
To model a 2D semimetal, I use the "2D graphite"

model investigated previously by Semenoff as a possible
lattice realization of a (2+I)-D field theory with the
anomaly. 2D graphite has the honeycomb net structure,
consisting of two interpenetrating triangular lattices
("A" and "8"sublattices) with one lattice point of each
type per unit cell (Fig. 1). A 2D inversion (i.e., a rota-
tion in the plane by tr) interchanges the two sublattices.
Since spin-orbit coupling effects will not be included, the
electron spin will (for the moment) be suppressed.
Semenoff investigated the tight-binding model with

one orbital per site and a real hopping matrix element t ~

between nearest neighbors on different sublattices, and
also considered the effect of an inversion-symmetry-
breaking on-site energy +M on /I sites and —M on 8
sites. The model has point group Cs„(M=O) or C3„
(MAO). In this original version of the model, time-
reversal invariance is present, and Semenoff found com-
plete cancellation of the anomaly in the M =0 model due
to fermion doubling, and normal semiconductor behavior
for MAO.
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We can do without field (cf anomalous Hall effect)!

• the hopping amplitudes acquire a finite phase

• phase around the plaquette = 𝛷/𝛷0


• the complex hopping will lead to Berry curvature and Chern numbers

• Berry curvature is the manifestation of the Lorentz force

electrons in magnetic fields:

tei'
<latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit>

te2i'
<latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>

te2i'
<latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit><latexit sha1_base64="AbfIYGhVLC0a32bBCBZRl2DIe9c=">AAAB7nicbVDLSgMxFL3js9ZHR126CRbBVZkpgl0W3LisYB/Q1pJJM21oZiYkdwpl6G+4EXGj4Kf4C/6NaTubth4IHM454d5zAyWFQc/7dXZ29/YPDgtHxeOT07OSe37RMkmqGW+yRCa6E1DDpYh5EwVK3lGa0yiQvB1MHhZ+e8q1EUn8jDPF+xEdxSIUjKKVBm4JCX/JqqI3pVqNxXzglr2KtwTZJn5OypCjMXB/esOEpRGPkUlqTNf3FPYzqlEwyefFXmq4omxCRzxbrjsnN1YakjDR9sVIlupajkbGzKLAJiOKY7PpLcT/vG6KYa2fiVilyGO2GhSmkmBCFt3JUGjOUM4soUwLuyFhY6opQ3uhoq3ubxbdJq1qxfcq/tNduV7Lj1CAK7iGW/DhHurwCA1oAoMU3uATvhzlvDrvzscquuPkfy5hDc73H14MjrI=</latexit>

tei'
<latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit><latexit sha1_base64="X0eYDNtS18AiPgmrCpNd4dD0JpE=">AAAB63icbVDJSgNBFHwTtxi3qEcvjUHwFGZEMMeAF48RzALZ6Om8SZr0LHS/CYQhX+FFxIuC/+Iv+Dd2lksSCxqKqmreq+cnShpy3V8nt7O7t3+QPywcHZ+cnhXPLxomTrXAuohVrFs+N6hkhHWSpLCVaOShr7Dpjx/nfnOC2sg4eqFpgt2QDyMZSMHJSj1i2MtkZ8J1MpKzfrHklt0F2DbxVqQEK9T6xZ/OIBZpiBEJxY1pe25C3YxrkkLhrNBJDSZcjPkQs8WuM3ZjpQELYm1fRGyhruV4aMw09G0y5DQym95c/M9rpxRUupmMkpQwEstBQaoYxWxenA2kRkFqagkXWtoNmRhxzQXZ8xRsdW+z6DZp3JU9t+w935eqldUR8nAF13ALHjxAFZ6gBnUQoOENPuHLCZ1X5935WEZzzurPJazB+f4DdSKORQ==</latexit>

t
<latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit><latexit sha1_base64="ILI8xH7zHPwFjSYRaaZJsFTnghk=">AAAB3nicbVBNS0JBFL3Pvsy+rJZthiRoJe9FoEuhTUuF/AAVmzfep4PzPpi5LxBx2yaiTUE/qb/Qv2nUt1E7MHA45wz3nusnShpy3V8nt7O7t3+QPywcHZ+cnhXPL1omTrXApohVrDs+N6hkhE2SpLCTaOShr7DtTx4WfvsFtZFx9ETTBPshH0UykIKTlRo0KJbcsrsE2yZeRkqQoT4o/vSGsUhDjEgobkzXcxPqz7gmKRTOC73UYMLFhI9wtlxvzm6sNGRBrO2LiC3VtRwPjZmGvk2GnMZm01uI/3ndlIJqfyajJCWMxGpQkCpGMVt0ZUOpUZCaWsKFlnZDJsZcc0H2IgVb3dssuk1ad2XPLXuN+1Ktmh0hD1dwDbfgQQVq8Ah1aIIAhDf4hC/n2Xl13p2PVTTnZH8uYQ3O9x/SWoiZ</latexit>
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Model for a Quantum Hall Eff'ect without Landau Levels:
Condensed-Matter Realization of the "Parity Anomaly"
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A two-dimensional condensed-matter lattice model is presented which exhibits a nonzero quantization
of the Hall conductance a" in the absence of an external magnetic field. Massless fermions without
spectral doubling occur at critical values of the model parameters, and exhibit the so-called "parity
anomaly" of (2+1)-dimensional field theories.

PACS numbers: 05.30.Fk, 11.30.Rd

The quantum Hall effect' (QHE) in two-dimensional
(2D) electron systems is usually associated with the pres-
ence of a uniform externally generated magnetic field,
which splits the spectrum of electron energy levels into
Landau levels. In this Letter I show how, in principle, a
QHE may also result from breaking of time-reversal
symmetry (i.e., magnetic ordering) without any net mag-
netic fiux through the unit cell of a periodic 2D system.
In this case, the electron states retain their usual Bloch
state character.
The model presented here is also interesting in that if

its parameters are on a critical line at which its ground
state changes from the normal semiconductor state to
this new type of QHE state, its low-energy states simu-
late a "(2+1)-dimensional" relativistic quantum field
theory exhibiting the so-called "parity anomaly" and a
(2+1)-D analog of "chiral" fermions without the
opposite-chirality anomaly-canceling partners that usu-
ally accompany them in lattice realizations of field
theories ("fermion doubling" ).
In the zero-temperature limit, the transverse conduc-

tivity o "3' of a periodic 2D electron system with a gap in
the single-particle density of states at the Fermi level
takes quantized values ve /h, where v is generally ra-
tional, but can only take i nteger values in the absence of
electron interactions. This property of a pure system is
stable against sufficiently weak disorder effects. Since
a" is odd under time reversal, a nonzero value can only
occur if time-reversal invariance is broken.
In the usual QHE, the gap at the Fermi level results

from the splitting of the spectrum into Landau levels by
an external magnetic field. The scenario considered here
is different, and involves a 2D semimetal where there is a
degeneracy at isolated points in the Brillouin zone be-
tween the top of the valence band and the bottom of the
conduction band, that is associated with the presence of
both inversion symmetry and time-reversal invariance.
If inversion symmetry is broken, a gap opens and the sys-
tem becomes a normal semiconductor (v=0), but if the
gap opens because time-reversal invariance is broken the
system becomes a v=+ 1 integer QHE state. If both
perturbations are present, their relative strengths deter-

,bg qb, ~,

FIG. 1. The honeycomb-net model ("2D graphite") showing
nearest-neighbor bonds (solid lines) and second-neighbor bonds
(dashed lines). Open and solid points, respectively, mark the A
and 8 sublattice sites. The Wigner-Seitz unit cell is con-
veniently centered on the point of sixfold rotation symmetry
(marked "+")and is then bounded by the hexagon of nearest-
neighbor bonds. Arrows on second-neighbor bonds mark the
directions of positive phase hopping in the state with broken
time-reversal invariance.

mine which type of state is realized.
To model a 2D semimetal, I use the "2D graphite"

model investigated previously by Semenoff as a possible
lattice realization of a (2+I)-D field theory with the
anomaly. 2D graphite has the honeycomb net structure,
consisting of two interpenetrating triangular lattices
("A" and "8"sublattices) with one lattice point of each
type per unit cell (Fig. 1). A 2D inversion (i.e., a rota-
tion in the plane by tr) interchanges the two sublattices.
Since spin-orbit coupling effects will not be included, the
electron spin will (for the moment) be suppressed.
Semenoff investigated the tight-binding model with

one orbital per site and a real hopping matrix element t ~

between nearest neighbors on different sublattices, and
also considered the effect of an inversion-symmetry-
breaking on-site energy +M on /I sites and —M on 8
sites. The model has point group Cs„(M=O) or C3„
(MAO). In this original version of the model, time-
reversal invariance is present, and Semenoff found com-
plete cancellation of the anomaly in the M =0 model due
to fermion doubling, and normal semiconductor behavior
for MAO.
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while for Bp&0, relativistic Landau levels are obtained
as follows:

e,„~= ~ [(rn,c ) +nb ~ eBp ~
c ] ' (n ~ I ),

e p =am, c sgn(eBp) .

(4a)

(4b)

Every n ~ 1 level that evolves out of the upper band as
Bp is turned on is balanced by a level that evolves from
the lower band. However, the n =0 "zero-mode" energy
is not symmetric under Bp —Bp. It evolves from the
upper band if am, eBp is positive, and from the lower
band if it is negative.
In the time-reversal symmetric case t2sin&=0, the two

masses m+ and m — are equal, and the sum of the
Landau-level spectra derived from the two distinct zone
corners is particle-hole symmetric, and invariant under
Bp Bp. In this case, a" 0 by time-reversal invari-
ance. As the Hainiltonian is changed, tr"i' remains in-
variant, provided the Fermi level remains in a gap.
When Bp 0, models where the Fermi level is in the gap
and rn ~ and m —have the same sign can evolve continu-
ously from the time-reversal invariant case, and hence
have 0'~ 0.
To calculate tr"r for models where rn~ and trt have

opposite signs, I continuously turn on the external field,
then vary m+ and m until they become equal, at the
same time varying the Fermi level so at all times it lies in
a gap. Comparison of the occupation numbers of the
Landau levels obtained this way with those obtained by
continuously applying the field to the time-reversal in-
variant system shows that they differ by the complete
filling of one Landau level. Thus at T=O and with a
fixed chemical potential, the application of a weak exter-
nal magnetic field to a system where m~ and m have
opposite signs induces an extra fteld dependent g-round-
state charge density Atr ~ e Bp/h relative to the field-
independent charge density when these parameters have

f2

FIG. 2. Phase diagram of the spinless electron model with
~
tzlt~ ~

& —,'. Zero-field quantum Hall effect phases (v=+' l,
where o' =ve /h) occur if (Mlt2( &343(sing~. This figure
assumes that i2 is positive; if it is negative, v changes sign. At
the phase boundaries separating the anomalous and normal
(v=0) semiconductor phases, the low-energy excitations of the
model simulate undoubled massless chiral relativistic fermions.

the same sign. This allows 0." in the limit Bp=0 to be
evaluated as ve /h, where v= 2 [sgn(m —)—sgn(m+)l=+ 1 or 0. The phase diagram of v for the spinless
electron model as a function of M/t2 and p is shown in
Fig. 2.
I note that when the model has neither an inversion

center nor time-reversal invariance (i.e., when both M
and t2sinp are nonzero), so ~m~ ~

e ~m —~, the spec-
trum is no longer invariant under k —k, and the
fermion-doubling principle is defeated. In particular,
along the critical lines in the phase diagram where one of
rrt+ or rrt vanishes, the model has a low-lying massless
spectrum simulating nondegener ate relativistic chiral
fermions.
When m, 0, the fermion field theory derived from

the expansion (2) about the Fermi point with vanishing
gap has a charge-conjugation symmetry (particle-hole
symmetry) which is not present in the lattice model with
t2&0 from which it is derived. In the continuum field
theory, there is no lower bound to the Dirac sea of filled
electron states, and the establishment of absolute as op-
posed to relative values of cr"~ is ambiguous. Jackiw in-
vokes the charge-conjugation symmetry of (2) with
m =0 to assign the value o" =0 in the case of a
particle-hole symmetric Fermi level, where the "zero-
mode" Landau level (4b) is half filled. This would imply
a quantum Hall effect with v= 2 a if the zero mode is
filled, and v =——,

' a if it is empty. This suggests
"charge fractionalization, " and violates the principle
that a noninteracting electron system can only exhibit an
integral QHE. The model studied here shows how the
high-energy cutoff structure of a model with undoubled
fermions described by the relativistic Hamiltonian (2) at
low energies must break the charge-conjugation symme-
try, and give an extra contribution of +' —,

' to v, restor-
ing an integral QHE. Thus even if the low-energy spec-
trum consists of undoubled chiral fermions, their
partners must be present at high energies to restore a
properly integral QHE.
When electron spin is included without any other

change, there is an equal contribution from both spin
components, and 0 "r is doubled. However, a periodic lo-
cal magnetic field with the full symmetry of the lattice
will also couple to electrons with a Zeeman term 0'
=y&S', where S' is the azimuthal electron spin. This
term will relatively displace the up-spin and down-spin
bands by an energy ) hp, and if this exceeds the gap at
the Fermi level, the system will become a partially spin-
polarized metal. If —,

'
~ y ~

ii exceeds 3J3
~ t2 ~, the QHE

phases are completely eliminated, but if it is smaller,
they survive for small enough M and t2sinp. (The direct
transition from the normal to the anomalous semicon-
ductor phase as M is varied is then replaced by an inter-
mediate spin-polarized metallic phase. ) For the realiza-
tion of the internal field proposed earlier, yh (in units of
the rydberg) is given by C'g/a, where C' is another
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The model with finite internal fluxes 
which sum up to 0 for a hexagon

Phase diagram
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I now include a second real hopping term tz between
second-neighbor sites (i.e., between nearest-neighbor
sites on the same sublattice). This does not change the
space group, though it does eliminate a particle-hole
symmetry of the energy bands of the original model. To
break time-reversal invariance, I also add a periodic lo-
cal magnetic-flux density B(r) in the z direction normal
to the 2D plane, with the full symmetry of the lattice,
and with zero total flux through the unit cell.
Since the net flux per unit cell vanishes, the vector po-

tential A(r) can be chosen to be periodic. The effect of
this local field is to multiply the matrix element for hop-
ping between sites by the unimodular phase factor
exp[i(e/l'i) fA dr] where the integral is along the hop-
ping path, which I take to be rectilinear. The phases can
be chosen with any consistent convention such that the
total phase accumulated around a closed path adds up to
the flux enclosed in units of the flux quantum 40

Since closed paths of first-neighbor hops enclose com-
plete unit cells (and hence no net flux) the t ~ matrix ele-
ments are unaff'ected. The t2 matrix elements acquire a
phase &=2rr(2@, +Nb)/@o, where @, and @b are the
fluxes through the regions of the unit cell marked a and
b in Fig. 1. The hopping directions for which the ampli-

tudes are tzexp(+i&) are shown in Fig. 1: It can be
seen that the Hamiltonian has acquired a chirality if the
local field is present.
It is useful to consider a possible model for the origin

of such an internal magnetic field. Magnetic dipole mo-
ments p, ordered ferromagnetically normal to the plane,
are placed at the center of each hexagonal cell of the
honeycomb net, and B(r) is the sum of their dipole
fields. Note that ferromagnetic ordering in 2D does not
generate a uniform component of the magnetic-flux den-
sity. The absolute value of p is Ca p/a, where a is the
fine-structure constant, p is the dipole moment in Bohr
magneton units, a is the lattice spacing Bohr radii, and C
is a dimensionless constant (of order unity) which de-
pends on the lattice structure. If p and a are of order
unity in their natural units, the phase p in this model will
be a small quantity controlled by the fine-structure con-
stant.
To diagonalize the Hamiltonian, I use a basis of two-

component "spinors" (y~, y~) of Bloch states con-
structed on the two sublattices. Let al, a2, a3 be the dis-
placements from a B site to its three nearest-neighbor A
sites, defined so that i a~xa2 is positive. I also define
b~ a2 —a3, b2 a3 —al, etc. ; the set of displacements to
the six nearest neighbors on the same sublattice is
[+b;}. In this representation, the Hamiltonian becomes

r

H(k) =2tzcosy g;cos(k b;) I+i~ g; [cos(k a;)a'+sin(k a;)o ] + M—2t2sinp g;sin(k b;) a
where cr' are Pauli matrices. The Brillouin zone is a
hexagon rotated 90' with respect to the Wigner-Seitz
unit cell: At its six corners (k al, k a2, k a3) is a per-
mutation of (0,2rr/3, —2rr/3). The two distinct corners
k, are defined so that k, b; = (2rr/3) a, a = ~ 1.
The energy bands are easily obtained. There are two

bands which only touch if all three Pauli matrix terms in
(1) have vanishing coefficients. This can only occur at
zone corners k„and then only if M =3J3at2sinp. I will
assume )tz/t~ ~

( —,', which guarantees that the two
bands never overlap, and are separated by a finite gap
unless they touch.
If both M and t2sinp vanish, the bands touch at both

zone corners, where the group of the wave vector has
the unitary subgroup C3,„which contains a reflection
that interchanges the A and 8 sublattices. Apart from
the zone center, these are the only points in the Brillouin
zone where this group has irreducible representations
with dimensions greater than unity, and the degenerate
states at these points belong to the two-dimensional rep-
resentation. The touching of the bands at t~o distinct
points in the Brillouin zone is a manifestation of fermion
doubling. ' The degeneracy of the bands at these points
is lifted either by nonzero M or nonzero t2sinp, either of
which reduce the unitary subgroup to C3, which has only
one-dimensional irreducible representations.
When the Fermi level lies in a gap between two bands,

a ~ is quantized at T =0, and its value can be obtained

2016

through the thermodynamic relation cr" =err/BBo
~ „,T

evaluated at BO=O, where o is the 2D electric-charge
density, and Bo is the flux density of a uniform external
magnetic field in the z direction. To calculate the in-
duced charge density rr to a weak external magnetic
field, it is convenient to expand the Hamiltonian in the
neighborhood of the band extrema at the zone corners k,
to linear order in 8k=k —k, , and make the Landau-
Peierls substitution 68k II, where II=(II",IP) is the
dynamical momentum with components satisfying the
commutation relation [II",IIr] =ih, eBO.
For weak Bo, coupling between the two distinct zone

corners can be neglected, and two independent effective
Hamiltonians H, are obtained, where

H, =c(II'o —11 o')+m, czcr .

Here c= —', t~ ~a; ~/6 and m, c =M—343at2sinp; II,'
and H are Hermitian operators with the commutation
relation [II,', II,] =iaeBoh, defined by

(3)
After second-quantization, (2) is precisely the Hamil-
tonian of a free-fermion-field theory studied by Jackiw
as an (2+1)-D analog of the Dirac Hamiltonian.
The spectrum of (2) is relativistic; for 80 =0,
e, t(k) = +' [(h ck ) + (m, c )-] '

The H(k) is a 2×2 matrix (fermions on the filled and empty circles):
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Model for a Quantum Hall Eff'ect without Landau Levels:
Condensed-Matter Realization of the "Parity Anomaly"

F. D. M. Haldane
Department ofPhysics, University of California, San Diego, La Jolla, California 92093

(Received 16 September 1987)

A two-dimensional condensed-matter lattice model is presented which exhibits a nonzero quantization
of the Hall conductance a" in the absence of an external magnetic field. Massless fermions without
spectral doubling occur at critical values of the model parameters, and exhibit the so-called "parity
anomaly" of (2+1)-dimensional field theories.

PACS numbers: 05.30.Fk, 11.30.Rd

The quantum Hall effect' (QHE) in two-dimensional
(2D) electron systems is usually associated with the pres-
ence of a uniform externally generated magnetic field,
which splits the spectrum of electron energy levels into
Landau levels. In this Letter I show how, in principle, a
QHE may also result from breaking of time-reversal
symmetry (i.e., magnetic ordering) without any net mag-
netic fiux through the unit cell of a periodic 2D system.
In this case, the electron states retain their usual Bloch
state character.
The model presented here is also interesting in that if

its parameters are on a critical line at which its ground
state changes from the normal semiconductor state to
this new type of QHE state, its low-energy states simu-
late a "(2+1)-dimensional" relativistic quantum field
theory exhibiting the so-called "parity anomaly" and a
(2+1)-D analog of "chiral" fermions without the
opposite-chirality anomaly-canceling partners that usu-
ally accompany them in lattice realizations of field
theories ("fermion doubling" ).
In the zero-temperature limit, the transverse conduc-

tivity o "3' of a periodic 2D electron system with a gap in
the single-particle density of states at the Fermi level
takes quantized values ve /h, where v is generally ra-
tional, but can only take i nteger values in the absence of
electron interactions. This property of a pure system is
stable against sufficiently weak disorder effects. Since
a" is odd under time reversal, a nonzero value can only
occur if time-reversal invariance is broken.
In the usual QHE, the gap at the Fermi level results

from the splitting of the spectrum into Landau levels by
an external magnetic field. The scenario considered here
is different, and involves a 2D semimetal where there is a
degeneracy at isolated points in the Brillouin zone be-
tween the top of the valence band and the bottom of the
conduction band, that is associated with the presence of
both inversion symmetry and time-reversal invariance.
If inversion symmetry is broken, a gap opens and the sys-
tem becomes a normal semiconductor (v=0), but if the
gap opens because time-reversal invariance is broken the
system becomes a v=+ 1 integer QHE state. If both
perturbations are present, their relative strengths deter-

,bg qb, ~,

FIG. 1. The honeycomb-net model ("2D graphite") showing
nearest-neighbor bonds (solid lines) and second-neighbor bonds
(dashed lines). Open and solid points, respectively, mark the A
and 8 sublattice sites. The Wigner-Seitz unit cell is con-
veniently centered on the point of sixfold rotation symmetry
(marked "+")and is then bounded by the hexagon of nearest-
neighbor bonds. Arrows on second-neighbor bonds mark the
directions of positive phase hopping in the state with broken
time-reversal invariance.

mine which type of state is realized.
To model a 2D semimetal, I use the "2D graphite"

model investigated previously by Semenoff as a possible
lattice realization of a (2+I)-D field theory with the
anomaly. 2D graphite has the honeycomb net structure,
consisting of two interpenetrating triangular lattices
("A" and "8"sublattices) with one lattice point of each
type per unit cell (Fig. 1). A 2D inversion (i.e., a rota-
tion in the plane by tr) interchanges the two sublattices.
Since spin-orbit coupling effects will not be included, the
electron spin will (for the moment) be suppressed.
Semenoff investigated the tight-binding model with

one orbital per site and a real hopping matrix element t ~

between nearest neighbors on different sublattices, and
also considered the effect of an inversion-symmetry-
breaking on-site energy +M on /I sites and —M on 8
sites. The model has point group Cs„(M=O) or C3„
(MAO). In this original version of the model, time-
reversal invariance is present, and Semenoff found com-
plete cancellation of the anomaly in the M =0 model due
to fermion doubling, and normal semiconductor behavior
for MAO.
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How about Bravais lattices?

Itinerant Electron-Driven Chiral Magnetic Ordering and Spontaneous Quantum Hall Effect
in Triangular Lattice Models
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We study the Kondo Lattice and the Hubbard models on a triangular lattice. We find that at the mean-

field level, these rotationally invariant models naturally support a noncoplanar chiral magnetic ordering. It

appears as a weak-coupling instability at the band filling factor 3=4 due to the perfect nesting of the

itinerant electron Fermi surface. This ordering is a triangular-lattice counterpart of the collinear Neel

ordering that occurs on the half-filled square lattice. While the long-range magnetic ordering is destroyed

by thermal fluctuations, the chirality can persist up to a finite temperature, causing a spontaneous quantum

Hall effect in the absence of any externally applied magnetic field.
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Interactions commonly lead to magnetism. For instance,
the ground state of the half-filled Hubbard model becomes
antiferromagnetic (AFM) for a finite on-site Coulomb
interaction U. The AFM phase is collinear on bipartite
lattices and exists for any finite U=t (t being the nearest-
neighbor hopping) in the cases of square and cubic lattices
due to nesting properties of the Fermi surface (FS). The
situation is less clear when competing interactions or lat-
tice topology lead to frustration and more complex mag-
netic orderings. For instance, a 120" three-sublattice
(noncollinear) structure is stabilized on the half-filled tri-
angular lattice for large enough U=t and a spin liquid
ground state has been proposed for the kagome lattice.
The noncoplanar spin orderings have proven to be particu-
larly elusive. Besides being the next level in magnetic
ordering complexity, the noncoplanar states have unusual
transport [1] and magnetoelectric [2] properties resulting
from their chiral structure. Consequently, it is important to
find simple and realistic models in which such states could
emerge and remain stable over a range of Hamiltonian
parameters.

A triangular plaquette is a basic building block for
lattices with built-in geometrical frustration. Assume that
on every site i there is an ordered magnetic moment Si. If
the moments on the plaquette are noncoplanar, the result-
ing scalar spin chirality, hSi # Sj $ Ski ! 0, breaks both the
time-reversal and the parity symmetries. Notably, the sca-
lar spin chirality can exist even without having statically
ordered magnetic moments (hSii ¼ 0) [3]. When conduc-
tion electrons propagate through such a spin texture, they
may exhibit spontaneous Hall effect in the absence of any
externally applied magnetic field [4]. Moreover, if the spin
ordering opens a full gap in the charge excitation spectrum,
a spontaneous quantum Hall insulator can form [1]. This
exotic phenomenon has the following origin: Because of
the exchange interaction, the underlying local moment
texture aligns the spins of the conduction electrons induc-
ing a Berry phase in the electron wavefunction, which is
indistinguishable from a ‘‘real’’ magnetic flux. Ohgushi

et al. [1], considered a model of 2D kagome ferromagnet
where spin orbit interaction tilts the local moments so as to
produce nonzero chirality. The spin configuration corre-
sponded to total zero fictitious flux through the unit cell,
while still creating nonzero quantized Hall conductivity at
filling 1=3. The authors were primarily concerned with the
double exchange model, which assumes two species of
electrons—the localized ones and the itinerant ones, but
also suggested that similar physics may occur in a single
band Hubbard-like model in the presence of spin-obit
interaction. Appearance of quantumHall effects in systems
with spontaneous bond ordering has recently been dis-
cussed in Raghu et al. [5].
In the present work we consider the Kondo lattice and

the Hubbard models on a triangular lattice. We demon-
strate that a noncoplanar magnetic ordering with uniform
scalar spin chirality is self-consistently generated at the
mean-field level. The magnetic ordering has the four-site
unit cell, with the local spin orientations corresponding to
the normals to the faces of a regular tetrahedron, see Fig. 1.
This structure has been earlier proposed to describe the
magnetic ordering in Mn monolayers on Cu(111) surfaces
[6] and the nuclear spin ground state of a two-dimensional
3He [7]. In the Kondo lattice and the Hubbard models, this
structure appears as a weak-coupling instability at 3=4
filling due to the nesting properties of the electronic
Fermi surface, in close analogy to the magnetic instability
of the half-filled square-lattice Hubbard model. The result-
ing insulating state at 3=4 filling exhibits spontaneous
quantum Hall effect.
Let us first consider the Kondo-Lattice Hamiltonian,

H ¼ !t
X

hiji
cyi!cj! ! J

X

i

Si # cyi!!!"ci"; (1)

which describes electrons hopping between the nearest-
neighbor sites of triangular lattice interacting via on-site
exchange coupling J with the localized moments Si. The
operator cyi! (cyi!) creates (destroys) an electron with spin!
on site i and !!" ¼ ð#x

!";#
y
!";#

z
!"Þ is a vector of the
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Kondo Lattice Hamiltonian

Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
becomes

H "
X

k#

'kc
y
k#ck# ( J

X

k%(&

S&c
y
k%#

&
%(ckþQ&(; (4)

where 'k " (2t
P3

i"1 cosk % ai and & " a, b, c. The mo-
mentum summation is over the quarter of the original
reciprocal unit cell. The Hamiltonian splits into two dis-
joint parts

H " cyI ĤcI þ cyIIĤcII; (5)

ba c

a

bc

FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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Ĥ !
!k JSa iJSb JSc

Sa !k"Qa
#JSc #iJSb

#iJSb #JSc !k"Qb
JSa

JSc iJSb JSa !k"Qc

0
BBB@

1
CCCA; (6)

where cyI ! $cyk"; cyk"Qa#; c
y
k"Qb#; c

y
k"Qc"Þ and cyII !

$cyk#; cyk"Qa";#cyk"Qb";#cyk"Qc#Þ. Therefore, the spectrum

is (at least) doubly degenerate. The physical reason for the
degeneracy is the same as for the degeneracy between
the spin-up and spin-down band in a mean-field treatment
of an antiferromagnet on a square lattice—the spin-up
and spin-down wave functions are related by a lattice
translation combined with a spin rotation. Indeed, from
Fig. 1(b), the local moment arrangement changes as (1 $
2, 3 $ 4) under translation by a1. From Fig. 1(a), a spin
rotation by angle " around x axis restores the initial state.
Therefore, the composition of both transformations leaves
Ĥ unchanged, while cII $ cI.

Figure 2 shows the band structure corresponding to H in
the reduced (quarter) reciprocal unit cell with the axes
chosen along Qa and Qb. For an arbitrary value of JS=t,
there are four pairs of degenerate bands. For large enough
JS=t, there is a gap between all pairs, and the dispersion is
well described by Eq. (2). The Hall conductivity can be
calculated directly using the Kubo formula,

#xy!
e2

h

1

2"i

X

nmk

jnmx jmn
y

$!nk#!mkÞ2
½nF$!nkÞ#nF$!mkÞ'; (7)

with summation performed over all 8 bands n, m and (jx,
jy) being the x and y components of the current operator.
At zero temperature, when the Fermi distribution functions
nF are 1 for occupied bands and 0 for the empty ones, we
recover the results for #xy obtained earlier for JS=t ( 1.
Each pair of degenerate bands contributes Chern number

)1, instead of 0 or )2, due to the additional local (in
k-space) SU$2Þ symmetry implied by the degeneracy [12].
For small JS=t, the lower three pairs of bands overlap.

However, the gap between the two upper bands persists for
arbitrarily small JS=t. This signifies a weak-coupling in-
stability towards 3q ordering at 3=4 filling (1.5 electrons
per site). Indeed, at this filling the FS of noninteracting
electrons is a regular hexagon inscribed into the first
Brillouin zone [see Fig. 1(c)]. The vectors Q$ perfectly
nest all sides of the FS, and hence a local interaction will
cause the 3q instability. In general, an ordering
S$ cos$Q$rÞ with arbitrarily directed S$ is expected.
However, the constraint of same magnetization magnitude
on every lattice site jSij ! S requires that S$ be mutually
orthogonal, leading to Eq. (3). The quantum Hall conduc-
tivity at 3=4 filling for arbitrarily small JS=t is #xy ! e2=h
at zero temperature.
We now consider the possibility that the local moments

do not originate from localized electrons on different orbi-
tals, but are generated self-consistently in a single-band
Hubbard model HHubb on a triangular lattice. The connec-
tion between this case and the one studied above is evident
from the mean-field expression of HHubb [10]:

HHubb ! #t
X

hiji
cyi%cj% # 2U

3

X

i

2hSiiSi # hSii2: (8)

Now all the spin degrees of freedom are provided by the
same (itinerant) electrons and hSii ! 1

2 hc
y
i%!%&ci&i. The

result of the self-consistent calculation for the noncoplanar
3q order parameter as a function of temperature is pre-
sented in Figure 3. The finite-temperature calculation of
the transverse conductivity based on Eq. (7) reveals that
#xy is a good proxy of the order parameter.
HHubb has the same form as Eq. (1) but hSii2 is no longer

fixed due to quantum fluctuations (Si is now in the S ! 1=2
quantum limit). The relaxation of this constraint allows for
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A chiral configuration mimicking external flux

Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
becomes

H "
X

k#

'kc
y
k#ck# ( J

X

k%(&

S&c
y
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where 'k " (2t
P3

i"1 cosk % ai and & " a, b, c. The mo-
mentum summation is over the quarter of the original
reciprocal unit cell. The Hamiltonian splits into two dis-
joint parts

H " cyI ĤcI þ cyIIĤcII; (5)
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FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
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unit cell. The amplitude of the hopping is reduced by a
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. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
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joint parts
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FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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Where do we find such a configuration?

Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)
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a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor
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p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
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p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
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Fig. 1(b)] can be either positive or negative, depending on
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FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded
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Spontaneous antiferromagnetic skyrmion/antiskyrmion lattice and spiral spin-liquid states in the
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Magnetic skyrmions are topological quasiparticles of great interest for data storage applications because of
their small size, high stability, and ease of manipulation via electric current. Antiferromagnetic (AF) skyrmions,
with new features and huge benefits (ultrasmall skyrmion sizes, no transverse deflection and efficient manipula-
tion), have recently become the subject of intense focus. Here we show that a spontaneous antiferromagnetic
skyrmion/antiskyrmion lattice (AF-SkL/ASkL) emerges in the classical Heisenberg antiferromagnet on the
triangular-lattice under magnetic fields, taking only exchange interactions up to third nearest neighbors (J1-J2-J3).
By means of the Luttinger-Tisza approximation and large-scale Monte Carlo simulations (combining parallel-
tempering and over-relaxation with the Metropolis algorithm), we present a rich J2-J3 magnetic phase diagram
including exotic multiple-q phases, degenerate states, and a spontaneous AF-SkL/ASkL lattice at intermediate
magnetic fields. In addition, we show that at zero magnetic field, exotic spin-liquid states with ringlike degener-
acy emerge at intermediate temperatures, which are broken by thermal fluctuations selecting different multiple-q
states. These findings greatly enrich the research on antiferromagnetic skyrmions in centrosymmetric materials
or lattices including relatively weak Dzyaloshinskii-Moriya interaction.

DOI: 10.1103/PhysRevB.106.224406

I. INTRODUCTION

Since the experimental discovery of magnetic skyrmion
crystals in MnSi [1], magnetic skyrmions—noncoplanar spin
configurations with nonzero topological number—have at-
tracted great research interest due to their high stability and
particle-like behavior. Their particular topological properties,
small size, and unique dynamic behavior render these mag-
netic textures promising candidates for potential applications
to next-generation spintronics devices [2–4]. In this context,
antiferromagnetic skyrmions [5] have become the focus of in-
tense work, since in these textures the “skyrmion Hall effect”
[6,7] should be suppressed [8,9]. This has been further sup-
ported by experimental evidence in ferrimagnetic skyrmions
[10] and antiferromagnetic bubbles [11]. Antiferromagnetic
skyrmion-like textures have been realized in synthetic antifer-
romagnets [12] and materials α − Fe2O3 [13] and MnSc2S4
[14,15].

In a large number of cases, periodic arrays of mag-
netic skyrmions are stabilized when an external magnetic
field is applied in noncentrosymmetric systems displaying
the antisymmetric Dzyaloshinskii-Moriya interaction (DMI)
[16,17]. In these systems, a ferromagnetic exchange interac-
tion competes with DMI, which induces stability of periodic
arrangement of helical spin structures. In addition to this,

*rosales@fisica.unlp.edu.ar

recent studies have revealed that not only skyrmions but also
other topological spin textures [18], such as antiferromag-
netic skyrmion lattices [19–26], can be stabilized even in
centrosymmetric lattices through different mechanisms as ex-
change frustration [27], bond-dependent exchange anisotropy
[14,28–34], the Ruderman-Kittel-Kasuya-Yosida interaction
in itinerant magnets [35], higher-order exchange interactions
[36], etc. It has been shown that in these types of antifer-
romagnetic skyrmion lattices, formed for example by three
interpenetrated triangular sublattices, an external magnetic
field may tune the topological Hall effect [37]. The purpose
of this investigation is to explore the first mechanism, where
skyrmion crystals may emerge by incorporating the effect of
thermal fluctuations in frustrated systems. In fact, the presence
of the skyrmion phase in centrosymmetric frustrated magnets
in the absence of the DMI was confirmed experimentally very
recently [38]. On the theoretical side, an example of this
phenomena was studied by Okubo et al. [27] in which the
authors show that at finite magnetic field and temperature in
the J1-J2 (or J1-J3) Heisenberg model on the triangular-lattice,
a specific configuration of magnetic frustration (ferromagnetic
J1, antiferromagnetic J(2,3) with J(2,3) ≫ |J1|) induces a spon-
taneous ferromagentic skyrmion/antiskyrmion crystal. Here
antiskyrmions are magnetic structures analog to skyrmions,
but with opposite topological charge, and could thus be con-
sidered their “antiparticles” [39]. Antiskyrmions have been
realized in materials such as Schreibersite (Fe,Ni)3P [40], in
Fe/Gd-based multilayers [41], and have been known to be

2469-9950/2022/106(22)/224406(10) 224406-1 ©2022 American Physical Society
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FIG. 1. LTA [(a)–(g)] and MC simulations [(h)–(q)] results. LTA: (a) J2-J3 phase diagram obtained from LTA, with five regions A–E
(separated by dotted lines). The inset shows the triangular lattice, lattice vectors ê1, ê2, and the J1, J2, J3 couplings. The zoomed area shows
phase E and its boundaries. SSL-1 and SSL-2, along the line J2 = 2J3, correspond to a line with degenerate ground states. Representative
ordering wave vectors distributions q∗ (red dots and colored lines) obtained from LTA are shown in panels (b) to (g), where the values of the
couplings are indicated on top and the first Brillouin zone is drawn. In panel (a) we indicate the high symmetry points !, K , and M. Each
panel corresponds to a different phase, panels (b) to (f) for phases A to E, and panel (g) presents the two nonequivalent manifolds of classically
degenerate spiral states SSL-1 (purple line) and SSL-2 (red line). MC simulations: Representative structure factors

√
Sq [panels (h)–(l)] and

their corresponding real space configurations [panels (m)–(q)] for five low temperature (T = 10−3) different phases, A–E, where the values of
the couplings match those chosen in the LTA. The insets show the spherical snapshots.

Fig. 1(a). The ground-state energy is associated with the low-
est value of J (q) which defines the ordering wave vector q∗.
Within this approximation, we find different solutions charac-
terized by the number and the position of q∗. By comparing
the ground-state energy of these ordered states, we construct a
phase diagram in the J2-J3 plane shown in Fig. 1(a). As shown
in the figure, we find seven different phases with different
distributions of the ordering wave vectors q∗. Among them,

it can be seen that two of the seven phases possess an infinite
degenerate q∗ number. We label these two phases SSL-1 and
SSL-2, while we denote the other five phases by the letters
A–E. We describe these findings as follows:

(i) Phases labeled as A and phase B are in the same re-
gion as the previous study [57], with ordering wave vectors,
shown in Figs. 1(b)–1(c), in the K and M points of the BZ.
Most importantly, LTA sheds light on the remaining region

224406-3
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Where do we find such a configuration?

M points, but no non-coplanar 
states (order by disorder)



The 4-site ring exchange may work:
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How do we stabilise a non-coplanar (chiral) state?

We must fight the tendency towards collinearity in the multi-q states 
resulting from quantum and thermal fluctuations.  
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Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
becomes

H "
X

k#

'kc
y
k#ck# ( J

X

k%(&

S&c
y
k%#

&
%(ckþQ&(; (4)

where 'k " (2t
P3

i"1 cosk % ai and & " a, b, c. The mo-
mentum summation is over the quarter of the original
reciprocal unit cell. The Hamiltonian splits into two dis-
joint parts

H " cyI ĤcI þ cyIIĤcII; (5)

ba c

a

bc

FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
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(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
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nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
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but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
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is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
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joint parts
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lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
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Spin waves in tetrahedral/tetratic state

(i) Three Goldstone modes. 

(ii) . 
(iii) Finite Berry curvature
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We numerically study the Heisenberg models on triangular lattices by extending it from the simplest equilateral lattice
with only the nearest-neighbor exchange interaction. We show that, by including an additional weak next-nearest-
neighbor interaction, a quantum spin-liquid phase is stabilized against the antiferromagnetic order. The spin gap (triplet
excitation gap) and spin correlation at long distances decay algebraically with increasing system size at the critical point
between the antiferromagnetic phase and the spin-liquid phase. This algebraic behavior continues in the spin-liquid
phase as well, indicating the presence of an unconventional critical (algebraic spin-liquid) phase characterized by the
dynamical and anomalous critical exponents z + © ³ 1. Unusually small triplet and singlet excitation energies found in
extended points of the Brillouin zone impose constraints on this algebraic spin liquid.

The spin liquid was first proposed by Anderson as a
resonating valence bond (RVB) ground state of the spin
1/2 antiferromagnetic Heisenberg model on the triangular
lattice.1) Although it is now widely believed that the true
ground state of the model has a long-ranged magnetic
order,2–4) two-dimensional systems based on some modifica-
tion of the triangular Heisenberg model provide us with
realistic possibilities of reaching the spin liquid. This is
because some organic conductors are basically described by
the triangular structure with some additional elements, and
they indeed do not show clear indications of symmetry
breaking.5,6) If one can understand how and in which direction
the spin-liquid state becomes more stabilized and what kind of
spin liquids is expected even at the level of model studies, it
will greatly help as a clue for stabilizing spin liquids.

In this letter, we study the Heisenberg model on the
triangular lattice shown in Fig. 1(a) with a weak next-nearest-
neighbor interaction J2 illustrated in the inset of Fig. 1(b).
The Hamiltonian has the form

H ! J1
X

hi;ji
Si " Sj þ J2

X

hhi;jii
Si " Sj; ð1Þ

where Si, hi; ji, and hhi; jii denote the quantum S ! 1=2 spin
at site i, nearest-neighbor sites, and next-nearest-neighbor
sites, respectively.

Previous studies7–16) have suggested that the above model
contains rich phases, as shown in Fig. 1(c). For the classical
Heisenberg model, the 120° Néel state illustrated in Fig. 1(b)
is stable for J2=J1 < 1=8, while for J2=J1 > 1=8 the ground
states become degenerate for any four-sublattice states that
satisfy S1 þ S2 þ S3 þ S4 ! 0, where Si denotes the spin
at sublattice site i. When J2=J1 > 1, an incommensurate
spin structure appears. By considering quantum fluctuations
perturbatively, the stripe-type antiferromagnetic state illus-
trated in Fig. 1(b)8–14) was proposed for 1=8 < J2=J1 < 1.
Then, the spin-liquid state could emerge at approximately
J2=J1 ! 1=8, sandwiched by the 120° Néel and stripe
states.8,10) Very recently, by using a variational Monte Carlo
(VMC) method, Mishmash et al. claimed that the spin-liquid
phase with the nodal d-wave symmetry is realized for
0:05 . J2=J1 . 0:17.16) However, they overestimated the
spin-liquid phase, since their Huse-Elser-type wave functions
for antiferromagnetic states are relatively inaccurate. More-

over, their wave function favors the d-wave-type spin liquid
due to a limited number of variational parameters.

To reveal the nature of the spin-liquid ground states
possibly realized in this model, we calculate the ground states
and low-energy excitations up to 18& 18 sites by a many-
variable variational Monte Carlo (mVMC) method17) (see
Supplemental Materials18) for more details). We find a spin-
liquid phase characterized by gapless excitations and the
power-law decay of the spin correlation with the critical
and dynamical exponents © and z, respectively, satisfying
zþ ! ! 1 in the parameter region 0:10ð1Þ ' J2=J1 '
0:135ð5Þ, as shown in Fig. 1(b).

Three locally stable states are found as candidates of the
ground state: the 120° Néel, stripe, and spin-liquid states. As
shown in Fig. 2, these states are characterized by the spin
structure factor defined as

SðqÞ ! 1

Ns

X

i;j

eiq"ðRi(RjÞhSi " Sji; ð2Þ

where Ri denotes the position vector of site i. The existence
of the long-ranged order is ensured when the maximum of
SðqÞ at q ! Q scales as SðQÞ / Ns for a large Ns. The ground
state is determined from the comparison of the energy, which
is extrapolated to the thermodynamic limit, if more than one
locally stable states are found.

For J2=J1 < 0:1, we find the 120° Néel state as the ground
state. In the Brillouin zone illustrated in Fig. 1(d), Bragg
peaks appear at q ! )ð2"=3; 2"=3Þ corresponding to the
120° spin structure, as shown in Fig. 2(a). From the size
extrapolation of SðQÞ=Ns in Fig. 2(d), we obtain the
magnetization of the 120° Néel state at J2=J1 ! 0 as
m=m0 ! 0:543ð6Þ, where m0 ! 1=2 is the saturated magnet-
ization in spin 1/2 systems. This value is nearly the same as
the best variational result (m=m0 ! 0:53) in the literature.19)

For J2=J1 > 0:135, we find the stripe ordered state as the
ground state. As shown in Fig. 2(b), a Bragg peak appears at
q ! ð";"Þ, corresponding to the ferromagnetic spin align-
ment along the x ! y direction and the antiferromagnetic spin
alignment along the x- and y-axes on the lattice illustrated
in Fig. 1(a). The state has a long-ranged order, as shown in
Fig. 2(e).

Sandwiched by the 120° Néel and stripe states, the spin
liquid is stabilized. Diffusive peaks appear at q !
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!ð2!=3; 2!=3Þ, reminiscent of the 120° spin alignment, as
shown in Fig. 2(c). We find in Fig. 2(f ) that the peak scales
as SðQÞ / N1=2

s in all the regions of the spin-liquid phase
(0:10 < J2=J1 < 0:135), implying the emergence of a critical
phase without the long-ranged order. In fact, this scaling
leads to the spin correlation hSi $ Sji / 1=jRi % Rjj.20)

At the transition point J2=J1 ¼ 0:10ð1Þ, the spin liquid
undergoes a continuous quantum phase transition to the 120°
Néel state, while at J2=J1 ¼ 0:135ð5Þ a level crossing to the
stripe state occurs.

To get further insight into the nature of the spin-liquid
ground state, we study the energies of the momentum-
resolved lowest triplet and singlet excited states. We take the
total momenta along the symmetric ¥–K–M line, namely,

K ¼ ðq; qÞ with 0 ' q ' !, as illustrated in Fig. 1(d). The
ground states have turned out to be always the singlet and
stay at the ¥ point irrespective of J2 and Ns.

According to the results of spin wave (SW) analyses,21,22)

the spin gap ¦ for antiferromagnetic states should scale as
!ðNsÞ / 1=Ns. However, when both the magnetic order and
spin gap become zero, especially on continuous transition
points, a more subtle scaling dominates. For example, for
the two-dimensional quantum Heisenberg model, when a
quantum phase transition occurs between the phase with an
O(3) long-ranged order and the disordered phase with a
finite-gap spin excitation, the nature of the transition was
proposed to be essentially the same as that of the two-
dimensional quantum O(3) nonlinear sigma model.23) Since

Ns=18×18
J2/J1=0.0
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Fig. 2. (Color online) (a–c) Spin structure factors (Ns ¼ 18( 18) for 120° Néel state at J2=J1 ¼ 0 (a), stripe state at J2=J1 ¼ 0:4 (b), and spin-liquid state
with short-ranged magnetic correlation with the 120° spin alignment at J2=J1 ¼ 0:125 (c). (d–f ) Size dependences of peak value of SðQÞ=Ns for 120° Néel
states (except J2=J1 ¼ 0:1) (d), stripe states (e), and SðQÞ=N1=2

s for 120° Néel states and spin liquid states (f ). Size dependence at J2=J1 ¼ 0:1 is also shown in
(d) for reference. We extrapolate the data using the relation SðQÞ=Ns ¼ m2=cþ S1=N1=2

s þ S2=Ns, where m denotes the extrapolated magnetization, c denotes a
correction factor, which is the same as in Fig. 1(a), while S1 and S2 are constants. For antiferromagnetic states, we use the data for Ns > 100 to reduce the
finite-size effect, and fit them by the relation with S2 ¼ 0 to estimate the statistical error bars. On the other hand, to precisely determine the phase boundary for
spin-liquid states, we also examine the size dependence of SðQÞ. We find that SðQÞ scales as SðQÞ / N1=2

s for J2=J1 * 0:1.

(a) (b) (d)

(c)

Fig. 1. (Color online) (a) Deformed triangular lattice, which is topologically equivalent to isotropic triangular lattice. (b) Phase diagram of antiferromagnetic
J1–J2 Heisenberg model on triangular lattice obtained in the present study. The red squares, green up-pointing triangular points, and blue down-pointing
triangular points are order parameters (sublattice magnetizations) of the 120° Néel states (120° Néel AF), spin-liquid (SL) states, and stripe states (stripe AF),
respectively. The lines are guides for the eyes. The magnetization is estimated as m=m0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c( limNs!1 SðQÞ=Ns

p
, where c denotes a correction factor, and

SðQÞ is the peak value of the spin structure factor. For the 120° Néel and SL states, c ¼ 2, which is compatible with the standard definition,2–4) while for the
stripe states, c ¼ 1. Here, m0 (¼ 1=2) is the saturated magnetization expected in the classical Néel order. (c) Phase diagram of classical model as reference. The
transition from the 120° Néel AF state to the four-sublattice antiferromagnetic state (4 sub AF) occurs at J2=J1 ¼ 1=8. The stripe AF state is one of the 4 sub-
AF states, and it is selected under quantum fluctuations. (d) Brillouin zone of deformed triangular lattice. Equivalent momenta are represented by the same
symbols.
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We numerically study the Heisenberg models on triangular lattices by extending it from the simplest equilateral lattice
with only the nearest-neighbor exchange interaction. We show that, by including an additional weak next-nearest-
neighbor interaction, a quantum spin-liquid phase is stabilized against the antiferromagnetic order. The spin gap (triplet
excitation gap) and spin correlation at long distances decay algebraically with increasing system size at the critical point
between the antiferromagnetic phase and the spin-liquid phase. This algebraic behavior continues in the spin-liquid
phase as well, indicating the presence of an unconventional critical (algebraic spin-liquid) phase characterized by the
dynamical and anomalous critical exponents z + © ³ 1. Unusually small triplet and singlet excitation energies found in
extended points of the Brillouin zone impose constraints on this algebraic spin liquid.

The spin liquid was first proposed by Anderson as a
resonating valence bond (RVB) ground state of the spin
1/2 antiferromagnetic Heisenberg model on the triangular
lattice.1) Although it is now widely believed that the true
ground state of the model has a long-ranged magnetic
order,2–4) two-dimensional systems based on some modifica-
tion of the triangular Heisenberg model provide us with
realistic possibilities of reaching the spin liquid. This is
because some organic conductors are basically described by
the triangular structure with some additional elements, and
they indeed do not show clear indications of symmetry
breaking.5,6) If one can understand how and in which direction
the spin-liquid state becomes more stabilized and what kind of
spin liquids is expected even at the level of model studies, it
will greatly help as a clue for stabilizing spin liquids.

In this letter, we study the Heisenberg model on the
triangular lattice shown in Fig. 1(a) with a weak next-nearest-
neighbor interaction J2 illustrated in the inset of Fig. 1(b).
The Hamiltonian has the form

H ! J1
X

hi;ji
Si " Sj þ J2

X

hhi;jii
Si " Sj; ð1Þ

where Si, hi; ji, and hhi; jii denote the quantum S ! 1=2 spin
at site i, nearest-neighbor sites, and next-nearest-neighbor
sites, respectively.

Previous studies7–16) have suggested that the above model
contains rich phases, as shown in Fig. 1(c). For the classical
Heisenberg model, the 120° Néel state illustrated in Fig. 1(b)
is stable for J2=J1 < 1=8, while for J2=J1 > 1=8 the ground
states become degenerate for any four-sublattice states that
satisfy S1 þ S2 þ S3 þ S4 ! 0, where Si denotes the spin
at sublattice site i. When J2=J1 > 1, an incommensurate
spin structure appears. By considering quantum fluctuations
perturbatively, the stripe-type antiferromagnetic state illus-
trated in Fig. 1(b)8–14) was proposed for 1=8 < J2=J1 < 1.
Then, the spin-liquid state could emerge at approximately
J2=J1 ! 1=8, sandwiched by the 120° Néel and stripe
states.8,10) Very recently, by using a variational Monte Carlo
(VMC) method, Mishmash et al. claimed that the spin-liquid
phase with the nodal d-wave symmetry is realized for
0:05 . J2=J1 . 0:17.16) However, they overestimated the
spin-liquid phase, since their Huse-Elser-type wave functions
for antiferromagnetic states are relatively inaccurate. More-

over, their wave function favors the d-wave-type spin liquid
due to a limited number of variational parameters.

To reveal the nature of the spin-liquid ground states
possibly realized in this model, we calculate the ground states
and low-energy excitations up to 18& 18 sites by a many-
variable variational Monte Carlo (mVMC) method17) (see
Supplemental Materials18) for more details). We find a spin-
liquid phase characterized by gapless excitations and the
power-law decay of the spin correlation with the critical
and dynamical exponents © and z, respectively, satisfying
zþ ! ! 1 in the parameter region 0:10ð1Þ ' J2=J1 '
0:135ð5Þ, as shown in Fig. 1(b).

Three locally stable states are found as candidates of the
ground state: the 120° Néel, stripe, and spin-liquid states. As
shown in Fig. 2, these states are characterized by the spin
structure factor defined as

SðqÞ ! 1

Ns

X

i;j

eiq"ðRi(RjÞhSi " Sji; ð2Þ

where Ri denotes the position vector of site i. The existence
of the long-ranged order is ensured when the maximum of
SðqÞ at q ! Q scales as SðQÞ / Ns for a large Ns. The ground
state is determined from the comparison of the energy, which
is extrapolated to the thermodynamic limit, if more than one
locally stable states are found.

For J2=J1 < 0:1, we find the 120° Néel state as the ground
state. In the Brillouin zone illustrated in Fig. 1(d), Bragg
peaks appear at q ! )ð2"=3; 2"=3Þ corresponding to the
120° spin structure, as shown in Fig. 2(a). From the size
extrapolation of SðQÞ=Ns in Fig. 2(d), we obtain the
magnetization of the 120° Néel state at J2=J1 ! 0 as
m=m0 ! 0:543ð6Þ, where m0 ! 1=2 is the saturated magnet-
ization in spin 1/2 systems. This value is nearly the same as
the best variational result (m=m0 ! 0:53) in the literature.19)

For J2=J1 > 0:135, we find the stripe ordered state as the
ground state. As shown in Fig. 2(b), a Bragg peak appears at
q ! ð";"Þ, corresponding to the ferromagnetic spin align-
ment along the x ! y direction and the antiferromagnetic spin
alignment along the x- and y-axes on the lattice illustrated
in Fig. 1(a). The state has a long-ranged order, as shown in
Fig. 2(e).

Sandwiched by the 120° Néel and stripe states, the spin
liquid is stabilized. Diffusive peaks appear at q !
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!ð2!=3; 2!=3Þ, reminiscent of the 120° spin alignment, as
shown in Fig. 2(c). We find in Fig. 2(f ) that the peak scales
as SðQÞ / N1=2

s in all the regions of the spin-liquid phase
(0:10 < J2=J1 < 0:135), implying the emergence of a critical
phase without the long-ranged order. In fact, this scaling
leads to the spin correlation hSi $ Sji / 1=jRi % Rjj.20)

At the transition point J2=J1 ¼ 0:10ð1Þ, the spin liquid
undergoes a continuous quantum phase transition to the 120°
Néel state, while at J2=J1 ¼ 0:135ð5Þ a level crossing to the
stripe state occurs.

To get further insight into the nature of the spin-liquid
ground state, we study the energies of the momentum-
resolved lowest triplet and singlet excited states. We take the
total momenta along the symmetric ¥–K–M line, namely,

K ¼ ðq; qÞ with 0 ' q ' !, as illustrated in Fig. 1(d). The
ground states have turned out to be always the singlet and
stay at the ¥ point irrespective of J2 and Ns.

According to the results of spin wave (SW) analyses,21,22)

the spin gap ¦ for antiferromagnetic states should scale as
!ðNsÞ / 1=Ns. However, when both the magnetic order and
spin gap become zero, especially on continuous transition
points, a more subtle scaling dominates. For example, for
the two-dimensional quantum Heisenberg model, when a
quantum phase transition occurs between the phase with an
O(3) long-ranged order and the disordered phase with a
finite-gap spin excitation, the nature of the transition was
proposed to be essentially the same as that of the two-
dimensional quantum O(3) nonlinear sigma model.23) Since

Ns=18×18
J2/J1=0.0
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Fig. 2. (Color online) (a–c) Spin structure factors (Ns ¼ 18( 18) for 120° Néel state at J2=J1 ¼ 0 (a), stripe state at J2=J1 ¼ 0:4 (b), and spin-liquid state
with short-ranged magnetic correlation with the 120° spin alignment at J2=J1 ¼ 0:125 (c). (d–f ) Size dependences of peak value of SðQÞ=Ns for 120° Néel
states (except J2=J1 ¼ 0:1) (d), stripe states (e), and SðQÞ=N1=2

s for 120° Néel states and spin liquid states (f ). Size dependence at J2=J1 ¼ 0:1 is also shown in
(d) for reference. We extrapolate the data using the relation SðQÞ=Ns ¼ m2=cþ S1=N1=2

s þ S2=Ns, where m denotes the extrapolated magnetization, c denotes a
correction factor, which is the same as in Fig. 1(a), while S1 and S2 are constants. For antiferromagnetic states, we use the data for Ns > 100 to reduce the
finite-size effect, and fit them by the relation with S2 ¼ 0 to estimate the statistical error bars. On the other hand, to precisely determine the phase boundary for
spin-liquid states, we also examine the size dependence of SðQÞ. We find that SðQÞ scales as SðQÞ / N1=2

s for J2=J1 * 0:1.

(a) (b) (d)

(c)

Fig. 1. (Color online) (a) Deformed triangular lattice, which is topologically equivalent to isotropic triangular lattice. (b) Phase diagram of antiferromagnetic
J1–J2 Heisenberg model on triangular lattice obtained in the present study. The red squares, green up-pointing triangular points, and blue down-pointing
triangular points are order parameters (sublattice magnetizations) of the 120° Néel states (120° Néel AF), spin-liquid (SL) states, and stripe states (stripe AF),
respectively. The lines are guides for the eyes. The magnetization is estimated as m=m0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c( limNs!1 SðQÞ=Ns

p
, where c denotes a correction factor, and

SðQÞ is the peak value of the spin structure factor. For the 120° Néel and SL states, c ¼ 2, which is compatible with the standard definition,2–4) while for the
stripe states, c ¼ 1. Here, m0 (¼ 1=2) is the saturated magnetization expected in the classical Néel order. (c) Phase diagram of classical model as reference. The
transition from the 120° Néel AF state to the four-sublattice antiferromagnetic state (4 sub AF) occurs at J2=J1 ¼ 1=8. The stripe AF state is one of the 4 sub-
AF states, and it is selected under quantum fluctuations. (d) Brillouin zone of deformed triangular lattice. Equivalent momenta are represented by the same
symbols.
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!ð2!=3; 2!=3Þ, reminiscent of the 120° spin alignment, as
shown in Fig. 2(c). We find in Fig. 2(f ) that the peak scales
as SðQÞ / N1=2

s in all the regions of the spin-liquid phase
(0:10 < J2=J1 < 0:135), implying the emergence of a critical
phase without the long-ranged order. In fact, this scaling
leads to the spin correlation hSi $ Sji / 1=jRi % Rjj.20)

At the transition point J2=J1 ¼ 0:10ð1Þ, the spin liquid
undergoes a continuous quantum phase transition to the 120°
Néel state, while at J2=J1 ¼ 0:135ð5Þ a level crossing to the
stripe state occurs.

To get further insight into the nature of the spin-liquid
ground state, we study the energies of the momentum-
resolved lowest triplet and singlet excited states. We take the
total momenta along the symmetric ¥–K–M line, namely,

K ¼ ðq; qÞ with 0 ' q ' !, as illustrated in Fig. 1(d). The
ground states have turned out to be always the singlet and
stay at the ¥ point irrespective of J2 and Ns.

According to the results of spin wave (SW) analyses,21,22)

the spin gap ¦ for antiferromagnetic states should scale as
!ðNsÞ / 1=Ns. However, when both the magnetic order and
spin gap become zero, especially on continuous transition
points, a more subtle scaling dominates. For example, for
the two-dimensional quantum Heisenberg model, when a
quantum phase transition occurs between the phase with an
O(3) long-ranged order and the disordered phase with a
finite-gap spin excitation, the nature of the transition was
proposed to be essentially the same as that of the two-
dimensional quantum O(3) nonlinear sigma model.23) Since

Ns=18×18
J2/J1=0.0
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Fig. 2. (Color online) (a–c) Spin structure factors (Ns ¼ 18( 18) for 120° Néel state at J2=J1 ¼ 0 (a), stripe state at J2=J1 ¼ 0:4 (b), and spin-liquid state
with short-ranged magnetic correlation with the 120° spin alignment at J2=J1 ¼ 0:125 (c). (d–f ) Size dependences of peak value of SðQÞ=Ns for 120° Néel
states (except J2=J1 ¼ 0:1) (d), stripe states (e), and SðQÞ=N1=2

s for 120° Néel states and spin liquid states (f ). Size dependence at J2=J1 ¼ 0:1 is also shown in
(d) for reference. We extrapolate the data using the relation SðQÞ=Ns ¼ m2=cþ S1=N1=2

s þ S2=Ns, where m denotes the extrapolated magnetization, c denotes a
correction factor, which is the same as in Fig. 1(a), while S1 and S2 are constants. For antiferromagnetic states, we use the data for Ns > 100 to reduce the
finite-size effect, and fit them by the relation with S2 ¼ 0 to estimate the statistical error bars. On the other hand, to precisely determine the phase boundary for
spin-liquid states, we also examine the size dependence of SðQÞ. We find that SðQÞ scales as SðQÞ / N1=2

s for J2=J1 * 0:1.
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Fig. 1. (Color online) (a) Deformed triangular lattice, which is topologically equivalent to isotropic triangular lattice. (b) Phase diagram of antiferromagnetic
J1–J2 Heisenberg model on triangular lattice obtained in the present study. The red squares, green up-pointing triangular points, and blue down-pointing
triangular points are order parameters (sublattice magnetizations) of the 120° Néel states (120° Néel AF), spin-liquid (SL) states, and stripe states (stripe AF),
respectively. The lines are guides for the eyes. The magnetization is estimated as m=m0 ¼ 2

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
c( limNs!1 SðQÞ=Ns

p
, where c denotes a correction factor, and

SðQÞ is the peak value of the spin structure factor. For the 120° Néel and SL states, c ¼ 2, which is compatible with the standard definition,2–4) while for the
stripe states, c ¼ 1. Here, m0 (¼ 1=2) is the saturated magnetization expected in the classical Néel order. (c) Phase diagram of classical model as reference. The
transition from the 120° Néel AF state to the four-sublattice antiferromagnetic state (4 sub AF) occurs at J2=J1 ¼ 1=8. The stripe AF state is one of the 4 sub-
AF states, and it is selected under quantum fluctuations. (d) Brillouin zone of deformed triangular lattice. Equivalent momenta are represented by the same
symbols.
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We use the coupled cluster method (CCM) to study the zero-temperature ground-state (GS) properties of a
spin- 1

2 J1 − J2 Heisenberg antiferromagnet on a triangular lattice with competing nearest-neighbor and next-
nearest-neighbor exchange couplings J1 > 0 and J2 ≡ κJ1 > 0, respectively, in the window 0 ! κ < 1. The
classical version of the model has a single GS phase transition at κcl = 1

8 in this window from a phase with
3-sublattice antiferromagnetic (AFM) 120◦ Néel order for κ < κcl to an infinitely degenerate family of 4-sublattice
AFM Néel phases for κ > κcl. This classical accidental degeneracy is lifted by quantum fluctuations, which favor
a 2-sublattice AFM striped phase. For the quantum model we work directly in the thermodynamic limit of an
infinite number of spins, with no consequent need for any finite-size scaling analysis of our results. We perform
high-order CCM calculations within a well-controlled hierarchy of approximations, which we show how to
extrapolate to the exact limit. In this way we find results for the case κ = 0 of the spin- 1

2 model for the GS
energy per spin, E/N = −0.5521(2)J1, and the GS magnetic order parameter, M = 0.198(5) (in units where the
classical value is Mcl = 1

2 ), which are among the best available. For the spin- 1
2 J1 − J2 model we find that the

classical transition at κ = κcl is split into two quantum phase transitions at κc
1 = 0.060(10) and κc

2 = 0.165(5).
The two quasiclassical AFM states (viz., the 120◦ Néel state and the striped state) are found to be the stable GS
phases in the regime κ < κc

1 and κ > κc
2 , respectively, while in the intermediate regimes κc

1 < κ < κc
2 the stable

GS phase has no evident long-range magnetic order.

DOI: 10.1103/PhysRevB.91.014426 PACS number(s): 75.10.Jm, 75.30.Kz, 75.50.Ee, 75.30.Cr

I. INTRODUCTION

Quantum Heisenberg antiferromagnets (HAFMs), compris-
ing spins (with spin quantum number s) on an infinite regular
lattice in two spatial dimensions, and interacting via a pure
nearest-neighbor (NN) Heisenberg potential with exchange
coupling J1 > 0, have long occupied a special role in the
theory of quantum phase transitions. Thus, for example, the
well-known Mermin-Wagner theorem [1] proves that in both
one and two dimensions HAFMs are disordered at any nonzero
temperature (T $= 0), in the sense that thermal fluctuations
completely destroy all long-range order (LRO). Similarly, in
one dimension quantum fluctuations destroy the Néel LRO
even at zero temperature (T = 0). On the other hand, the
Mermin-Wagner theorem does not prohibit a ground state
(GS) with LRO for any two-dimensional (2D) model with
a continuous symmetry.

It thus remains an open question as to whether a particular
2D spin-lattice model will or will not display LRO in its GS
at T = 0. For a pure 2D HAFM both quantum fluctuations
and any geometrical frustration present in the lattice can
potentially combine to destroy long-range Néel-type order.
Quantum fluctuations are generally larger for smaller values
of s, stronger frustration, and lower coordination number z.
Of the 11 uniform Archimedean lattices, those tilings with the
greatest frustration are the triangular lattice (with z = 6) and
the kagome lattice (with z = 4). Thus, the spin- 1

2 HAFMs on

*peggyhyli@gmail.com
†raymond.bishop@manchester.ac.uk

the triangular and kagome lattices have attracted much specific
interest in the past.

For the triangular-lattice HAFM the classical (s → ∞) GS
is a 3-sublattice Néel state with an angle of 120◦ between
the spins on different sublattices, which thus breaks the
translational symmetry of the lattice. Historically, some 40
years ago, the spin- 1

2 HAFM on the triangular lattice was the
first model to be proposed [2,3] as a microscopic realization
of a system whose GS might be a quantum spin liquid (QSL).
It was argued that the GS might be similar to that of the
1D HAFM, and it was thus proposed that it had the form
of a rotationally invariant, resonating valence bond (RVB)
state, instead of a quasiclassical Néel state akin to the exact
classical GS, albeit with a reduced (but nonzero) value of the
corresponding sublattice magnetic order parameter.

By contrast, spin-wave theory (SWT) [4–9] results even at
higher orders consistently predict that quantum fluctuations
on the spin- 1

2 triangular-lattice HAFM do not destroy the
120◦ Néel antiferromagnetic (AFM) LRO, but lead to a
reduction in the sublattice magnetization of around 50% from
the classical value. A number of variational calculations have
also been performed for the spin- 1

2 triangular-lattice HAFM
with conflicting results. While some calculations [10,11]
predict a quasiclassical ordered state, others [12–14] predict a
magnetically disordered state. Typically, however, the former
are based on variational wave functions with LRO built in from
the outset, while the latter typically employ a spin-liquid type
of wave function.

While many of the early numerical studies [15–19] for
the spin- 1

2 triangular-lattice HAFM based on the exact di-
agonalization (ED) of small lattice clusters predicted a GS
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(a) (b)

FIG. 3. (Color online) CCM results for the GS magnetic order, M , as a function of the frustration parameter κ = J2/J1, for the spin- 1
2

J1 − J2 model on the triangular lattice (with J1 > 0). The left curves in each panel are based on the 120◦ Néel AFM state as CCM model state,
while the right curves are similarly based on the striped AFM state as CCM model state. (a) The LSUBm results with 3 ! m ! 10, shown
out to their (approximately determined) termination points. (b) The corresponding LSUB∞(k) extrapolations, based on Eq. (17): the k = 1
curve for the 120◦ Néel model state is based on LSUBm results with m = {5,6,7,8,9,10}, while the k = {2,3} curves for both model states are
based on LSUBm results with m = {4,6,8,10} and m = {3,5,7,9}, respectively. As explained in the text the extrapolation scheme of Eq. (17) is
appropriate for the accurate determination of the QCPs at which M → 0. However, for zero or small dynamic frustration (J2 ≈ 0) the scheme
of Eq. (16) is appropriate. Rather than crowd the figure with additional full curves based on Eq. (16), we show with cross (×) symbols the
corresponding extrapolated values based on the 120◦ Néel state, using Eq. (16), for the case κ = 0 only of the triangular-lattice HAFM.

to Eq. (18), that the extrapolation scheme of Eq. (17) is more
appropriate than the alternate scheme of Eq. (16) for all of
the results based on the striped model state. It is also the
case for most of the results based on the 120◦ Néel model
state, especially in the critical regime where M → 0. The
only exception is a very narrow region near κ = 0, where the
extrapolation scheme of Eq. (16) is clearly preferred, as has
been observed many time before, as discussed in Sec. III.

The corresponding extrapolated values, b0, obtained for the
spin- 1

2 triangular-lattice HAFM (viz., at κ = 0) are shown in
Fig. 3(b) by the cross symbols. Once again, these values may
be used as benchmarks for comparison with those obtained
by other methods, and to discuss the overall quality of our
CCM results. Our extrapolated LSUB∞ results using Eq. (16)
are M(κ = 0) ≈ 0.193 ± 0.002 based on the data set m =
{4,6,8,10}, M(κ = 0) ≈ 0.204 ± 0.003 based m = {3,5,7,9},
and M(κ = 0) ≈ 0.200 ± 0.009 based m = {5,6,7,8,9,10}. In
each case the quoted error is that associated solely with the
quality of the fit. The even-odd staggering effect is the cause
of the larger error associated with the fit using both even and
odd values of m, compared to those associated with the fits
using only even or only odd values of m. A careful analysis of
the errors yields our best estimate, M(κ = 0) = 0.198(5).

This value may again be compared with the corresponding
value M(κ = 0) = 0.187 from another recent CCM analy-
sis [31] of the spin- 1

2 HAFMs on all 11 Archimedean lattices.
As discussed above for the GS energy per spin results,
although this latter work obtained raw LSUBm results for
the triangular-lattice HAFM that are identical to our own
κ = 0 results, and although it also employed the extrapolation
scheme of Eq. (16), the result quoted is based on using the
data set m = {4,5,6,7,8,9,10}. Both the even-odd staggering

effect itself and the fact that the extrapolation is now based on
unequal numbers of even and odd m values used in the fit now
conspire to make the obtained value of 0.187 less accurate than
the value quoted here, 0.198(5).

Our value may again be compared with those from using the
best of the available alternate methods. For example, a linked-
cluster SE analysis [24] yields the value M(κ = 0) = 0.19(2);
a recent ED analysis [22] of small clusters of size N ! 36
yields the N → ∞ extrapolated value M(κ = 0) = 0.193; a
GFMC technique [26] based on clusters of size N ! 144 yields
the N → ∞ extrapolated value M(κ = 0) = 0.205(10); and
a DMRG analysis [25] yields the N → ∞ extrapolated value
M(κ = 0) = 0.205(15). All of these modern values are seen
to be in excellent agreement with one another, with our own
CCM result being now perhaps the most accurate available. By
contrast, the results from SWT and SBMFT are significantly
larger. Thus, the corresponding values from leading-order and
second-order SWT [7,9] are M(κ = 0) = 0.2387 and M(κ =
0) = 0.2497, respectively, while the result from (lowest-order)
SBMFT [46] is M(κ = 0) = 0.275.

The LSUB∞ extrapolated curves for M shown in Fig. 3(b)
use the extrapolation scheme of Eq. (17). This scheme is
particularly appropriate in the quantum critical regimes, where
M becomes vanishingly small, as we have again explicitly
checked by first finding the leading exponent ν in fits of M
to the scheme of Eq. (18), using various LSUBm data sets.
The corresponding values where M → 0 are the values shown
in Fig. 2(b) on the extrapolated GS energy per spin curves
by the plus (+) symbols. They provide our best estimates for
the QCPs, κc

1 ≡ κc
1 (∞) at which the 120◦ Néel AFM order

melts and κc
2 ≡ κc

2 (∞) at which the striped AFM order melts.
We find the explicit estimate κc

1 ≈ 0.053 from the LSUB∞
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(a) (b)

FIG. 2. (Color online) CCM results for the GS energy per spin, E/N , as a function of the frustration parameter κ ≡ J2/J1, for the spin- 1
2

J1 − J2 model on the triangular lattice (with J1 ≡ +1). The left curves in each panel are based on the 120◦ Néel AFM state as CCM model
state, while the right curves are similarly based on the striped AFM state as CCM model state. (a) The LSUBm results with 3 ! m ! 10, shown
out to their (approximately determined) termination points. Portions of the curves with thinner lines denote the (approximately determined)
unphysical regions where the magnetic order parameter takes negative values (M < 0). (b) The corresponding LSUB∞(k) extrapolations, based
on Eq. (15): the k = 1 curve for the 120◦ Néel model state is based on LSUBm results with m = {5,6,7,8,9,10}, while the k = {2,3} curves
for both model states are based on LSUBm results with m = {4,6,8,10} and m = {3,5,7,9}, respectively. The plus (+) symbols mark those
points where the corresponding extrapolated solutions have vanishing magnetic order parameters, M = 0 [and see Fig. 3(b)]. Those sections
of the curves beyond the plus (+) symbols, shown with thinner lines, indicate unphysical regions, where M < 0 for these approximations (and
see text for further details).

m = {2n + 1,2n + 2}, for integral values of n. Third, for a
given LSUBm order of approximation, we see from Fig. 2(a)
that the corresponding pairs of curves for E/N , based on both
model states, cross one another at a value of the frustration
parameter κ in the vicinity of the classical transition point at
κcl

1 = 1
8 . Thus, there is clear preliminary evidence of a quantum

phase transition in the s = 1
2 system from a phase with 120◦

Néel AFM ordering at low values of κ to one with striped
AFM ordering at high values of κ , although it is not yet clear
whether there is a direct transition between these phases or
whether it occurs via an intermediate state. As we shall see
below from a closer look at the extrapolated data, our results
are much more consistent with the latter scenario.

Fourth, we note from Fig. 2(a) that both sets of curves, based
on each of the model states shown, display termination points
at specific values of κ . In the case of the 120◦ Néel curves
the termination points are upper ones, while for the striped
curves they are lower ones. In each case the termination points,
which themselves depend on the LSUBm truncation used,
mark the points beyond which there exist no real solutions
to the respective set of CCM equations, corresponding to
Eq. (10). As is always the case, we see from Fig. 2(a) that
as the truncation index m is increased, and the solution
hence becomes more accurate, the range of values of the
frustration parameter κ over which the corresponding LSUBm
approximations have real solutions decreases. Such CCM
termination points have by now been observed in many
different spin-lattice problems and are both well documented
and well understood (see, e.g., Refs. [58,71]), and are discussed
further below. In particular, they provide a clear first signal of
the corresponding QCPs in the system under study, which
denote the points at which the respective forms of order shown
by the model states themselves melt. In practice, however,

what one finds is that accurate solutions to the CCM LSUBm
equations of Eq. (10) require an increasingly larger amount of
computer power the nearer a termination point is approached.
To obtain very accurate values of the termination points
themselves is thus computationally very costly.

A CCM LSUBm termination point κ t
i (m) always arises

at the point where the solution with the ith model state to
the corresponding CCM equations given by Eq. (10) becomes
complex. Beyond such a point there actually exist two branches
of unphysical solutions, which are complex conjugates of one
another. Thus, in the region where the solution that tracks
the true physical solution is (necessarily) real, there actually
exists another real solution, which is numerically unstable
and, hence, difficult to find in practice. The physical branch is,
luckily, always the numerically stable solution. It is also always
easily identifiable in practice as the one that becomes exact in
some known limit. In all of our displayed results, therefore,
we display with confidence the branch that represents the
true (stable) ground state of the system. This physical branch
then meets the corresponding unphysical branch at some
termination point (typically with infinite slope in curves such
as those in Fig. 2), beyond which no real solutions exist and
the two solutions branch into the complex plane as conjugate
pairs. As the LSUBm truncation index becomes larger, the two
branches of real solutions become closer, and as m → ∞ they
merge, leaving the termination point as a mathematical branch
point, which represents the corresponding quantum critical
point. The LSUBm termination points are thus themselves
approximations to these critical points. Indeed, their m → ∞
extrapolations may be used as a method to estimate the position
of the phase boundary [58]. Both since the LSUBm termination
points themselves are computationally costly to obtain accu-
rately, as already noted, and also since we have other more
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We study the spin- 1
2 Heisenberg model on the triangular lattice with antiferromagnetic first- (J1) and second-

(J2) nearest-neighbor interactions using density matrix renormalization group. By studying the spin correlation
function, we find a 120◦ magnetic order phase for J2 ! 0.07J1 and a stripe antiferromagnetic phase for J2 "
0.15J1. Between these two phases, we identify a spin-liquid region characterized by exponential decaying spin
and dimer correlations, as well as large spin singlet and triplet excitation gaps on finite-size systems. We find two
near degenerating ground states with distinct properties in two sectors, which indicates more than one spin-liquid
candidate in this region. While the sector with spinons is found to respect time reversal symmetry, the even sector
without spinons breaks such a symmetry for finite-size systems. Furthermore, we detect the signature of the
fractionalization by following the evolution of different ground states with inserting spin flux into the cylinder
system. Moreover, by tuning the anisotropic bond coupling, we explore the nature of the spin-liquid phase and
find the optimal parameter region for gapped Z2 spin liquids.

DOI: 10.1103/PhysRevB.92.140403 PACS number(s): 75.10.Kt, 75.10.Jm

Quantum spin liquids (SLs) are long-range entangled states
with remarkable properties of fundamental importance [1].
The SL physics has been considered to be essential to under-
stand strongly correlated systems and unconventional super-
conductivity [2,3]. The simplest and perhaps most striking SLs
are the gapped topological SLs, which develop a topological
order [4–6] with emergent fractionalized quasiparticles [7–9].
Although SLs have been studied intensively for two decades
and have been demonstrated in contrived models [10–20], the
microscopic condition for the emergence of SLs in frustrated
magnetic systems is not well understood.

At the experimental side, possible SLs have been discov-
ered in various materials. Among these materials, the most
promising systems are kagome antiferromagnets, including
herbertsmithite and kapellasite [21–25], as well as organic
Mott insulators with a triangular lattice structure such as
κ-(ET)2Cu2(CN)3 [26–29] and EtMe3Sb[Pd(dmit)2]2 [30,31].
In all these materials, no magnetic order is observed at a
temperature much lower than the interaction energy scale.
These experimental findings have inspired intensive theoretical
studies on frustrated magnetic systems.

Theoretically, the kagome Heisenberg model appears to
possess a robust SL. Density matrix renormalization group
(DMRG) studies suggest a gapped Z2 SL [32–35]. Variational
studies based on projected fermionic parton wave functions,
however, favor a gapless Dirac SL [36–38]. Interestingly,
by introducing second- and third-neighbor couplings [39–41]
or chiral interactions [42], DMRG [40–42] studies recently
discovered another topological SL, the chiral spin liquid
(CSL) [43,44], which breaks time reversal symmetry (TRS)
spontaneously and is identified as the ν = 1/2 bosonic frac-
tional quantum Hall state. On the other hand, the nonmagnetic
phases in frustrated honeycomb and square J1-J2 models
appear to be conventional valence-bond solid states [45–48].

The spin- 1
2 triangular nearest-neighbor (NN) antiferromag-

netic (AF) Heisenberg model was the first candidate proposed

*shoushu.gong@gmail.com

to realize a SL [2], although it turns out to exhibit a 120◦ AF
order [49–53]. To understand triangular weak Mott insulator
materials, combined theoretical and numerical studies [54–56]
on a spin model with four-site ring-exchange couplings [57]
find a gapless spin Bose metal. To enhance frustration [58–68],
one way is to include the second-neighbor coupling J2, where
a stripe ordered state is found with larger J2 coupling [58,59],
and an intermediate nonmagnetic region may emerge [60–63].
The variational Monte Carlo simulations find a nodal d-
wave SL [61] and a gapless SL [62] as candidates for this
intermediate phase. Very recently, a DMRG work [69] found
an indication of a gapped SL with TRS in the nonmagnetic
phase. However, the nature of this intermediate phase remains
far from clear.

In this Rapid Communication, we study a spin- 1
2 triangular

model with AF first- and second-nearest-neighbor J1(J ′
1)-J2

couplings using DMRG. The Hamiltonian is given as

H = J1

∑

〈i,j〉vertical

%Si · %Sj + J ′
1

∑

〈i,j〉zigzag

%Si · %Sj + J2

∑

〈〈i,j〉〉

%Si · %Sj ,

where the sums 〈i,j 〉 and 〈〈i,j 〉〉 run over all the first-
and second-neighbor bonds, respectively. The first-neighbor
couplings J1 and J ′

1 are for the vertical and zigzag bonds,
as shown in Fig. 1(a). We study most systems with J ′

1 = J1
unless we specify otherwise. We set J1 = 1 as the energy scale.
By studying spin correlations, we find a nonmagnetic region
sandwiched by a 120◦ AF phase with three sublattices for J2 !
0.07 and a stripe AF phase for J2 " 0.15, as shown in Fig. 1. In
this nonmagnetic region, we identify two ground states with
distinct properties in two sectors, indicating two competing
candidates for SL phases. The spin and dimer correlations
decay exponentially with small correlation lengths. Interest-
ingly, the chiral correlations decay exponentially fast in the
odd sector with an edge spinon, while they develop long-range
correlations in the even sector (with no spinon) for finite-size
systems, consistent with the level crossing between two SLs
for systems with different boundaries. A fractionalized spinon
is detected through adiabatically inserting the spin flux. While
the state in the odd sector agrees with a TRS preserving SL, the
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(d) J2=0, YC6 (f) J2=0.18, YC8
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(e) J2=0.1, YC8
J2/J10.150.070

(a) 120 AF (c) stripe AF(b) spin liquid

J'1J1 J'1

FIG. 1. (Color online) Quantum phase diagram of the isotropic
spin- 1

2 J1-J2 Heisenberg model on a triangular lattice (J1 = J ′
1). With

growing J2, the system has a 120◦ AF phase for J2 ! 0.07, a stripe
AF phase for J2 " 0.15, and a SL phase in between. The schematic
figures of the different phases also show the (a), (b) YC and (c) XC
cylinder geometries. (d)–(f) are the contour plots of the spin structure
factor for each phase.

TRS breaking SL (e.g., CSL) may be a competing or nearby
state in more extended parameter space. Moreover, a strong
bond anisotropy is observed for some finite-size systems,
which may imply a nematic Z2 SL [70]. This possible Z2 SL is
observed to be stabilized by a small bond coupling anisotropy
(J ′

1 " J1), which suppresses chiral order in both sectors.
We study the cylinder systems using accurate SU (2)

DMRG [71,72] for most of the calculations and U (1)
DMRG [71] for inserting the flux [40]. Two cylinder
geometries known as XC and YC are studied, which have
one lattice direction parallel to the x or y axis, as shown in
Fig. 1. We denote them as XCLy-Lx (YCLy-Lx), where Ly

and Lx are the number of sites along the y and x directions,
respectively. We study cylinder systems with Ly up to ten
lattice spacings by keeping up to 20 000 U (1)-equivalent
states in SU (2) DMRG and 5000 states for inserting the flux.
The truncation errors are less than 10−5 in all calculations,
which leads to accurate results.

Even and odd topological sectors. Based on the resonating
valence-bond picture, the ground states of SL on a cylinder can
be either in the even or odd sector according to the parity of
the number of bonds cut by a vertical line along the enclosed
direction. Usually, the odd sector can be obtained by removing
or adding one site on each open edge, which has been used
successfully to find different sectors of the gapped SLs in
kagome systems [33,73,74].

By tuning the boundary condition, we always find two
different sectors on YC cylinders (Ly = 6,8,10), which are
shown in Fig. 2 for the YC8 cylinder as an example (see the
Supplemental Material for the YC10 cylinder) [75]. We find
that the two sectors have the different bond energy distributions
in the bulk of the cylinder. While the vertical bonds are weaker
in the even sector, they become stronger in the odd sector. The

FIG. 2. (Color online) The NN bond energy 〈Si · Sj 〉 for J2 = 0.1
on the YC8-24 cylinder in (a) the even and (b) the odd sector. The left
16 columns are shown here. The odd sector is obtained by removing
one site in each boundary of the cylinder. In both figures, all the bond
energies have subtracted the average value of −0.18. The red solid
and blue dashed bonds denote the negative and positive bond energies
after subtraction (with some numbers shown for clarity).

nematic order, which is defined as the difference between the
strong and weak bonds, exhibits distinct behaviors for the two
states on the studied systems. While the nematic order grows
with increased cylinder width in the odd sector, it decreases in
the even sector [75].

Characteristic properties of different SL states. Next, we
further characterize the two states by studying correlation
functions. In Fig. 3, we show the spin correlations and dimer
correlations D(ij ),(kl) = 〈(Si · Sj )(Sk · Sl)〉 − 〈Si · Sj 〉〈Sk · Sl〉
for J2 = 0.1, which all decay faster with growing cylinder
width in both states, indicating vanishing orders in both states.
Interestingly, the states in the odd sector have very short
correlation lengths that are almost independent of the system
width. But in the even sector, the correlation lengths are longer
than those in the odd sector for the smaller Ly = 6 and 8, which
decrease with growing system width.

To study possible TRS breaking, we calculate the scalar
chiral correlation function 〈χiχj 〉 [χi = (Si,1 × Si,2) · Si,3]. In
both sectors, the chiral order in the up and down triangles
has the same direction. As shown in Fig. 3(c), in the odd
sector, the chiral correlations decay quite fast and vanish.
However, the chiral order and spontaneous TRS breaking
are robust for the Ly = 6,8 systems in the even sector at
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FIG. 5. (Color online) (a) Real-space configuration of spin mag-
netization 〈Sz

i 〉 after adiabatically inserting a flux θ = 2π . The red
and blue circles denote the positive and negative 〈Sz

i 〉 with the area of
the circle proportional to the amplitude of 〈Sz

i 〉. #QR is the net spin
accumulation on the right edge #QR =

∑
i〈Sz

i 〉, where i denotes the
site on the right edge of the cylinder. (b) Real-space configuration of
the accumulated spin magnetization in each column with increasing
flux. Low-lying ES at the flux (c) θ = 0 and (d) θ = 2π . The numbers
in ES denote the near-degenerate eigenvalues in large weight levels.
At θ = 2π in (d), all the eigenvalues are double degenerate, as
explicitly shown by the circles for the low-lying levels.

Fig. 5(a), indicating that the quasiparticle responding to
the flux here must carry spin, such as the spinon in CSL [40]
and the fermionic spinon (spinon bonded with vison) in Z2
SL [73,76,77].

With the flux θ = 0 → 2π , the net spin grows continuously
from 0 to 0.5 on the edges, as shown in Fig. 5(b). At θ = 2π ,
an Sz = ±1/2 spinon develops on each boundary, and the
ground state evolves to a new sector. By further increasing
θ = 2π → 4π , the net spin dissipates continuously to zero,
and the system evolves back to the even sector. In Figs. 5(c)
and 5(d), we demonstrate the entanglement spectrum (ES)
with inserting flux. At θ = 0 in the even sector, the whole
ES is symmetric about Sz = 0. At θ = 2π , the ES becomes
symmetric about Sz = 1/2, consistent with the fractionalized
spin-carrying quasiparticles on boundaries. Interestingly, each
eigenvalue of the ES at θ = 2π is doubly degenerate. By
comparing the odd sector obtained by removing sites and the
sector with flux θ = 2π here, we find that these two states have
the same bulk energy and ES, indicating that the two sectors
obtained by different methods are exactly the same. This odd
sector might be consistent with the fermionic spinon sector of
the Z2 SL [76–78].

Summary and discussions. By means of DMRG calcula-
tions on wide cylinder systems of the spin- 1

2 J1-J2 Heisenberg
model on a triangular lattice, we find a SL region bordered by
a 120◦ Néel AF phase for J2 ! 0.07 and a stripe AF phase
for J2 " 0.15. The spin and dimer correlations all decay fast
for wider systems with small correlation lengths comparable
to lattice constants with large spin and singlet excitation gaps.
The ES in the odd sector could be consistent with the fermionic
spinon in Z2 SL. However, the long-range chiral correlation
is observed in the even sector for a space isotropic model.
By tuning the anisotropic bond coupling, we find that the
possible gapped Z2 SL is stabilized by some weak anisotropy
(J ′

1 ∼ 1.02). The chiral correlations are enhanced in the even
sector by opposite anisotropy (J ′

1 ∼ 0.98), which may be
stabilized in both sectors by TRS breaking terms, and we leave
this open issue for future studies.

Note added. Recently, we became aware of some related
papers [69,79]. We reached a similar conclusion on gapped
SLs with Ref. [69].
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We study the S = 1/2 Heisenberg model on the triangular lattice with nearest- and next-nearest-neighbor
interactions J1 and J2 with the density matrix renormalization group, on long open cylinders with widths up to
nine lattice spacings. In an intermediate J2 region 0.06 ! J2/J1 ! 0.17, we find evidence for a spin liquid (SL)
state with short range spin-spin, bond-bond, and chiral correlation lengths, bordered by a classical 120◦ Néel
ordered state at small J2 and by a two sublattice collinear magnetically ordered state at larger J2. Focusing on
J2/J1 = 0.1, we find a number of signatures of a gapped SL phase.

DOI: 10.1103/PhysRevB.92.041105 PACS number(s): 75.10.Kt, 73.43.Nq, 75.10.Jm

In Anderson’s paper introducing the resonating valence
bond (RVB) state [1], the prototypical example of a spin liquid
(SL) [2], the ground state of the triangular lattice nearest-
neighbor Heisenberg model was argued to be a likely candi-
date. Later, a variety of analytical and numerical studies [3–6]
demonstrated that this system has three sublattice 120◦

long range antiferromagnetic order. More recent numerical
studies [7–9] have confirmed this result, and more accurately
determined the magnetization, with M ∼ 0.2.

It is natural to include small second-neighbor J2 terms to
the Hamiltonian, in addition to the nearest-neighbor terms with
coupling J1, to see if this additional frustration induces a spin
liquid state. The corresponding classical phase diagram has a
single phase transition point at J2 = 1/8 (setting J1 = 1 here
and below) between the 120◦ phase and a large number of
degenerate four sublattice magnetically ordered states. This
degeneracy is broken by quantum fluctuations within spin
wave theory, selecting a two sublattice collinearly ordered
state through the order by disorder mechanism [10,11].

One might expect an intermediate phase to appear near
the classical critical point at J2 = 1/8. The limited number
of studies on this question, which have usually relied on ap-
proximations with uncertain reliability, have given conflicting
results, particularly on the nature of a possible disordered phase
and the location of the phase boundaries [12–15]. Here, we try
to resolve the nature of this possible intermediate state using
density matrix renormalization group (DMRG) methods [16].
We do find a spin liquid intermediate phase, gapped with
fairly large singlet and triplet gaps, which is bordered by the
expected magnetic phases, the

√
3 ×

√
3 ordered state (120◦

classical Néel order pattern) at J2 < 0.05 ∼ 0.07 and a two
sublattice collinear ordered state at J2 " 0.17. The SL state
away from the phase boundaries at J2 = 0.1 has very short
range magnetic, bond, and chiral correlations. We also observe
a dimerization pattern of bond strengths on odd cylinders and
obtain two different topological sectors on even cylinders. This
behavior is in a number of ways similar to that observed in the
Z2 spin liquid state of the kagome Heisenberg model [17,18].
A possible Z2 SL state on the triangular lattice was treated
analytically in the early 1990’s [19,20]. However, in contrast to
the kagome, it has a strong tendency towards spatial anisotropy
in the bond strengths.

We study the Hamiltonian

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ run over nearest- and next-nearest-
neighbor pairs of sites. We set J1 = 1 and consider only
J2 > 0. We study open-ended cylinders, with the axis along
the x direction. If one of the three bond directions lies along
the x (y) direction, we call it an XC (YC) cylinder. An XCn
cylinder has n sites along the zigzag y direction, while a YCn
cylinder has a circumference of n vertical bonds.

The triangular lattice, with six J1 and six J2 bonds, has
more connecting bonds than other lattices recently studied
with DMRG. This both increases the number of Hamiltonian
terms and increases the entanglement, which is to first order
governed by the area law. For example, a vertical line through
the YCn cylinder cuts 2n near-neighbor bonds; thus, one
would expect a greater entanglement entropy in this system
than in a square, honeycomb, or kagome lattice with the same
width. This means we have to keep more states m for the
same accuracy, while the greater number of Hamiltonian terms
increases the computational and memory cost for a given m.
The widest cylinders that we can calculate accurately are YC9
and XC10, keeping up to M = 6400 states, which produces a
truncation error that is always less than 10−5.

First, we present one calculation which shows all three
phases along a single cylinder. In Fig. 1, we vary J2 spatially
from 0 (left edge) to 0.24 (right edge) on a YC6 cylinder, where
we label the possible phase transition points in this model. At
J2 ! 0.06, we see the

√
3 ×

√
3 magnetically ordered state,

with a diminishing order parameter as one nears the transition.
For large J2 values, we see a two sublattice collinear ordered
phase consistently across various cylinders, which resembles
the Néel order on a tilted square lattice, consistent with spin
wave theory [11].

For 0.06 ! J2 ! 0.16 on this YC6 cylinder, there is a region
with very small magnetic moments, and with a nearly uniform
nearest-neighbor bond strength pattern. Below we will study
in detail the point J2 = 0.1, near the center of the intermediate
phase. We find that all of our results are consistent with this
phase being a gapped SL.

We now focus on J2 = 0.1, in the center of the nonmagnetic
phase. To understand the results it is essential to distinguish the
different possible topological sectors for a finite cylinder with
open ends. (We consider an even number of sites.) Infinitely
long cylinders are either even or odd, based on the number
of sites in a one-dimensional (1D) unit cell. For example, a
YCn cylinder is even if n is even. Call this type of parity
C. In addition, another parity arises based on a near-neighbor

1098-0121/2015/92(4)/041105(4) 041105-1 ©2015 American Physical Society

RAPID COMMUNICATIONS

ZHENYUE ZHU AND STEVEN R. WHITE PHYSICAL REVIEW B 92, 041105(R) (2015)

J2=0.06J2=0 J2=0.16 J2=0.24

FIG. 1. (Color online) For a YC6 cylinder, we vary J2 with position, from J2 = 0 on the left edge to J2 = 0.24 on the right edge. We also
apply a pinning magnetic field along both the x and z directions on the left edge to favor the classical 120◦ order. Two approximate phase
transition lines are shown. The size of the arrow represents local measurement of ⟨S⟩ =

√
⟨Sx⟩2 + ⟨Sz⟩2 with the direction of the angle given

by tan−1[⟨Sz⟩/⟨Sx⟩], and the widths of lines proportional to |⟨Si · Sj ⟩ + 0.18|. The solid lines along the bonds mean the bond measurement is
negative, i.e., a stronger than average bond, while dashed lines indicate bonds that are weaker than average.

dimer picture. Given any dimer covering, if we cut the cylinder
with a vertical line not intersecting any sites, the number of
dimers cut gives another parity. Call this parity D; we also
refer to it as the even or odd (topological) sector. For a finite
cylinder, assuming perfect dimer coverings, the D parity is
determined by how the left and right ends are terminated, and
moving a site from the left end to the right (or vice versa)
switches the topological sector. In a C-odd cylinder, the two
D-parity sectors are related by a translation of one 1D unit cell,
so the bulk properties are identical. In a C-even cylinder, the
two D-parity sectors are significantly different, but the bulk
properties become identical as the cylinder width increases in
a Z2 SL. For finite width, a ground state of the higher-energy
sector may be able to fall into the lower-energy sector, through
the creation of a spinon at each end of the system. The C parity
is a rigorous concept associated with the Lieb-Schultz-Mattis
theorem. It is not obvious that the D parity is a useful concept
for every spin liquid, but for both the kagome and the triangular
SL found here, the classification appears to work perfectly.

In Fig. 2 we show results for the ground states for both
sectors for the (C-even) YC6 cylinder. Here we see that the
lower-energy sector has a very uniform bond strength pattern
(bottom panel), whereas the higher-energy sector is much less
uniform. This behavior is seen in all the C-even cylinders,
in both this triangular system and in the kagome Heisenberg
system, thought to be a Z2 spin liquid [17].

For a Z2 spin liquid, these two sectors in a C-even cylinder
should become degenerate in the two-dimensional (2D) limit,
with the energy separation depending exponentially on the
width of the cylinder. Here, for YC6, extrapolating in the
truncation error and in the cylinder length, we find an energy
per site for the lower-energy odd sector of E0 = −0.520 96(1).
For a long enough cylinder, the even sector produces end
spinons and falls into the odd sector. The end spinons cost
a finite energy, of order of the triplet spin gap, but being in
the wrong sector in the bulk costs an energy proportional
to the length of the system. Thus, short system even sector
ground states are stable. Longer systems, during the course
of a DMRG simulation, may stay in the even sector ground
state for a number of sweeps, but then as we increase the
number of states kept m, they may suddenly fall into the
lower-energy sector by producing two end spinons. (We can
also prepare the initial DMRG state to make it start off in the
two spinon sector, in which case there is no sudden fall.) For

example, for a YC6 cylinder with length Lx = 30, we have
observed a sudden drop near m ∼ 3000, but this depends on a
variety of details of the DMRG simulations. Thus, estimating
the higher-energy ground state energy cannot be done as
accurately as the low-energy sector. (The DMRG calculations
also converge faster and with smaller truncation errors for
the lower-energy sector.) Using shorter cylinders, for YC6
we find an even sector energy of E1 = −0.5152(2), higher
than the odd sector by about 0.0058(2) per site, or about 1.1%.
The magnetic correlations, the bond-bond correlations, and the
chiral correlations for the YC6 low-energy sector are all very
short ranged, with correlation lengths roughly one to two lattice
spacings [21].

Similar behavior is seen for the C-even YC4 and YC8
cylinders. However, whereas for YC6 the bond strengths in
the three bond directions were almost identical, for YC4 they
are highly anisotropic. For YC4, the ground state is in the even
sector, while the odd sector energy is higher by about 3%. In

FIG. 2. (a) The higher-energy even and (b) the lower-energy odd
sector ground states for a YC6 cylinder with J2 = 0.1, where we
subtract −0.18 from all the bonds. The odd and even sector systems
differ primarily by the removal of a single site at each edge; in
addition, we needed to make the higher-energy system shorter to
avoid falling into the low-energy sector through the creation of two
end spinons. In the plot the bond thickness is restricted to a maximum;
otherwise, many edge bonds would be much thicker. (c) Central
portion of the ground state on the XC6 cylinder. The solid (dashed)
bonds have strength ⟨Si · Sj ⟩ = −0.287/−0.157. (d) A similar central
region for a YC5 cylinder. The solid (dashed) bonds have strength
⟨Si · Sj ⟩ = −0.158/−0.126.
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We study the S = 1/2 Heisenberg model on the triangular lattice with nearest- and next-nearest-neighbor
interactions J1 and J2 with the density matrix renormalization group, on long open cylinders with widths up to
nine lattice spacings. In an intermediate J2 region 0.06 ! J2/J1 ! 0.17, we find evidence for a spin liquid (SL)
state with short range spin-spin, bond-bond, and chiral correlation lengths, bordered by a classical 120◦ Néel
ordered state at small J2 and by a two sublattice collinear magnetically ordered state at larger J2. Focusing on
J2/J1 = 0.1, we find a number of signatures of a gapped SL phase.

DOI: 10.1103/PhysRevB.92.041105 PACS number(s): 75.10.Kt, 73.43.Nq, 75.10.Jm

In Anderson’s paper introducing the resonating valence
bond (RVB) state [1], the prototypical example of a spin liquid
(SL) [2], the ground state of the triangular lattice nearest-
neighbor Heisenberg model was argued to be a likely candi-
date. Later, a variety of analytical and numerical studies [3–6]
demonstrated that this system has three sublattice 120◦

long range antiferromagnetic order. More recent numerical
studies [7–9] have confirmed this result, and more accurately
determined the magnetization, with M ∼ 0.2.

It is natural to include small second-neighbor J2 terms to
the Hamiltonian, in addition to the nearest-neighbor terms with
coupling J1, to see if this additional frustration induces a spin
liquid state. The corresponding classical phase diagram has a
single phase transition point at J2 = 1/8 (setting J1 = 1 here
and below) between the 120◦ phase and a large number of
degenerate four sublattice magnetically ordered states. This
degeneracy is broken by quantum fluctuations within spin
wave theory, selecting a two sublattice collinearly ordered
state through the order by disorder mechanism [10,11].

One might expect an intermediate phase to appear near
the classical critical point at J2 = 1/8. The limited number
of studies on this question, which have usually relied on ap-
proximations with uncertain reliability, have given conflicting
results, particularly on the nature of a possible disordered phase
and the location of the phase boundaries [12–15]. Here, we try
to resolve the nature of this possible intermediate state using
density matrix renormalization group (DMRG) methods [16].
We do find a spin liquid intermediate phase, gapped with
fairly large singlet and triplet gaps, which is bordered by the
expected magnetic phases, the

√
3 ×

√
3 ordered state (120◦

classical Néel order pattern) at J2 < 0.05 ∼ 0.07 and a two
sublattice collinear ordered state at J2 " 0.17. The SL state
away from the phase boundaries at J2 = 0.1 has very short
range magnetic, bond, and chiral correlations. We also observe
a dimerization pattern of bond strengths on odd cylinders and
obtain two different topological sectors on even cylinders. This
behavior is in a number of ways similar to that observed in the
Z2 spin liquid state of the kagome Heisenberg model [17,18].
A possible Z2 SL state on the triangular lattice was treated
analytically in the early 1990’s [19,20]. However, in contrast to
the kagome, it has a strong tendency towards spatial anisotropy
in the bond strengths.

We study the Hamiltonian

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ run over nearest- and next-nearest-
neighbor pairs of sites. We set J1 = 1 and consider only
J2 > 0. We study open-ended cylinders, with the axis along
the x direction. If one of the three bond directions lies along
the x (y) direction, we call it an XC (YC) cylinder. An XCn
cylinder has n sites along the zigzag y direction, while a YCn
cylinder has a circumference of n vertical bonds.

The triangular lattice, with six J1 and six J2 bonds, has
more connecting bonds than other lattices recently studied
with DMRG. This both increases the number of Hamiltonian
terms and increases the entanglement, which is to first order
governed by the area law. For example, a vertical line through
the YCn cylinder cuts 2n near-neighbor bonds; thus, one
would expect a greater entanglement entropy in this system
than in a square, honeycomb, or kagome lattice with the same
width. This means we have to keep more states m for the
same accuracy, while the greater number of Hamiltonian terms
increases the computational and memory cost for a given m.
The widest cylinders that we can calculate accurately are YC9
and XC10, keeping up to M = 6400 states, which produces a
truncation error that is always less than 10−5.

First, we present one calculation which shows all three
phases along a single cylinder. In Fig. 1, we vary J2 spatially
from 0 (left edge) to 0.24 (right edge) on a YC6 cylinder, where
we label the possible phase transition points in this model. At
J2 ! 0.06, we see the

√
3 ×

√
3 magnetically ordered state,

with a diminishing order parameter as one nears the transition.
For large J2 values, we see a two sublattice collinear ordered
phase consistently across various cylinders, which resembles
the Néel order on a tilted square lattice, consistent with spin
wave theory [11].

For 0.06 ! J2 ! 0.16 on this YC6 cylinder, there is a region
with very small magnetic moments, and with a nearly uniform
nearest-neighbor bond strength pattern. Below we will study
in detail the point J2 = 0.1, near the center of the intermediate
phase. We find that all of our results are consistent with this
phase being a gapped SL.

We now focus on J2 = 0.1, in the center of the nonmagnetic
phase. To understand the results it is essential to distinguish the
different possible topological sectors for a finite cylinder with
open ends. (We consider an even number of sites.) Infinitely
long cylinders are either even or odd, based on the number
of sites in a one-dimensional (1D) unit cell. For example, a
YCn cylinder is even if n is even. Call this type of parity
C. In addition, another parity arises based on a near-neighbor
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We investigate the spin- 1
2 Heisenberg model on the triangular lattice in the presence of nearest-neighbor J1

and next-nearest-neighbor J2 antiferromagnetic couplings. Motivated by recent findings from density-matrix
renormalization group (DMRG) claiming the existence of a gapped spin liquid with signatures of spontaneously
broken lattice point group symmetry [Zhu and White, Phys. Rev. B 92, 041105 (2015) and Hu, Gong, Zhu, and
Sheng, Phys. Rev. B 92, 140403 (2015)], we employ the variational Monte Carlo (VMC) approach to analyze
the model from an alternative perspective that considers both magnetically ordered and paramagnetic trial states.
We find a quantum paramagnet in the regime 0.08 ! J2/J1 ! 0.16, framed by 120◦ coplanar (stripe collinear)
antiferromagnetic order for smaller (larger) J2/J1. By considering the optimization of spin-liquid wave functions
of a different gauge group and lattice point group content as derived from Abrikosov mean-field theory, we
obtain the gapless U(1) Dirac spin liquid as the energetically most preferable state in comparison to all symmetric
or nematic gapped Z2 spin liquids so far advocated by DMRG. Moreover, by the application of few Lanczos
iterations, we find the energy to be the same as the DMRG result within error bars. To further resolve the intriguing
disagreement between VMC and DMRG, we complement our methodological approach by the pseudofermion
functional renormalization group (PFFRG) to compare the spin structure factors for the paramagnetic regime
calculated by VMC, DMRG, and PFFRG. This model promises to be an ideal test bed for future numerical
refinements in tracking the long-range correlations in frustrated magnets.
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I. INTRODUCTION

Quantum antiferromagnetic models on two-dimensional
frustrated lattices provide a natural habitat for the birth of
novel quantum spin-liquid states [1–3], whose search has been
a keynote of contemporary condensed matter physics [4]. For
example, spin- 1

2 Heisenberg models defined on the kagome
lattice have been shown to potentially host exotic spin liquids,
sometimes with controversial findings from different numeri-
cal methods. This includes potential microscopic models for
the chiral spin liquid as originally described by Kalmeyer and
Laughlin and similar states [5–20], the gapped (topological)Z2
spin liquid proposed to describe the properties of the nearest-
neighbor model of this highly frustrated lattice [21–24], the
foundation of paradigmatic gapless spin liquids such as the
U(1) Dirac spin liquid and algebraic spin liquids [25–28],
and attempts to resolve magnetic phase diagrams assisting
the experimental investigation of Herbertsmithite crystals and
polymorphs thereof [29–33].

Another prominent candidate model conjectured to host a
quantum paramagnetic ground state is the spin- 1

2 triangular
lattice with both antiferromagnetic nearest-(J1) and next-
nearest-neighbor (J2) couplings [34,35]. Although there are
several compounds in which magnetic moments lie on stacked
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layers with a triangular geometry, most of them have sizable
distortions, leading to spatial anisotropies along different
directions [36,37]. Very recently, it has been claimed that
Ba3CoSb2O9 gives an almost perfect realization of a spin- 1

2
equilateral triangular lattice antiferromagnet, with both J1
and J2 couplings [38]. From a theoretical point of view, the
classical limit of the J1-J2 model has three different phases:
for J2/J1 < 1/8, the system has three-sublattice 120◦ coplanar
order, for 1/8 < J2/J1 < 1 it is infinitely degenerate (with
four-sublattice periodicity, in which the only constraint is to
have the four spins sum to zero), and for J2/J1 > 1 it features
generic incommensurate spiral structures. By including spin-
wave fluctuations, both at the lowest (first) and second
orders, the coplanar phase remains stable, while the accidental
degeneracy of the intermediate phase is lifted in favor of a
stripe collinear order with two-sublattice periodicity [35,39].
Naturally, quantum paramagnetic domains tend to emerge in
the vicinity of classical transition points, i.e., J2/J1 = 1/8
and J2/J1 = 1; however, their actual stabilization is not
clear within spin-wave approaches [35,39]. Subsequent works
have shown conflicting results on the possible existence,
extent, and nature of nonmagnetic phases [39–46]. Some
more recent studies have vouched for the existence of a
quantum paramagnet in the vicinity of J2/J1 = 1/8, while the
problem of the precise identification of its nature and extent in
parameter space remains an open issue: a Schwinger-boson
approach found the corresponding window to be 0.12 !
J2/J1 ! 0.19 with no further clarification of the nature of the
paramagnetic state [45], while a high-order coupled-cluster
method (CCM) study predicted a quantum paramagnet for
0.060(10) " J2/J1 " 0.165(5) [46], with a spin-triplet gap
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which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum

144411-2

IQBAL, HU, THOMALE, POILBLANC, AND BECCA PHYSICAL REVIEW B 93, 144411 (2016)

which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum
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2 Heisenberg model on the triangular lattice in the presence of nearest-neighbor J1

and next-nearest-neighbor J2 antiferromagnetic couplings. Motivated by recent findings from density-matrix
renormalization group (DMRG) claiming the existence of a gapped spin liquid with signatures of spontaneously
broken lattice point group symmetry [Zhu and White, Phys. Rev. B 92, 041105 (2015) and Hu, Gong, Zhu, and
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We find a quantum paramagnet in the regime 0.08 ! J2/J1 ! 0.16, framed by 120◦ coplanar (stripe collinear)
antiferromagnetic order for smaller (larger) J2/J1. By considering the optimization of spin-liquid wave functions
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obtain the gapless U(1) Dirac spin liquid as the energetically most preferable state in comparison to all symmetric
or nematic gapped Z2 spin liquids so far advocated by DMRG. Moreover, by the application of few Lanczos
iterations, we find the energy to be the same as the DMRG result within error bars. To further resolve the intriguing
disagreement between VMC and DMRG, we complement our methodological approach by the pseudofermion
functional renormalization group (PFFRG) to compare the spin structure factors for the paramagnetic regime
calculated by VMC, DMRG, and PFFRG. This model promises to be an ideal test bed for future numerical
refinements in tracking the long-range correlations in frustrated magnets.
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I. INTRODUCTION

Quantum antiferromagnetic models on two-dimensional
frustrated lattices provide a natural habitat for the birth of
novel quantum spin-liquid states [1–3], whose search has been
a keynote of contemporary condensed matter physics [4]. For
example, spin- 1

2 Heisenberg models defined on the kagome
lattice have been shown to potentially host exotic spin liquids,
sometimes with controversial findings from different numeri-
cal methods. This includes potential microscopic models for
the chiral spin liquid as originally described by Kalmeyer and
Laughlin and similar states [5–20], the gapped (topological)Z2
spin liquid proposed to describe the properties of the nearest-
neighbor model of this highly frustrated lattice [21–24], the
foundation of paradigmatic gapless spin liquids such as the
U(1) Dirac spin liquid and algebraic spin liquids [25–28],
and attempts to resolve magnetic phase diagrams assisting
the experimental investigation of Herbertsmithite crystals and
polymorphs thereof [29–33].

Another prominent candidate model conjectured to host a
quantum paramagnetic ground state is the spin- 1

2 triangular
lattice with both antiferromagnetic nearest-(J1) and next-
nearest-neighbor (J2) couplings [34,35]. Although there are
several compounds in which magnetic moments lie on stacked
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layers with a triangular geometry, most of them have sizable
distortions, leading to spatial anisotropies along different
directions [36,37]. Very recently, it has been claimed that
Ba3CoSb2O9 gives an almost perfect realization of a spin- 1

2
equilateral triangular lattice antiferromagnet, with both J1
and J2 couplings [38]. From a theoretical point of view, the
classical limit of the J1-J2 model has three different phases:
for J2/J1 < 1/8, the system has three-sublattice 120◦ coplanar
order, for 1/8 < J2/J1 < 1 it is infinitely degenerate (with
four-sublattice periodicity, in which the only constraint is to
have the four spins sum to zero), and for J2/J1 > 1 it features
generic incommensurate spiral structures. By including spin-
wave fluctuations, both at the lowest (first) and second
orders, the coplanar phase remains stable, while the accidental
degeneracy of the intermediate phase is lifted in favor of a
stripe collinear order with two-sublattice periodicity [35,39].
Naturally, quantum paramagnetic domains tend to emerge in
the vicinity of classical transition points, i.e., J2/J1 = 1/8
and J2/J1 = 1; however, their actual stabilization is not
clear within spin-wave approaches [35,39]. Subsequent works
have shown conflicting results on the possible existence,
extent, and nature of nonmagnetic phases [39–46]. Some
more recent studies have vouched for the existence of a
quantum paramagnet in the vicinity of J2/J1 = 1/8, while the
problem of the precise identification of its nature and extent in
parameter space remains an open issue: a Schwinger-boson
approach found the corresponding window to be 0.12 !
J2/J1 ! 0.19 with no further clarification of the nature of the
paramagnetic state [45], while a high-order coupled-cluster
method (CCM) study predicted a quantum paramagnet for
0.060(10) " J2/J1 " 0.165(5) [46], with a spin-triplet gap
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which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
c
†
i,↑

ci,↓

)
→ U

(
c
†
i,↑

ci,↓

)
, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form

H = J1

2

∑

⟨i,j⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)

+J2

2

∑

⟨⟨i,j⟩⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)
. (4)

Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α

χij c
†
i,αcj,α +

∑

(i,j )

&ij (c†i,↑c
†
j,↓ + H.c.)

+
∑

i

[
µ

∑

α

c
†
i,αci,α + ζ (c†i,↑c

†
i,↓ + H.c.)

]
, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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Hilbert space and, in order to obtain a legitimate wave function
for spins, one must include fluctuations around the mean-field
state. In this respect, an accurate treatment of all (spatial and
temporal) fluctuations becomes crucial. On a lattice system,
it proves impossible to analytically treat all these fluctuations
in an accurate manner and one has to resort to approximate
methods. Temporal fluctuations of the Lagrange multiplier µ
are particularly important, since they enforce the one-fermion
per-site constraint. In the following, we will describe two
possible numerical approaches for describing the ground-state
properties of the spin model.

III. METHODS

A. Variational Quantum Monte Carlo method

One possibility to enforce exactly the one-fermion per
site constraint is to apply the Gutzwiller projector to the
uncorrelated wave function. In this case, a Monte Carlo
sampling is needed in order to compute any expectation
values over variational states, since the resulting wave function
includes strong correlations among the fermionic objects.

Our variational wave functions are defined as

|!var⟩ = JzPG|"0⟩. (7)

Here, |"0⟩ is an uncorrelated wave function that is obtained as
the ground state of a generic noninteracting Hamiltonian, like
the one of Eq. (6); PG =

∏
i(ni,↑ − ni,↓)2 is the Gutzwiller

projector. Notice that |"0⟩ is obtained without any self-
consistent requirement, as in the mean-field approach, but
it is found by minimizing the energy in presence of the
Gutzwiller projector. In addition to the Gutzwiller term, a spin-
spin Jastrow factor is also included to describe magnetically
ordered phases:

Jz = exp
(

1
2

∑

ij

uij S
z
i S

z
j

)
, (8)

where, uij is a translationally invariant pseudopotential that
depends upon the distance |Ri − Rj | of two sites. All the
independent parameters in the pseudopotential are optimized
via Monte Carlo simulations. By construction, the Jastrow
factor breaks the spin SU(2) symmetry of the Heisenberg
model. In the following, we consider two cases for the
noninteracting Hamiltonian that are suitable for generating
magnetic and spin-liquid wave functions.

The magnetic states are defined from

HMAG =
∑

(i,j ),α

χij c
†
i,αcj,α + h

∑

i,α

Mi · Si , (9)

where χij and h are parameters that can be optimized
to minimize the variational energy. The periodicity of the
magnetic order is defined by the vector Mi . Here, we take
Mi in the XY plane, i.e., Mi = (cos(q · Ri), sin(q · Ri),0),
where q is the pitch vector. In this way, the Jastrow factor (8)
correctly describes the relevant quantum fluctuations around
the classical spin state [65]. It is worth mentioning that the
existence of magnetic long-range order is directly related to the
presence of a finite parameter h. Here, we study two magnetic
orders: (i) the three-sublattice 120◦ order, corresponding to
q = (4π/3,0), with the Ansatz for χij in Eq. (9) given by

0

0

(0,0) (1,0)

(0,1) (1,1)

a

a

(a) (b) (c)

FIG. 3. (a) DSL Ansatz: all NN amplitudes are real hoppings of
equal magnitude. The solid (dashed) bonds denote positive (negative)
signs. The unit cell is doubled to accommodate the π flux. (b)
Z2{π}A nematic spin-liquid Ansatz (reproduction of Ansatz No. 20
of Ref. [53]): there are two classes of NN hoppings, labeled by black
and red colors. Nonzero NNN hoppings are denoted by blue color.
(c) Z2C nematic spin-liquid Ansatz (reproduction of Ansatz No. 6 of
Ref. [53]): nonzero NN hoppings are denoted by black color. The grey
bonds have zero hopping amplitude. There are two classes of NNN
hoppings, denoted by blue and red colors. Both these nematic Ansätze
require a doubling of the unit cell, and allow chemical potential and
on-site real pairing.

Fig. 3(a) and (ii) a stripe collinear order, corresponding to
q = (0,2π/

√
3), with the Ansatz for χij in Eq. (9) given by

Fig. 3(b). These choices of χij give the most competitive
magnetic wave functions.

On the other hand, the spin-liquid wave functions are
defined from the noninteracting Hamiltonian of Eq. (6), where,
in addition to the hopping terms there is also a singlet pairing
(&ij = &ji), chemical potential µ and on-site pairing ζ .
Different patterns of distribution of χij and &ij , along with a
specification of the on-site terms µ and ζ lead to distinct spin
liquids, see Ref. [60] for a systematic classification scheme.
Moreover, the spin-spin Jastrow factor can be also included to
improve the variational energy.

When a particle-hole transformation is performed on down
electrons:

c
†
i,↓ → ci,↓,

(10)
c
†
i,↑ → c

†
i,↑,

the mean-field Hamiltonian (6) commutes with the total
number of particles. Therefore the uncorrelated state is defined
by filling suitable single-particle orbitals. Boundary conditions
should be taken in order to have a unique state (i.e., filling all
orbitals in a shell with the same mean-field energy). Periodic
(P) and anti-periodic (A) boundary conditions along the a1 and
a2 lattice vectors [see Fig. 3(a)] can be considered, leading
to four choices: [P,P], [P,A], [A,P], and [A,A] of boundary
conditions.

The variational parameters in the spin wave function of
Eq. (7) are optimized using an implementation of the stochastic
reconfiguration (SR) optimization method [66,67]. This allows
us to obtain an extremely accurate determination of variational
parameters. Indeed, small energy differences are effectively
computed by using a correlated sampling, which makes it
possible to strongly reduce statistical fluctuations. The current
problem of the study of the instability of gapless spin liquids
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Hilbert space and, in order to obtain a legitimate wave function
for spins, one must include fluctuations around the mean-field
state. In this respect, an accurate treatment of all (spatial and
temporal) fluctuations becomes crucial. On a lattice system,
it proves impossible to analytically treat all these fluctuations
in an accurate manner and one has to resort to approximate
methods. Temporal fluctuations of the Lagrange multiplier µ
are particularly important, since they enforce the one-fermion
per-site constraint. In the following, we will describe two
possible numerical approaches for describing the ground-state
properties of the spin model.

III. METHODS

A. Variational Quantum Monte Carlo method

One possibility to enforce exactly the one-fermion per
site constraint is to apply the Gutzwiller projector to the
uncorrelated wave function. In this case, a Monte Carlo
sampling is needed in order to compute any expectation
values over variational states, since the resulting wave function
includes strong correlations among the fermionic objects.

Our variational wave functions are defined as

|!var⟩ = JzPG|"0⟩. (7)

Here, |"0⟩ is an uncorrelated wave function that is obtained as
the ground state of a generic noninteracting Hamiltonian, like
the one of Eq. (6); PG =

∏
i(ni,↑ − ni,↓)2 is the Gutzwiller

projector. Notice that |"0⟩ is obtained without any self-
consistent requirement, as in the mean-field approach, but
it is found by minimizing the energy in presence of the
Gutzwiller projector. In addition to the Gutzwiller term, a spin-
spin Jastrow factor is also included to describe magnetically
ordered phases:

Jz = exp
(

1
2

∑

ij

uij S
z
i S

z
j

)
, (8)

where, uij is a translationally invariant pseudopotential that
depends upon the distance |Ri − Rj | of two sites. All the
independent parameters in the pseudopotential are optimized
via Monte Carlo simulations. By construction, the Jastrow
factor breaks the spin SU(2) symmetry of the Heisenberg
model. In the following, we consider two cases for the
noninteracting Hamiltonian that are suitable for generating
magnetic and spin-liquid wave functions.

The magnetic states are defined from

HMAG =
∑

(i,j ),α

χij c
†
i,αcj,α + h

∑

i,α

Mi · Si , (9)

where χij and h are parameters that can be optimized
to minimize the variational energy. The periodicity of the
magnetic order is defined by the vector Mi . Here, we take
Mi in the XY plane, i.e., Mi = (cos(q · Ri), sin(q · Ri),0),
where q is the pitch vector. In this way, the Jastrow factor (8)
correctly describes the relevant quantum fluctuations around
the classical spin state [65]. It is worth mentioning that the
existence of magnetic long-range order is directly related to the
presence of a finite parameter h. Here, we study two magnetic
orders: (i) the three-sublattice 120◦ order, corresponding to
q = (4π/3,0), with the Ansatz for χij in Eq. (9) given by
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FIG. 3. (a) DSL Ansatz: all NN amplitudes are real hoppings of
equal magnitude. The solid (dashed) bonds denote positive (negative)
signs. The unit cell is doubled to accommodate the π flux. (b)
Z2{π}A nematic spin-liquid Ansatz (reproduction of Ansatz No. 20
of Ref. [53]): there are two classes of NN hoppings, labeled by black
and red colors. Nonzero NNN hoppings are denoted by blue color.
(c) Z2C nematic spin-liquid Ansatz (reproduction of Ansatz No. 6 of
Ref. [53]): nonzero NN hoppings are denoted by black color. The grey
bonds have zero hopping amplitude. There are two classes of NNN
hoppings, denoted by blue and red colors. Both these nematic Ansätze
require a doubling of the unit cell, and allow chemical potential and
on-site real pairing.

Fig. 3(a) and (ii) a stripe collinear order, corresponding to
q = (0,2π/

√
3), with the Ansatz for χij in Eq. (9) given by

Fig. 3(b). These choices of χij give the most competitive
magnetic wave functions.

On the other hand, the spin-liquid wave functions are
defined from the noninteracting Hamiltonian of Eq. (6), where,
in addition to the hopping terms there is also a singlet pairing
(&ij = &ji), chemical potential µ and on-site pairing ζ .
Different patterns of distribution of χij and &ij , along with a
specification of the on-site terms µ and ζ lead to distinct spin
liquids, see Ref. [60] for a systematic classification scheme.
Moreover, the spin-spin Jastrow factor can be also included to
improve the variational energy.

When a particle-hole transformation is performed on down
electrons:

c
†
i,↓ → ci,↓,

(10)
c
†
i,↑ → c

†
i,↑,

the mean-field Hamiltonian (6) commutes with the total
number of particles. Therefore the uncorrelated state is defined
by filling suitable single-particle orbitals. Boundary conditions
should be taken in order to have a unique state (i.e., filling all
orbitals in a shell with the same mean-field energy). Periodic
(P) and anti-periodic (A) boundary conditions along the a1 and
a2 lattice vectors [see Fig. 3(a)] can be considered, leading
to four choices: [P,P], [P,A], [A,P], and [A,A] of boundary
conditions.

The variational parameters in the spin wave function of
Eq. (7) are optimized using an implementation of the stochastic
reconfiguration (SR) optimization method [66,67]. This allows
us to obtain an extremely accurate determination of variational
parameters. Indeed, small energy differences are effectively
computed by using a correlated sampling, which makes it
possible to strongly reduce statistical fluctuations. The current
problem of the study of the instability of gapless spin liquids
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
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)
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(
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, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form
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Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α
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†
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, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
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spontaneous breaking of rotational symmetry). In addition,
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(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)
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Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:
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i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
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clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
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(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:
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where the summation over the repeated greek indices is
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Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:
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i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:
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clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
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FIG. 5. (a) At J2 = 0, the energies for L = 18,24,30, and 36
clusters are plotted. Assuming spin wave size scaling [78,79], we use
the three largest clusters to get an estimate in the thermodynamic limit.
Similarly, for other values of J2/J1, using the three largest clusters
we perform size-scalings which are assumed to be linear in 1/L3 for
the antiferromagnetic regimes and 1/L for the spin-liquid regime, in
order to obtain the corresponding thermodynamic estimates of the
energy. They are plotted in (b) as a function of J2/J1. Note that
here we use Jastrow wave function of Eq. (7) also for the spin-liquid
regime.

TABLE I. At J2 = 0, estimations of the ground-state energy per
site (in units of J1) obtained by different methods on the 6 × 6 torus
and the thermodynamic limit. The energies computed by the first
two methods (denoted by an asterisk) are from the present study. The
DMRG estimate on the 6 × 6 torus is obtained by extrapolating in the
truncation error, where at most 8000 SU(2) states are kept, while the
thermodynamic estimate is obtained from extrapolating cylindrical
clusters. After ED results, the next three rows show results from VMC
studies. The first two employed a full pairing function optimization,
the third one considered a wave function mixing dx2−y2 + idxy pairing
and antiferromagnetic order. The results for fixed-node (FN), FN with
an effective Hamiltonian (FNE), coupled cluster method (CCM), spin
wave (SW), and Green’s function Monte Carlo (GFMC) method
with stochastic reconfiguration are also provided for comparison.
Notice that the energies computed by the last three methods (denoted
by a dagger) are not rigorous upper bounds of the ground-state
energy.

Method 6 × 6 torus 2D limit

VMC [see Eqs. (7) and (9)]∗ − 0.548025(3) − 0.545321(7)
DMRG∗ − 0.560375(6) − 0.551(2)
Exact Diagonalization (Ref. [80]) − 0.5603734 − 0.5445
VMC (Heidarian et al.) (Ref. [81]) − 0.55148(5) − 0.5470(1)
VMC (Kaneko et al.) (Ref. [48]) − 0.55519(4) − 0.5449(2)
VMC (Weber et al.) (Ref. [82]) − 0.543(1) − 0.532(1)
FN (Yunoki et al.) (Ref. [67]) − 0.53989(3)
FNE (Yunoki et al.) − 0.54187(6)
CCM (Li et al.)† (Ref. [46]) − 0.5521(2)
SW (Chernyshev et al.)† (Ref. [83]) − 0.54684
GFMC (Capriotti et al.)† (Ref. [84]) − 0.5581(1) − 0.5458(1)

TABLE II. A list of states whose wave functions are studied.

State Gapped Unit cell Parent state No. in Ref. [53]

uRVB No 1 × 1
DSL No 1 × 2
Z2{0}A Yes 1 × 1 uRVB 1
Z2{π}A Yes 1 × 2 DSL 20
Z2 C Yes 1 × 2 None 6
Z2{π}B No 1 × 2 DSL 18
VBC2 Yes 1 × 2 DSL
VBC4 Yes 2 × 2 DSL

correlated wave function. Instead, here we want to deal with
bona fide spin-liquid wave functions. Following the previous
work done by Zheng et al. [52] and Lu [53], we have analyzed
all the symmetric (gapped and gapless) Z2 spin liquids and
their nematic counterparts which can be realized with finite
NN and NNN mean-field amplitudes. Among the ones that
have been classified in Ref. [53], we list those that show some
relevance after numerical optimization.

(1) The Z2{0}A state: it has uniform hoppings and pairings
at NN and NNN amplitudes, in addition, chemical potential
and on-site pairing are also allowed. The uniform pairing terms
can potentially open up a gap on the spinon Fermi surface
formed by NN hoppings, leading to a symmetric gapped Z2
spin liquid, whose nematic version just differs in having two
different classes of NN [(1,0) and (1,1)] and NNN [(2,1)
and (1,−1)] hoppings and pairings, see Fig. 3(a). Hence, this
Ansatz is continuously connected to the uRVB state, and is the
only gapped one in its neighborhood. This state corresponds
to the Ansatz No. 1 of Ref. [53].

(2) The Z2{π}A state: the symmetric version has NN
hoppings equal to the ones of the DSL, with the NNN hoppings
being identically zero by symmetry, and an on-site pairing term
that opens a gap at the Dirac nodes. The nematic version of
the spin-liquid Ansatz is shown in Fig. 3(b). It is continuously
connected to the DSL and happens to be the only gapped spin
liquid in its neighborhood. This state corresponds to the Ansatz
No. 20 in Ref. [53].

(3) The Z2C state: the symmetric version has all identi-
cally vanishing NN amplitudes and is neither continuously
connected to the uRVB nor to the DSL. The Ansatz for the
nematic version of this spin liquid is shown in Fig. 3(c). This
spin liquid corresponds to the Ansatz No. 6 of Ref. [53].

(4) The Z2{π}B state: this is a gapless Z2 spin liquid
which is continuously connected to the DSL. Its symmetric
version is derived by adding a NNN pairing term on top of NN
hopping π -flux Ansatz, which breaks the U(1) gauge structure
down to Z2 but keeps the spinon spectrum gapless. This state
corresponds to the Ansatz No. 18 of Ref. [53].

Let us focus our attention to the case with J2/J1 =
1/8 (well inside the magnetically disordered region); the
energies per site of the two parent gapless U(1) states
are (on the 32 × 32 cluster) EuRVB/J1 = −0.352287(3) and
EDSL/J1 = −0.501980(1), see Eqs. (16) and (17). The results
of optimizations of the above four competing Z2 spin liquids
wave functions on a 32 × 32 cluster are now discussed. For
a generic unbiased starting point in the variational space of
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We investigate the spin- 1
2 Heisenberg model on the triangular lattice in the presence of nearest-neighbor J1

and next-nearest-neighbor J2 antiferromagnetic couplings. Motivated by recent findings from density-matrix
renormalization group (DMRG) claiming the existence of a gapped spin liquid with signatures of spontaneously
broken lattice point group symmetry [Zhu and White, Phys. Rev. B 92, 041105 (2015) and Hu, Gong, Zhu, and
Sheng, Phys. Rev. B 92, 140403 (2015)], we employ the variational Monte Carlo (VMC) approach to analyze
the model from an alternative perspective that considers both magnetically ordered and paramagnetic trial states.
We find a quantum paramagnet in the regime 0.08 ! J2/J1 ! 0.16, framed by 120◦ coplanar (stripe collinear)
antiferromagnetic order for smaller (larger) J2/J1. By considering the optimization of spin-liquid wave functions
of a different gauge group and lattice point group content as derived from Abrikosov mean-field theory, we
obtain the gapless U(1) Dirac spin liquid as the energetically most preferable state in comparison to all symmetric
or nematic gapped Z2 spin liquids so far advocated by DMRG. Moreover, by the application of few Lanczos
iterations, we find the energy to be the same as the DMRG result within error bars. To further resolve the intriguing
disagreement between VMC and DMRG, we complement our methodological approach by the pseudofermion
functional renormalization group (PFFRG) to compare the spin structure factors for the paramagnetic regime
calculated by VMC, DMRG, and PFFRG. This model promises to be an ideal test bed for future numerical
refinements in tracking the long-range correlations in frustrated magnets.

DOI: 10.1103/PhysRevB.93.144411

I. INTRODUCTION

Quantum antiferromagnetic models on two-dimensional
frustrated lattices provide a natural habitat for the birth of
novel quantum spin-liquid states [1–3], whose search has been
a keynote of contemporary condensed matter physics [4]. For
example, spin- 1

2 Heisenberg models defined on the kagome
lattice have been shown to potentially host exotic spin liquids,
sometimes with controversial findings from different numeri-
cal methods. This includes potential microscopic models for
the chiral spin liquid as originally described by Kalmeyer and
Laughlin and similar states [5–20], the gapped (topological)Z2
spin liquid proposed to describe the properties of the nearest-
neighbor model of this highly frustrated lattice [21–24], the
foundation of paradigmatic gapless spin liquids such as the
U(1) Dirac spin liquid and algebraic spin liquids [25–28],
and attempts to resolve magnetic phase diagrams assisting
the experimental investigation of Herbertsmithite crystals and
polymorphs thereof [29–33].

Another prominent candidate model conjectured to host a
quantum paramagnetic ground state is the spin- 1

2 triangular
lattice with both antiferromagnetic nearest-(J1) and next-
nearest-neighbor (J2) couplings [34,35]. Although there are
several compounds in which magnetic moments lie on stacked
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layers with a triangular geometry, most of them have sizable
distortions, leading to spatial anisotropies along different
directions [36,37]. Very recently, it has been claimed that
Ba3CoSb2O9 gives an almost perfect realization of a spin- 1

2
equilateral triangular lattice antiferromagnet, with both J1
and J2 couplings [38]. From a theoretical point of view, the
classical limit of the J1-J2 model has three different phases:
for J2/J1 < 1/8, the system has three-sublattice 120◦ coplanar
order, for 1/8 < J2/J1 < 1 it is infinitely degenerate (with
four-sublattice periodicity, in which the only constraint is to
have the four spins sum to zero), and for J2/J1 > 1 it features
generic incommensurate spiral structures. By including spin-
wave fluctuations, both at the lowest (first) and second
orders, the coplanar phase remains stable, while the accidental
degeneracy of the intermediate phase is lifted in favor of a
stripe collinear order with two-sublattice periodicity [35,39].
Naturally, quantum paramagnetic domains tend to emerge in
the vicinity of classical transition points, i.e., J2/J1 = 1/8
and J2/J1 = 1; however, their actual stabilization is not
clear within spin-wave approaches [35,39]. Subsequent works
have shown conflicting results on the possible existence,
extent, and nature of nonmagnetic phases [39–46]. Some
more recent studies have vouched for the existence of a
quantum paramagnet in the vicinity of J2/J1 = 1/8, while the
problem of the precise identification of its nature and extent in
parameter space remains an open issue: a Schwinger-boson
approach found the corresponding window to be 0.12 !
J2/J1 ! 0.19 with no further clarification of the nature of the
paramagnetic state [45], while a high-order coupled-cluster
method (CCM) study predicted a quantum paramagnet for
0.060(10) " J2/J1 " 0.165(5) [46], with a spin-triplet gap
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which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum
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where the normalization factor J/δ ensures that the RG flow
starts with an initialized value of κP

nem = 1. If the absolute
value κP

nem remains small under the RG flow, the system tends
to equalize, i.e., to reject the perturbation on that link, while,
if κP

nem develops a large value under the RG flow it indicates
that the system supports the p-pattern nematic order.

IV. RESULTS

A. Variational energies

Our variational calculations have been performed on L × L
clusters possessing all symmetries of the triangular lattice, with
periodic boundaries in the spin Hamiltonian of Eq. (1). Within
the class of fully symmetric (preserving space group, time-
reversal, and spin rotation symmetries) mean-field Ansätze
with nonzero NN amplitudes, there exist only two U(1) states.
(i) The uniform resonating-valence bond (uRVB) state (for
which all NN hoppings are real, equal in magnitude, and
positive, leading to no magnetic fluxes piercing the lattice).
This is a gapless state with a spinon Fermi surface. (ii) The
DSL (for which all NN hoppings are real, of equal magnitude,
and with the sign structure of Fig. 3(a), giving rise to π flux in
half of the triangles). This is a gapless state with low-energy
Dirac conical excitations [53]. The L × L clusters may be
divided in two different classes, those with L = 4n, or those
with L = 4n + 2, where n is a positive integer. For the uRVB
state, on both these cluster types, only [P,A] BC gives a closed
shell configuration and is used for the present study. The other
three BCs give an open shell. For the DSL, on L = 4n type
clusters, [P,P] gives an open shell, the rest three give a closed
shell and we use [A,P] BC in the present study. On L = 4n + 2
type clusters, all four boundary conditions give a closed shell,
and we use [A,P] BC in the present study.

The variational energies of these two states provide a
reference for all the rest of the paper and are given (on the
32 × 32 cluster) by (here the spin-spin Jastrow factor is not
included)

EuRVB/J1 = −0.35446(1) + 0.01741(1)J2/J1, (16)

EDSL/J1 = −0.52905(1) + 0.21657(1)J2/J1. (17)

Hence the DSL energetically outshines the uRVB state for the
parameter regime 0 ! J2/J1 ! 0.8766(2).

Let us now discuss our VMC results. First of all, we
investigate the region with 0 ! J2/J1 ! 1/8. Here, we con-
sider the variational wave function that is generated from
the uncorrelated Hamiltonian (9) with q = (4π/3,0) and the
hopping Ansatz of Fig. 3(a). The variational parameters are
the antiferromagnetic parameter h and all the independent
uij ’s of the spin-spin Jastrow factor (8). After optimizing on
cluster sizes up to L = 36, we find that for J2/J1 ! 0.06, the h
parameter extrapolates to a finite value in the thermodynamic
limit, indicating the existence of magnetic order, see Fig. 4(a).
By contrast, for J2/J1 " 0.08, the strong frustration is able
to melt the antiferromagnetic order; here, the h parameter
extrapolates to zero (within error bars) in the thermodynamic
limit, see Fig. 4(a). The high-accuracy of our magnetic wave
functions is demonstrated by the fact that for J2 = 0, i.e., the
NN Heisenberg antiferromagnet, we get an energy per site
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FIG. 4. Finite-size scalings of the antiferromagnetic variational
parameter h for (a) 120◦ coplanar magnetic order and (b) collinear
stripe order are shown as a function of 1/L, for different values of
J2. A quadratic fit is used in all cases and the cluster sizes correspond
to L = 6,12,18,24,30, and 36. In (c), the thermodynamic estimate
of h (blue asterisks) and the nematic order parameter χNN

(1,1) − χNN
(1,0)

(red circles) are shown as functions of J2. It is worth noting that
nematic order onsets simultaneously with the stripe magnetic order.
In (a), [A,P] boundary conditions are used for all clusters. In (b),
[P,P] boundary conditions are used for L = 6,18, and 30 and [A,A]
for L = 12, 24, and 36.

in the thermodynamic limit of E/J1 = −0.545321(7), which
ranks amongst the most competitive variational estimates
reported so far, see Fig. 5(a) and Table I for comparison of
energies from different methods.

Then, we move towards investigating the second regime
of interest, i.e., 1/8 ! J2/J1 ! 1. Here, the ordering wave
vector is expected to be that of stripe collinear order, i.e.,
q = (0,2π/

√
3), which breaks rotation symmetry; hence, a

consistent choice of the Ansatz for χij in Eq. (9) is the one of
Fig. 3(b). It is found upon optimization on cluster sizes up to
L = 36, that for J2/J1 ! 0.16, the h parameter extrapolates to
zero (within error bars) in the thermodynamic limit. Instead,
for J2/J1 " 0.16, the frustration starts getting relieved, and
the collinear order onsets for J2/J1 " 0.18, see Fig. 4(b).

Therefore our results strongly suggest that close to the
classical transition J2/J1 = 1/8 a quantum paramagnet set-
tles down for 0.06 # J2/J1 # 0.16. This estimation of the
phase boundaries is in excellent agreement with previous
DMRG [50,51] and CCM [46] studies. Moreover, by a close
inspection of the thermodynamic energy per site versus J2/J1,
we obtain a quite clear evidence that the first transition is
continuous (no visible discontinuities on the energy), while
the second one is first-order, see Fig. 5(b).

We now address the important question of identifying
the nature of the quantum paramagnet and study competing
candidate states (see Table II). In the following, we consider
spin-liquid states generated from the uncorrelated Hamilto-
nian (6) without the spin-spin Jastrow factor. Indeed, although
the inclusion of the latter one gives a slight improvement of
the variational energy, it spoils the spin SU(2) invariance of the
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
c
†
i,↑

ci,↓

)
→ U

(
c
†
i,↑

ci,↓

)
, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form

H = J1

2

∑

⟨i,j⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)

+J2

2

∑

⟨⟨i,j⟩⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)
. (4)

Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α

χij c
†
i,αcj,α +

∑

(i,j )

&ij (c†i,↑c
†
j,↓ + H.c.)

+
∑

i

[
µ

∑

α

c
†
i,αci,α + ζ (c†i,↑c

†
i,↓ + H.c.)

]
, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum
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It is shown that several di6'erent order parameters can be used to characterize a type of P- and T-
violating state for spin systems, that we call chiral-spin states. There is a closely related, precise no-
tion of chiral-spin-liquid states. We construct soluble models, based on P- and T-symmetric local-
spin Hamiltonians, with chiral-spin ground states. Mean-field theories leading to chiral spin liquids
are proposed. Frustration is essential in stabilizing these states. The quantum numbers of quasipar-
ticles around the chiral spin liquids are analyzed. They generally obey fractional statistics. Based
on these ideas, it is speculated that superconducting states with unusual values of the Aux quantum
may exist.

INTRODUCTION

In two spatial dimensions new possibilities arise for
quantum statistics. Indeed, it has gradually emerged that
fractional statistics, ' and the related phenomena of sta-
tistical transmutation, are rather common features of
quantum field theories in two space dimensions. They
can occur in o. models with Hopf terms, or in gauge
theories with Chem-Simons terms. They also appear
naturally in a variety of efFective-field theories resulting
from integrating out massive two-component fer-
mions, for example in (2+1)-dimensional quantum
electrodynamics.
The general idea of fractiona1 statistics, and the canon-

ical construction of their description in local-field theory,
have been given a firm mathematical basis recently in
beautiful work by Frolich and Marchetti. The relevant
field theories can be fully regulated, and even realized on
a lattice.
Given all this, one cannot help wondering whether Na-

ture has chosen to make use of the new theoretical possi-
bilities in real materials. Actually, there is already com-
pelling (though indirect) evidence that quasiparticle exci-
tations around fractional quantum Hall effect (FQHE)
states do obey fractional statistics. ' But there is an im-
portant factor which constrains the possible applications.
That is, the existence of fractional statistics generically
requires violation of the discrete symmetries P and T.
This is because under a P or T transformation a particle
with 0 statistics must transform into one with —0 statis-
tics. Generically, there will not be such a particle in the
theory. Exceptions occur only if the statistical parameter
is equal to zero modulo n. (bosons or fermions); or if there
is a doubling of t:he spectrum, with each particle having a
partner of the opposite statistics. There is no convict be-
tween this observation and the appearance of fractional
statistics in the FQHE, because the FQHF occurs in the
presence of a strong external magnetic field, which of
course violates P and T.
Nevertheless, there has been much speculation recently

that similar ideas apply also to the metallic oxide layers,

that play a crucial role in the dynamics of high-
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ergetically favorable. Unfortunately, the simple chiral
spin states that diagonalize our toy Hamiltonians are not
spin liquids.
So, third, we formulate some models that are not exact-

ly soluble but do plausibly seem to have chiral spin-liquid
ground states. These models contain a parameter n, such
that for n=2 they are frustrated-spin models, while for
large n they are tractable, in the sense that a mean-field
theory description is accurate. In the mean-field approxi-
mation, we find chiral spin-liquid states are energetically
favorable for a wide range of couplings. We construct an
effective-field theory for the low-energy excitations
around a specific chiral spin-liquid state, and characterize
the charge, spin, and statistics of the quasiparticles.
Spin- —, neutral particles carrying half-fermion statistics
are found, in agreement with Laughlin's arguments.
We conclude with some remarks on the possible rela-

tionship between chiral spin liquids and superconductivi-
ty, and put forward a speculation that fIows naturally
from this circle of ideas, and if true would have dramatic
experimental consequences.

CHARACTERIZATION OF CHIRAL SPIN STATES

Part .of the reason that the recent literature on possible
dynamical realizations of fractiona1 statistics often ap-
pears so diffuse and confusing, is that the essential char-
acter of the proposed states can be stated in several ap-
parently different ways. Here are four possibilities, ap-
propriate to the context of Hubbard models.
(i) As a straightforward spin ordering, consider, in a

model of spins —,', the expectation value

E123:( cr 1 ( cr 2 X0 3 ) )

where 1,2,3 label lattice sites. P symmetry would force
E,23 to vanish (or depend on the position of 1,2,3 in the
latice—see below) because it reverses the orientation of
the circuit 1-2-3, which changes the sign of the triple
product. (In two-dimensional space, parity is of course
just reliection in one of the two spatial axes. ) T symmetry
would force E&23 to vanish. But a nonzero value of E&23,
necessarily real because it is the expectation value of an
Hermitian operator, is consistent with PT symmetry. A
nonvanishing, real expectation value E&&3, correlated
with the size and orientation of the triangle 123 but not
its position on the lattice, is one characterization of chiral
spin states.
(ii) Let us introduce electron creation operators c; on

site i, spin 0, and the operators

These g operators have proved very convenient in the
mean-Geld theory of Aux phases, and we shall use them in
this way below. But first, we wish to consider a more
abstract use of them, in formulating an order parameter.
Under a local gauge transformation, whereby an elec-i0.tron at site j acquires the phase e ', we have

i(0.—0. )I JX/g~e '

X&g .

In the half-filled Hubbard model at infinite U, exactly one

or

+/1234 ~ X12X23X34X41 )

where the g's circle a closed triangle or plaquette. And
indeed, an expectation value of the latter type has been
used to characterize the fiux phase. Are these plaquette
order parameters related to the spin expectation values
E? In fact simple calculations show that they are.
Specifically, we have

'P/)32 = Eiz3
l

(4)

and

I
P/1234 P/1432 4 ( E123 E134 E124+E234) (4')

Thus the chiral spin states are alternatively characterized
by their supporting a difference between the expectation
values for plaquettes traversed in opposite directions.
This of course emphasizes their P-violating nature. An
important formal advantage of this second definition of
the chiral spin phase, since it uses the electron creation
and annihilation operator rather than the spin operator,
it may be used away from half-filling, large-U limit. It al-
lows us, in other words, to step outside the framework of
Heisenberg spin models.
(iii) As a Berry phase, for transport of spins around a

loop. Such phases are known to be a good way to charac-
terize the FQHE. Specifically, consider the operator that
transports the spins at 1,2,3 to sites 2,3,1. It is the per-
mutation P(}23) Using simple mathematical identities re-
lating cyclic permutations to interchanges, apd inter-
changes to spin operators, we find

123= (P(123) ) ( (23)P(12) )

=—,
' ((1+crz cr3)(1+cr).o 2) ),

and hence easily

l
+123 132 2 E123 (6)

As stated, this definition of %)23 works only for spin mod-
els. In general, we may take a,. =c; cr (3c;—p, where on the
left-hand side cr is an operator but on the right-hand side
it is a numerical matrix, and use the last term of (5) as
the definition of X)23 In this generality, however, it can
no longer be interpreted as the expectation of a transport
operation. There are other simple relations among the
various order parameters E, P/, and S, e.g. ,

I
ImP/123 = E)23

electron occupies each site, so the states are gauge invari-
ant. "' Therefore, according to general principles, a
gauge-invariant object like g, cannot acquire a nonzero
vacuum expectation value. Rather, the simplest gauge-
invariant order parameters we can construct from y are
of the general type

=&X+ X &,
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FIG. 1. The shaded plaquettes are selected to construct the
Hamiltonian in Eq. (21).

Hi =K[y(123)y(567)+y(123)y(9 10 11)+ . . ] . (23)

The notation is the obvious one; by y(567) we mean
a, .(o6Xo i), and so on.
Consider the Hamiltonian H =H, +H2. Clearly, for

small E, this describes an Ising system since on each
shaded plaquette the associated "Ising spin" can either be
up (i.e., the four spins on that plaquette form ~S =0)+)
or be down (i.e., the four spins form ~S=0) ). Accord-
ing to whether K is positive or negative, the Ising system
is antiferromagnetic or ferromagnetic.
Evidently, the ground state of H for K &0 is two-fold

degenerate and is a chiral spin state. T and P are spon-
taneously broken. Notice that at high temperatures,
above the usual Ising phase transition, T and P are re-
stored.
Clearly, many other choices for the Hamiltonian are

possible: For instance, in addition to H2, or instead of
Hz, we can add

H~ =K'[y(124)y(567)+g(124)y(9 10 11)+ ] . (24)

For E'' &0, Hz describes an "antiferromagnetic" Ising in-
teraction. In this case, the expectation value of the order
parameter g would have staggered values and macroscop-
ically there would be no time reversal violation.
As we emphasized, our goal in this section has been to

exhibit specific P and T invariant spin Hamiltonians
whose ground state is a chiral spin state. The Hamiltoni-
ans we exhibited involve six spin interactions and are
rather artificial. The ground-state wave functions are
rather attractive, however. In forming them we are led
to add together many different spin configurations with
coefFicients that are equal in magnitude. This certainly
calls to mind a spin-liquid picture, although to induce the
nonlocal ordering necessary for a true spin liquid would
require coupling the different squares together in a less
trivial way. I.=g c; (iB, )c; H, gao(i)(n—;——1), (26)

nearest neighbor along a diagonal (NNN) couplings

H=+J $ S; S.+J' $ S;.S
NN NNN

where J and J' parametrize the strength of the nearest-
neighbor and next-nearest-neighbor couplings, respective-
ly. It has been shown by Inui, Donachi, and Cxabay
that the diagonal coupling J' is induced by doping. In
absence of the NNN coupling computer simulations sug-
gest that the ground state of the Heisenberg model is an
antiferromagnetic (Neel) state which violates neither T
nor P. But the NNN coupling (J')0) introduced frus-
trations in the Neel state. For large enough J', the Neel
state is no longer favored and the ground state is expect-
ed to be a disordered state. We will see later that such a
disordered state is quite likely to be a chiral spin state.
Two considerations suggest that there is a close relation
between the NNN coupling and the chiral-spin state.
First, as discussed in the Introduction, the chiral spin
state may be characterized by the nonvanishing phase of
the vacuum expectation value cr, (crzXo3). This vacu-
um expectation value is closely related to the amplitude
for moving a spin around the triangle 123. It is plausible
that the next-nearest-neighbor-coupling frustration in-
duces coherent hopping of spins around the triangle and
allows the operator o, (cr2Xc73) to develop a nonzero
vacuum expectation value. Second, in Ref. 27 it has been
suggested that the Aux phase on square lattice may be re-
garded as an alternative realization of the spin-liquid
state constructed by Kalmeyer and Laughlin' on a tri-
angular lattice. However, the Aux phase respects T and P
while the Kalmeyer-Laughlin state does not. This is be-
cause in the Aux phase P/, 234=e' and under T and I'
P/]234 +P/ ]234 P/]234 To find a state corresponding
more closely to the Kalmeyer-Lauglin state, and in par-
ticular sharing its symmetry properties, we must find a
state similar to the Aux phase, that, in addition, violates T
and I' Qne way t. his can happen, is for P/, 23 in Eq. (3) to
develop a nonzero vacuum expectation value. The phase
of P/, 23 is the Aux through the triangle 123, and is equal
to half the Aux through the plaquette 1234, that is e'"
if the ground state is homogeneous. Therefore, a nonzero
P/f/3 can break T and P symmetry. It is possible to con-
struct models, which in mean-field develop the desired
vacuum expectation values. The corresponding vacuum
state, as we well see, does seem to resemble the
Kalmeyer-Laughlin state qualitatively.
We will now show, in a mean-field approach, that an

extrapolated form of the Hamiltonian (25) supports a lo-
cally stable vacuum which breaks T and P, if J'/J is
larger than a critical value. Following Refs. 16 and 25,
we first introduce the electron-destruction operator c;
and write the Lagrangian of the model (25) as

FRUSTRATION AND A CHIRAL SPIN
LIQUID IN MEAN FIELD THEGRY

Consider a two dimensional spin- —,
' Heisenberg model

on a square lattice with both nearest-neighbor and next-

where n; =c; c; is the number of electrons on the ith site
and the Lagrange multiplier term g;ao(n; —1) is intro-
duced to enforce the constraint n, = l. H, in (26) is ob-
tained by replacing S, in (25) by

scalar spin chirality
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The triangular-lattice Heisenberg model has played an
important role in our understanding of the resonating-
valence-bond (RVB) states' in Heisenberg antifer-
romagnets. Recent developments in the RVB theory of
high-T, superconductors ' have drawn our attention to
this problem again. Kalmeyer and Laughlin ' proposed
a Laughlin-like variational RVB ground state for this
problem. This RVB state manifestly breaks the chiral
symmetry. As pointed out recently by Wen, Wilczek,
and Zee' (WWZ) and also by Wiegmann ' nonzero ex-
pectation values of operators like S;.(Six Sk) imply
chiral-symmetry breaking. It is clear that chiral symme-
try also implies the breaking of parity (P) and time re-
versal. WWZ also suggested using a fermionic mean-
field theory' for an RVB state exhibiting chiral-sym-
metry breaking on the frustrated square lattice.
In a pioneering work, Villain' pointed out unexpected

discrete degeneracies in classical frustrated spin systems
with continuous symmetries and introduced (among
many variables) pseudoscalar variables like S; (SJ xSk)
as leading to an Ising-like finite- T phase transition.
From Villain's work and the subsequent work' by
many authors, it is clear that this Ising-like phase transi-
tion is a novel "topological" phase transition. The two-
spin correlation function decays exponentially even in the
ordered phase. It is a phase transition from one classical
spin liquid to another classical spin liquid. By classical
spin liquid we mean a paramagnetic phase of classical
Heisenberg spins. The only property that distinguishes
the two paramagnets is the long-range order in the hand-
edness of triplets of neighboring spins in an otherwise
disordered magnet.
Kawamura and Miyashita ' (KM) have studied the

classical-spin triangular Heisenberg antiferromagnets by
generalizing the works of Villain, ' Lee el al. , ' and Mi-
yashita and Shiba. ' KM suggest a novel SO(3) order
parameter and a finite- T Kosterlitz- Thouless- type of
phase transition. This transition is also between two
classical spin-liquid states. The works of Lee, Joanno-
poulos, and Negele and Imada suggest that such a
phase transition is absent for the S= 2 problem. This
strongly suggests that quantum fluctuations and perhaps

the half-integer nature of the spins suppress the above
chiral phase transition.
Using an order-parameter theory developed by me re-

cently, ' we study the S= 2 triangular-lattice Heisen-
berg system in order to understand the nature of the low-
temperature phase. We find a novel local Z2 symmetry
in the free-energy functional written in terms of a real
(pseudo) scalar chiral variable. This local symmetry
prevents any finite- T chiral-ordered state. However,
minor modifications such as the introduction of next-
nearest-neighbor coupling (aJ) converts this local Z2
symmetry into a global one. This leads to a finite-T Is-
ing phase transition and we locate the Ising phase
boundary approximately. For a positive the chiral vari-
ables (which are defined for every elementary triangle)
order ferromagnetically. In terms of symmetry this state
is the same as the Kalmayer-Laughlin RVB state. For a
negative the chiral variables order antiferromagnetically
and hence this state, unlike the previous case, breaks
translational invariance as well. Neither chiral state
breaks the global spin rotation symmetry nor has Neel-
type long-range order at nonzero T, and we call these
chiral RVB states. Chiral RVB states are likely to have
a gap for excitations, since a discrete symmetry has been
broken.
We study the S= 2 problem by a new approach using

chiral order parameters. The chirality operator was in-
troduced by WWZ ' for the quantum S= —,

' problem,

Xi. k =S; (S.x Sk ),
where S; is the spin-half operator. The above operator
changes sign under odd permutations of subscripts i, j,
and k and also changes sign under the time-reversal (an-
tiunitarity) transformation. This operator measures the
handedness of the three fiuctuating spins (a triad) at
sites i, j, and k. WWZ also found a remarkable identity

g;~1k =——,', (S;+SJ+St, ) + —,",

which expresses a three-spin coupling in terms of two
spin couplings. The above identity is valid only for
5 = —,

' spins. The eigenvalues of g are + J3/4 and 0.
I have used this identity to develop an order-parameter
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theory ' for the two-dimensional problems. Consider the
triangular-lattice Hamiltonian

H =JgS;.Sf+aJ g S;.S~, (3)
nn nnn

where aJ is the next-nearest-neighbor (nnn) coupling
and J is the nearest-neighbor (nn) coupling. We can
rewrite the above as

(a)

(b)

H= —8J g g~k+aJQS;. S~+const.
(ijk) nnn

(s)

H= 2 J g (S;+SJ+SI,) +aJQS; S)—4 NJ, (4)
(ij k) nnn

where the first summation is over the shaded triangles of
Fig. 1(a). The second summation over the nnn decom-
poses into three independent triangular-lattice Hamil-
tonians each having nearest-neighbor coupling aJ in the
43x J3 sublattices. Thus the first term can be viewed as
coupling the three independent spin systems.
We rewrite Eq. (4) using the WWZ identity to get

FIG. l. (a) The shaded triangles are the ones on which g;,I,
and I;p, are defined. (b) Two triangles sharing a corner. The
first nontrivial Ising-like coupling of chiral variables occurs be-
tween these two triangles.

Notice that the first term favors chiral fluctuations owing
to the negative sign in front. Since the operators g;zk are
not independent if they share a common site, the chiral
Auctuations get correlated even for a =0. This together
with the correlation arising from the nnn couplings leads
to interesting chiral phases. The partition function is

Z(P) =Tre PH=Tr~ Texp —aJQ& S;.S~dz exp 8JQ I g~kdz ~,
nnn

where T is Feynman's time ordering which helps us to treat the operators as though they are commuting.
First, consider the case of a =0. We linearize the exponential using the Hubbard-Stratanovic identity to get

(6)

(8)

(1O)

PF[m] =8PJQJ m~jl, (z)dz —Nln2 — (Try )g~~ m~jkdz
(16J)'

+ Tr(Z )PJ~ m~1, (z)dz — P[Tr(Z )] ~ mjk(z)m I (z')dzdz'
(16J) t (16J) 2 2

~

2 2
41 (21) '

(16J)'+ g Tr(Typing) m (z)m (Z2) m (Z3)m

where the last term has a nontrivial time dependence
arising from time ordering in Tr [Tg(z~ )g(Z2)
xg(z3)g(z4)1. This term contains only two distinct g's
and m's corresponding to two neighboring triangles that
share a vortex.
The above expansion has a remarkable local Z2 sym-

metry (in space) term by term:

m;~k (z) o;&km;~k (z), (12)
where o.;jk = ~1 and is independent of z. This symme-
try is easily shown to exist for the case a =0 using the

(Z4)dz~ dz2dz3dz4+

trace properties of g operators on the triangular lattice.
The time dependence of the coe%cients in the expan-

sion is nonlocal in time at T=O. It is like a long-range
interaction between chiral variables in the time direction.
However, for finite T, the length of the time direction is
finite and by making the static approximation we can
make qualitatively exact statements for finite T. More-
over, the free-energy expansion given by Eq. (11) is a
high-temperature expansion. This converges for high
temperatures and there is no physical reason for it not to

r P rP
Z(P) =„SmTr Texp 16JQ J yak (z)m~zk (z)dz exp —8 J + „mPp, (z)dz (7)

The auxiliary variables m;Jk(z) are real scalar variables and will be called the chiral variables. To have a consistent
sign convention for the product gm in the exponential we define m;~1, (z) to be a "pseudoscalar" variable:

m;,g(z) =—m;p, (z) .
In the functional integral the boundary condition is

m;,k(z) =m~)I, (z+P) . (9)
The eff'ective free-energy functional is defined through the equation

Z(P) Jr~ —P ( l

Expanding Eq. (7) in powers of m, taking the trace, and collecting the cumulants we get the following for F[ml:
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The triangular-lattice Heisenberg model has played an
important role in our understanding of the resonating-
valence-bond (RVB) states' in Heisenberg antifer-
romagnets. Recent developments in the RVB theory of
high-T, superconductors ' have drawn our attention to
this problem again. Kalmeyer and Laughlin ' proposed
a Laughlin-like variational RVB ground state for this
problem. This RVB state manifestly breaks the chiral
symmetry. As pointed out recently by Wen, Wilczek,
and Zee' (WWZ) and also by Wiegmann ' nonzero ex-
pectation values of operators like S;.(Six Sk) imply
chiral-symmetry breaking. It is clear that chiral symme-
try also implies the breaking of parity (P) and time re-
versal. WWZ also suggested using a fermionic mean-
field theory' for an RVB state exhibiting chiral-sym-
metry breaking on the frustrated square lattice.
In a pioneering work, Villain' pointed out unexpected

discrete degeneracies in classical frustrated spin systems
with continuous symmetries and introduced (among
many variables) pseudoscalar variables like S; (SJ xSk)
as leading to an Ising-like finite- T phase transition.
From Villain's work and the subsequent work' by
many authors, it is clear that this Ising-like phase transi-
tion is a novel "topological" phase transition. The two-
spin correlation function decays exponentially even in the
ordered phase. It is a phase transition from one classical
spin liquid to another classical spin liquid. By classical
spin liquid we mean a paramagnetic phase of classical
Heisenberg spins. The only property that distinguishes
the two paramagnets is the long-range order in the hand-
edness of triplets of neighboring spins in an otherwise
disordered magnet.
Kawamura and Miyashita ' (KM) have studied the

classical-spin triangular Heisenberg antiferromagnets by
generalizing the works of Villain, ' Lee el al. , ' and Mi-
yashita and Shiba. ' KM suggest a novel SO(3) order
parameter and a finite- T Kosterlitz- Thouless- type of
phase transition. This transition is also between two
classical spin-liquid states. The works of Lee, Joanno-
poulos, and Negele and Imada suggest that such a
phase transition is absent for the S= 2 problem. This
strongly suggests that quantum fluctuations and perhaps

the half-integer nature of the spins suppress the above
chiral phase transition.
Using an order-parameter theory developed by me re-

cently, ' we study the S= 2 triangular-lattice Heisen-
berg system in order to understand the nature of the low-
temperature phase. We find a novel local Z2 symmetry
in the free-energy functional written in terms of a real
(pseudo) scalar chiral variable. This local symmetry
prevents any finite- T chiral-ordered state. However,
minor modifications such as the introduction of next-
nearest-neighbor coupling (aJ) converts this local Z2
symmetry into a global one. This leads to a finite-T Is-
ing phase transition and we locate the Ising phase
boundary approximately. For a positive the chiral vari-
ables (which are defined for every elementary triangle)
order ferromagnetically. In terms of symmetry this state
is the same as the Kalmayer-Laughlin RVB state. For a
negative the chiral variables order antiferromagnetically
and hence this state, unlike the previous case, breaks
translational invariance as well. Neither chiral state
breaks the global spin rotation symmetry nor has Neel-
type long-range order at nonzero T, and we call these
chiral RVB states. Chiral RVB states are likely to have
a gap for excitations, since a discrete symmetry has been
broken.
We study the S= 2 problem by a new approach using

chiral order parameters. The chirality operator was in-
troduced by WWZ ' for the quantum S= —,

' problem,

Xi. k =S; (S.x Sk ),
where S; is the spin-half operator. The above operator
changes sign under odd permutations of subscripts i, j,
and k and also changes sign under the time-reversal (an-
tiunitarity) transformation. This operator measures the
handedness of the three fiuctuating spins (a triad) at
sites i, j, and k. WWZ also found a remarkable identity

g;~1k =——,', (S;+SJ+St, ) + —,",

which expresses a three-spin coupling in terms of two
spin couplings. The above identity is valid only for
5 = —,

' spins. The eigenvalues of g are + J3/4 and 0.
I have used this identity to develop an order-parameter
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should respect TRS, these parent Hamiltonians explicitly
break TRS. A notable exception is on the kagome lattice
near a classical chiral phase transition [48–53], but no TRS-
preserving spin Hamiltonian with KL ground state on the
triangular lattice is known analytically.
Model.—Motivated by the t=U expansion of the

Hubbard model, we consider the following Hamiltonian:

H ¼ J1
X

hiji
Si · Sj þ J2

X

⟪ij⟫

Si · Sj þH4; ð1Þ

where hiji ð⟪ij⟫Þ denotes (next-)nearest neighbor pairs.
The four-spin interaction H4 is given by

H4 ¼ J4
X

hi;j;k;li
½ðSi · SjÞðSk · SlÞ

þ ðSi · SlÞðSj · SkÞ − ðSi · SkÞðSj · SlÞ&; ð2Þ

where hi; j; k; li denotes a sum over unique rhombuses as
defined by unique next-nearest neighbor pairs ⟪ik⟫ (see
Fig. 1). This four-spin term is related to the extensively
studied ring-exchange operator [12,28–31,33,54–62] via
the 4J2 ¼ J4 line. Furthermore, studies on the J4 ¼ 0 line
have focused on the emergence of a “J1-J2 spin liquid”
[45,46,63–68]. Treated classically, the Hamiltonian exhib-
its spontaneous TRS breaking into a tetrahedrally ordered
phase [69–73], further motivating this particular model.
From here on in, we take J1 ¼ 1 and

P
i S

z
i ¼ 0.

Exact diagonalization.—We perform ED on 6 × 4 spins
with periodic boundary conditions (PBCs). The PBCs are
chosen such that the unit cell is translated in the ŷ direction
and in the 2x̂ − ŷ direction. We compute the structure factor
for the spin Si and dimer Dxi

α ¼ Sxi · Sxiþα correlations

SðqÞ ¼
X

i;j

ðhSi · Sji − hSii · hSjiÞeiq·ðxj−xiÞ; ð3Þ

DαðqÞ ¼
X

i;j

ðhDxi
α D

xj
α i − hDxi

α ihD
xj
α iÞeiq·ðxj−xiÞ; ð4Þ

with α being the vector to one of the three nearest
neighbors, and Sxi is an alternative notation for Si. Large
values of SðqÞ and/or DαðqÞ indicate ordered phase; see
[73] for more information about the various orders.
To distinguish the tetrahedral from the collinear state, we

compute a nematic order parameter, a chiral-chiral order
parameter, [46] and we study the effect of adding a small
TRS-breaking term to the Hamiltonian. As shown in the
Supplemental Material [73], this analysis clearly shows that
large SðM0Þ [SðMÞ] is indicative of tetrahedral (collin-
ear) order.
Additionally, we are most interested in checking whether

the chiral spin-liquid phase appears. For that reason, we
compute OCFT ¼

ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiP
4
i¼1 jhψ jKLiij2

p
, the overlap of the

ground state with its projection into the subspace spanned

by the four orthonormalized KL states jKLii (given
explicitly in Ref. [85]). The degeneracy comes from a
combination of twofold topological and TRS-breaking
degeneracy each.
From all of the data presented in Fig. 2, we see that there

are potentially many ordered states, and we present a phase
diagram in Fig. 1(c). Most interesting, however, is that, in
the region most relevant for the Hubbard model at small J2
and J4 ∼ 0.1–0.15, the overlap with the CSL is large.
iDMRG.—In order to investigate this tendency on larger

system sizes, we focus on the region with J2 ≤ 0.05 and
J4 ≤ 0.4 and study it with iDMRG. We consider the model
on infinite cylinders of circumferences Ly ¼ 6 and 8 sites
and compute the ground state on the slices J2 ¼ 0 and J2 ¼
0.05 at various bond dimensions χBD. We use the TENPY
library [86] and give further details of the numerics in the
Supplemental Material [73]. The results for the Ly ¼ 6
cylinder are presented in Fig. 3 and are summarized in
Fig. 1(d). We find similar phases as in ED. The spins order
into the 120° (zigzag) state at low (high) J4, respectively. At
intermediate J4, we find a phase that breaks TRS by
acquiring a nonzero value of the chiral order parameter
χ ¼ hSi · ðSj × SkÞi with i, j, k going clockwise around a

FIG. 1. (a) The different colored lines connect the spins involved
in the different terms of Eq. (1). (b) The first Brillouin zone of the
lattice showing several named points. (c) The proposed phase
diagram from our ED results using the various orders in Fig. 2. For
phase descriptions, see the Supplemental Material [73]. The phase
boundaries were determined via the symmetry sector of the ground
state and first excited state [46,73]. The grayed out region is within
the SFS parameter space found in [28], but also might have some
dimer or plaquette ordering. (d) The phase diagram from the
iDMRG results on the Ly ¼ 6 cylinder on the J2 ¼ 0.00, 0.05
slices, which includes theCSL, perhaps suggested byED. (e) From
left to right, the 120°, collinear, zigzag (ZZ), and tetrahedral (whose
spins, connected tail to tail, forma tetrahedron) classical spinorders
are shown [73].
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should respect TRS, these parent Hamiltonians explicitly
break TRS. A notable exception is on the kagome lattice
near a classical chiral phase transition [48–53], but no TRS-
preserving spin Hamiltonian with KL ground state on the
triangular lattice is known analytically.
Model.—Motivated by the t=U expansion of the

Hubbard model, we consider the following Hamiltonian:

H ¼ J1
X

hiji
Si · Sj þ J2

X

⟪ij⟫

Si · Sj þH4; ð1Þ

where hiji ð⟪ij⟫Þ denotes (next-)nearest neighbor pairs.
The four-spin interaction H4 is given by

H4 ¼ J4
X

hi;j;k;li
½ðSi · SjÞðSk · SlÞ

þ ðSi · SlÞðSj · SkÞ − ðSi · SkÞðSj · SlÞ&; ð2Þ

where hi; j; k; li denotes a sum over unique rhombuses as
defined by unique next-nearest neighbor pairs ⟪ik⟫ (see
Fig. 1). This four-spin term is related to the extensively
studied ring-exchange operator [12,28–31,33,54–62] via
the 4J2 ¼ J4 line. Furthermore, studies on the J4 ¼ 0 line
have focused on the emergence of a “J1-J2 spin liquid”
[45,46,63–68]. Treated classically, the Hamiltonian exhib-
its spontaneous TRS breaking into a tetrahedrally ordered
phase [69–73], further motivating this particular model.
From here on in, we take J1 ¼ 1 and

P
i S

z
i ¼ 0.

Exact diagonalization.—We perform ED on 6 × 4 spins
with periodic boundary conditions (PBCs). The PBCs are
chosen such that the unit cell is translated in the ŷ direction
and in the 2x̂ − ŷ direction. We compute the structure factor
for the spin Si and dimer Dxi
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ðhSi · Sji − hSii · hSjiÞeiq·ðxj−xiÞ; ð3Þ
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α D

xj
α i − hDxi

α ihD
xj
α iÞeiq·ðxj−xiÞ; ð4Þ

with α being the vector to one of the three nearest
neighbors, and Sxi is an alternative notation for Si. Large
values of SðqÞ and/or DαðqÞ indicate ordered phase; see
[73] for more information about the various orders.
To distinguish the tetrahedral from the collinear state, we

compute a nematic order parameter, a chiral-chiral order
parameter, [46] and we study the effect of adding a small
TRS-breaking term to the Hamiltonian. As shown in the
Supplemental Material [73], this analysis clearly shows that
large SðM0Þ [SðMÞ] is indicative of tetrahedral (collin-
ear) order.
Additionally, we are most interested in checking whether

the chiral spin-liquid phase appears. For that reason, we
compute OCFT ¼
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Next, we thread flux through the cylinder by replacing
Sþi S

−
j → Sþi S

−
j e

iθðyi−yjÞ=Ly , so that, upon going around the
cylinder, a spin will have picked up a phase of eiθ. As can
be seen in Fig. 4(c), adding 2π flux moves exactly 1=2 a
spin along the cylinder. Additionally, although the
Hamiltonian has returned to the original Hamiltonian up
to a gauge transformation, the ground state has a different
entanglement spectrum with half-integer spin quantum
numbers. Indeed, inserting 2π flux exchanges the trivial
and semion sectors of the ground state manifold [89] of the
KL state on the infinite cylinder, which is precisely what we
see in this numerical experiment.
Zigzag vs spinon Fermi surface.—In a recent DMRG

study of Eq. (1) at J2 ¼ 0, the authors of Ref. [12] find a
spin liquid at J4 ≳ 0.3 that they identify as a spinon Fermi
surface phase. We instead find that a zigzag ordered state at
finite bond dimension has lower energy for the parameter
choices we studied (i.e., J4 ≤ 0.4), consistent with our ED
results. By biasing the initial state toward the SFS or zigzag
state, we compare how the energy depends on the trunca-
tion error of iDMRG at the point J4 ¼ 0.4 [73,90,91],
which allows us to estimate the ground state energy at
infinite bond dimension. However, we still find the zigzag
state is preferred for the Ly ¼ 6 cylinder where we
performed the analysis. Future work may attempt to clarify
whether the SFS appears at other points in the parameter
space; a recent effort in that direction is seen in [33].
Regardless, the SFS does not seem to be favored in the
regime most physically close to the Hubbard model. These
results could also be investigated by variational
Monte Carlo studies, since previous works seem not to
have considered a trial state with zigzag order [28,31,59].
Discussion.—As mentioned in the Introduction, this spin

model is motivated by the Hubbard model’s t=U expansion.
In particular, at order t4=U3, the Hubbard model gives
J1 ¼ 4ð1 − 7t2=U2Þt2=U, J2 ¼ 4t4=U3, J3 ¼ 4t4=U3, and
J4 ¼ 80t4=U3, where J3 is a next-next-nearest-neighbor
Heisenberg interaction [27]. Ignoring J3, if we use the
value of U=t ∼ 10.6 for the transition to the CSL phase
from Ref. [35], we would estimate the transition to be at
ðJ2; J4Þ ∼ ð0.01; 0.19Þ, essentially where we find it.
One could still ask why the KL state should be the ground

state for the Hamiltonian (1), though. In this section, we
connect the aboveHamiltonian to the parentHamiltonians of
Refs. [41–43]. In the Supplemental Material [73], we derive
that, for spin 1=2s, we can rewrite Eq. (2) as

H4¼−
107

88
J4
X

hiji
Si ·Sjþ3NJ4

129

352

þJ4
X

hi;j;k;li

!
−
39

88
χ̂2ijkl−

21

22
ðχ̂2ijklÞ2þ

8

11
ðχ̂2ijklÞ3

"
; ð5Þ

where χ̂2ijkl¼O
△

ði;j; lÞO
▿

ðk;l;jÞþO
▿

ðk;l;jÞ ·O
△

ði;j; lÞ
for O

△=▿ði; j; kÞ ¼ 2Si · ðSj × SkÞ, and N is the number
of sites.

We nowmean-field decouple ðχ̂2ijklÞn. In the phase we are
looking for, the scalar chirality χ ¼ hO

△

ði; j; kÞi=2 ¼
hO

▿

ði; j; kÞi=2 takes a nonzero value on all triangles.
Rewriting O

△=▿=2 ¼ χ þ ϵ
△=▿, expanding, and keeping

only to order ϵ, we arrive at the Hamiltonian

H¼
!
J1−

107

88
J4

"X

hiji
Si ·SjþJ2

X

⟪ij⟫

Si ·Sj

þ3NJ4
129

352
þ3NJ4

!
39

11
χ2þ63

22
82χ4−

5

11
84χ6

"

þ3J4

#
−39

11
χ−21

11
82χ3þ 3

11
84χ5

$

|fflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl{zfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflfflffl}
Jχ

X

△;▿

Si ·ðSj×SkÞ: ð6Þ

By adjusting J4 and J2, we are essentially following the
program of localizing the long-range parent Hamiltonian of
Refs. [40–43]; however, we also have self-consistency
conditions. In semiquantitative agreement with the
iDMRG results [Fig. 1(d)], we show that when J2=½J1 −
ð107=88ÞJ4& ¼ 0.05 the point J4 ¼ 0.13 produces a self-
consistent solution with χ ≈ −0.116 and Jχ=½J1 −
ð107=88ÞJ4& ≈ 0.268 [73], whose ground state is known
to be the KL state [45,46]. We note that the mean-field
decoupling happens only on the level of the chiral order
parameter and the ground state of the resulting Hamiltonian
(6) still has to be found by iDMRG.
Further evidence in support of the validity of this

rewriting comes from the similarity of the phase diagram
of Eq. (1) at intermediate J4 in comparison to the phase
diagram of the J1-J2-Jχ Hamiltonian at intermediate Jχ
studied in Refs. [45,46]. In particular, we find the three
most relevant competing phases for J4 ¼ 0.16 are the 120°
order, the CSL, and the tetrahedral order [73], in analogy to
Jχ ∼ 0.2. Additionally, the rewriting in Eq. (5) is reminis-
cent of the analysis in Ref. [92] where the nearest-neighbor
term is rewritten as related to ½Si · ðSj × SkÞ&2. The author
then writes down and analyzes a free-energy expression to
argue that TRS is spontaneously broken when J2 ≠ 0.
Although that is not seen in numerics, future work could
apply a similar analysis to our Eq. (5).
Conclusion.—We have demonstrated that a CSL appears

in the effective spin model for the Hubbard model on the
triangular lattice at half filling in the parameter space near
the physically relevant region. Furthermore, through a
rewriting of Eq. (1), we heuristically argued that the
CSL emerges in this model because the four-spin term
favors spontaneous TRS breaking, after which the mean-
field Hamiltonian resembles known parent Hamiltonians of
the KL state. This result provides some understanding of
the origin of the CSL in the Hubbard model found in
Refs. [35,38]. We additionally have found that the SFS
may only be the ground state in a more restricted part
of the phase diagram than previously thought.
Beyond the triangular lattice, the approach of seeking
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At strong repulsion, the triangular-lattice Hubbard model is described by s ¼ 1=2 spins with nearest-
neighbor antiferromagnetic Heisenberg interactions and exhibits conventional 120° order. Using the infinite
density matrix renormalization group and exact diagonalization, we study the effect of the additional four-
spin interactions naturally generated from the underlying Mott-insulator physics of electrons as the
repulsion decreases. Although these interactions have historically been connected with a gapless ground
state with emergent spinon Fermi surface, we find that, at physically relevant parameters, they stabilize a
chiral spin liquid (CSL) of Kalmeyer-Laughlin (KL) type, clarifying observations in recent studies of the
Hubbard model. We then present a self-consistent solution based on a mean-field rewriting of the
interaction to obtain a Hamiltonian with similarities to the parent Hamiltonian of the KL state, providing a
physical understanding for the origin of the CSL.
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Introduction.—The triangular lattice has played a promi-
nent role in the physics of spin liquids ever since they were
first proposed by Anderson [1], and many of the candidate
materials exhibit this lattice geometry [2–11]. In particular,
some organic charge transfer salts [2,3] and 1T-TaS2 [6,12]
are believed to be described by the Hubbard model on the
triangular lattice in the vicinity of the Mott transition. While
the existence of a nonmagnetic insulating (NMI) phase in the
Hubbardmodel has been observed in numerous studies [13–
23], the determination of the type of spin-liquid phase in
direct studies of the Hubbard model has long been elusive.
The problem has instead often been investigated via an

effective spin model. Deep in the insulating phase of the
Hubbard model, a nearest-neighbor Heisenberg model is
sufficient and contains long-ranged three-sublattice order
[24–26]. To describe physics closer to the Mott transition,
one includes a four-spin ring-exchange part in addition to
the Heisenberg term, a description coming from the lowest
order t=U expansion of the Hubbard model [27]. In a
seminal paper, Motrunich showed, using variational
Monte Carlo simulations, that a spin liquid with spinon
Fermi surface (SFS) is a strong competitor for the ground
state if the ring-exchange term is large enough [28].
Indications for this state, in subsequent works also referred
to as spin-Bose metal, have been seen in other studies,
including some with complementary methods [12,17,29–
32], but remain under debate [33]. However, recent work on
the Hubbard model suggested that the NMI is instead a
chiral spin liquid (CSL) of Kalmeyer-Laughlin (KL) type
[34–38], seemingly at odds with the results for the effective
spin model.

In this Letter, using a combination of exact diagonaliza-
tion (ED) and infinite density matrix renormalization group
(iDMRG) [39] simulations, we first show that the KL spin
liquid is indeed the ground state of the effective spin model
around the parameter regime relevant for the Hubbard
model. We demonstrate that this CSL does not emerge as a
competing state to the SFS, but rather appears at a different
value of the four-spin interaction; this is to our knowledge
the first demonstration of a KL ground state in a time-
reversal invariant spin model on the triangular lattice.
However, we also find that much of the region that had
been attributed to the SFS in previous works is occupied by
a magnetically ordered zigzag state. The second main result
is to connect analytically the four-spin term, which pre-
serves time-reversal symmetry (TRS), back to the TRS-
breaking parent Hamiltonians of the KL state [40,41] by
mean-field arguments. Hence, one aspect of our work
clarifies the relation between the appearance of the CSL
in the triangular-lattice Hubbard model and the correspond-
ing spin model, while the second clarifies why the CSL
appears in the spin model via a connection to known TRS-
breaking parent Hamiltonians for the CSL.
Finding a parent spin Hamiltonian of the KL state

[40,41] and its generalizations, the Read-Rezayi states
[42,43], has been of considerable interest. Generally, the
parent Hamiltonians derived from conformal-field theoretic
(CFT) arguments have long-ranged interactions, but a local
Hamiltonian can be found if only short-ranged coefficients
are kept, made uniform, and tuned [41,43–47]. While the
underlying Hamiltonian for a material in zero applied field
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liquid is indeed the ground state of the effective spin model
around the parameter regime relevant for the Hubbard
model. We demonstrate that this CSL does not emerge as a
competing state to the SFS, but rather appears at a different
value of the four-spin interaction; this is to our knowledge
the first demonstration of a KL ground state in a time-
reversal invariant spin model on the triangular lattice.
However, we also find that much of the region that had
been attributed to the SFS in previous works is occupied by
a magnetically ordered zigzag state. The second main result
is to connect analytically the four-spin term, which pre-
serves time-reversal symmetry (TRS), back to the TRS-
breaking parent Hamiltonians of the KL state [40,41] by
mean-field arguments. Hence, one aspect of our work
clarifies the relation between the appearance of the CSL
in the triangular-lattice Hubbard model and the correspond-
ing spin model, while the second clarifies why the CSL
appears in the spin model via a connection to known TRS-
breaking parent Hamiltonians for the CSL.
Finding a parent spin Hamiltonian of the KL state
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parent Hamiltonians derived from conformal-field theoretic
(CFT) arguments have long-ranged interactions, but a local
Hamiltonian can be found if only short-ranged coefficients
are kept, made uniform, and tuned [41,43–47]. While the
underlying Hamiltonian for a material in zero applied field

PHYSICAL REVIEW LETTERS 127, 087201 (2021)

0031-9007=21=127(8)=087201(7) 087201-1 © 2021 American Physical Society

DMRG study



Exact diagonalization study of triangular Heisenberg model with four-spin

ring-exchange interaction

Yuchao Zheng, Muwei Wu, Dao-Xin Yao,⇤ and Han-Qing Wu†

Guangdong Fundamental Research Center for Magnetoelectric Physics,
Guangdong Provincial Key Laboratory of Magnetoelectric Physics and Devices,

Center for Neutron Science and Technology, School of Physics,
Sun Yat-sen University, Guangzhou 510275, China

(Dated: May 6, 2025)

Using Lanczos exact diagonalization (ED), we study the spin-1/2 J1-J2 Heisenberg model with the
four-spin ring-exchange interaction Jr on triangular lattice. We mainly use the level spectroscopic
technique of two 36-site tori to investigate the ground-state phase diagram, and further characterize
phases by spin, dimer and chiral correlation functions. The ground state has rich phases including
several magnetic ordered phases like zigzag phase and tetrahedral phase, as well as several novel
nonmagnetic phases, some of which exhibit valence bond solid behavior in their dimer correlation
functions. However, we do not find direct evidence of a quantum spin liquid phase with spinon Fermi
surface in this model. Our results can give a better understanding of the ground-state properties of
the triangular Heisenberg model with ring-exchange interaction, and help to understand the relevant
triangular materials.

I. INTRODUCTION

Frustrated system can present novel states and phe-
nomena such as complex magnetism and quantum spin
liquid (QSL) [1, 2]. A correct understanding of these
new phenomena is of great significance to the study
of strongly correlated electron systems. In trian-
gular Heisenberg model, the presence of frustration,
low spin, next-nearest neighbors, or even more com-
plex interactions may lead to exotic quantum phases
and unconventional phase transitions. In recent years,
the possible QSLs and novel excitations in triangu-
lar lattice have attracted considerable attention. In
experiments, spin-liquid-like behaviors have been ob-
served in many spin-1/2 antiferromagnetic materials with
triangular lattice, including -(ET)2Cu2(CN)3 [3–5],
EtMe3Sb[Pd(dmit)2]2 [6–10], YbMgGaO4 [11–17], 1T -
TaS2 [18–21], NaYbO2 [22–24] and Na2BaCo(PO4)2 [25,
26]. However, in most of the triangular materials men-
tioned above, there are still some controversies about the
type of QSL and the existence of a QSL phase with a
spinon Fermi surface (SFS).

Theorists have made significant e↵orts to study di↵er-
ent types of triangular Heisenberg models and have tried
to predict exotic phases and resolve experimental contro-
versies. Up to now, we have known that the ground state
of the pure isotropic Heisenberg model on a triangular
lattice is the 120� antiferromagnetic (AFM) state [27–29].
Adding the next-nearest-neighbor interaction J2 or spin-
orbital coupling terms allow the system to enter a small
regional QSL phase [11, 17, 30–45], which is more likely
to be considered as a Dirac spin liquid [34, 37], but this
is not consistent with some experimental measurements
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on SFS-QSL candidate materials, like -(ET)2Cu2(CN)3,
EtMe3Sb[Pd(dmit)2]2, 1T -TaS2. In their heat capacity
measurements, a linear T term was observed, suggesting
the existence of SFS [5, 8, 19–21]. A nonzero value of
the thermal conductivity in the zero-temperature limit
was observed in EtMe3Sb[Pd(dmit)2]2, 1T -TaS2 [8, 21],
which also signifies the existence of SFS. To better de-
scribe these triangular materials that are in the close
vicinity of the Mott transition and to realize the SFS-
QSL phase in a theoretical model, a four-spin ring ex-
change interaction Jr induced by charge fluctuations has
been proposed [46]. Incorporating Jr can lead to a rich
variety of phenomena [47–51]. Di↵erent numerical meth-
ods have been employed for calculations, but the results
are still a subject of debate [46, 52–60]. In earlier stud-
ies, variational study [46] found that upon including the
ring exchanges, the 120° AFM state gives way to the
SFS state. A few years later, several variational Monte
Carlo (VMC) studies on the J1-J2-Jr model [52, 55, 57]
consistently found that the SFS state becomes the best
variational ground state when Jr is relatively large. How-
ever, a recent VMC study [58] suggested that such a
state is never favored in this model on the triangular
lattice. Density matrix renormalization group (DMRG)
simulations have also led to di↵erent conclusions: for
Jr � 0.4, an earlier DMRG study [53] considered the
SFS state to be the ground state, while more recent
DMRG studies [56, 59, 60] found a zigzag order state
in the same region. Therefore, there are still controver-
sies regarding whether the SFS state exists on this kind
of model[46, 52, 53, 55–60].

In this work, we employ exact diagonalization to rein-
vestigate the spin-1/2 J1-J2-Jr Heisenberg model on tri-
angular lattice and detect the possible exotic phases and
phase transitions. In the ED calculations, we mainly use
energy level crossings of two 36-site tori to obtain the
approximate phase boundaries. And then use correla-
tion functions to further characterize these phases. Even
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liquid (QSL) [1, 2]. A correct understanding of these
new phenomena is of great significance to the study
of strongly correlated electron systems. In trian-
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plex interactions may lead to exotic quantum phases
and unconventional phase transitions. In recent years,
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lar lattice have attracted considerable attention. In
experiments, spin-liquid-like behaviors have been ob-
served in many spin-1/2 antiferromagnetic materials with
triangular lattice, including -(ET)2Cu2(CN)3 [3–5],
EtMe3Sb[Pd(dmit)2]2 [6–10], YbMgGaO4 [11–17], 1T -
TaS2 [18–21], NaYbO2 [22–24] and Na2BaCo(PO4)2 [25,
26]. However, in most of the triangular materials men-
tioned above, there are still some controversies about the
type of QSL and the existence of a QSL phase with a
spinon Fermi surface (SFS).

Theorists have made significant e↵orts to study di↵er-
ent types of triangular Heisenberg models and have tried
to predict exotic phases and resolve experimental contro-
versies. Up to now, we have known that the ground state
of the pure isotropic Heisenberg model on a triangular
lattice is the 120� antiferromagnetic (AFM) state [27–29].
Adding the next-nearest-neighbor interaction J2 or spin-
orbital coupling terms allow the system to enter a small
regional QSL phase [11, 17, 30–45], which is more likely
to be considered as a Dirac spin liquid [34, 37], but this
is not consistent with some experimental measurements

⇤ yaodaox@mail.sysu.edu.cn
† wuhanq3@mail.sysu.edu.cn

on SFS-QSL candidate materials, like -(ET)2Cu2(CN)3,
EtMe3Sb[Pd(dmit)2]2, 1T -TaS2. In their heat capacity
measurements, a linear T term was observed, suggesting
the existence of SFS [5, 8, 19–21]. A nonzero value of
the thermal conductivity in the zero-temperature limit
was observed in EtMe3Sb[Pd(dmit)2]2, 1T -TaS2 [8, 21],
which also signifies the existence of SFS. To better de-
scribe these triangular materials that are in the close
vicinity of the Mott transition and to realize the SFS-
QSL phase in a theoretical model, a four-spin ring ex-
change interaction Jr induced by charge fluctuations has
been proposed [46]. Incorporating Jr can lead to a rich
variety of phenomena [47–51]. Di↵erent numerical meth-
ods have been employed for calculations, but the results
are still a subject of debate [46, 52–60]. In earlier stud-
ies, variational study [46] found that upon including the
ring exchanges, the 120° AFM state gives way to the
SFS state. A few years later, several variational Monte
Carlo (VMC) studies on the J1-J2-Jr model [52, 55, 57]
consistently found that the SFS state becomes the best
variational ground state when Jr is relatively large. How-
ever, a recent VMC study [58] suggested that such a
state is never favored in this model on the triangular
lattice. Density matrix renormalization group (DMRG)
simulations have also led to di↵erent conclusions: for
Jr � 0.4, an earlier DMRG study [53] considered the
SFS state to be the ground state, while more recent
DMRG studies [56, 59, 60] found a zigzag order state
in the same region. Therefore, there are still controver-
sies regarding whether the SFS state exists on this kind
of model[46, 52, 53, 55–60].

In this work, we employ exact diagonalization to rein-
vestigate the spin-1/2 J1-J2-Jr Heisenberg model on tri-
angular lattice and detect the possible exotic phases and
phase transitions. In the ED calculations, we mainly use
energy level crossings of two 36-site tori to obtain the
approximate phase boundaries. And then use correla-
tion functions to further characterize these phases. Even
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FIG. 1. (a) and (b) are two 36-site clusters (or tori) with
two di↵erent periodic boundary conditions (PBC), which are
called 36A and 36B respectively. The black arrows at the bot-
tom left represent the PBC directions. Di↵erent colored lines
represent the corresponding interactions. (c) and (d) are the
first Brillouin zones of the 36A and 36B clusters respectively.
Solid lines denote the Brillouin-zone boundaries. Symbols in-
dicate the 36 momenta inside the first Brillouin zone. Colorful
symbols are the momenta used in the ED calculations.

though 36-site tori have some finite-size e↵ects, it is cru-
cial for us to understand the ground-state phases. Our
findings reveal a rich variety of phases within the model,
with several nonmagnetic phases exhibiting valence bond
solid (VBS)-like characteristics. Most significantly, our
results do not corroborate the presence of the SFS-QSL
phase in this model. Our results are very helpful to clar-
ify the e↵ects of four-spin ring exchange in the triangular
model.

This paper is organized as follows. In Sec. II, we in-
troduce the J1-J2-Jr model on triangular lattice and the
exact diagonalization numerical methods. In Sec. III and
Sec. IV, we present detailed descriptions of the ground-
state phase diagram and investigate properties of each
phases. We also compare our results with previous stud-
ies. Section V will give a brief summary.

II. MODEL AND METHOD

The Hamiltonian we consider here read as following:

H =J1

X

hi,ji

Si · Sj + J2

X

hhi,jii

Si · Sj

+ Jr

X

hi,j,k,li

[(Si · Sj)(Sk · Sl) + (Si · Sl)(Sj · Sk)

� (Si · Sk)(Sj · Sl)], (1)

in which we consider the nearest-neighbor interaction J1,
the next-nearest-neighbor interaction J2 and the four-
spin ring-exchange interaction Jr. hi, ji and hhi, jii de-
notes nearest, next-nearest neighbor pairs, respectively.
hi, j, k, li denotes a sum over all the minimal rhombuses
[see Figs. 1(a) and 1(b)]. The Jr term can be ob-
tained from the perturbation expansion of the Hubbard
model [61–63] and can be enhanced when the system gets
closer to the Mott transition. In the following, we will
set J1 ⌘ 1 as the energy unit and lattice constant a ⌘ 1
as the length unit.
In this work, we mainly perform ED calculation on two

kinds of 36-site tori including 36A and 36B [see Figs. 1(a)
and 1(b)]. 36A torus shares the same C6v point-group
symmetry as the infinite lattice. Therefore, this torus
geometry is important for determining the phase bound-
aries using ground state and excited state level cross-
ings [64]. We also compute the correlation functions,
including spin correlation, dimer correlation and scalar
chiral correlation, to characterize di↵erent phases. To
reduce the computational cost, we use several symme-
tries, including U(1) symmetry, translational symmetry,
and spin inversion symmetry, to do the Lanczos diagonal-
ization and obtain the low-lying eigenvalues. We restrict
our calculations in the

P
ihSz

i i = 0 block with the same
number of " and # spins. The maximum block dimension
is about 126 million. More specifically, we only diagonal-
ize the Hamiltonian block with specific momenta shown
with di↵erent symbols and colors in Figs. 1(c) and 1(d)
due to the point-group symmetries. When we presenting
the low-lying energy spectrum, we also use solid and hol-
low symbols to distinguish eigenvalues in di↵erent spin-
inversion symmetry sectors. To use the translational and
spin-inversion symmetry in ED, we construct a set of
states,

|a(k, z)i = 1p
Na

X

r

e
�ik·r

T
r(1 + zZ)|ai, (2)

in which T and Z are respectively translation and spin
inversion operators, z is the eigenvalue of Z, |ai is a
reference state with mz = 0. By taking these states
as basis, the Hamiltonian matrix breaks up into some
smaller blocks with di↵erent momentum k and z. To
get the excited states, after convergence of the ground
state, we start the Lanczos process to construct a new
initial Krylov vector which is orthogonal to all previous
low energy states and then target excited states one by
one [65, 66].
To detect the possible conventional ordering like mag-

netic order, dimer order, and chiral order, we compute
the corresponding correlation functions. The structure
factor of spin correlation S(q) is defined as:

S(q) =
1

N

X

i,j

e
�iqrij hSi · Sji , (3)

the structure factor of dimer correlation D(q) is defined
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FIG. 5. The ground state phase diagram of the J1-J2-Jr

model obtained from the 36A torus. The gray dashed line
indicates the j1 � j4 model used in some variational Monte
Carlo calculations [52, 57, 58].

IV. J1-J2-Jr PHASE DIAGRAM

In this subsection, we extend our investigation to in-
clude the e↵ects of J2, which has comparable magnitude
with Jr derived from the expansion of Hubbard model,
and explore the comprehensive J1-J2-Jr phase diagram
using the 36A torus due to its respect for full lattice sym-
metry and its better capability in characterizing peaks
in momentum space correlation functions. Extensive re-
search has already been conducted on the ground state
phase diagram of the J1-J2 model on the triangular lat-
tice [11, 17, 30–45], providing a solid foundation for our
current exploration. Numerous studies have shown that
an increase in the next-nearest neighbor interaction leads
to a transition from the 120� AFM order phase to a
SL phase, followed by a transition into a collinear order
phase. Based on the existing studies of the J1-J2 model,
we introduce the ring exchange interaction and compute
the results based on the 36A torus. We obtain the J1-
J2-Jr ground state phase diagram presented in Fig.5 and
identify ten distinct phases, which is quite rich. Magnetic
ordered phases including the 120� AFM phase, collinear
phase, zigzag phase and tetrahedral phase are detected.
And there are also five nonmagnetic phases, like phase
I-V. In addition, there is a finite region where there is
spin liquid phase which is adiabatically connected to the
SL in the J1-J2 model.

Figure 6 shows the energy gap E1�E0 for di↵erent ver-
tical paths in the J2-Jr phase diagram. When we fix J2,
as the parameters change, the ground state and the first
excited state cross at di↵erent Jr (see Fig. 6). Based on
these crossing points, which indicate phase transitions,
we obtain the phase diagram shown in Fig. 5. When J2

is relatively small, the phases induced by Jr are similar
to J2 = 0 case. Take J2 = 0.05 as an example, as shown
in Fig. 6(a1), the lowest excited triplet state (hollow cir-

cles) intersects with the lowest excited singlet state at
Jr ⇡ 0.08, indicating a phase transition from the 120�

AFM phase to a possible SL phase. As Jr continues to
increase, the ground state crosses with the first-excited
singlet state at several di↵erent Jr. Similar to the J2 = 0
case, we determine the phase transition points between
the possible SL phase, phase I, phase II, zigzag, phase
III, and phase IV by these level crossing points. From
the structure factors presented in Fig.7, in phase I, we
have found that adding a small J2 leads to a decrease in
the magnitude ofD(q) at theM points, while it increases
both D(q) and �(q) at the � points, which means J2 en-
hances scalar chiral correlation in phase I. However, it is
still relatively weaker than Jr = 0, J1-J2 case. While in
phase II, the dimer and chiral correlations are nearly un-
a↵ected by J2. Furthermore, the phase regions are also
a↵ected by the J2 interaction. At Jr ⇡ 0.2, phase I occu-
pies a very narrow region and will vanish as we increase
J2 to about 0.1. For phase II, it extends to a wider re-
gion and eventually transitions to the tetrahedral phase
at around J2 ⇡ 0.13. For phase III, the introduction of
J2 suppresses this phase, and the phase region shrinks to
disappear at around J2 ⇡ 0.075. For zigzag phase and
phase IV, they extend to large areas, we do not see an ob-
vious phase transition when increasing J2 using the 36A
torus. For the SL phase in the J1-J2 triangular Heisen-
berg model, as Jr increases, our ED results show that
this SL phase expands to a wider region in the phase
diagram. We compute the ground-state energy and its
second derivative in the SL phase along the parameter
path Jr = 0.17 � 1.36 ⇥ J2 within the SL phase and
find no signals of a phase transition. The approximate
phase boundary between the 120� AFM phase and SL
phase in Fig. 5 is determined by the intersections of low
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We present a general review of the projective symmetry group classification of fermionic quantum spin liquids
for lattice models of spin S = 1/2. We then introduce a systematic generalization of the approach for symmetric
Z2 quantum spin liquids to the one of chiral phases (i.e., singlet states that break time reversal and lattice
reflection, but conserve their product). We apply this framework to classify and discuss possible chiral spin
liquids on triangular and kagome lattices. We give a detailed prescription on how to construct quadratic spinon
Hamiltonians and microscopic wave functions for each representation class on these lattices. Among the chiral
Z2 states, we study the subset of U(1) phases variationally in the antiferromagnetic J1-J2-Jd Heisenberg model
on the kagome lattice. We discuss static spin structure factors and symmetry constraints on the bulk spectra of
these phases.
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I. INTRODUCTION

Ideas for chiral quantum liquids in two-dimensional spin
S = 1

2 Heisenberg models go back to the early days of
frustrated magnetism [1–3], and they were motivated to a
large extent by the physics of the quantum Hall effect [4–7].
These exotic spin states respecting spin rotation and lattice
translation, but breaking time-reversal and mirror symmetries,
are expected to show very unusual physical properties such as
chiral edge modes, quantized thermal or spin Hall effects [8],
and bulk excitations with anyon statistics. While historically,
a “macroscopic” time-reversal breaking was believed to be
necessary for exotic phases to emerge (e.g., a uniform magnetic
field as in the quantum Hall effect), it was soon realized
by Haldane [9] that net magnetic flux is not a mandatory
ingredient. This line of thinking cumulated in the now
very active research on topological quantum phases [10–12].
Recently, chiral spin liquids have regained a lot of attention
[13–29], partly due to potential realization of such exotic
phases in kapellasite and related materials [30–34].

At the heart of the spin liquid construction is fractionaliza-
tion of spin in terms of spinons, i.e., effective low-energy
quasiparticles carrying a fractional spin quantum number
[35–38]. This is in contrast to magnon excitations in spin
wave theory [39] of more conventional long-range ordered
phases, which carry integer spin. At a formal level, spin can be
written in terms of spinon operators [40], as we will discuss
below. A physically interesting and highly nontrivial question
is whether—in a concrete spin model—fractionalized spinons
can emerge as quasifree (i.e., deconfined) excitations at low
energy. In the case of confinement (i.e., local binding of spinon
pairs), the bound state is nothing but a magnon excitation, and a
conventional phase is realized. Deconfined spinons are known
to emerge in one-dimensional spin chains [41–44], but the
central question remains whether this effect can carry over to
higher dimensions. Two-dimensional quantum spin models
[45–59] and materials [60–65] with geometric frustration

*samuel.bieri@alumni.epfl.ch

are strong contenders for such exotic phases. Recently, an
interesting study found evidence for spin fractionalization in an
organic square-lattice compound at high energy [66]. Quantum
spin liquids have also been proposed in three-dimensional
hyperkagome systems [67–69].

The projective symmetry group (PSG) classification was
introduced by Wen [70] on the square lattice for so-called
symmetric liquids, i.e., spin phases that do not break any lattice
symmetry, spin rotation, nor time reversal. In essence, the
PSG classification seeks to list all possible classes of lattice
symmetry representations in the enlarged Hilbert space of
fractionalized spinons [71]. The discrete (and finite) number
of these symmetry representations is then an enumeration and
characterization of possible QSL phases. Wen’s original work
used a fractionalization in terms of fermionic spinons (also
known as “Abrikosov fermions”) [72]. An extension to the
anisotropic triangular lattice was later addressed [73], but
only recently PSG classifications of symmetric liquids were
published for honeycomb [74,75] and kagome lattices [76].

Other extensions have appeared in the literature [77].
Wang et al. [78,79] performed a classification of symmetric
spin phases in the case of bosonic fractionalization [80–82]
(so-called “Schwinger bosons”) on triangular, kagome, and
honeycomb lattices. To some extent, this problem is simpler
than the fermionic one, because the emergent gauge symmetry
is U(1) instead of SU(2). When bosonic spinons condense,
they give rise to conventional Néel phases. Otherwise, bosonic
liquids always exhibit a spin gap and Z2 gauge fluctuations.
A PSG classification of chiral spin liquids within Schwinger
boson theory has been published by two of us and Misguich
[13,83].

The principal goal of our paper is to present the general
theory of the projective symmetry group (PSG) classification
using fractionalization with fermionic spinons, in the case
when lattice symmetries and spin rotation are preserved, except
possibly some point group symmetries and time reversal. Here,
we generalize in a systematic way the notion of symmetric
spin liquids to the one of chiral spin liquids (CSLs) within the
parton construction [40]. In the latter case, we distinguish
between Kalmeyer-Laughlin CSLs that break all reflection
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It is well known that the Chern number C changes sign
under time reversal, !(C) = −C. Furthermore, one can easily
check that it also changes sign under lattice reflections, σ (C) =
−C. Therefore an ansatz with nontrivial Chern number
has to break both time-reversal and all lattice reflection
symmetries. However, the combination !σ must be respected.
Furthermore, one can check that the Chern number is invariant
under lattice rotation, R(C) = C.

In terms of the time-reversal signatures τ that we introduced
in the symmetry group (28), these considerations mean that the
Chern number can be nontrivial only when τσ = 1 and τR = 0.
In other words, the Chern number is zero in the symmetric spin
liquids and in the staggered-flux CSL states. It can only be
nonzero in the case of Kalmeyer-Laughlin chiral spin liquids,
(τσ ,τR) = (1,0).

IV. TRIANGULAR PSG

The discussions in the previous sections were quite general.
As a concrete example, we now explicitly do the PSG
classification for the triangular lattice. In the next section,
we will consider the kagome lattice, which is similar to the
triangular case in many respects.

The first step consists in finding the gauge representations of
the lattice symmetry group (algebraic PSG). Following that,
the ansatz compatible with those symmetry representations
will be constructed (invariant PSG). More technical details on
these calculations can be found in Appendix A.

A. Translation group

We are interested in Bravais lattices where the translation
group is generated by Tx̂ and Tŷ . These generators commute,

Tx̂Tŷ = TŷTx̂, (38)

and their order is infinite on the infinite lattices under
consideration [i.e., (Ta)n ̸= e,∀n ; a = x̂,ŷ]. Equation (38)
constrains the possible representations Qa . Using Eq. (27),
we have

Qx̂Qŷ = (ϵ2)QŷQx̂ (39)

with ϵ2 = ω(x̂,ŷ)ω(ŷ,x̂)−1 ∈ IGG.
First, we can choose a gauge where gx̂ and gŷ are

particularly simple. Upon changing the gauge, we have

Q(g)
a = (g†gaTagT −1

a ,Ta). (40)

Hence, g
(g)
x̂ = g†gx̂Tx̂gT −1

x̂ , or g
(g)
x̂ (x,y) = g†(x,y)

gx̂(x,y)g(x − 1,y), and we can always use g(x − 1,y) =
[gx̂(x,y)]†g(x,y) to set g

(g)
x̂ (x − 1,y) = 12. Starting this from

x → +∞, we find gx̂(x,y) = 12 without loss of generality.
Note that it is not possible to also diagonalize gŷ in this way,
because it would affect gx̂ [147].

For gx̂ = 12, Eq. (39) becomes Tx̂gŷT
−1
x̂ = (ϵ2)gŷ , or

gŷ(x − 1,y) = (ϵ2)gŷ(x,y). Therefore gŷ(x,y) = (ϵ2)xg0ŷ(y).
A gauge transformation g(x,y) = g

†
0ŷ(y + 1)g†

0ŷ(y + 2) . . .
makes gŷ(x,y) = (ϵ2)x and leaves gx̂ invariant. Hence,

gx̂(x,y) = 12, (41a)

gŷ(x,y) = (ϵ2)x 12, (41b)

FIG. 1. Symmetry generators and ansatz parameters u for the
triangular lattice.

with ϵ2 ∈ IGG, are the most general projective representations
of the translation group of a Bravais lattice.

Note that the choices leading to Eq. (41) do not completely
fix the gauge. We are still free to do global gauge transforma-
tions (i.e., constant or sublattice-dependent transformations).
However, depending on ϵ2, there may be even more unfixed
space-dependent gauge transformations. A transformation g
that leaves gx̂ invariant satisfies g(x,y) = Ig(x − 1,y), or one
that conserves gŷ is g(x,y) = Ig(x,y − 1), with I ∈ IGG.
Since IGG always contains −1, staggered transformations
g(x,y) = (−)x12 and g(x,y) = (−)y12 are still possible [78].

B. Point group

Next, we discuss the PSG representations of the triangular-
lattice point group. Our definition of the generators σ (reflec-
tion) and R (lattice rotation), as well as translation Tx̂ and Tŷ are
given in Fig. 1. In addition to Eq. (38), the following algebraic
relations among the generators define the space group of a
triangular Bravais lattice [13,85]:

σTx̂ = Tŷσ, (42a)

Tx̂RTŷ = R, (42b)

TŷR = RTŷTx̂, (42c)

and

σ 2 = e, (43a)

(Rσ )2 = e, (43b)

R6 = e, (43c)

where e is the identity transformation. Similar to the discussion
and calculations in the last section, we need to find the Z2
gauge representation of the point group generators that are
consistent with Eqs. (42) and (43). In Appendix A 1, we show
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TABLE II. PSG representations of the point group for the
triangular lattice. a = exp(iσ3π/3) and b = exp(iσ3π/6). The signs
ϵ(·) specify the Z2 representation of Eq. (43). gσ (x,y) and gR(x,y)
further depend on the sign ϵ2 as given in Eq. (44). The column
“sym” indicates the global gauge freedom that remains unfixed in the
algebraic PSG.

No. gσ gR ϵσ ϵRσ ϵR sym

1 12 12 + + + SU(2)
2 iσ3 12 − − + U(1)
3 12 iσ3 + − − U(1)
4 iσ3 iσ3 − + − U(1)
5 iσ2 iσ3 − − − Z2

6 iσ2 a − − + Z2

7 iσ2 b − − − Z2

that they can be brought to the form

gσ (x,y) = (ϵ2)xy gσ , (44a)

gR(x,y) = (ϵ2)xy+y(y+1)/2gR, (44b)

where gσ and gR are translation-invariant SU(2) matrices.
As we discuss in more detail in Appendix, the point group

relations (43) translate into the following constraints on the
constant matrices in Eq. (44): [Qσ ]2 = ((ϵσ )12,e), [QRσ ]2 =
(ϵRσ ), and [QR]6 = (ϵR). The solutions to these equations are
given in Table II. The signs ϵσ ,ϵRσ ,ϵR are gauge invariant, so
they obviously distinguish equivalence classes of projective
representations of the point group. Note that they are identical
for PSG Nos. 2 and 6, and for PSG Nos. 5 and 7, respectively.
One can check that these PSGs are not gauge equivalent on
the triangular lattice [148]. The signs ϵ(·) are therefore not
sufficient to distinguish PSG classes, and, in turn, Z2 quantum
spin liquid phases.

In Table II, we choose particular gauges (or class repre-
sentatives) for the point group representations. The column
“sym” displays the remaining global gauge freedom after this
gauge fixing. This freedom will be useful, as it can help to
simplify the corresponding ansatz (invariant PSG) that will be
constructed in the next section.

In the chosen gauge, the representation gR in Table II
determines how the complex phase of spinon pairing changes
under a π/3 lattice rotation [up to signs due to ϵ2 and τR;
see Eqs. (44b) and (29)]. Therefore, we anticipate that PSG
Nos. 1 and 2 give rise to s-wave pairing. Similarly, Nos. 3–5
potentially lead to f -wave, No. 6 to d + id-wave, and No.
7 to p + ip-wave parings. However, the paring amplitudes
may vanish by symmetry in the ansatz (see next section). It is
interesting to note that the highest possible angular momentum
of spinon pairing for a QSL state on the triangular lattice is
f -wave.

PSG representations on the triangular lattice were also
discussed in two recent preprints [91,92]. However, the
classification in these papers is incomplete, as they missed
the triangular PSG classes 6 and 7 in Table II. This leads
to the missing of higher angular momentum spinon pairing,
e.g., of type d + id, as found in the time-reversal symmetric
quadratic-band-touching (QBT) state discussed in Ref. [57].

TABLE III. Quantum spin liquids on the triangular lattice
respecting rotation symmetry (τR = 0). All lattice symmetries are
respected for τσ = 0; states Nos. 1a to 6 also respect time reversal, so
they are symmetric QSLs [70]. The reflection symmetries are broken
in the Kalmeyer-Laughlin CSLs Nos. 7 to 10d (τσ = 1). Column
“PSG” refers to the point group representations in Table II. λ is
the on-site field, and ua is the ansatz on links shown in Fig. 1,
in the notation of allowed real components (τµ) = (i12,σa); “x”
means that the field must vanish by symmetry. a = exp(iπσ3/3) and
b = exp(iπσ3/6).

No. τσ τR ϵ2 PSG gσ gR λ[σa] u1[τµ] u2[τµ] u3[τµ]

1 0 0 + 1 12 12 1,2,3 3 1,3 1,2,3
1a 0 0 + 2 iσ3 12 3 3 3 3
2 0 0 + 6 iσ1 a x 1 1 1
3 0 0 − 4 iσ3 iσ3 3 1 x 3
4 0 0 − 3 12 iσ3 3 x 1 3
5 0 0 − 5 iσ2 iσ3 x 1 2 x
6 0 0 − 7 iσ2 b x 1 2 x

7 1 0 + 6 iσ2 a 3 1,3 1,3 1,3
8 1 0 − 7 iσ1 b 3 0,1 0,2 3
9 1 0 − 6 iσ2 a 3 0 0 1,3
10 1 0 − 5 iσ1 iσ3 3 0,1 0,2 3
10a 1 0 − 2 iσ2 12 3 0 0 3
10b 1 0 − 3 12 iσ2 x 0,3 0 x
10c 1 0 − 4 iσ2 iσ2 x 0 0,3 x
10d 1 0 − 1 12 12 x 0 0 x

Taking into account the sign ϵ2 and Table II, there are thus
2 × 7 = 14 PSG representation classes for the space group
of the triangular lattice. Note that the choice of time-reversal
representation g& formally doubles the number of PSG classes
to 28 [149]. As discussed previously, the gauge representation
of time reversal does not play a role in the construction of chiral
spin liquids. If, however, we want to impose time reversal on
an ansatz (not in combination with a point-group symmetry),
the choice of g& is sometimes relevant.

C. Invariant ansätze

In the last sections, we presented the algebraic PSG classes
for the triangular lattice. We now introduce the corresponding
ansätze u. As one can see from Eq. (28), the time-reversal
signatures τσ and τR enter at this stage.

We restrict our discussion to first-, second-, and third-
neighbor links of the ansatz. For our choice of symmetry
generators σ and R, it is convenient to impose the constraints
on the links u1, u2, and u3 shown in Fig. 1. For each of these
links, there are two constraint equations, and they are discussed
in Appendix A 2. The solutions to the symmetry constraints
are given in Table III for quantum spin liquids with unbroken
rotation (τR = 0), and in Table IV for staggered flux states
(τR = 1). A priori, the number of ansätze for each of the four
time-reversal signatures (τσ , τR) is the same as the number of
algebraic PSG classes (i.e., seven). However, sometimes the
resulting ansätze are redundant or trivial. In Tables III and IV,
we only list ansätze that allow nonzero parameters on at least
first- or second-neighbor links. Among the chiral states (i.e., at
least one of τσ ,τR ̸= 0), we further omit the ones that cannot
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where ρij and ϕ are real numbers, and n is a unit vector. Hence
det[uij ] = −ρ2

ij and u
†
ij uij = ρ2

ij12. Using these properties of

uij , we see that P
†
j Pj = 12 |det[Pj ]|, and Pj is (proportional

to) a unitary matrix. It can therefore be written as

Pj = ρ gj [cos θ + iσ3 sin θ ](σ3)qg†
j , (15)

with gj some gauge transformation. Here, ρ is real, and q is
the number (or parity) of sites in the loop C. It follows that
det[Pj ] = (−)qρ2, and the trace of the SU(2) flux is given by

TrPj =
{

2ρ cos θ, q even,

2ρ i sin θ, q odd.
(16)

Hence the trace is real for even-site loops, while it is imaginary
for odd loops. For a given loop, the parameter ρ (as long as
ρ ̸= 0) can be changed by an irrelevant scaling u #→ αu, so it
has no intrinsic physical meaning. However, the angle θ is an
important gauge-invariant characteristics of the SU(2) flux.

Let us contrast some properties of the SU(2) flux with the
more familiar case of a U(1) gauge flux. When the spinon
Hamiltonian H0 only contains hopping terms and no pairing,
we obviously have IGGu = U(1). In fact, whenever IGGu is
U(1), there is always a gauge in which the ansatz is pure
hopping. In this case, we write

∏
C ξkl ∝ exp(iφ), where ξij

are hopping amplitudes. The flux φ is invariant under local
U(1) transformations, and it may be identified with θ in
Eq. (16). However, we emphasize that only cos φ, resp. sin φ
are invariant under the full SU(2)g lattice gauge group, and
not the U(1) flux φ itself. For example, a global particle-hole
transformation changes the sign of φ for even-site loops, and
φ #→ π − φ for odd loops.

Another interesting property of the SU(2) flux angle θ in
Eq. (16) is that it is nonadditive in general. Consider two
fluxes PA

1 and P B
1 on the loops A ̸= B starting from the

same base site. Then, the flux on the combined loop C is
the matrix product P C

1 = P B
1 PA

1 . In general, the flux angle θ
for the combined loop is not the sum of the ones on A and
B, θC ̸= θA + θB. The angles are additive only in the special
case when the flux matrices commute, PA

1 P B
1 = P B

1 PA
1 . As

expected, the flux angles are additive in U(1) liquids, i.e., when
IGGu = U(1) and all Pj obviously commute. In the absence of
this additivity (i.e., in Z2 liquids), it is certainly not sufficient
to specify flux angle patterns on elementary plaquettes of the
lattice to characterize quadratic spinon Hamiltonians.

Since we are primarily interested in chiral spin liquids,
i.e., states that break time-reversal symmetry, we need to
understand how time reversal affects the SU(2) gauge fluxes.
Our familiarity with the electromagnetic U(1) flux may
mislead us to think that a nontrivial flux angle θ implies
breaking of time reversal. However, this is only correct for
odd-site loops. For the gauge choice (7), it is straightforward
to show that the ansatz changes sign under time reversal,

) : u
µ
ij #→ −u

µ
ij ,λ

a
j #→ −λa

j . (17)

From the definition (12), it then follows that the SU(2) flux
on even-site loops is time-reversal invariant, while it changes
sign for odd-site loops [124]. As a result, an ansatz breaks
time reversal if the flux angle θ is nontrivial (̸= 0,π ) on
odd-site loops. A nontrivial SU(2) flux can be threaded through

even-site loops without necessarily breaking time-reversal
symmetry. A well-known example of this rather surprising
fact is the “staggered flux” state on the square lattice [36,109],
which is believed to be relevant to the pseudogap phase of
cuprate high-temperature superconductivity. In this case, a
U(1) flux ±φ is threaded through the elementary plaquettes.
An SU(2) gauge rotation brings the staggered-flux ansatz to
a pairing state with d-wave symmetry, which is manifestly
time-reversal invariant [125–128]. A more detailed discussion
of the relation between time-reversal symmetry and physical
observables will be given in Sec. III C.

E. Flux operators

In this section, we want to explore which physical spin
operator—or order parameter—the SU(2) gauge flux corre-
sponds to. Equation (12) is the property of an ansatz u, and it
is not clear a priori what spin expectation value it stands for,
if any. A closely related question has been addressed in the
classic paper by Wen, Wilczek, and Zee [2], where the authors
considered the U(1) flux in the pure hopping formalism (see
Appendix C). However, to our knowledge, the question has
not been addressed in the general SU(2) invariant framework.
In the following, we present a formalism that includes both
hopping and pairing terms on the same footing.

The spinon hopping and pairing operator corresponding to
the ansatz matrix (9) is

ûij = 1
2

(
f †

i fj f T
i ε fj

f†jε f ∗
i f†j f i

)

. (18)

In a mean-field decoupling of the Heisenberg term in the spinon
singlet channel, one would write Si · Sj ∼ Tr[û†

ij uij ] + H.c.
As discussed before, a gauge doublet is written as ψ =

(f↑,f
†
↓ )T . In fact, a second gauge doublet is given by ψ̃ =

εψ∗. Since εg∗ε = g for any SU(2) matrix g, ψ̃ transforms
in the same way as ψ under gauge transformations, ψ̃ #→
gψ̃ . Similarly, f̃ = ε f ∗ is a second spin doublet. It is now
convenient to introduce the spinon matrix [35,99,129]

, = (ψ,ψ̃) = ( f , f̃ )T =
(

f↑ f↓

f
†
↓ −f

†
↑

)

. (19)

By construction, , transforms by left multiplication under
gauge transformations, , #→ g,. Since the spin doublets are
rows of ,, it transforms by right multiplication under spin
rotation, , #→ ,UT . Furthermore, one can easily show that
(18) and (19) are related by

2ûij = ,i,
†
j . (20)

In this form, the operator ûij is manifestly spin-rotation
invariant, and it transforms in the same way as the field uij

under gauge transformations, namely, Eq. (10).
We are now equipped to evaluate the SU(2) flux operator

P̂j . To obtain P̂j , we replace the field uij in (12) by the operator
ûij , Eqs. (18) or (20). We have

P̂1 =
∏

C

ûkl = 1
2q

,1,
†
2,2,

†
3 . . . ,

†
q−1,q,

†
q,1. (21)
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
c
†
i,↑

ci,↓

)
→ U

(
c
†
i,↑

ci,↓

)
, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form

H = J1

2

∑

⟨i,j⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)

+J2

2

∑

⟨⟨i,j⟩⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)
. (4)

Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α

χij c
†
i,αcj,α +

∑

(i,j )

&ij (c†i,↑c
†
j,↓ + H.c.)

+
∑

i

[
µ

∑

α

c
†
i,αci,α + ζ (c†i,↑c

†
i,↓ + H.c.)

]
, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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which vanishes in the entire paramagnetic regime [47]. In
addition, two different variational Monte Carlo (VMC) studies
claimed for a gapless spin liquid close to J2/J1 = 1/8: Kaneko
and co-workers [48] used a full optimization of the pairing of a
Gutzwiller-projected BCS wave function [obtaining a critical
spin liquid for 0.10(1) ! J2/J1 ! 0.135(5)] and Mishmash
and collaborators [49] considered few variational Ansätze to
describe both magnetic and nonmagnetic phases (here, they
obtained evidence for a gapless nodal d-wave spin liquid for
0.06 " J2/J1 " 0.17). In the former case, the full optimization
of the pairing function faces technical difficulties, which
make it difficult to reach true energy minima; in the latter
one, the variational states are relatively simple and do not
exhaust the rich variety of states that can be obtained within
the fermionic representation of Gutzwiller-projected states.
Indeed, the variational energies that we get are much better
than those of these two papers, indicating the high accuracy of
the present approach.

By contrast, density-matrix renormalization group
(DMRG) studies find a gapped Z2 topological spin liquid
for 0.06 " J2/J1 " 0.17 [50] and 0.08 " J2/J1 " 0.16 [51],
with signatures of possible spontaneously broken rotational
symmetry. Following this proposal, Zheng, Mei, and Qi, [52],
and, in an independent work, Lu [53] have performed a
classification of symmetric and nematic Z2 spin liquids, and
pointed out promising candidates at the fermionic mean-
field level. This approach was extended by Bieri, Lhuillier,
and Messio [54] to include chiral spin liquids as well. A
bosonic mean-field classification has likewise been accom-
plished [55,56], with some of the states addressed already in
earlier works [57,58].

In this paper, we address the J1-J2 Heisenberg model on
the triangular lattice from the viewpoint of versatile Gutzwiller
projected Abrikosov-fermion wave functions (optionally sup-
plemented by Lanczos optimization), which we implemented
by using efficient VMC techniques. To enable a comparison of
the variational energies, we also perform DMRG and Lanczos
diagonalizations for specific regions in parameter space. In
order to resolve the magnetic susceptibility profile in the
paramagnetic regime, we employ pseudofermion functional
renormalization group (PFFRG) calculations, the results of
which are then compared with analogous results from DMRG
and VMC. Our main VMC results are summarized as follows:
a spin-liquid phase is stabilized for 0.08 " J2/J1 " 0.16
(Fig. 1), in excellent agreement with DMRG [50,51] and
CCM [46]. Within the spin-liquid regime, however, we find
no signal of stabilization for any of the gapped symmetric
or nematic Z2 states proposed in Refs. [52,53]. In particular,
the gapped Z2 spin liquids are found to have higher energies
compared to the gapless U(1) Dirac spin liquid (DSL); the
gapless Z2 spin liquids suffer the same fate. We find that
nematic order only onsets simultaneously with collinear anti-
ferromagnetic order, which is also supported by the analysis
of nematic response functions in PFFRG. On performing a
couple of Lanczos optimization steps on the VMC variational
result, followed by a zero-variance extrapolation, we obtain
estimates of the exact ground-state and S = 2 excited-state
energies on different cluster sizes. Our estimate of the ground-
state energy on finite-systems is in excellent agreement with

(a) 120 AF (c) Stripe AF(b) Spin liquid
J2/J10.160.080

FIG. 1. Schematic illustrations of the coplanar three-sublattice
(black, blue, and red) magnetic order on the triangular lattice
(a), the resonating-valence bond spin liquid (b), and the collinear
two-sublattice (blue and red) stripe magnetic order (c). The phase
diagram, as obtained by using variational Monte Carlo method is
also reported. Note that the DSL found here can be represented as a
resonating-valence bond spin liquid with a power-law distribution of
bond amplitudes.

exact diagonalization and other numerical methods. In the
thermodynamic limit, our estimate of the ground-state energy
is equal to the one obtained by DMRG, within error bars.
However, in contrast to DMRG results, which found a finite
spin excitation gap, the S = 2 gap computed in VMC is found
to extrapolate to zero (within error bars) in the thermodynamic
limit. These findings strongly point to a gapless spin liquid
ground state, yielding a clear disagreement with the findings
by DMRG.

The article is organized as follows. In Sec. II, we describe
the model Hamiltonian and discuss its finite-size spectra
obtained from exact diagonalization, followed by a description
of the pseudofermion spin representation framework. In
Sec. III, the variational Monte Carlo method, the associated
wave functions, and the pseudofermion functional renormal-
ization group method are explained. In Sec. IV, we present the
results on, the energy optimization of competing variational
states, spin excitation gap, spin structure factors, followed by a
discussion of the findings from different methods. Conclusions
are given in Sec. V.

II. MODEL

The Hamiltonian for the spin- 1
2 Heisenberg J1-J2 antifer-

romagnetic model is

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where both J1 and J2 are positive; ⟨i,j ⟩ and ⟨⟨i,j ⟩⟩ denote
sums over nearest-neighbor (NN) and next-nearest-neighbor
(NNN) pairs of sites, respectively. Si = (Sx

i ,S
y
i ,Sz

i ) denotes
the spin operator acting on a spin- 1

2 at site i. All energies will
be given in units of J1.

A. Finite-size spectra

Before discussing our main results based on VMC and
PFFRG approaches (see Sec. IV), we would like to show
the results of exact diagonalizations on a small 6 × 6 cluster.
All eigenstates can be classified according to their quantum
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
c
†
i,↑

ci,↓

)
→ U

(
c
†
i,↑

ci,↓

)
, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form

H = J1

2

∑

⟨i,j⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)

+J2

2

∑

⟨⟨i,j⟩⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)
. (4)

Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α

χij c
†
i,αcj,α +

∑

(i,j )

&ij (c†i,↑c
†
j,↓ + H.c.)

+
∑

i

[
µ

∑

α

c
†
i,αci,α + ζ (c†i,↑c

†
i,↓ + H.c.)

]
, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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FIG. 2. Exact low-energy spectra (measured from the total-
symmetric state energy E0) on the 6 × 6 cluster for different values
of J2/J1. The states are classified according to their spin, momentum
q, and eigenvalue R2π/6 of 2π/6 rotations. The total-symmetric state
is a singlet with q = (0,0) and R2π/6 = 1. The other states are (i) a
singlet with q = (0,0) and R2π/6 = ei2π/6 (green squares), degenerate
with R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0) (red circles),
which is degenerate with q = (2π/3,2π/

√
3), and (iii) a triplet with

q = (0,2π/
√

3) (blue diamonds), which is degenerate with other two
states at symmetry-related q points.

numbers relative to translations (denoted by the momentum q);
for particular values of q, also π/3 rotations and reflections
with respect to the x axis can be specified, their quantum
numbers being R2π/6 and Rx, respectively. The results for
0 ! J2/J1 ! 1/2 are given in Fig. 2, where the energies per
site of few relevant states are reported in comparison with
the total-symmetric singlet with q = (0,0), R2π/6 = 1 and
Rx = 1. In particular, we show (i) a singlet with q = (0,0)
and R2π/6 = ei2π/6, which is degenerate with the one having
R2π/6 = e−i2π/6, (ii) a triplet with q = (4π/3,0), which is
degenerate with the one having q = (2π/3,2π/

√
3), and

(iii) a triplet with q = (0,2π/
√

3), degenerate with q =
(π, ± π/

√
3). The ground state is a total-symmetric singlet for

J2/J1 ! 0.15; for J2/J1 " 0.2 singlets with R2π/6 = e±i2π/6

collapse on it, even having a slightly lower energy on this
cluster. This fact is compatible with the rise of a phase
with stripe collinear order in the thermodynamic limit (or a
spontaneous breaking of rotational symmetry). In addition,
a level crossing appears also in the triplet sector: for small
values of J2/J1, the lowest-energy triplet has q = (4π/3,0) (or
q = (2π/3,2π/

√
3)), which is compatible with the presence

of 120◦ order in the thermodynamic limit; by contrast for larger
values of J2/J1, the lowest-energy triplet has q = (0,2π/

√
3)

(or symmetry related momenta), compatible with the collinear
magnetic order. Unfortunately, on such a small cluster, it is
impossible to establish with precision the locations of phase
transitions, as well as the possible existence of a magnetically
disordered phase. Therefore we address these important
questions using variational wave function and functional
renormalization group approaches, which are described in the
ensuing section.

B. Pseudofermion mean-field theory

A traditional recipe for the construction of a spin liquid
at the mean-field level [21,59,60] rests on the introduction of
fictitious fermionic fields represented by Abrikosov “pseud-
ofermion” operators, ci,α with (α = ↑,↓), corresponding to
spin-1/2, charge neutral quasi-particles, called spinons. The
physical spin operator Si can then be expressed as a bilinear
in the spinon operators [61]:

Si = 1
2c

†
i,ασ αβci,β, (2)

where the summation over the repeated greek indices is
implied and σ = (σ x,σ y,σ z) denotes the Pauli matrices. This
representation is endowed with a local SU(2) gauge symmetry
in which [62–64]

(
c
†
i,↑

ci,↓

)
→ U

(
c
†
i,↑

ci,↓

)
, (3)

where U is an SU(2) matrix. In terms of spinon operators the
Hamiltonian (1) acquires the form

H = J1

2

∑

⟨i,j⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)

+J2

2

∑

⟨⟨i,j⟩⟩

(
c
†
i,αci,βc

†
j,βcj,α − 1

2c
†
i,αci,αc

†
j,βcj,β

)
. (4)

Once the spin operator is written in terms of fermionic
operators, the Hilbert space is enlarged. Indeed, within the
original spin model, there are two states per site (i.e., up
and down spin), in the fermionic representation, there are
four states per site (i.e., empty, doubly occupied, and singly
occupied with up or down spin). Therefore, in order to describe
a legitimate spin state in the fermionic representation, one
needs to restrict to the sub-space of exactly one-fermion per
site with the local constraint:

c
†
i,αci,α = 1. (5)

Here, we would like to mention that both VMC and PFFRG
approaches enforce this constraint exactly, as described in
Sec. III. The PFFRG approach does not assume any particular
starting point to treat the Hamiltonian of Eq. (4), thus avoiding
to introduce any possible bias in the calculations; by contrast,
within VMC, a noninteracting state is considered (and then
projected into the correct Hilbert space). In this respect, it is
useful to briefly discuss the simplest possible approximation
of Eq. (4), which consists in a mean-field treatment:

HMF =
∑

(i,j ),α

χij c
†
i,αcj,α +

∑

(i,j )

&ij (c†i,↑c
†
j,↓ + H.c.)

+
∑

i

[
µ

∑

α

c
†
i,αci,α + ζ (c†i,↑c

†
i,↓ + H.c.)

]
, (6)

where the operators c
†
i,αcj,α and ci,↑cj,↓ have been replaced

by their corresponding ground-state expectation values, χij =
⟨c†i,αcj,α⟩ and &ij = ⟨ci,↑cj,↓⟩, respectively. The local con-
straint (5) has been replaced by a global one, through the in-
clusion of a Lagrangian multiplier. Within this approximation,
the mean-field ground state |(MF⟩ is obtained by diagonalizing
Eq. (6). However, |(MF⟩ lives in the enlarged (i.e., fermionic)
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(i) Thermal Hall in a spin liquid and in a tetratic state?


(ii) What is nature of the chiral spin liquid? How is it 

connected to the tetratic state?


(iii) How to avoid the collinearity ? Triple-q states… 

Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
becomes

H "
X

k#

'kc
y
k#ck# ( J

X

k%(&

S&c
y
k%#

&
%(ckþQ&(; (4)

where 'k " (2t
P3

i"1 cosk % ai and & " a, b, c. The mo-
mentum summation is over the quarter of the original
reciprocal unit cell. The Hamiltonian splits into two dis-
joint parts

H " cyI ĤcI þ cyIIĤcII; (5)

ba c

a

bc

FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
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FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).
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A classical chiral spin liquid from chiral
interactions on the pyrochlore lattice

Daniel Lozano-Gómez 1 , Yasir Iqbal2 & Matthias Vojta1

Classical spin liquids are paramagnetic phases that feature nontrivial patterns
of spin correlations within their ground-state manifold whose degeneracy
scales with system size. Often they harbor fractionalized excitations, and their
low-energy fluctuations are described by emergent gauge theories. In this
work, we discuss a model composed of chiral three-body spin interactions on
the pyrochlore lattice that realizes a novel classical chiral spin liquid whose
excitations are fractonalized while also displaying a fracton-like behavior. We
demonstrate that the ground-state manifold of this spin liquid is given by a
subset of the so-called color-ice states. We show that the low-energy states are
captured by an effective gauge theory which possesses a divergence-free
condition and an additional chiral term that constrains the total flux of the
fields through a single tetrahedron. The divergence-free constraint on the
gaugefields results in two-fold pinch points in the spin structure factor and the
identification of bionic charges as excitations of the system.

Spin liquids are disordered yet highly correlated phases of matter
whereby magnetic degrees of freedom evade symmetry-breaking
long-range order down to lowest temperatures1,2. It has been shown
how such cooperative behavior can be succinctly described by emer-
gent gauge symmetries3,4. Frustrated Mott-insulating magnets have
been established as the key platform to realize classical and quantum
spin liquids, which can emerge as a consequence of competing inter-
actions stemming fromeither the architectureof the underlying lattice
or from strong spin-orbit coupling5–12.

The pyrochlore lattice, composed of a network of corner-sharing
tetrahedrawithmagnetic ions located at the vertices, has proven to be
an excellent arena for the realization of spin liquid phases. In the
classical realm, examples of such highly correlated phases include the
well-known spin-ice phase4,6,13,14, the recent realizations of rank-2 spin
liquids7–9,15–17 as well as mixed rank-1–rank-2 spin liquids12. All these
liquid phases are realized in spin systems whose interactions are
bilinear in the spin degrees of freedom, taking the form SiHijSj . Here,
the Hij spin coupling matrix in the generic case encompasses both
isotropic and anisotropic interactions between not only first but also
farther neighbors. This includes the isotropic Heisenberg terms
(Si ⋅ Sj)5,18, as well as, anisotropic Ising (Szi S

z
j )

17, Dzyaloshinskii-Moriya

(Dij ⋅ [Si × Sj])19, and off-diagonal symmetric also known as pseudo-
dipole (Sxi S

y
j + x $ y)20, as well as their analogs for further-neighbor

interaction terms21–23.
In contrast, much less attention has been devoted to spin Hamil-

tonians with three-body or four-body spin interactions, which might
also offer the possibility of realizing spin liquid phaseswith other types
of exotic emergent gauge symmetries at low temperatures. One
example of such a higher-body interaction is the isotropic biquadratic
interaction ðSi " SjÞ

224,25. A recent work studied the physics resulting
from the biquadratic coupling on the pyrochlore lattice with an addi-
tional Heisenberg term24. However, such amodel features an order-by-
disorder selection of amagnetically ordered state at low temperatures.

In the present paper, we consider the so-called scalar spin chiral
term, a magnetic three-body interaction that arises in a t/U expansion
of the Hubbard model at half-filling in the presence of a magnetic
field26. This leads to the following spin-rotation invariant Hamiltonian,
which breaks time-reversal and parity symmetries27,28

Hχ = $ Jχ
X

i, j, k2Δ

χ ijk , ð1Þ
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Fig. 2 | Single-tetrahedron spin, Potts, and gauge-field configuration. Example
of a single-tetrahedron minimum-energy configuration for the chiral Hamiltonian
in Eq. (1) shown in the Heisenberg spin configuration (a), the color representation

(b), the Potts gauge fields BðxÞ
μ , BðyÞ

μ , and BðzÞ
μ colored in red, blue, and green,

respectively, in the single tetrahedron (c).

Fig. 3 | Allowed color configurations. Single-tetrahedron ground states Sχ of the chiral Hamiltonian in Eq. (1) in the color basis where the colors red, blue, green, and
yellow correspond to the spin orientations u0, u1, u2, and u3 as defined in the main text, respectively.
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Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
trons experience opposite effective magnetic fluxes.
Now we turn to the case of an arbitrary JS=t. From

Fig. 1, the unit cell in the ordered state is quadrupled—it
is now spanned by vectors 2a1 and 2a2. It is convenient to
treat to problem in the momentum space. For that we notice
that the tetrahedral magnetic ordering is equivalent to the
so-called 3q noncoplanar state, with the order parameter

S $rÞ " $Sa cosQa % r;Sb cosQb % r;Sc cosQc % rÞ: (3)

The amplitudes S% are equal in magnitude but can have
different signs (arbitrary global rotation of the triad in the
spin space yields an equivalent state). The ordering vectors
Q% are equal to half of the reciprocal lattice vectors; see
Fig. 1(c). Therefore, momenta þQ& and (Q& are equiva-
lent (Q& ffi (Q&), and #Qa #Qb #Qc ffi 0. The scalar
chirality, defined as a counterclockwise triple product
S1 % $S2 ) S3Þ / SaSbSc around a plaquette [e.g., 123 in
Fig. 1(b)] can be either positive or negative, depending on
the choice of S%. To be specific, let us chose all S% > 0,
Fig. 1(a). In momentum space the Hamiltonian Eq. (1)
becomes

H "
X

k#

'kc
y
k#ck# ( J

X

k%(&

S&c
y
k%#

&
%(ckþQ&(; (4)

where 'k " (2t
P3

i"1 cosk % ai and & " a, b, c. The mo-
mentum summation is over the quarter of the original
reciprocal unit cell. The Hamiltonian splits into two dis-
joint parts

H " cyI ĤcI þ cyIIĤcII; (5)

ba c

a

bc

FIG. 1 (color online). Chiral spin ordering on a triangular
lattice. (a) Four possible orientations of the local magnetic
moments. They correspond to the normals to the faces of a
regular tetrahedron. (b) Arrangement of the local moments on
the real space lattice. a1 and a2 are the unit lattice vectors.
(c) Momentum space. Unshaded hexagons define the Brillouin
zones. G is one of the reciprocal lattice vectors. Vectors Q& are

the ordering vectors for the tetrahedral chiral order (jQ&j "
G=2). Note that Q& perfectly nest the 3=4-filled FS (shaded

hexagons).

PRL 101, 156402 (2008) P HY S I CA L R EV I EW LE T T E R S
week ending

10 OCTOBER 2008

156402-2

Pauli matrices. This model may describe various d- and
f-electron compounds, with J being the ferromagnetic
Hund’s coupling in the first case and the antiferromagnetic
Kondo exchange in the latter. We consider the classical
limit S ! 1 for the localized spins. Then, the magnitude of
jSij " S is fixed and the only remaining degree of freedom
is the spin orientation. The sign of J is irrelevant (the
spectrum does not depend on this sign and the eigenstates
are connected by a global time-reversal transformation of
the localized spins). In the following, we take J > 0.

The simplest limit of H is the strong coupling, JS=t !
1. Two disconnected sectors appear in this regime: the low
(high) energy subspace of states in which conduction
electrons hop between neighboring sites remaining parallel
(antiparallel) to the local moment Si. Within each sector,
the conduction electron spin orientation is enslaved to its
position, and the effective hopping amplitude acquires a
quantum mechanical phase [8]. This Berry phase is indis-
tinguishable from the Aharonov-Bohm phase in an exter-
nally applied magnetic field [9]. The effective Berry flux
through a closed path is half of the solid angle subtended
by the electron spin while moving along the path [10]. The
fluxes experienced by electrons with spins aligned and
antialigned with the local moments are equal in magnitude
but opposite in sign. For the specific case of ‘‘tetrahedral’’
ordering, Fig. 1, the solid angle subtended by local mo-
ments in corners of each elementary triangular plaquette is
clearly ! " 4!=4. Thus, in the limit of strong coupling,
the problem is equivalent to one of electrons on a triangular

lattice in a uniform spin-dependent magnetic field corre-
sponding to flux "# " #!=2 per triangular plaquette. The
overall energy splitting between the spin-up and spin-down
sectors is 2JS. The energy spectrum can be easily found,

Ek"#JS# 2tffiffiffi
3

p $cos2k %a1þcos2k %a2þcos2k %a3Þ1=2;

(2)

where a1 and a2 real space lattice vectors and a3 " a1 (
a2. Since the real space (magnetic) unit cell has doubled,
this dispersion is defined on half of the original reciprocal
unit cell. The amplitude of the hopping is reduced by a
factor

ffiffiffi
3

p
due to the angle $ between the neighboring spins,

t ! t cos$$=2Þ " t=
ffiffiffi
3

p
. There are total four energy-split

bands—(2 spins)) (2 sites in magnetic unit cell). Thus for
fillings that are integer multiples of 1=4, the system is an
insulator. Filling 1=2 corresponds to full filling of the spin-
up sector, and therefore it is equivalent to a band insulator,
with #xy " 0. The ‘‘interesting’’ fillings are 1=4 and 3=4.
From the explicit treatment of spinless electrons on trian-
gular lattice [11], one finds that j#xyj " e2=h in both cases,
but with opposite signs, since spin-up and spin-down elec-
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where HXXZ0ðΔÞ is the XXZ0 Hamiltonian on a triangle Δ,
as long as its vertices can be colored by three colors with no
two connected vertices being assigned the same color.
Some three-colorable lattices with representative three
colorings are shown in Fig. 2. Our general result overlaps
the XXZ0 point on the triangular lattice of Ref. [25] and a
different analytically solvable Hamiltonian on the zigzag
ladder of Ref. [26].
Finally, we show how the XXZ0 point on the kagome

lattice is embedded in the wider phase diagram demon-
strating its relation to the previously discovered spin liquid
at the Heisenberg point [7,8,10] as well as nearby mag-
netically ordered phases; our results suggest an additional
intermediate phase transition in the middle of the spin-
liquid region.
Exact ground states at Jz ¼ −1/2.—Any Hamiltonian of

the form of Eq. (2) has ground states of the form

jCi≡ PSz

!Y

valid

⊗ jγsi
"
; ð3Þ

where fjγsi ¼ jai; jbi or jcig denoted as “colors” on
site s are defined as jai≡ ð1/

ffiffiffi
2

p
Þðj ↑iþ j↓iÞ, jbi≡

ð1/
ffiffiffi
2

p
Þðj ↑iþ ωj↓iÞ, jci≡ ð1/

ffiffiffi
2

p
Þðj ↑iþ ω2j↓iÞ, where

ω ¼ ei2π/3. Taking the quantization axis to be the z axis,
the colors correspond to spin directions in the XY plane that
are at 120° relative to one another. Valid colorings satisfy
the three-coloring condition. PSz projects into a particular
total Sz sector.
For Jz ¼ −1/2 and a single triangle, six states—the fully

polarized state j ↑↑↑i and the chiral states j ↑ ↓↓iþ ωj↓ ↑
↓iþ ω2j↓↓ ↑i and j ↑ ↓↓iþ ω2j↓ ↑ ↓iþ ωj↓↓ ↑i and
all their Kramers pairs—are exactly degenerate. Thus,
Eq. (2) is recast as

H ¼
X

Δ
HΔ ¼ 3

2

X

Δ
PΔ −

3

8
NΔ; ð4Þ

where NΔ is the number of triangles, and PΔ is a projector
on the triangle PΔ ≡ jþihþjþ j−ih−j, and jþi and j−i are
Kramers pairs of nonchiral one-magnon states on the
triangle jþi≡ ð1/

ffiffiffi
3

p
Þðj ↑↑ ↓iþ j ↑ ↓ ↑iþ j↓ ↑↑iÞ and

j−i≡ ð1/
ffiffiffi
3

p
Þðj↓↓ ↑iþ j↓ ↑ ↓iþ j ↑ ↓↓iÞ. This rewriting

can be carried out on any lattice of triangles; if a bond is
used by multiple triangles, this constrains the coupling
constant between these bonds.
The XXZ0 Hamiltonian is, thus, a sum of positive

semidefinite noncommuting projectors. Any wave function
that simultaneously zeroes out each projector consistently
is guaranteed to be a ground state. Such “frustration-free”
Hamiltonians include Majumdar-Ghosh [28] (generalized
by Klein [29]) and Affleck-Kennedy-Lieb-Tasaki [30–33]
Hamiltonians. Zeroing out a projector requires that only
components exactly orthogonal to states jþi and j−i enter
the full many-body wave function; this is indeed achieved
by the product state jψi≡Q

valid ⊗ jγsi. We also note that
such “three-coloring states” have a long history and have
been explored in several contexts [24,34–40].
The product state jψi does not conserve total Sz but the

XXZ Hamiltonian does conserve it. Therefore, projecting
each three-coloring solution to each Sz sector is also a
ground state leading to Eq. (3). Note that three colorings
which differ simply by relabeling colors are identical up to
a global phase (see the Supplemental Material [41]).
Macroscopic degeneracy and additional ground

states.—While there are only two ways of three coloring
the triangular lattice, there are an exponential number of
ways of doing so on the kagome (scaling as 1.208N [42])
and hyperkagome lattices. The precise number of ground
states varies from sector to sector because of the loss of
linear independence of the unprojected solutions under
projection. For typical Sz of interest, particularly Sz ¼ 0,
there are still an exponential number of linearly indepen-
dent solutions. This counting is made precise by forming
the overlap matrix SC;C0 ≡ hCjC0i and evaluating its rank
≡RðSÞ numerically; our results have been shown in Table I
and the Supplemental Material [41]. The case of one down
spin in a sea of up spins, which maps to the noninteracting
problem with a flatband with a quadratic band touching
[43], is also correctly captured.
On several representative clusters with open boundary

conditions (but always with completed triangles), we never
find solutions outside the coloring manifold, which sug-
gests (but does not prove) the possibility that coloring
solutions describe all degeneracies on open lattices.
However, for the kagome on tori we find, for low fillings,
degenerate solutions not spanned by colorings.
Connection to the wider kagome phase diagram.—We

now show how the XXZ0 point is embedded in the larger
kagome phase diagram. We focus on Sz ¼ 0 and the fully

(d) (e) (f)

(a) (b) (c)

FIG. 2. Representative three-coloring solutions on various
lattices with triangular motifs: (a) sawtooth, (b) kagome,
(c) triangular, (d) Shastry-Sutherland [27] (with J2 ¼ 2J1; note,
the bold diagonal lines are associated with two triangles, whereas
other edges are part of only one triangle), (e) icosidodecahedron,
(f) hyperkagome lattice.
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The parent Hamiltonian for the 3-coloring states (coplanar 120-configurations):

ℋXXZ = ∑
⟩i,j⟨

(Sx
i Sx

j + Sy
i Sy

j −
1
2

Sz
i Sz

j )

where HXXZ0ðΔÞ is the XXZ0 Hamiltonian on a triangle Δ,
as long as its vertices can be colored by three colors with no
two connected vertices being assigned the same color.
Some three-colorable lattices with representative three
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the XXZ0 point on the triangular lattice of Ref. [25] and a
different analytically solvable Hamiltonian on the zigzag
ladder of Ref. [26].
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Þðj↓↓ ↑iþ j↓ ↑ ↓iþ j ↑ ↓↓iÞ. This rewriting

can be carried out on any lattice of triangles; if a bond is
used by multiple triangles, this constrains the coupling
constant between these bonds.
The XXZ0 Hamiltonian is, thus, a sum of positive

semidefinite noncommuting projectors. Any wave function
that simultaneously zeroes out each projector consistently
is guaranteed to be a ground state. Such “frustration-free”
Hamiltonians include Majumdar-Ghosh [28] (generalized
by Klein [29]) and Affleck-Kennedy-Lieb-Tasaki [30–33]
Hamiltonians. Zeroing out a projector requires that only
components exactly orthogonal to states jþi and j−i enter
the full many-body wave function; this is indeed achieved
by the product state jψi≡Q

valid ⊗ jγsi. We also note that
such “three-coloring states” have a long history and have
been explored in several contexts [24,34–40].
The product state jψi does not conserve total Sz but the

XXZ Hamiltonian does conserve it. Therefore, projecting
each three-coloring solution to each Sz sector is also a
ground state leading to Eq. (3). Note that three colorings
which differ simply by relabeling colors are identical up to
a global phase (see the Supplemental Material [41]).
Macroscopic degeneracy and additional ground

states.—While there are only two ways of three coloring
the triangular lattice, there are an exponential number of
ways of doing so on the kagome (scaling as 1.208N [42])
and hyperkagome lattices. The precise number of ground
states varies from sector to sector because of the loss of
linear independence of the unprojected solutions under
projection. For typical Sz of interest, particularly Sz ¼ 0,
there are still an exponential number of linearly indepen-
dent solutions. This counting is made precise by forming
the overlap matrix SC;C0 ≡ hCjC0i and evaluating its rank
≡RðSÞ numerically; our results have been shown in Table I
and the Supplemental Material [41]. The case of one down
spin in a sea of up spins, which maps to the noninteracting
problem with a flatband with a quadratic band touching
[43], is also correctly captured.
On several representative clusters with open boundary

conditions (but always with completed triangles), we never
find solutions outside the coloring manifold, which sug-
gests (but does not prove) the possibility that coloring
solutions describe all degeneracies on open lattices.
However, for the kagome on tori we find, for low fillings,
degenerate solutions not spanned by colorings.
Connection to the wider kagome phase diagram.—We

now show how the XXZ0 point is embedded in the larger
kagome phase diagram. We focus on Sz ¼ 0 and the fully

(d) (e) (f)

(a) (b) (c)

FIG. 2. Representative three-coloring solutions on various
lattices with triangular motifs: (a) sawtooth, (b) kagome,
(c) triangular, (d) Shastry-Sutherland [27] (with J2 ¼ 2J1; note,
the bold diagonal lines are associated with two triangles, whereas
other edges are part of only one triangle), (e) icosidodecahedron,
(f) hyperkagome lattice.
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The history of quantum frustrated magnetism began in
1973 with Anderson’s suggestion that the ground state of
the nearest-neighbor (NN) Heisenberg model on the tri-
angular lattice was a quantum spin liquid [1]. While we
now know that this particular model does not support a spin
liquid, both experimental and theoretical evidence has been
building for quantum spin liquids in various lattices built
of triangular motifs. Materials such as herbertsmithite
(a kagome lattice of Cu2þ ions) [2] and Na4Ir3O8 (a hyper-
kagome lattice of Ir4þ ions) [3] fail to order down to low
temperatures suggesting a possible spin-liquid ground
state. This is supported by theoretical calculations which
show that a panoply of spin liquids (or exotic ordered
phases) occur in a variety of Hamiltonians [4–17]. This
Letter presents an explanation of multiple energetically
competitive phases in these models.
We first report the existence of a new macroscopic

quantum degenerate point on kagome and hyperkagome
lattices in the spin-1/2 XXZ Hamiltonian [18–23],

HXXZ½Jz$ ¼
X

hi;ji
Sxi S

x
j þ Syi S

y
j þ Jz

X

hi;ji
SziS

z
j ð1Þ

at HXXZ½−1/2$ (notated as HXXZ0 [24]). Si are spin-1/2
operators on site i, hi; ji refer to nearest-neighbor pairs, and
Jz is the Ising coupling. The degeneracy exists in all Sz
sectors and all finite system sizes. For the kagome, we
explicitly demonstrate this in Fig. 1 where we perform an
exact diagonalization (ED) on the N ¼ 30 site kagome
cluster in different Sz sectors. As we approach Jz ¼ −1/2,
many eigenstates collapse to the same ground state
eigenvalue.

We solve analytically for much of the exponential
manifold, and our solutions apply to any lattice of triangu-
lar motifs with the Hamiltonian of the form

H ¼
X

Δ
HXXZ0ðΔÞ; ð2Þ

FIG. 1. Energy spectra [showing the eight lowest energies in
every momentum sector with respect to the lowest energy state
in K ¼ ð0; 0Þ] versus Jz for a 30-site kagome cluster with
periodic boundary conditions. The panels correspond to various
Sz sectors, (top left) Sz ¼ 0, (top right) Sz ¼ 5, (bottom left)
Sz ¼ 10, (bottom right) Sz ¼ 14. A quantum degeneracy is seen
at Jz ¼ −1/2. The case of Sz ¼ 14 corresponds to one spin-down
in a sea of up spins and maps to the noninteracting solution;
hence, the spectrum does not change with Jz.
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|a⟩ =
1

2
( | ↑ ⟩ + | ↓ ⟩)

|c⟩ =
1

2
( | ↑ ⟩ + e2πi/3 | ↓ ⟩)

|b⟩ =
1

2
( | ↑ ⟩ + e−2πi/3 | ↓ ⟩)

Exact product wave function:



|Ψ4c⟩ = |n1⟩ ⊗ |n2⟩ ⊗ |n3⟩ ⊗ |n4⟩

̂χi,j,k = Ŝi ⋅ (Ŝj × Ŝk)

χtet = χ1,2,3 + χ1,4,2 + χ1,3,4 + χ2,4,3

 and maximize the sum of the four chirality operators 

We search for a positive semidefinite  such that ℋ4c

ℋ4c |Ψ4c⟩ = 0

Parent Hamiltonian on a tetrehedron for the chiral tetrahedral states



|Ψ4c⟩ = |n1⟩ ⊗ |n2⟩ ⊗ |n3⟩ ⊗ |n4⟩

The recipe:

1. Sample chiral tetrahedral configurations and construct 
the associated product states numerically for a given 
S=1/2, 1, 3/2, etc. 

2. Form the Hilbert subspace defined by the linear span of 
the sampled states. 

3. Determine the complete set of operators that annihilate 
this subspace, i.e., whose nullspace is exactly the 
spanned Hilbert space.



Happy birthday, Sriram!

  	 ℋ4c =
3

2
J∑

⟨ijk⟩

Si (Sj × Sk) −
1
4

J∑
⟨ij⟩

SiSj + J ∑
⟨ijkl⟩

(SiSj)(SkSl),

A gift from Péter Kránitz, Yasir Iqbal, and me.



Parent Hamiltonian for S=1/2

ℋ4c = −
1
4 ∑

⟨ij⟩

Si ⋅ Sj +
3

2 ∑
⟨ijk⟩

Si ⋅ (Sj × Sk) + ∑
⟨ijkl⟩

(Si ⋅ Sj)(Sk ⋅ Sl)

|Ψ4c⟩ = |n1⟩ ⊗ |n2⟩ ⊗ |n3⟩ ⊗ |n4⟩

ℋ4c |Ψ4c⟩ = 0 Chiral,  ̂χtet |C±
0,0⟩ ∝ ± |C±

0,0⟩

<latexit sha1_base64="lmmpY5V5SVkSxCk8Hh41FSxXAsg="></latexit>

1

2
→ 1

2
→ 1

2
→ 1

2
= 0↑ 0↑ 1↑ 1↑ 1↑ 2︸ ︷︷ ︸

finite overlap with!4C

<latexit sha1_base64="q3xrEKU+3mhZMxE242ocPRGBdLA="></latexit>

H4c(ω) = 3|C+
0,0→↑C

+
0,0|

<latexit sha1_base64="yR5ZzSDeZESDn25L8ZC1JzC+Ok8="></latexit>

|C±
0,0→ = | ↑↑↓↓→+ | ↓↓↑↑→

+ e±2ωi/3 (| ↓↑↑↓→+ | ↑↓↓↑→)
+ e→2ωi/3 (| ↑↓↑↓→+ | ↓↑↓↑→)
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Parent Hamiltonian for S>1/2 on a tetrahedron

ℋ4c = 3S∑
⟨ijk⟩

Ŝi ⋅ (Ŝj × Ŝk) + ∑
⟨ijkl⟩

(S2 − Ŝi ⋅ Ŝj)(S2 − Ŝk ⋅ Ŝl),

The full  
Hilbert space 

D = (2Si + 1)4

𝒱S
Full

Linear span of 
the chiral 

tetrahedral 
states 𝒱S

chiral
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H4c = B
†
B

<latexit sha1_base64="QztGd49YPxJ3c1pGg+YcYEHvPiA="></latexit>

B =
1→
2
[a1a2b3b4 + b1b2a3a4

+ e2ωi/3 (a1b2a3b4 + b1a2b3a4)

+ e→2ωi/3 (a1b2b3a4 + b1a2a3b4)
]

<latexit sha1_base64="0lrv767bEiMuNhSI9IW9V8zT4hY="></latexit>

|C+
0,0→ = B†|0→ The “wrong” chiral state that is not 

member of the tetrahedral states

𝒱S+1/2
Full = 𝒱S+1/2

Chiral ⊕ (𝒱S
Full ⊗ { |C+

0,0⟩})



Frustration-free 
Hamiltonian:  

Highly degenerate ground 
state manifold on 

pyrochlore, checkerboard, 
honeycomb, square, 

triangular lattice, etc. … 
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ℋ4c = −
1
4 ∑

⟨ij⟩

Si ⋅ Sj +
3

2 ∑
⟨ijk⟩

Si ⋅ (Sj × Sk) + ∑
⟨ijkl⟩

(Si ⋅ Sj)(Sk ⋅ Sl)
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L = 16 Checkerboard Square Honeycomb Triangular

Chirality: uniform uniform alternating uniform uniform

Stot Dim.

0 1430 528 101 56 114 1

1 3432 1368 244 118 263 3

2 3640 1672 382 312 364 5

3 2548 1400 486 476 478 7

4 1260 840 453 452 452 21

5 440 352 264 264 264 45

6 104 96 88 88 88 56

7 15 15 15 15 15 15

8 1 1 1 1 1 1

Degeneracies for the S=1/2 model on different lattices
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Degeneracies for the S=1/2 model on triangular lattices
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L = 16 Checkerboard Square Honeycomb Triangular

Chirality: uniform uniform alternating uniform uniform

Stot Dim.

0 1430 528 101 56 114 1
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4×4 = 16 sites 
Four-sublattice states

4×4 = 16 sites 
Additional states appear 

for S ≥ 4



⟨{ni} |ℋ4c |{ni}⟩ = JS4 3 ∑
⟨ijk⟩

ni ⋅ (nj × nk) + ∑
⟨ijkl⟩

(1 − ni ⋅ nj)(1 − nk ⋅ nl)

ℋcl
4c|{ni}⟩ = |n1n2n3n4⟩

b123 = (1 − n1n2) + (1 − n1n3) + (1 − n2n3) + 3n1(n2 × n3)

B123 = (1 − n2n3)n1 + (1 − n1n3)n2 + (1 − n1n2)n3 + 3 (n1 × n2 + n2 × n3 + n3 × n1)

ℋcl
4c = b123 − B123 ⋅ n4 = b123 (1 − B̂123 ⋅ n4)

b2
123 = B123

2 16
3

≥ b123 ≥ 0

n4 = B̂123

Classical limit

It is linear in ’s,  
the effect of , , and  is to 
impose an effective field for 

ni
n1 n2 n3

n4



There are many classical states beyond the 
tetrahedral states, even the ferro-aligned one is a 

good ground state

n4 ∝ (1 − n2n3)n1 + (1 − n1n3)n2 + (1 − n1n2)n3 + 3 (n1 × n2 + n2 × n3 + n3 × n1)

n4 = B̂123

Classical limit



n4 = B̂123

Classical limit

Degenerate classical manifold on the 
tetrahedron, 

 c.f. degenerate manifold of the Heisenberg 
model on a tetrahedron: 

, where the ground state manifold satisfies 

ℋ = ∑
⟨ij⟩

Si ⋅ Sj =
1
2 (S1 + S2 + S3 + S4)2 − const.

S1 + S2 + S3 + S4 = 0



Parent Hamiltonian on a tetrehedron for the chiral tetrahedral states

Works for S=1/2

Many open questions, more to come…

<latexit sha1_base64="QeAfTONKbhiqHHw5vAP6jnyk4rc="></latexit>

H4c = J
→

3S
∑

→ijk↑

Ŝi

(
Ŝj ↑ Ŝk

)
+ J

∑

→ijkl↑

(S2
↓ Ŝi · Ŝj)(S

2
↓ Ŝk · Ŝl)

<latexit sha1_base64="Cy6gmJyqHict5x3CZ/+kVAbLOuM="></latexit>

H
cl
4c =

→

3
∑

→ijk↑

ni (nj ↑ nk) +
∑

→ijkl↑

(1↓ ninj)(1↓ nknl),

ℋ4c = −
1
4 ∑

⟨ij⟩

Si ⋅ Sj +
3

2 ∑
⟨ijk⟩

Si ⋅ (Sj × Sk) + ∑
⟨ijkl⟩

(Si ⋅ Sj)(Sk ⋅ Sl)

Works for S=1, 3/2, etc…

Works for classical spins:

ℬ =
1

2 [a4a3b2b1 + b4b3a2a1 + ω (a4b3a2b1 + b4a3b2a1) + ω2 (a4b3b2a1 + b4a3a2b1)] .

The positive semidefinite form: , with ℋ4c = ℬ†ℬ


