Emergent Codes from Gauss
Laws

José Garre Rubio
Institute of Theoretical Physics (Madrid)

Instituto de
I:W Austrian 'f_L
Science Fund

UAM-CSIC



The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... -




The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... -

¢ Symmetric phases (i.e. SPT as AKLT)

¢ Topologically ordered phases (i.e. Toric Code)



The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... -

¢ Symmetric phases (i.e. SPT as AKLT)

@ S=1/2

_______

________

¢ Topologically ordered phases (i.e. Toric Code)



The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... -

¢ Symmetric phases (i.e. SPT as AKLT)

@ S=1/2

_______

________

S(py) < 0A —y




The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... ."ﬂuwhnsor Networks

satisfying an area (boundary) law

e
o

¢ Symmetric phases (i.e. SPT as AKLT)

@ S=1/2

oil e o o e

S(p,) x 0A — v e —ﬁ @
$ | o o o o
'—.'_i'T':' ....... -



The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... ."ﬂuwhnsor Networks

satisfying an area (boundary) law

LJEEEEE
—,

¢ Topologically ordered phases (i.e. Toric Code)
L i 1 [ ] ® L =
S(py) x 0A —y et —ﬁ l

i

.t ® L L ®
-
4

¢ Symmetric phases (i.e. SPT as AKLT)

@ S=1/2

[ T-.--o-:-o--.-o-.--
The 1D symmetry encodes the TO!



The understanding and characterization of
phases of matter is done through the
boundary BOUNDARY

¢ Topological insulators, fQHE,... ."ﬂuwhnsor Networks

satisfying an area (boundary) law

@ S=1/2 U
@ Edge mode (S=1/2) _gL wmnaE --L-
in si V; Vg

_______

¢ Symmetric phases (i.e. SPT as AKLT)

_______

The 1D symmetry encodes the TO!

DETERMINES
THIS TALK: BOUNDARY » BULK




To construct & order higher-dim (topological)
phases from lower (symmetric) ones |

* Main example: how the 2D
toric code comes from the
global Z,-symmetry of the
1D Ising model and its
rough/smooth boundaries
relate to ordered/
disordered Ising phases




To construct & order higher-dim (topological)
phases from lower (symmetric) ones |

* Main example: how the 2D
toric code comes from the
global Z,-symmetry of the
1D Ising model and its
rough/smooth boundaries
relate to ordered/
disordered Ising phases




Global symmetries and dualities/gaugingl

1D Global (on-site) symmetry from Z,: [H, X®"] = 0



Global symmetries and dualities/gauging]

1D Global (on-site) symmetry from Z,: [H, X®"] = 0

Z R 7L < 7

Kramers-Wannier duality : Z® Z «— X
X—X®XX

TF Ising model: Hrp; = — Z (ZZi4y + pX) < Hppp = - Z (ZitpuX; X1 )

[Hrp, X' = 0 [ﬁTFI’ Z®" =0



I

1D Global (on-site) symmetry from Z,: [H, X0

Z R 7L < 7

Kramers-Wannier duality : Z &® Z X
y Sl X—X®XX

TF Ising model: H; = — Z (ZZ,_ |+ puX;) «— HTFI = Z (Z;+uX; X;,4)
[HTFD X®n] HF [HTFIa n] =

o iy = . - [B. Vancraeynest-De Cuiper, JGR, F. Verstraete, K. Vervoort,
’ Dua"ty Gauglng o+ decoup"ng matter D. Williamson, L. Lootens. arXiv:2509.22051]



€«

€«

1D Global (on-site) symmetry from Z,: [H, X0

Kramers-Wannier duality : Z ® Z «— X LQL— 7L
X—X®X

TF Ising model: H; = — Z (ZZ,_ |+ puX;) «— HTFI = Z (Z;+uX; X;,4)
[HTFD n] =

[B. Vancraeynest-De Cuiper, JGR, F. Verstraete, K. Vervoort,
D. Williamson, L. Lootens. arXiv:2509.22051]

[HTFI, X®" =

Duality = Gauging + decoupling matter

Gauging: Localizing a global symmetry by adding gauge fields (qubits)
[Haegeman et. al. Phys. Rev. X 5, 011024 (2015)]

[D. Williamson. Phys. Rev. B 94, 155128 (2016)]



€«

€«

1D Global (on-site) symmetry from Z,: [H, X0

Kramers-Wannier duality : Z ® Z «— X LQL— 7L
X—X®X

TF Ising model: H; = — Z (ZZ;\ 1 + uX;) «— HTFI = Z (Z;+uX; X;,4)
[HTFD n] =

[B. Vancraeynest-De Cuiper, JGR, F. Verstraete, K. Vervoort,
D. Williamson, L. Lootens. arXiv:2509.22051]

[HTFD X ®n] =

Duality = Gauging + decoupling matter

Gauging: Localizing a global symmetry by adding gauge fields (qubits)
[Haegeman et. al. Phys. Rev. X 5, 011024 (2015)]

[D. Williamson. Phys. Rev. B 94, 155128 (2016)]

(aaEaY
oy = Hop = = Z (ZZ;Ziy ) + X X;)

l
Local symmetry X: X, X: (Gauss Law)

Emergent symmetry: [Hrpp, 2] = 0



€«

€«

1D Global (on-site) symmetry from Z,: [H, X0
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Gauging: Localizing a global symmetry by adding gauge fields (qubits)
[Haegeman et. al. Phys. Rev. X 5, 011024 (2015)]
[D. Williamson. Phys. Rev. B 94, 155128 (2016)]

A
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Local symmetry X: X, X: (Gauss Law) »What happens if we gauge again?

Emergent symmetry: [Hrpp, 2] = 0
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What happens at the boundary?
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@ Abelian groups, TN, symmetric phases & gapped boundaries... [B. Vancraeynest-De Cuiper & JGR, Quantum 9, 1852 (2025)]
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Kramers-Wannier — Kennedy-Tasaki: Haldane phase to maximally broken phase of Z, X Z,
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+ Emergent principle to construct and order phases ~ Table of elements

Topological B e Topological Foliated type-l Fractal type-I Type-ll

2D order: order (Surface codes)  fractons fractons fractons

2D boundary Line Sub.
symmetry symmetry Sym.

1D boundary

Global Fractal
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Foliated type-l Fractal type-I Type-ll
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fractons fractons

: Topological ;
2D order: order RCneer; (Surface codes) fractons

1D boundary 2D boundary Line Sub.
symmetry Giobal symmetry Sym. et

i D. Aasen et. al., Microsoft
4D order: Topological J i

A Ouantum, arXiv:2506.15130]
[D. Hayes et. al., Quantinuum,

In N JeIIL[Elg'  Global and Closed Planar and Linear Fractal
symmetry loops membranes | loops in planes | Subsystem ] PRA 110,062413 (2024)]

+ These boundary symmetries correspond naturally with the virtual symmetries of the TN describing the bulk
8DTO  |C. Delcamp & N. Schuch, Quantum 5,604 (2021)] SE i

2D TO
[Poster of J. Wladika]

+ What about anomalous symmetries? 3D twisted codes, Gauging as a Quantum circuits ...



