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FIG. 1. (color online) (a),(b) Néel and striped AFM phases
used as magnetically ordered backgrounds in LSWT. Pink and
blue bullets correspond to up and down arrangement of spins.
(c),(d),(e),(f) Canditates of non-magnetic cluster orderings as
a ground state background, used in COA. The case of (f)
corresponds to string-VBS of ! = 6. Solid and dashed lines
are J1 and J2 bonds, respectively.

J2/J1 = 0.5.
Moreover, the 2D TFI model is a prototype frustrated

magnetic model, which received much attention, to ex-
plore novel emergent phases [26–28]. The ground state of
2D TFI model at the highly-frustrated point, to the best
of our knowledge, is not known. It is challenging to find
a ground state, which is a result of quantum fluctuations
on an extensive degenerate ground space.
In this paper, we therefore examine the spin- 12 trans-

verse field Ising model on the J1 − J2 square lattice,
Hamiltonian 1, by resorting to different analytical and
numerical techniques such as linear spin-wave theory
(LSWT) [29], cluster operator approach (COA) [30, 31]
and tree tensor network (TTN) simulation [32]. We found
that harmonic quantum fluctuations in LSWT based on
single-spin flip excitations are incapable of lifting the ex-
tensive degeneracy of the classical system. However, con-
sidering anharmonic fluctuations with multi-spin flip ex-
citations via COA certifies the existence of global-loop-
type of quantum fluctuations, which are able to lift the
extensive degeneracy of the system at J2/J1 = 0.5 toward
a string-VBS phase with broken lattice rotational sym-
metry, leading to an order by disorder transition. The

string-VBS state is a manifestation of macroscopic quan-
tum superposition [33, 34]. These findings are further
confirmed by numerical (TTN) simulations.

The paper is organized as follows. In Sec. II, we intro-
duce the model and some of its classical features. Next,
in Sec. III we present LSWT and COA used for determin-
ing the true nature of quantum ground state by introduc-
ing different type of quantum fluctuations. We compare
the results obtained from two approaches with each other
and also with the TTN results. Details of our approaches
are presented in Appendices. We argue that string-type
quantum fluctuations can cast the ground state of highly
frustrated point J2/J1 = 0.5 to a string-VBS phase at
low fields with broken rotational symmetry. Sec. IV dis-
cusses the existence of a quantum phase transition from
string-VBS phase of low fields to a quantum paramagnet
phase of high fields at Γ/J1 ∼= 0.5, where the critical ex-
ponents are extracted. Finally, the paper is summarized
and concluded in Sec. V.

II. MODEL

In this section, we introduce the spin-1/2 transverse
field Ising model on the square lattice with J1−J2 inter-
actions. We consider a square lattice, where spin-1/2 par-
ticles are placed at the vertices of the lattice and the an-
tiferromagnetic exchange coupling J1 (J2) are tuned be-
tween the nearest neighbor (next-nearest neighbor) spins
(see Fig. 1). Hamiltonian of the model in the presence of
a transverse magnetic field Γ is given by

H = J1
∑

〈i,j〉

Sz
i S

z
j + J2

∑

〈〈i,j〉〉

Sz
i S

z
j − Γ

∑

i

Sx
i , (1)

where Si ≡ (Sx
i , S

y
i , S

z
i ) are the usual quantum spin-1/2

operators with Si
2 = S(S + 1).

In the extreme case, where J2 = 0 and Γ = 0, the clas-
sical ground state of the system is given by a Néel state
(Fig. 1-(a)), which persists as the frustration is increased
up to a critical point at J2/J1 = 0.5, where it breaks to a
collinear anti-ferromagnetic phase with striped AFM or-
der (Fig. 1-(b)) for J2/J1 > 0.5, through a first-order
quantum phase transition [27, 35, 36]. The classical
ground state of the system further displays an exponen-
tial degeneracy at the highly frustrated point J2/J1 = 0.5
in which the ground state is described by two-up-two-
down configurations for spins on every crossed square of
the lattice. Our aim in this paper is to study the effects
of quantum fluctuations to lift this extensive degeneracy
toward a unique quantum ground state. Hence, we con-
sider J2/J1 = 0.5 with Γ $= 0, which induces zero-point
quantum fluctuations to the system due to Sx that does
not commute with other terms in the Hamiltonian 1.
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corresponds to string-VBS of ! = 6. Solid and dashed lines
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plore novel emergent phases [26–28]. The ground state of
2D TFI model at the highly-frustrated point, to the best
of our knowledge, is not known. It is challenging to find
a ground state, which is a result of quantum fluctuations
on an extensive degenerate ground space.
In this paper, we therefore examine the spin- 12 trans-

verse field Ising model on the J1 − J2 square lattice,
Hamiltonian 1, by resorting to different analytical and
numerical techniques such as linear spin-wave theory
(LSWT) [29], cluster operator approach (COA) [30, 31]
and tree tensor network (TTN) simulation [32]. We found
that harmonic quantum fluctuations in LSWT based on
single-spin flip excitations are incapable of lifting the ex-
tensive degeneracy of the classical system. However, con-
sidering anharmonic fluctuations with multi-spin flip ex-
citations via COA certifies the existence of global-loop-
type of quantum fluctuations, which are able to lift the
extensive degeneracy of the system at J2/J1 = 0.5 toward
a string-VBS phase with broken lattice rotational sym-
metry, leading to an order by disorder transition. The

string-VBS state is a manifestation of macroscopic quan-
tum superposition [33, 34]. These findings are further
confirmed by numerical (TTN) simulations.

The paper is organized as follows. In Sec. II, we intro-
duce the model and some of its classical features. Next,
in Sec. III we present LSWT and COA used for determin-
ing the true nature of quantum ground state by introduc-
ing different type of quantum fluctuations. We compare
the results obtained from two approaches with each other
and also with the TTN results. Details of our approaches
are presented in Appendices. We argue that string-type
quantum fluctuations can cast the ground state of highly
frustrated point J2/J1 = 0.5 to a string-VBS phase at
low fields with broken rotational symmetry. Sec. IV dis-
cusses the existence of a quantum phase transition from
string-VBS phase of low fields to a quantum paramagnet
phase of high fields at Γ/J1 ∼= 0.5, where the critical ex-
ponents are extracted. Finally, the paper is summarized
and concluded in Sec. V.

II. MODEL

In this section, we introduce the spin-1/2 transverse
field Ising model on the square lattice with J1−J2 inter-
actions. We consider a square lattice, where spin-1/2 par-
ticles are placed at the vertices of the lattice and the an-
tiferromagnetic exchange coupling J1 (J2) are tuned be-
tween the nearest neighbor (next-nearest neighbor) spins
(see Fig. 1). Hamiltonian of the model in the presence of
a transverse magnetic field Γ is given by
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In the extreme case, where J2 = 0 and Γ = 0, the clas-
sical ground state of the system is given by a Néel state
(Fig. 1-(a)), which persists as the frustration is increased
up to a critical point at J2/J1 = 0.5, where it breaks to a
collinear anti-ferromagnetic phase with striped AFM or-
der (Fig. 1-(b)) for J2/J1 > 0.5, through a first-order
quantum phase transition [27, 35, 36]. The classical
ground state of the system further displays an exponen-
tial degeneracy at the highly frustrated point J2/J1 = 0.5
in which the ground state is described by two-up-two-
down configurations for spins on every crossed square of
the lattice. Our aim in this paper is to study the effects
of quantum fluctuations to lift this extensive degeneracy
toward a unique quantum ground state. Hence, we con-
sider J2/J1 = 0.5 with Γ $= 0, which induces zero-point
quantum fluctuations to the system due to Sx that does
not commute with other terms in the Hamiltonian 1.
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Frustration: Antiferromagnetic Couplings + Odd Loops

§ Geometric: 2D lattice of corner-sharing triangles (Triangular, Kagome) 

§ Competition between different exchange paths: J1-J2 Mode

§ Total energy of the system does not correspond to minimum of each interaction term in the 
Hamiltonian

THERMODYNAMICS OF THREE-DIMENSIONAL KITAEV … PHYSICAL REVIEW RESEARCH 3, 033205 (2021)

ter perspective since it was suggested that the ground state of
the system is a QSL [1]. The Hamiltonian of the Kitaev model
is given by

HKitaev =
∑

〈i, j〉,γ
Kγ Sγ

i Sγ
j , (1)

where the sum runs over three subclasses of bonds labeled
by γ = x, y, z, denoting the three Ising-like interactions on
the corresponding link. While the original Kitaev model was
introduced using spin-1/2 Pauli operators, our definition here
is based on generic spin operators.

The Kitaev model is exactly solvable on trivalent lattices,
i.e., lattices with three links connected to each site. Using the
local transformation Sγ

i = i
2 bγ

i ci, the original spin operators
can be represented by four Majorana fermions. The original
interacting spin model takes then the bilinear form:

Hmf = i
4

∑

〈i, j〉
Ai jcic j, (2)

Ai j = Kγ

2
uγ

i j,

where ûγ
i j = −ûγ

ji = ibγ
i bγ

j are bond operators obtained from
grouping Majoranas bγ along nearest-neighbor links 〈i, j〉.
The bond operators commute with each other and with the
Hamiltonian (2). They are, therefore, conserved integrals of
motion, which square to identity and their eigenvalues are
given by ui j = ±1. Within this parton construction, the new
degrees of freedom are now the noninteracting Majorana
fermions ci coupled to a static Z2 gauge field ui j .

Given a fixed gauge configuration {ui j}, the spectrum of the
system can be readily extracted by diagonalizing the skew-
symmetry matrix iA. Its eigenvalues come in pairs ±εµ as a
result of the inherent particle-hole symmetry of the (single-
particle) Majorana Hamiltonian (2). The ground state of the
system is thus given by a configuration of gauge fields, which
minimizes the energy. According to Lieb’s theorem, depend-
ing on the lattice structure, its symmetry, and dimensionality,
the ground state is generically given by 0- or π -flux configu-
ration of gauge fields.

While Lieb’s theorem is valid for 2D trivalent lattices, its
extension to 3D trivalent structures is hampered since the
symmetry requirement for the theorem is not fulfilled in gen-
eral, except for hyperhoneycomb lattice. One may therefore
use numerically exact QMC simulations to unambiguously
determine the ground-state gauge pattern. A careful analysis
in this regard shows that all bipartite trivalent 3D lattices still
follow the general conclusions of Lieb’s theorem (in spite of
not being applicable) in the absence of additional geometrical
constraints leading to “gauge frustration” (see Refs. [42] for
details).

The zero-temperature phase diagram of the Kitaev model
on the 2D honeycomb lattice is known to host two QSL
phases. The first one is gapless and emerges near the isotropic
point of Hamiltonian (1), i.e., K ≡ Kx = Ky = Kz. The sec-
ond one is actually three equivalent gapped phases that arise
whenever one of the couplings dominates the other two. The
low-energy effective theory of the three gapped phases is
given by an Abelian topological phase known as the toric
code [5]. The gapless phase is also known to become gapped

by applying time-reversal symmetry (TRS) breaking perturba-
tions to the Hamiltonian (1) such as a uniform magnetic field,
−

∑
i
%B. Si along the [111] direction. When the field strength

B is small compared to the vison gap $, one can derive
a low-energy effective model using third-order perturbation
theory in the ground-state flux sector, yielding

He f f =
∑

〈i, j〉,γ
Kγ Sγ

i Sγ
j − κ

∑

i, j,k

Sα
i Sβ

j Sγ
k , (3)

where the three-spin coupling constant κ ∼ BxByBz/$
2 en-

codes the strength of the effective magnetic field, and triples
i, j, k indicate three neighboring sites with strictly different
bond-type α, β, and γ .

In the effective Majorana representation (3), the three-spin
interaction turns into a next-nearest-neighbour hopping term
between sites i and k connected by site j. In the 2D Kitaev
models, such a hopping term opens a gap at the Dirac points
of the bulk spectrum and yields a chiral edge mode with a
nonvanishing Chern number ν (other third-order terms are
irrelevant to the Dirac-gap opening in the renormalization
group sense). The resulting gapped state is Z2 topologically
ordered with non-Abelian anyon excitations.

In the low-temperature regime, the thermal Hall conduc-
tance of the 2D Kitaev model shows a quantized value with
respect to the field strength κ , i.e., Ixy = π

12νT , which is
exactly half of the two-dimensional thermal Hall conductance
in the integer QHE. Such a half-integer quantization is a
signature of a topologically-protected chiral edge mode of
charge-neutral Majorana fermions, which have half the de-
grees of freedom of conventional fermions.

The Kitaev model on 3D lattices still shares some of the
properties of the 2D honeycomb version, including a rich
variety of gapless Z2 QSL phases. The main difference with
the 2D version though is that, according to the symmetry
classification of free-fermion systems [65], breaking the TRS
will not give rise to topologically protected gapped phases
for 3D Kitaev models. Despite not being topological in a
strict sense, these models, however, exhibit a finite but non-
quantized thermal quantum Hall effect in the presence of a
magnetic field (see Sec. IV B). Moreover, the nodal structure
of the Majorana fermions on different 3D Kitaev lattices have
distinct properties such as nodal lines with a flat surface band,
topologically protected Weyl points with the so-called surface
Fermi arcs, and a Majorana semimetal with a Majorana Fermi
surface characterized by a finite Majorana density of states at
lowest-lying energy levels [24].

In this paper we focus on two specific examples of 3D
Kitaev structures, namely the hyperhoneycomb and hyperoc-
tagon lattices, illustrated in Fig. 1. Both lattices are among
the most studied examples of 3D Kitaev materials. While
the hyperoctagon lattice is the 3D extension of the square-
octagon lattice, the hyperhoneycomb is the natural extension
of the honeycomb lattice to 3D. The latter has a experimental
realization in β−Li2IrO3 compounds [28,31]. Besides, both
hyperhoneycomb and hyperoctagon lattices contain two in-
dependent types of loop operators of length 10 around their
plaquettes, which guarantee a ground state with vanishing
total flux [24,42].
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Why study frustrated systems? 
§ Frustration is typically present in real material in nature
§ Exciting and challenging playground for both theorists and experimentalists

§ Host exotic phases of matter such as: Spin Liquids, RVB, VBC, Plaquette States, … 
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Y. Iqbal et al, PRX (2019)
Bergman et al, PRB, (2006)
Harris et al, Mod. Phys. Lett. B (1996)

Kagome Lattice
Ran et al, PRL, (2007)
Y. Iqbal et al, PRB (2013)
Liao et al, PRL, (2017)
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FIG. 1. (a) The ruby and (b) star lattices. Spin- 1
2 particles are

placed at the vertices of the lattices and the two-body interactions
are characterized by different colors. (c) Ruby lattice reshaped into
a brick-wall structure. Yellow region denotes a ruby unit cell with
six spins, with sets of three spins placed at the vertices of a triangle
and distinguished in black and white. (d) Each triangle in the brick-
wall lattice (c) is replaced with a block site with local Hilbert space
dimension 23 = 8. The resulting structure is topologically equivalent
to a honeycomb lattice. The yellow dotted lines are auxiliary bonds
with trivial interactions, which are added to the brick-wall lattice to
form a square lattice.

the ground-state properties of the ruby model in the thermody-
namic limit. In particular, we explore the low-energy properties
and phase diagram of the system in different coupling regimes.
We capture the quantum phase transitions of the ruby model
by evaluating different quantities such as nearest-neighbor
two-point correlators, entanglement entropy (EE) on an infinite
cylinder [43,44], and ground-state fidelity per lattice site [45].
Moreover, we present the details for the calculation of the
ground-state fidelity and EE on infinite cylinders using CTMs.

This work is organized as follows: In Sec. II we briefly
review the iPEPS technique and explain how to apply the
method for the ruby lattice. In Sec. III we explain how to
calculate the ground-state fidelity per lattice site using CTMs.
Details of the calculation of the EE on infinite cylinders by
means of CTMs are given in Sec. IV. Then, we apply the
method to the ruby model introduced in Sec. V and discuss its
ground-state properties and zero-temperature phase diagram
in the thermodynamic limit in Sec. VI. Finally, we present our
conclusions in Sec. VII.

II. iPEPS BASICS

In this section we briefly review the basic ideas behind the
iPEPS technique and prescribe the details of the method for the
family of triangle-honeycomb lattices. We specifically present
the method for the ruby lattice. However, the extension to the
star lattice is straightforward.

A. Generalities

Consider a 2D quantum lattice model with N sites with local
Hilbert space at each site described by Cd . The full Hilbert
space of the system is therefore given by (Cd )⊗N , whose size
grows exponentially with the size of the system. Thus, the
problem of finding the relevant eigenstates of the system is
essentially intractable even for moderate system sizes. Luckily,
it is sometimes possible to use PEPS tensors to store and
represent some area-law states that approximate ground states
of 2D local Hamiltonians. As such, these states constitute a tiny,
exponentially small, but relevant corner of the Hilbert space,
which can be parametrized efficiently. Generically, a 2D PEPS
is given by

|!〉 =
d∑

{s#ri }
N
i=1

F
(
A[#r1]

s#r1
, . . . ,A[#rN ]

s#rN

)∣∣s#r1 , . . . ,s#rN

〉
, (1)

where |s#ri
〉 is the local basis of the site i at position #ri according

to the geometry of the 2D lattice and A[#ri ]
s#ri

are the local tensors.
For the case of the square lattice, one has tensors of rank five at
each site consisting of dD4 complex coefficients, where d is the
physical dimension and D is the bond dimension. Importantly,
the bond dimension D controls both the size of PEPS tensors
and the maximum amount of entanglement that can be handled
by PEPS. The operation F is a tensor trace that contracts the
bond indices of the tensors A[#ri ]

s#ri
.

In order to approximate the ground state of a given quantum
lattice Hamiltonian, one can evolve the system in imaginary
time β (similar to the time-evolving block decimation (TEBD)
method in 1D [46,47]), i.e.,

|!GS〉 = lim
β→∞

e−βH |!0〉
||e−βH |!0〉||

, (2)

with |!0〉 some appropriate initial state. Efficient numerical
algorithms have already been developed for both finite [8,9]
and infinite PEPS [10–12] based on imaginary-time evolution
of translationally invariant local Hamiltonians on the square
lattice. In particular, recent versions of the iPEPS method use
the so-called fast full update [12] for a stable and fast updating
procedure of the tensors. Moreover, it has become clear
that methods based on CTMs are particularly well suited to
approximate effective environments and estimate expectation
values of local observables for infinite 2D lattices [13].

In the next subsection, we show how to map the ruby lattice
to a brick-wall structure (the procedure for the star lattice and
other Archimedean lattices [48] is similar; see also Appendix B
for more details on the iPEPS implementation of the star
lattice), so that the iPEPS method for the square lattice [12,13]
is also applicable for the family of triangle-honeycomb lattices.

B. Ruby lattice and trotterization

Let us now consider how to adapt the iPEPS methodology to
the case of the ruby lattice. Figure 1(c) illustrates how the ruby
lattice can be shaped into a brick-wall structure, which in turn
is topologically equivalent to a honeycomb lattice of coarse-
grained sites. Each unit cell of the ruby lattice is composed of
six physical degrees of freedom [yellow region in Fig. 1(c)].
Replacing each triangle in the unit cell with an effective block
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FIG. 1. (a) The ruby and (b) star lattices. Spin- 1
2 particles are

placed at the vertices of the lattices and the two-body interactions
are characterized by different colors. (c) Ruby lattice reshaped into
a brick-wall structure. Yellow region denotes a ruby unit cell with
six spins, with sets of three spins placed at the vertices of a triangle
and distinguished in black and white. (d) Each triangle in the brick-
wall lattice (c) is replaced with a block site with local Hilbert space
dimension 23 = 8. The resulting structure is topologically equivalent
to a honeycomb lattice. The yellow dotted lines are auxiliary bonds
with trivial interactions, which are added to the brick-wall lattice to
form a square lattice.

the ground-state properties of the ruby model in the thermody-
namic limit. In particular, we explore the low-energy properties
and phase diagram of the system in different coupling regimes.
We capture the quantum phase transitions of the ruby model
by evaluating different quantities such as nearest-neighbor
two-point correlators, entanglement entropy (EE) on an infinite
cylinder [43,44], and ground-state fidelity per lattice site [45].
Moreover, we present the details for the calculation of the
ground-state fidelity and EE on infinite cylinders using CTMs.

This work is organized as follows: In Sec. II we briefly
review the iPEPS technique and explain how to apply the
method for the ruby lattice. In Sec. III we explain how to
calculate the ground-state fidelity per lattice site using CTMs.
Details of the calculation of the EE on infinite cylinders by
means of CTMs are given in Sec. IV. Then, we apply the
method to the ruby model introduced in Sec. V and discuss its
ground-state properties and zero-temperature phase diagram
in the thermodynamic limit in Sec. VI. Finally, we present our
conclusions in Sec. VII.

II. iPEPS BASICS

In this section we briefly review the basic ideas behind the
iPEPS technique and prescribe the details of the method for the
family of triangle-honeycomb lattices. We specifically present
the method for the ruby lattice. However, the extension to the
star lattice is straightforward.

A. Generalities

Consider a 2D quantum lattice model with N sites with local
Hilbert space at each site described by Cd . The full Hilbert
space of the system is therefore given by (Cd )⊗N , whose size
grows exponentially with the size of the system. Thus, the
problem of finding the relevant eigenstates of the system is
essentially intractable even for moderate system sizes. Luckily,
it is sometimes possible to use PEPS tensors to store and
represent some area-law states that approximate ground states
of 2D local Hamiltonians. As such, these states constitute a tiny,
exponentially small, but relevant corner of the Hilbert space,
which can be parametrized efficiently. Generically, a 2D PEPS
is given by

|!〉 =
d∑

{s#ri }
N
i=1

F
(
A[#r1]

s#r1
, . . . ,A[#rN ]

s#rN

)∣∣s#r1 , . . . ,s#rN

〉
, (1)

where |s#ri
〉 is the local basis of the site i at position #ri according

to the geometry of the 2D lattice and A[#ri ]
s#ri

are the local tensors.
For the case of the square lattice, one has tensors of rank five at
each site consisting of dD4 complex coefficients, where d is the
physical dimension and D is the bond dimension. Importantly,
the bond dimension D controls both the size of PEPS tensors
and the maximum amount of entanglement that can be handled
by PEPS. The operation F is a tensor trace that contracts the
bond indices of the tensors A[#ri ]

s#ri
.

In order to approximate the ground state of a given quantum
lattice Hamiltonian, one can evolve the system in imaginary
time β (similar to the time-evolving block decimation (TEBD)
method in 1D [46,47]), i.e.,

|!GS〉 = lim
β→∞

e−βH |!0〉
||e−βH |!0〉||

, (2)

with |!0〉 some appropriate initial state. Efficient numerical
algorithms have already been developed for both finite [8,9]
and infinite PEPS [10–12] based on imaginary-time evolution
of translationally invariant local Hamiltonians on the square
lattice. In particular, recent versions of the iPEPS method use
the so-called fast full update [12] for a stable and fast updating
procedure of the tensors. Moreover, it has become clear
that methods based on CTMs are particularly well suited to
approximate effective environments and estimate expectation
values of local observables for infinite 2D lattices [13].

In the next subsection, we show how to map the ruby lattice
to a brick-wall structure (the procedure for the star lattice and
other Archimedean lattices [48] is similar; see also Appendix B
for more details on the iPEPS implementation of the star
lattice), so that the iPEPS method for the square lattice [12,13]
is also applicable for the family of triangle-honeycomb lattices.

B. Ruby lattice and trotterization

Let us now consider how to adapt the iPEPS methodology to
the case of the ruby lattice. Figure 1(c) illustrates how the ruby
lattice can be shaped into a brick-wall structure, which in turn
is topologically equivalent to a honeycomb lattice of coarse-
grained sites. Each unit cell of the ruby lattice is composed of
six physical degrees of freedom [yellow region in Fig. 1(c)].
Replacing each triangle in the unit cell with an effective block
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Corner-sharing triangles with inequivalent bonds

§ Two inequivalent site types à Non-Archimedean

§ Allows studying the competition between different exchange paths

§ KCu6AlBiO4(SO4)5Cl consisting of S=1/2 Cu2+ ions that form decoupled layers of Square-Kagome lattice

J2
J3J1

Magnetic phases of low-dimensional magnets have been
studied both theoretically and experimentally in the last
half century. Intensive studies of one-dimensional (1D)

spin systems have successfully captured the exotic quantum
states, such as the Tomonaga–Luttinger spin-liquid state1 and the
Haldane state2. Recent progress in synthesising ideal 1D magnets
has evolved this research field3. On the other hand, in 2D spin
systems, the spin-1/2 kagome antiferromagnet is an excellent
choice for searching for the QSL state induced by geometrical
frustration4. A possible compound for QSL in the kagome anti-
ferromagnets was herbertsmithite, which has the Cu2+ layers
with ideal kagome geometry sandwiched by nonmagnetic Zn2+
layers5. To date, no long-range order has been found at any
temperature, and a continuum of spin excitations was observed
by INS experiments. However, the low-energy magnetic excita-
tion is still unclear as seen in a controversy on gapless6 or gap-
ped7 excitation. This is related to the fact that herbertsmithite is
obtained by selectively replacing magnetic Cu2+ ions with non-
magnetic Zn2+ ions on the triangular-lattice planes of its parent
compound clinoatacamite8, Cu2(OH)3Cl. This replacement
inevitably causes site mixing9. Other materials with the kagome
lattice exhibit long-range magnetic or valence-bond crystal (VBC)
orders caused by lattice distortions, the DM interaction and
further neighbour interactions10–14. The lack of a suitable model
material exhibiting the QSL hinders observations of the QSL state
in the 2D spin-1/2 systems.

Another highly frustrated 2D quantum spin system expected to
be a QSL state is a compound with the square-kagome lattice
(SKL). The SKL was introduced by Siddharthan et al.15. It has the
same coordination number as the kagome lattice (z= 4), but with
a composition of two inequivalent sublattices in contrast to the
kagome lattice. Richter et al. reported that the ground state of
the spin-1/2 SKL with three equivalent exchange interactions (the
case of J1= J2= J3 and JX= 0 in Fig. 1c) is similar to that of the
kagome lattice16. The ground state of the spin-1/2 J1–J2 SKL
antiferromagnet (the case of J2= J3 and JX= 0 in Fig. 1c) was
calculated by Rousochatzakis et al.17. It has been predicted to be a
crossed-dimer VBC state and a square pinwheels VBC state,
depending on J2/J1. Moreover, there is a possibility that the QSL
ground states are realised in the SKL with three nonequivalent
exchange interactions (the case of JX= 0 in Fig. 1c), which lead to
the melting of these VBC states18. Very recently, it has also

predicted to be a topological nematic spin-liquid state19. In the
magnetic field, the existence of the magnetisation plateaus of
M/Msat= 1/3 and 2/3 has theoretically clarified16–18,20, where
Msat is the saturation magnetisation. These plateau phases exhibit
VBC, up–up–down structure, and alternate trimerized states. In
the high magnetic field and low-temperature regime, a magnetic-
field-driven Berezinskii–Kosterlitz–Thouless phase transition
exists21. However, the lack of a model compound for the SKL
system has obstructed a deeper understanding of its spin state.
Motivated by the present status on the study of the SKL system,
we searched for compounds with the SKL containing Cu2+ spins,
and synthesised the first compound of a SKL antiferromagnet,
KCu6AlBiO4(SO4)5Cl, successfully. Here, we use thermodynamic,
muon spin relaxation and neutron-scattering experiments on
powder samples of KCu6AlBiO4(SO4)5Cl, to demonstrate the
absence of magnetic ordering and the presence of gapless con-
tinuum of spin excitations.

Results
Crystal structure. The synthesis of KCu6AlBiO4(SO4)5Cl was
conceived following the identification of the naturally occurring
mineral atlasovite, KCu6FeBiO4(SO4)5Cl22. The space group and
structural parameters of KCu6AlBiO4(SO4)5Cl are determined as
P 4/ncc, (the same space group as atlasovite) and a= 9.8248(9) Å,
c= 20.5715(24)Å, respectively (see Supplementary Note 1). As
shown Fig. 1a and b, the SKL in the crystal structure of
KCu6AlBiO4(SO4)5Cl comprises the six-coordinated Cu2+ ions.
In each SK unit, the square is enclosed by four scalene triangles.
From this crystal structure, it is recognised that KCu6AlBiO4(-
SO4)5Cl has three types of first neighbour interactions, J1, J2 and
J3, as shown in Fig. 1c. The orbital arrangements can be rea-
sonably deduced from the oxygen and chloride positions around
the Cu2+ ions. Judging from the dx2!y2 orbitals arranged on the
SKL, the nearest-neighbour (NN) magnetic couplings Ji (i= 1–3)
are superexchange interactions occurring through Cu–O–Cu
bonds: J1 through the Cu1–O–Cu1 bond with a bond of angle
112.62°, and J2 and J3 through Cu1–O–Cu2 with bond angles of
120.12° and 108.61°, respectively. Since the Cu–O–Cu angle sig-
nificantly influences on the value of the exchange interactions, the
variation of the angles can give strong bond-dependent exchange
interactions23. Therefore, J2 with the largest angle is expected to
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Fig. 1 Spin-1/2 J1–J2–J3 square-kagome lattice in KCu6AlBiO4(SO4)5Cl. a Crystal structure of KCu6AlBiO4(SO4)5Cl featuring a large interlayer spacing.
b Arrangement of the Cu2+ orbitals in SKL. The dx2!y2 orbitals carrying spin-1/2 are depicted on the Cu sites. c Square-kagome lattice of
KCu6AlBiO4(SO4)5Cl consisting of Cu2+ ions with nearest-neighbour exchange couplings J1, J2, J3 and next-nearest-neighbour exchange coupling JX.
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Over the last decade, the interest in the spin-1/2 Heisenberg antiferromagnet (HAF) on the square kagome
(also called shuriken) lattice has been growing as a model system of quantum magnetism with a quantum
paramagnetic ground state, flat-band physics near the saturation field, and quantum scars. A further motivation
to study this model comes from the recent discovery of a gapless spin liquid in the square kagome magnet
KCu6AlBiO4(SO4)5Cl [M. Fujihala et al., Nat. Commun. 11, 3429 (2020)]. Here, we present large-scale
numerical investigations of the specific heat C(T ), the entropy S(T ), as well as the susceptibility χ (T ) by
means of the finite-temperature Lanczos method for system sizes of N = 18, 24, 30, 36, 42, 48, and N = 54.
We find that the specific heat exhibits a low-temperature shoulder below the major maximum which can be
attributed to low-lying singlet excitations filling the singlet-triplet gap, which is significantly larger than the
singlet-singlet gap. This observation is further supported by the behavior of the entropy S(T ), where a change
in curvature is present just at about T/J = 0.2, the same temperature where the shoulder in C sets in. For the
susceptibility the low-lying singlet excitations are irrelevant, and the singlet-triplet gap leads to an exponentially
activated low-temperature behavior. The maximum in χ (T ) is found at a pretty low temperature Tmax/J = 0.146
(for N = 42) compared to Tmax/J = 0.935 for the unfrustrated square-lattice HAF signaling the crucial role
of frustration also for the susceptibility. We find a striking similarity of our square kagome data with the
corresponding ones for the kagome HAF down to very low T . The magnetization process featuring plateaus
and jumps and the field dependence of the specific heat that exhibits characteristic peculiarities attributed to the
existence of a flat one-magnon band are discussed as well.

DOI: 10.1103/PhysRevB.105.144427

I. INTRODUCTION

The spin-1/2 Heisenberg antiferromagnet (HAF) ex-
hibits Néel semiclassical magnetic long-range order on most
of the two-dimensional (2D) lattices. Among the 11 2D
Archimedean tilings [1,2], only the celebrated kagome lattice
and the so-called star lattice have nonmagnetic spin-liquid
ground states [3–9]. Both lattices have low coordination num-
ber z, and they are highly frustrated. A non-Archimedean
lattice without magnetic long-range order is the square
kagome (sometimes also called shuriken) lattice [10–13].
Similar to the kagome lattice it is a 2D tiling of corner-
sharing triangles, i.e. the classical ground state of the square
kagome Heisenberg antiferromagnet (SKHAF) is highly de-
generated. There are two non-equivalent sites A and B and
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nearest-neighbor bonds J and J ′, see the inset in Fig. 1. In
our paper we will focus on the balanced situation J = J ′ = 1
which is most similar to the kagome HAF. The corresponding
Hamiltonian augmented with a Zeeman term is given by

H
∼

= J
∑

<i, j>

#s
∼i · #s

∼ j + gµB B
∑

i

s
∼

z
i , (1)

where quantum mechanical operators are marked by a tilde.
Over the last decade, the interest in the spin-1/2 SKHAF

has been growing as a model system of quantum magnetism
with a quantum paramagnetic ground state as well as flat-band
physics near the saturation field and quantum scars [13–25].
It is expected that the low-energy physics of the SKHAF is
just as fascinating as for the related kagome HAF. While it
is not questioned that the strong frustration prevents ground-
state magnetic ordering, the specific nature of the quantum
ground state is under debate. Thus, a recent Schwinger-boson
approach leads to a topological spin-liquid ground state with
weak nematicity and a small gap [22], whereas a variational
Monte Carlo study is in favor of a gapped pinwheel valence-
bond crystal state [25]. Previous exact-diagonalization studies
seem to also suggest a finite singlet-triplet gap (spin gap)
[12,13], though this issue seems as yet unresolved. However
and again similar to the kagome HAF [26–28], there are many
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FIG. 1. (a) The translation invariant unit cell of the square-kagome
lattice with Ns = 24 physical sites. The blue and green sites rep-
resent the two effective sublattices, A and B, formed by squares.
The purple and pink vertices further represent another set of sub-
lattices, C and D, formed by triangles. Additionally, the links (b1,
. . ., b4) correspond to the bonds for which the spin-spin correlations
have been shown in Fig. 3(b). (b) The corresponding coarse-grained
iPEPS tensor networks with square geometry. The dummy virtual
indices are colored in orange with D = 1. The iPEPS tensors are not
optimized along these dummy links. The black links further charac-
terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
∑

→ij↑2

Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
i ϖ

2
i log ϖ

2
i ,

where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see
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obtained from our large-scale iPEPS simulations. To further
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tative points of the phase diagram by introducing a Zeeman
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tinguishing their gapped or gapless nature. Finally, we com-
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respectively. While the generic model involves three distinct
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We set J1 = 1 as the energy scale and explore the phase dia-
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In order to simulate the S = 1/2 antiferromagnetic Heisen-
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the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
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To adapt the iPEPS algorithm designed for square lat-
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its ground state wave function with a square iPEPS tensor
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the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.
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where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
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links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.
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the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
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operators. To approximate the complete contraction of the 2D
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To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
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unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
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Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.
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gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
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§ Intermediate phases were distinguished by level crossings of ground state and excited state
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§ Ferrimagnetic tendency at large J (up-up-down) pattern

§ Thermodynamic limit phase boundaries unresolved
an antiparallel manner, and spins connected to the plaquettes
through the J2ð3Þ bond are also antiparallel to the neighboring
spins on the plaquettes. On the other hand, in the UUD phase,
all spins on the plaquettes are ferromagnetically arranged and
the remaining spins are antiparallel to the plaquette spins. We
note that, in contrast to the classical spin liquid phase, the
degrees of degeneracy in the J1–J2ð3Þ–Neel and UUD phases
are determined by the global spin rotation symmetry.

Quantum effects change the phase diagram. Figures 2(b)
and 2(c) show the phase diagram obtained by applying
the Lanczos-type exact diagonalization for the N ¼ 24 and
30 periodic lattices, respectively. The phase boundaries are
determined by investigating the level crossing of the ground
state and an excited state as well as the second derivative of
the ground energy with respect to J2 or J3. Along the J2 ¼ J3
line, we find five phases, I, II, III, Ferri, and UUD for
N ¼ 24, and six phases, I, II, III, IV, Ferri, and UUD for
N ¼ 30. The detailed magnetic structures in the I, II, III, and
IV phases have not been identified yet; however, the presence
of the phases are consistent with the previous report.13) The
UUD phase is the same as the classical one. In the Ferri
phase, the total spin S of the ground states satisfies the
condition 0 < S < 1

3 Msat, where Msat is the saturation
magnetization. We note that the UUD phase corresponds to
the M ¼ 1=3 Ferri phase in the previous report.13) Around
the J2 ¼ J3 line for N ¼ 30, we find phases denoted by V,
VI, VII, and VIII in Fig. 2(c). The phases are not well
characterized because of the possibility of finite-size effects.
In fact, the IV–VIII phases are not found for N ¼ 24.
Moreover, in the thermodynamic limit, the phase diagram
must be symmetric with respect to the J2 ¼ J3 line; however,
it is not in Fig. 2(c). This is due to the geometry of the
N ¼ 30 system, where there is no mirror symmetry between
the J2 and J3 bonds (see Fig. 1). On the other hand, the
N ¼ 18, 24, and 36 systems have mirror symmetry, making
them symmetric with respect to the J2 ¼ J3 line in the phase
diagram, as shown in Fig. 2(b).

To confirm the presence of I and II phases in the
thermodynamic limit, we calculate the energy gaps, !E,
between the first excited and ground states for N ¼ 24 and
30. Figures 3(a) and 3(b) show !E on the J2 þ J3 ¼ 1:2 line
crossing the I phase and the J2 þ J3 ¼ 2:1 line crossing the II
phase, respectively. The line segment on the J2 axis joining
the two !E ¼ 0 or minimum points in Fig. 3(a) [Fig. 3(b)]
corresponds to the I [II] phase. When N increases from 24
to 30, the width of the I and II phases becomes narrow.
Therefore, there is a possibility that these phases exist only
on the J2 ¼ J3 line in the thermodynamic limit. In the vicinity
of the II phase, !E become larger for N ¼ 30 than for

N ¼ 24 [see Fig. 3(b)]. This suggests that the gap becomes
finite in the thermodynamic limit. There is a possibility that
quantum ground states such as quantum spin liquid or VBC
states exist. Further away from the J2 ¼ J3 line in Figs. 2(b)
and 2(c), we find the J1–J2ð3Þ–Neel phase similar to the
classical result; however, we cannot identify spin-liquid
ground states for the present systems. In order to confirm the
existence of quantum spin liquid and VBC phases at h ¼ 0,
we need more detailed studies using larger size systems. This
remains a future problem.

Next, we investigate the ground states of the spin-1=2 SKL
in the magnetic field. Figures 4(a) and 4(b) show the
magnetization curve at zero temperature for J2 ¼ 0:6, J3 ¼
0:5 and J2 ¼ 2:0, J3 ¼ 0:65, respectively. The magnetization
curves show the 1=3 and 2=3 plateaus denoted by A and C for
M=Msat ¼ 1=3 and B and D for M=Msat ¼ 2=3. The width
of these plateaus are almost size independent. Thus, these
plateaus are expected to remain even in the thermodynamic
limit.

The magnetic structures of the A, B, C, and D plateaus are
shown in Figs. 5(a), 5(b), 5(c), and 5(d), respectively. In A
and B, the magnetic structure exhibits antiferromagnetically
coupled four spins on the plaquette and almost fully polarized
spins surrounding the plaquette. Here, we name the phases of
A and B, VBC-I and VBC-II, respectively. The magnetic
structure of C is the UUD structure, where the trimers whose
central spin aligns downward and side-spins align upward are
formed because of a large J2, as shown in Fig. 5(c). The three
magnetic structures, VBC-I, VBC-II, and UUD, have already
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Fig. 2. (Color online) Phase diagram of the SKL Heisenberg model at
h ¼ 0. (a) Classical phase diagram. Spin-1=2 quantum case for (b) N ¼ 24
and (c) N ¼ 30. The details of the phases are explained in the text.
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work.
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Magnetization plateaus in quantum spin systems emerge in two-dimensional frustrated systems such as a kagome
lattice. The spin-1=2 antiferromagnetic Heisenberg model on a square-kagome lattice is also appropriate for the study of
the magnetization plateau. Motivated by recent experimental findings of such a square kagome lattice with three
nonequivalent bonds, we investigate the phase diagrams and magnetization plateaus of the lattice using the exact
diagonalization method. In addition to the previously reported 1=3 and 2=3 plateaus in the model with two equivalent
bonds, we find a new 2=3 plateau whose magnetic structure is characterized by spontaneously broken four-fold
rotational symmetry. The plateau appears only in the case of three nonequivalent bonds. We propose the possibility of
finding plateaus including the new one.

Two-dimensional frustrated quantum spin systems give
rise to novel quantum states such as quantum spin liquids
and valence bond crystal (VBC) states owing to the
influence of quantum fluctuation and frustration. Magnet-
ization plateaus provide a good playground for such novel
quantum states. In spin-1=2 two-dimensional frustrated
Heisenberg models, magnetization plateaus in magnetic
fields have theoretically been predicted in the kagome lattice
(KL),1–3) triangular lattice,4,5) J1–J2 square lattice,5–7)

Shastry–Sutherland lattice,8) checkerboard lattice,9,10) and
square-kagome lattice (SKL).11–13) However, magnetization
plateaus have been observed experimentally only for the
triangular14,15) and Shastry–Sutherland lattices.16,17) This is
because of the difficulty in synthesizing compounds that fit
to theoretical models. In particular, many compounds exhibit
lattice distortions that do not correspond to theoretical
models.18–32) It is thus important to theoretically study
lattices with distortions to make comparison easy with real
compounds.

Very recently, a compound with the spin-1=2 SKL with
three nonequivalent exchange interactions, J1, J2, and J3,
(see Fig. 1) was synthesized.33) This compound will be a
good candidate for exhibiting possible plateaus with the
novel quantum state. However, the SKL with the three
nonequivalent exchange interactions has not been studied
theoretically, and thus, their magnetic properties are un-
known. Only the SKL with J2 ¼ J3 (see Fig. 1), i.e., the
lattice with the two equivalent bonds, has been studied and
two kinds of 1=3 plateaus with up–up–down (UUD) structure
and VBC as well as a 2=3 plateau with VBC have been
reported.13) Therefore, it is necessary to investigate the
ground state of the SKL with nonequivalent exchange
interactions together with magnetization plateaus for the
sake of forthcoming experiments.

In this letter, we study the ground states of the spin-1=2
Heisenberg model on the SKL with the three nonequivalent
exchange interactions at zero temperature using the Lanczos-
type exact diagonalization method. We obtain magnetic
phase diagrams at zero magnetic field and finite magnetic
fields inducing both 1=3 and 2=3 plateaus. We find a new 2=3
plateau with the magnetic structure that breaks four-fold
rotational symmetry spontaneously. The origin of the plateau

is attributed to the presence of the three nonequivalent
exchange interactions.

The Hamiltonian for the spin-1=2 SKL with the three
exchange interactions in the magnetic field is defined as

H ¼
X

hi; ji
Ji; jSi " Sj # h

X

i

Szi ; ð1Þ

where Si is the spin-1=2 operator at site i, hi; ji runs over the
nearest-neighbor spin pairs, Ji; j corresponds to one of J1, J2,
and J3 shown in Fig. 1, and h is the magnitude of the
magnetic field in the z-direction. In the following we set
J1 ¼ 1 as the energy unit. We perform the Lanczos-type
exact diagonalization calculations at zero temperature for the
SKL with the system size N ¼ 18, 24, 30, and 36, as shown
in Fig. 1, under the periodic boundary conditions.

We first show the classical phase diagram of the ground
states at h ¼ 0 in Fig. 2(a). The classical spin liquid in the
phase diagram means that the ground state exhibits macro-
scopic degeneracy, degrees of which are more than those of
the degrees of global spin rotation symmetry. The J1–J2ð3Þ–
Neel phase has a magnetic structure in which the nearest-
neighbor spins on plaquettes formed by the J1 bonds align in

J2
J3

etis63etis42

30site

J1=1

18site

Fig. 1. (Color online) Lattice structure of SKL with three exchange
interactions. The red solid, blue thick, and green dashed lines denote the
exchange interactions J1, J2, and J3, respectively. We set J1 ¼ 1. The shape
of the system size N with periodic boundary conditions is denoted by the blue
dashed lines for N ¼ 18, the orange dashed lines for N ¼ 24, the purple
dashed lines for N ¼ 30, and the gray dashed lines for N ¼ 36.
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§ Strong coupling (small-x limit) → p-CD-VBC stabilized
§ Intermediate coupling → Unclear (Ya, Yb), possibly beyond NNVB
§ ED suggests competing symmetry breaking

§ Possible spin-nematic features in intermediate region
§ Large-x limit → Lieb ferrimagnet
I. Rousochatzakis, R. Moessner, J. van den Brink PRB 88, 195109 (2013)

FRUSTRATED MAGNETISM AND RESONATING VALENCE . . . PHYSICAL REVIEW B 88, 195109 (2013)

FIG. 2. (Color online) (a)–(c) x-B phase diagram of the three Heisenberg magnets of this study. (b)–(c) ED results from two cluster sizes,
with crosses (dots) corresponding to the largest (smallest) cluster. Ferrimagnetic and corresponding plateaux phases with the same moment
are separated by first-order transition lines. (d)–(f) Schematic representations of states in (a)–(c). Solid (blue)-dashed (red) ovals denote the
symmetric perfect square resonance state |PR+〉 with SAA = 0. Yellow ovals denote VBs.

|T ,m〉 = |s〉13 ⊗ |tm〉24 and |T ′,m〉 = |tm〉13 ⊗ |s〉24 (m =
0, ± 1), where |s〉ij and |tm〉ij denote the singlet and the three
components of the triplet on the bond (ij ). This means that
Kx disfavors having two singlets (or two triplets) on the two
diagonals of a plaquette. Such anticorrelation of singlets is
already partly present in the p-CD-VBC state of Fig. 2(f),
since a diagonal bond without a singlet has a large amplitude
(3/4, without quantum fluctuations) in the triplet sector. This
suggests that (i) an infinitesimal Kx does not frustrate the
p-CD-VBC state and (ii) it enhances the triplet amplitude on
empty diagonals.50

2. Feedback on the A sites

According to the above, both in L6-L4 and L4-L4 the B
sites order magnetically at small x. It is natural to expect that
the A sites will eventually also attain a small moment owing
to the finite exchange fields exerted from the B sites. These
fields are nonuniform and so they immediately admix finite
magnetic corrections to the SAA = 0 singlets. In L4-L4, for
example, half of the A sites become polarized to linear order
in x [see thin (red) arrows in Fig. 2(e)]. This asymmetry is
inherited from the spontaneous symmetry breaking of the B
spins.

B. Field-induced phases and localized excitations

We now consider the systems at strong coupling in the
presence of a magnetic field B. Given the perturbative scale of
their mutual effective couplings, the B spins will be quickly
polarized by a small field. For larger fields, these magnets
show successive plateaux at the level-crossing fields of the AA
hexamers (for L6-L4) or tetramers (for L4-L4 and L4-L8),
from SAA = 0 up to LAA/2 (where LAA is the length of the
shortest AA-loop) (see Fig. 2).

At saturation, there are exact magnetization jumps which
are related to the existence of localized magnons around
AA loops with angular momentum π . Such magnons arise
from a destructive interference mechanism which is generic
for corner-sharing-triangle lattices.35,36,52–55 Here, a simple
diagonalization in the one-magnon space shows that localized

magnons are present for all x, but become the lowest excita-
tions above the fully polarized state only below a characteristic
value of xc = 2

3 for L6-L4, xc = 1
2 for L4-L4, and xc = 1

for L4-L8 (see Fig. 2). We also note that the length of the
magnetization jump at saturation corresponds to exciting one
localized magnon in each AA loop. This occurs with no extra
energy cost, since the AA loops are disconnected.

Besides the exact jumps at saturation, Fig. 2 shows almost
exact jumps for the transitions between the remaining plateaux.
This shows that the corresponding excitations have very small
tunneling amplitudes, which can be explained by the fact
that they involve large quantum-mechanical objects (an AA
hexamer or AA tetramer). We also observe that the boundaries
between the different plateaux scale linearly with x with slope
one. The origin of this behavior is explained in Appendix B.

C. Localized singlets

It turns out that the localized nature of the magnetic
excitations has a profound impact on the nonmagnetic sector
as well. Indeed, one may form an extensive number of singlets
by binding two magnetic excitations, one residing on an
AA plaquette and the other on its surrounding BB plaquette
(hexagon for L6-L4, square for L4-L4 and L4-L8). The AA
excitation costs a lot of energy at x = 0, but, as we show below,
the binding energy scales linearly with x (to leading order),
resulting in a high density of low-energy singlets around x ∼ 1.

To demonstrate the above we consider the cluster

(5)

which is the basic building block of L4-L4 or L4-L8 (a
similar analysis can be carried out in L6-L4), and focus on the
manifold of states where the AA square has been excited to its
lowest triplet. In what follows A =

∑
i Ai = 1, B =

∑
i Bi ,

Bij = Bi + Bj , and we also introduce the quadrupolar tensor
operators Q

αβ
A and Q

αβ
Bij

[see Appendix C]. To linear order in x

we may replace Ai %→ A/4, leading to an effective exchange
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FIG. 2. (Color online) (a)–(c) x-B phase diagram of the three Heisenberg magnets of this study. (b)–(c) ED results from two cluster sizes,
with crosses (dots) corresponding to the largest (smallest) cluster. Ferrimagnetic and corresponding plateaux phases with the same moment
are separated by first-order transition lines. (d)–(f) Schematic representations of states in (a)–(c). Solid (blue)-dashed (red) ovals denote the
symmetric perfect square resonance state |PR+〉 with SAA = 0. Yellow ovals denote VBs.
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0, ± 1), where |s〉ij and |tm〉ij denote the singlet and the three
components of the triplet on the bond (ij ). This means that
Kx disfavors having two singlets (or two triplets) on the two
diagonals of a plaquette. Such anticorrelation of singlets is
already partly present in the p-CD-VBC state of Fig. 2(f),
since a diagonal bond without a singlet has a large amplitude
(3/4, without quantum fluctuations) in the triplet sector. This
suggests that (i) an infinitesimal Kx does not frustrate the
p-CD-VBC state and (ii) it enhances the triplet amplitude on
empty diagonals.50

2. Feedback on the A sites

According to the above, both in L6-L4 and L4-L4 the B
sites order magnetically at small x. It is natural to expect that
the A sites will eventually also attain a small moment owing
to the finite exchange fields exerted from the B sites. These
fields are nonuniform and so they immediately admix finite
magnetic corrections to the SAA = 0 singlets. In L4-L4, for
example, half of the A sites become polarized to linear order
in x [see thin (red) arrows in Fig. 2(e)]. This asymmetry is
inherited from the spontaneous symmetry breaking of the B
spins.

B. Field-induced phases and localized excitations

We now consider the systems at strong coupling in the
presence of a magnetic field B. Given the perturbative scale of
their mutual effective couplings, the B spins will be quickly
polarized by a small field. For larger fields, these magnets
show successive plateaux at the level-crossing fields of the AA
hexamers (for L6-L4) or tetramers (for L4-L4 and L4-L8),
from SAA = 0 up to LAA/2 (where LAA is the length of the
shortest AA-loop) (see Fig. 2).

At saturation, there are exact magnetization jumps which
are related to the existence of localized magnons around
AA loops with angular momentum π . Such magnons arise
from a destructive interference mechanism which is generic
for corner-sharing-triangle lattices.35,36,52–55 Here, a simple
diagonalization in the one-magnon space shows that localized

magnons are present for all x, but become the lowest excita-
tions above the fully polarized state only below a characteristic
value of xc = 2

3 for L6-L4, xc = 1
2 for L4-L4, and xc = 1

for L4-L8 (see Fig. 2). We also note that the length of the
magnetization jump at saturation corresponds to exciting one
localized magnon in each AA loop. This occurs with no extra
energy cost, since the AA loops are disconnected.

Besides the exact jumps at saturation, Fig. 2 shows almost
exact jumps for the transitions between the remaining plateaux.
This shows that the corresponding excitations have very small
tunneling amplitudes, which can be explained by the fact
that they involve large quantum-mechanical objects (an AA
hexamer or AA tetramer). We also observe that the boundaries
between the different plateaux scale linearly with x with slope
one. The origin of this behavior is explained in Appendix B.

C. Localized singlets

It turns out that the localized nature of the magnetic
excitations has a profound impact on the nonmagnetic sector
as well. Indeed, one may form an extensive number of singlets
by binding two magnetic excitations, one residing on an
AA plaquette and the other on its surrounding BB plaquette
(hexagon for L6-L4, square for L4-L4 and L4-L8). The AA
excitation costs a lot of energy at x = 0, but, as we show below,
the binding energy scales linearly with x (to leading order),
resulting in a high density of low-energy singlets around x ∼ 1.

To demonstrate the above we consider the cluster
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manifold of states where the AA square has been excited to its
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0, ± 1), where |s〉ij and |tm〉ij denote the singlet and the three
components of the triplet on the bond (ij ). This means that
Kx disfavors having two singlets (or two triplets) on the two
diagonals of a plaquette. Such anticorrelation of singlets is
already partly present in the p-CD-VBC state of Fig. 2(f),
since a diagonal bond without a singlet has a large amplitude
(3/4, without quantum fluctuations) in the triplet sector. This
suggests that (i) an infinitesimal Kx does not frustrate the
p-CD-VBC state and (ii) it enhances the triplet amplitude on
empty diagonals.50

2. Feedback on the A sites

According to the above, both in L6-L4 and L4-L4 the B
sites order magnetically at small x. It is natural to expect that
the A sites will eventually also attain a small moment owing
to the finite exchange fields exerted from the B sites. These
fields are nonuniform and so they immediately admix finite
magnetic corrections to the SAA = 0 singlets. In L4-L4, for
example, half of the A sites become polarized to linear order
in x [see thin (red) arrows in Fig. 2(e)]. This asymmetry is
inherited from the spontaneous symmetry breaking of the B
spins.

B. Field-induced phases and localized excitations

We now consider the systems at strong coupling in the
presence of a magnetic field B. Given the perturbative scale of
their mutual effective couplings, the B spins will be quickly
polarized by a small field. For larger fields, these magnets
show successive plateaux at the level-crossing fields of the AA
hexamers (for L6-L4) or tetramers (for L4-L4 and L4-L8),
from SAA = 0 up to LAA/2 (where LAA is the length of the
shortest AA-loop) (see Fig. 2).

At saturation, there are exact magnetization jumps which
are related to the existence of localized magnons around
AA loops with angular momentum π . Such magnons arise
from a destructive interference mechanism which is generic
for corner-sharing-triangle lattices.35,36,52–55 Here, a simple
diagonalization in the one-magnon space shows that localized

magnons are present for all x, but become the lowest excita-
tions above the fully polarized state only below a characteristic
value of xc = 2

3 for L6-L4, xc = 1
2 for L4-L4, and xc = 1

for L4-L8 (see Fig. 2). We also note that the length of the
magnetization jump at saturation corresponds to exciting one
localized magnon in each AA loop. This occurs with no extra
energy cost, since the AA loops are disconnected.

Besides the exact jumps at saturation, Fig. 2 shows almost
exact jumps for the transitions between the remaining plateaux.
This shows that the corresponding excitations have very small
tunneling amplitudes, which can be explained by the fact
that they involve large quantum-mechanical objects (an AA
hexamer or AA tetramer). We also observe that the boundaries
between the different plateaux scale linearly with x with slope
one. The origin of this behavior is explained in Appendix B.

C. Localized singlets

It turns out that the localized nature of the magnetic
excitations has a profound impact on the nonmagnetic sector
as well. Indeed, one may form an extensive number of singlets
by binding two magnetic excitations, one residing on an
AA plaquette and the other on its surrounding BB plaquette
(hexagon for L6-L4, square for L4-L4 and L4-L8). The AA
excitation costs a lot of energy at x = 0, but, as we show below,
the binding energy scales linearly with x (to leading order),
resulting in a high density of low-energy singlets around x ∼ 1.

To demonstrate the above we consider the cluster
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which is the basic building block of L4-L4 or L4-L8 (a
similar analysis can be carried out in L6-L4), and focus on the
manifold of states where the AA square has been excited to its
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§ Tensor Network simulation at Isotropic point (J/J1=1)

§ The ground state at isotropic point is a loop-six VBC

§ A spin gap is observed at h/J=0.04

§ Magnetization plateaus 1/3, 2/3 observed

P. Schmoll, A. Kshetrimayum, J. Naumann, J. Eisert, Y. Iqbal, Phys. Rev. B 107, 064406 (2023) 
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FIG. 1. Nearest-neighbour spin-spin correlations for the ground state configuration of the pinwheel VBC (a) and the loop-six VBC (b) states
at �B = 12. The expectation values of the spin-z component are typically < 10

�3 and only shown for completeness. (c) Shuriken lattice with
spin-1/2 degrees of freedom on the sites. The elementary unit cell (gray rectangles) consists of six sites, which are coarse-grained to map the
Shuriken lattice to a regular square lattice. Straight lines denote virtual bond indices, curly lines denote physical indices in the TN structure.

found in a recent variational Monte Carlo study [11]. This
opens a delicate question on how to properly account for such
non-local quantum correlations and patterns of long-range en-
tanglement in highly degenerate frustrated systems.

Here, we use a tensor network approach to simulate the
model directly in the thermodynamic limit. TNs represent the
state vector of a many-body system, e.g., reflecting the ground
state, as a contraction of a network of local tensors, that are
connected by auxiliary indices (bond indices). This enables
efficient numerical simulations with only a polynomial scal-
ing in the number of constituents [20, 21, 23, 46]. In this
work, we employ the infinite projected entangled pair state

(iPEPS) [24] and infinite projected entangled simplex state

(iPESS) (a variant of iPEPS) [47] techniques with an ansatz
based on different and specifically tailored unit cell sizes for
optimizing the ground state of our model. In this context, the
TN is used as an ansatz for the full many-body state vector,
consisting of a unit cell of different tensors that generates a
translationally invariant state. The accuracy of the ansatz can
be systematically improved by increasing the bond dimension

of the TN, which is the dimension of the virtual indices con-
necting the local tensors, see Fig. 1(c) [see Appendix]. It con-
trols the number of variational parameters in the ansatz and
is a measure for the amount of quantum entanglement that
can be captured. We mainly employ the so-called simple up-
date [48] to optimize the ground state tensors, which is ex-
pected to work well for the gapped model at hand [48–50].
In order to verify its accurate functioning and ability to re-
solve the close competition between the two candidate ground
states, we additionally employ a variational update [51] for
this task. The corner transfer matrix renormalization group

(CTMRG) [52–55] is then used to compute the expectation
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II. MODEL AND METHODS
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Ŝz
i (1)
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�B Unconstrained Pinwheel Loop-six
2 -0.428020 -0.405664 -0.397792
3 -0.435105 -0.405664 -0.397792
4 -0.439242 -0.438734 -0.439242
5 -0.439665 -0.439242 -0.439665
6 -0.440058 -0.439738 -0.440058
7 -0.440375 -0.440091 -0.440376
8 -0.440700 -0.440522 -0.440700
9 -0.440776 -0.440584 -0.440776

10 -0.440859 -0.440646 -0.440859
11 -0.440886 -0.440667 -0.440886
12 -0.440908 -0.440689 -0.440908

TABLE I. Energy comparison for different ground state configura-
tions of the (2, 2) iPEPS. Note that the states at �B = [2, 3] cannot
be used, since the ground state pattern is already imprinted.

�B Simple update Variational update
2 -0.428020 -0.433600
3 -0.435105 -0.437320
4 -0.439242 -0.439877
5 -0.439665 -0.440162
6 -0.440058 -0.440391
7 -0.440375 -0.440592

TABLE II. Energy comparison between simple update and varia-
tional energies for the ground state of the loop-six VBC. The vari-
ational update uses a two-tensor checkerboard pattern on the coarse-
grained Shuriken lattice.

expressive. The inset of Fig. 3 shows the meaningful, i.e.,
linear regime where the energy differences between the two
orders are small, highlighting the subtle competition.

An extrapolation to the infinite bond dimension limit us-
ing a linear fit of the three values of energy correspond-
ing to the largest �B yields a lower bound for the energy
El. The last data point at �B = 12 provides an up-
per bound Eu, such that the true ground state energy lies
in the interval [El, Eu] [57]. To estimate the final ground
state energy, we compute E0 = (Eu + El)/2 with an error
of �E = (Eu � El)/2, which results in

E0(pinwheel VBC) = �0.4408± 0.0001,

E0(loop-six VBC) = �0.4410± 0.0001 ,
(3)

which is lower than previous estimates of the ground state en-
ergy [11]. The numerical values for the results in Fig. 3 are
summarized in Table I. Given that the estimates of the ground
state energy for the pinwheel and loop-six VBC states evalu-
ated in the limit �B ! 1 are very close, variational iPEPS
simulations have been employed to resolve which of these two
competing states wins in this limit. Until the largest reachable
bond dimension of �B = 7, the variational energies lie below
the presented simple update energies and reinforce the ground
state to be a loop-six VBC [51]. A direct comparison of the
simple update and variational energies is presented in Table II.

IV. RESULTS ON MAGNETIZATION PLATEAUS

Finally, we study the Heisenberg model on the Shuriken lat-
tice in the presence of an external magnetic field. We compute
the average magnetization over all the sites in the lattice along
the field axis

mz =
1

N

X

i

h 0(h)|Ŝz
i | 0(h)i , (4)

where | 0(h)i is the normalized ground state vector. In Fig. 4
we show the magnetization curve normalized to the saturation
value of mS = 1/2. The magnetization curve reveals the pres-
ence of three magnetization plateaus, at 0, 1/3 and 2/3 of the
saturation value. The plateau at h ! 0 is a further indication
of the fact that the ground state of the model at h = 0 is ac-
tually gapped. An estimate on the size of the spin gap � > 0
is given by the width of the plateau � ⇠ 0.04J , consistent
with exact diagonalization studies [16, 17]. The 1/3 and 2/3
plateaus can further be characterized by the spatial pattern of
spin-spin correlations and the expectation values of the spin-x,
-y and -z components. Those expectation values are shown in
Fig. 5 for both phases, at magnetic fields h = 1.4 and h = 2.8
respectively. Interestingly, one observes that once the mag-
netic field is turned on, a pattern governed by strong loop four
resonances emerges.

Within error-bars in the expectation values, the states at
both magnetization plateaus are invariant under translations
of the original six-site crystallographic unit cell and also under
point group symmetries. It is also visible that correlations are
much stronger on the squares compared to the triangle bonds
in the lattice. For both plateau states the spins which are not
part of the squares are isolated and almost fully polarized [see
Fig. 6], implying that they are nearly aligned with the mag-
netic field. In contrast, the spins on squares, despite a finite
magnetization possess a nonzero singlet density reminiscent
of hz = 0 resonating plaquettes. This is also evidenced by

FIG. 4. Magnetization curve of the Heisenberg model for �B = 10.
Upon tuning the magnetic field, two magnetization plateaus at 1/3
and 2/3 of the saturated magnetization mS = 1/2 appear. Addition-
ally, we find the presence of a small plateau at mz = 0 indicative of
the gapped nature of the ground state.
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MPS PEPS

Variational Optimization:  

v Density Matrix Renormalization Group (DMRG, Variational-PEPS)

Imaginary-Time Evolution:

v Time-Evolving-Block-Decimation (TEBD, PEPS)  
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ᾱ = 1, 2, . . . , D2 (26)

|Ψ〉 =
D2!
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ρin=trout(|Ψ〉〈Ψ|)=
!
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|out(ᾱ)〉(25)
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ᾱ=1
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ᾱ,ᾱ′
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v Environment tensors account for infinite system around a bulk site 

v CTMRG: Compute environment in an iterative way

v Accuracy can be systematically controlled with 𝜒
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ᾱ = 1, 2, . . . , D2 (26)

|Ψ〉 =
D2!
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FIG. 1. (a) The translation invariant unit cell of the square-kagome
lattice with Ns = 24 physical sites. The blue and green sites rep-
resent the two effective sublattices, A and B, formed by squares.
The purple and pink vertices further represent another set of sub-
lattices, C and D, formed by triangles. Additionally, the links (b1,
. . ., b4) correspond to the bonds for which the spin-spin correlations
have been shown in Fig. 3(b). (b) The corresponding coarse-grained
iPEPS tensor networks with square geometry. The dummy virtual
indices are colored in orange with D = 1. The iPEPS tensors are not
optimized along these dummy links. The black links further charac-
terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
∑

→ij↑2

Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
i ϖ

2
i log ϖ

2
i ,

where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see
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terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
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Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
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where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see

§ Map to square-lattice
§ Coarse-graining the squares to bock-sites of Hilbert space dimension 24 (⬤)
§ Adding dummy sites (tensors) to the centers of octagons (⬤)
§ Assigning PEPS tensors to shared corners of triangles with two dummy legs(⬤)

§ Simple Update + CTMRG for expectation values
§ iPEPS unit cells with 2x2 and 4x4 up to D=12 and 𝜒 = 16
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§ Four VBC phases up to J/J1 ≈ 1.62
§ Vanishing total onsite magnetization
§ Distinct patterns of spin-spin correlation
§ p-CD-VBC at small J/J1 limit
§ Loop-six VBC at isotropic point E0=0.441 

§ Ferrimagnetic regime beyond J/J1 > 1.62

3

0.0 1.13 1.62 1.74 2.00.51 1.01

1

P-CD-VBC Loop-six VBC
Decorated 

Loop-six VBC
Generalized

Pinwheel VBC Lieb Ferrimagnet
Imperfect

Ferrimagnet

J/J

FIG. 2. Quantum phase diagram of the S = 1/2 antiferromagnetic Heisenberg model (1) on the square-kagome lattice. The bond thicknesses
are quantitatively proportional to the nearest-neighbor spin–spin correlations →Ŝi · Ŝj↑ extracted from the converged iPEPS wave function at
bond dimension D = 12. Additionally, the blue (red) bonds represent antiferromagnetic (ferromagnetic) correlations with negative (positive)
values. In the ferrimagnetic phases, the red sites corresponds to a positive total on-site magnetization value, while the blue, and green sites
correspond to negative magnetization, with a different strength.

Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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FIG. 4. Scaling of the energy per site versus the inverse bond dimen-
sion 1/D for selected points within each phase. The evident conver-
gence of TN simulations with respect to bond dimension is observed
across all phases. The numerical values on the left side of each curve
correspond to ground state energy per site, ω0, for D = 12 at the
selected point within each phase.

by the appearance of additional parallel alternating horizon-
tal and vertical ferromagnetic correlations on the edges of the
squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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FIG. 5. The spin gap across the transition from the P-CD-VBC to the
loop-six VBC phase. A finite gap opens at J/J1 → 0.51, indicating
a transition from a gapless P-CD-VBC to a gapped loop-six VBC
phase. The data are obtained from iPEPS simulations with bond di-
mension D = 11.

exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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FIG. 4. Scaling of the energy per site versus the inverse bond dimen-
sion 1/D for selected points within each phase. The evident conver-
gence of TN simulations with respect to bond dimension is observed
across all phases. The numerical values on the left side of each curve
correspond to ground state energy per site, ω0, for D = 12 at the
selected point within each phase.

by the appearance of additional parallel alternating horizon-
tal and vertical ferromagnetic correlations on the edges of the
squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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FIG. 5. The spin gap across the transition from the P-CD-VBC to the
loop-six VBC phase. A finite gap opens at J/J1 → 0.51, indicating
a transition from a gapless P-CD-VBC to a gapped loop-six VBC
phase. The data are obtained from iPEPS simulations with bond di-
mension D = 11.

exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,

2

FIG. 1. (a) The translation invariant unit cell of the square-kagome
lattice with Ns = 24 physical sites. The blue and green sites rep-
resent the two effective sublattices, A and B, formed by squares.
The purple and pink vertices further represent another set of sub-
lattices, C and D, formed by triangles. Additionally, the links (b1,
. . ., b4) correspond to the bonds for which the spin-spin correlations
have been shown in Fig. 3(b). (b) The corresponding coarse-grained
iPEPS tensor networks with square geometry. The dummy virtual
indices are colored in orange with D = 1. The iPEPS tensors are not
optimized along these dummy links. The black links further charac-
terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
∑

→ij↑2

Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
i ϖ

2
i log ϖ

2
i ,

where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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J2
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J1

(b) 

D=1

D
p=2

p=24

p=1
A B

C D

(a) 

b4

b1

b2
b3

FIG. 1. (a) The translation invariant unit cell of the square-kagome
lattice with Ns = 24 physical sites. The blue and green sites rep-
resent the two effective sublattices, A and B, formed by squares.
The purple and pink vertices further represent another set of sub-
lattices, C and D, formed by triangles. Additionally, the links (b1,
. . ., b4) correspond to the bonds for which the spin-spin correlations
have been shown in Fig. 3(b). (b) The corresponding coarse-grained
iPEPS tensor networks with square geometry. The dummy virtual
indices are colored in orange with D = 1. The iPEPS tensors are not
optimized along these dummy links. The black links further charac-
terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
∑

→ij↑2

Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
i ϖ

2
i log ϖ

2
i ,

where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see
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FIG. S1. Net magnetization M̄z of the antiferromagnetic Heisenberg model on the square-kagome lattice under an external magnetic field
in the z-direction. Each subplot corresponds to a representative point within the respective phases identified in the phase diagram shown in
Fig. (2) of the main text. The magnetization responds immediately in the P-CD-VBC and ferrimagnetic phases upon applying an infinitesimal
external field (i.e., hc = 0), indicating their gapless character. In contrast, the loop-six, generalized pinwheel, and decorated-loop-six VBC
phases exhibit a finite M = 0 plateau, consistent with a gapped ground state.
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This Supplementary Material presents the details of the spin-gap analysis for all phases identified in the phase diagram of the
antiferromagnetic Heisenberg model on the square-kagome (SK) lattice.

I. SPIN GAP ANALYSIS

Direct computation of excited states is not readily accessible within standard iPEPS algorithms, as they are primarily designed
to optimize ground states in the thermodynamic limit. Nevertheless, valuable insight into the gapped or gapless nature of a
quantum phase can be obtained indirectly by applying an external magnetic field and monitoring the resulting magnetization. In
this section, we determine the spin gap of the antiferromagnetic Heisenberg model on the square-kagome lattice by introducing
a Zeeman field term hz

∑
i Ŝ

z
i to Hamiltonian (1) in the main text and analyzing the field dependence of the net magnetization

M̄z(h) =
∑

i→Sz
i ↑/(NsS) where, S = 1/2 and Ns is the number of physical sites in the unit-cell [see Fig. 1(a) in the main text].

For each phase identified in the ground-state phase diagram, we track the critical field hc at which the magnetization becomes
finite. An immediate response of the system to an infinitesimal field (hc ↓ 0) signals a gapless phase, whereas a finite onset
field hc > 0 indicates a gapped ground state with a finite spin gap.

Fig. S1 demonstrates the magnetization curves for selected points inside each phase of the phase diagram shown in Fig. (2)
in the main text. Each subplot corresponds to a specific parameter choice within the respective phases identified in Fig. (2) of
the main text. Our results reveal that the P-CD-VBC and ferrimagnetic phases exhibit a vanishing critical field (hc = 0), such
that the magnetization becomes finite immediately upon switching on the external field, indicating their gapless character. In
contrast, the loop-six VBC, generalized pinwheel VBC, and decorated-loop-six VBC phases display spin gaps. Specifically, we
find hc = 0.095 for the loop-six VBC phase at J/J1 = 0.8, and hc = 0.041 at the isotropic point J/J1 = 1.0, which still
lies within the loop-six phase. Entering the generalized pinwheel VBC phase, the critical field further decreases to hc = 0.017.
Remarkably, the gap reopens substantially in the decorated-loop-six VBC phase, where we obtain hc = 0.112, pointing to a
robustly gapped state. Overall, these results demonstrate that, after the gapless P-CD-VBC phase, the system develops a finite
spin gap that decreases with increasing J/J1 until it reaches a minimum near the generalized pinwheel region, after which the
gap grows again in the decorated-loop-six phase.
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FIG. 2. Quantum phase diagram of the S = 1/2 antiferromagnetic Heisenberg model (1) on the square-kagome lattice. The bond thicknesses
are quantitatively proportional to the nearest-neighbor spin–spin correlations →Ŝi · Ŝj↑ extracted from the converged iPEPS wave function at
bond dimension D = 12. Additionally, the blue (red) bonds represent antiferromagnetic (ferromagnetic) correlations with negative (positive)
values. In the ferrimagnetic phases, the red sites corresponds to a positive total on-site magnetization value, while the blue, and green sites
correspond to negative magnetization, with a different strength.

Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong

3

0.0 1.13 1.62 1.74 2.00.51 1.01

1

P-CD-VBC Loop-six VBC
Decorated 

Loop-six VBC
Generalized

Pinwheel VBC Lieb Ferrimagnet
Imperfect

Ferrimagnet

J/J

FIG. 2. Quantum phase diagram of the S = 1/2 antiferromagnetic Heisenberg model (1) on the square-kagome lattice. The bond thicknesses
are quantitatively proportional to the nearest-neighbor spin–spin correlations →Ŝi · Ŝj↑ extracted from the converged iPEPS wave function at
bond dimension D = 12. Additionally, the blue (red) bonds represent antiferromagnetic (ferromagnetic) correlations with negative (positive)
values. In the ferrimagnetic phases, the red sites corresponds to a positive total on-site magnetization value, while the blue, and green sites
correspond to negative magnetization, with a different strength.

Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong

hc(J/J1=1) = 0.04 Isotropic point
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Leib Ferrimagnetism
§ Imperfect ferrimagnet (1.62–1.74)

§ Anti-parallel alignment of spins on squares and triangles
§ Squares have imbalance magnetization (different magnitude)

§ Perfect ferrimagnets J/J1 > 1.74
§ Squares become balanced (same magnitude)
§ Example of Leib ferrimagnetism
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FIG. 3. (a) The von Neumann entanglement entropy SV N , computed from the singular-value bond matrices of the iPEPS simple-update
scheme. Vertical dashed lines mark the phase boundaries separating the distinct phases in the quantum phase diagram. All phase boundaries
are reliably identified by abrupt changes in SV N at the corresponding dashed lines, except for the transition at 0.51, which is instead identified
through an analysis of the spin gap shown in Fig. 5. (b) The equal-time isotropic spin-spin correlations →Ŝi · Ŝj↑, for the four bonds [see
Fig. 1(a) for the link labels] connected to the top-left sites of square A in Fig. 1(a). (c) Average total magnetization, M̄ = (1/Ns)

∑
i Mi,

with Mi =
√

(mx
i )

2 + (my
i )

2 + (mz
i )

2 calculated across all lattice sites. (d) A zoom-in of the average magnetization components, mx and
mz , on the square and triangular sublattices of the unit cell [see Fig. 1(a) for the labeling convention]. All the results in the plot correspond to
D = 12 bond dimension.

resonances over longer-length loops amplified by the dress-
ing of virtual singlets on top of the nearest-neighbor basis,
we find that the bonds with strong antiferromagnetic corre-
lation form closed hexagonal loops in an alternating hori-
zontal and vertical checkerboard pattern which is C4 sym-
metric. The loop-six VBC is stable over a broad parame-
ter range 0.51 → J/J1 → 1.01 encompassing the isotropic
point J/J1 = 1, where previous studies based on quantum
dimer models [35] and tensor networks [36] have presented
evidence for its ground state candidature. Interestingly, at
J/J1 ↑ 1, in the ED spectra, one notices a change in sym-
metries of the low excited states, and indeed for J/J1 ↓ 1.01,
our iPEPS calculations find the appearance of a generalized

version of the conventional pinwheel VBC [34] which was
analyzed as a competing ground state at the isotropic point in
earlier VMC [51] and tensor network studies [36]. This gen-
eralized pinwheel state has broken reflection symmetries akin
to the conventional pinwheel VBC but lacks the C4 rotation
symmetry which gets lowered to C2 [see Fig. 2], and the con-
sequent emergence of a preferred lattice direction. This sym-
metry breaking and the corresponding increase in the number
of variational parameters is responsible for its energetic stabi-
lization till J/J1 → 1.13. Finally, the last phase of the VBC
family in the phase diagram is a decorated version of the loop-
six VBC and emerges within the range 1.13 → J/J1 → 1.62.
This state differs from the conventional loop-six VBC state
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D
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p=24

p=1
A B

C D

(a) 

b4

b1

b2
b3

FIG. 1. (a) The translation invariant unit cell of the square-kagome
lattice with Ns = 24 physical sites. The blue and green sites rep-
resent the two effective sublattices, A and B, formed by squares.
The purple and pink vertices further represent another set of sub-
lattices, C and D, formed by triangles. Additionally, the links (b1,
. . ., b4) correspond to the bonds for which the spin-spin correlations
have been shown in Fig. 3(b). (b) The corresponding coarse-grained
iPEPS tensor networks with square geometry. The dummy virtual
indices are colored in orange with D = 1. The iPEPS tensors are not
optimized along these dummy links. The black links further charac-
terize the tensor legs that carry entanglement degrees of freedom.

the J/J1 → 1 regime, our study uncovers a rich variety of
VBC orders within the intermediate-coupling regime. These
VBC phases are unambiguously identified through the dis-
tinct symmetry patterns of strong and weak bond correlations
obtained from our large-scale iPEPS simulations. To further
characterize their nature, we compute the spin gap at represen-
tative points of the phase diagram by introducing a Zeeman
field and monitoring the onset of magnetization, thereby dis-
tinguishing their gapped or gapless nature. Finally, we com-
plement this analysis with a detailed discussion of the sym-
metry properties of the VBC states and the spontaneous sym-
metry breaking mechanisms that differentiate them, providing
a coherent and quantitative picture of the phases and the tran-
sitions connecting them.

Model and Method. The nearest-neighbor antiferromag-
netic Heisenberg model on the square-kagome lattice is

Ĥ = J1
∑

→ij↑1

Ŝi · Ŝj + J
∑

→ij↑2

Ŝi · Ŝj , (1)

where, Ŝi are S = 1/2 operators, and the sums ↑ij↓1 and ↑ij↓2
run over the two symmetry inequivalent nearest-neighbor
links of the lattice, namely, the square and triangular bonds,
respectively. While the generic model involves three distinct
couplings as illustrated in Fig. 1(a), here, we fix J2 = J3 ↔ J .
We set J1 = 1 as the energy scale and explore the phase dia-
gram as a function of J within the range 0 ↗ J ↗ 2.

In order to simulate the S = 1/2 antiferromagnetic Heisen-
berg (AFH) model on the square-kagome lattice, we employ
the infinite version of the iPEPS algorithm [40–42], specifi-
cally adapted for infinite square lattices. In addition, to ob-
tain the tensor network representation of the wave function,
we utilized the simple-update algorithm [43] equipped with
second-order Suzuki-Trotter decomposition for the evolution
operators. To approximate the complete contraction of the 2D

iPEPS tensor network for the computation of variational ener-
gies and expectation values, the corner transfer-matrix renor-
malization group (CTMRG) method is used [40, 44].

To adapt the iPEPS algorithm designed for square lat-
tices directly to the square-kagome structure and approximate
its ground state wave function with a square iPEPS tensor
network, we initially coarse-grain the square-kagome lattice
[36, 45]. This involves associating a local PEPS tensor with
a physical dimension of p = 24, representing the four spins
within a square plaquette of the square-kagome lattice [de-
picted as red tensors in Fig. 1(b)]. Subsequently, we assign a
distinct PEPS tensor with a physical dimension of p = 2 to
the remaining sites located at the vertices of the triangles [de-
picted as gray tensors in Fig. 1(b)]. Finally, to achieve a fully
translation invariant iPEPS network with a square geometry,
we introduce dummy tensors with trivial physical and virtual
indices at the center of each octagon [represented by yellow
tensors in Fig. 1(b)]. The original square-kagome lattice and
its corresponding TN for the highlighted unit cell are illus-
trated in Fig. 1. Although the smallest allowed TN unit cell
for achieving a fully translation invariant square-kagome lat-
tice is 2↘ 2, we conducted our TN simulations using a 4↘ 4
unit cell (equivalent to Ns = 24 physical sites on the origi-
nal square-kagome lattice). This choice was made to ensure
detection of all potential phases characterized by nontrivial
patterns of spin-spin correlations within the unit cell.

The maximum dimension of virtual bonds achievable
within our available computational resources is Dmax = 12.
Furthermore, we set the CTMRG boundary dimension to
ω = D2. For bond dimensions D ≃ 8, we fix ω = 64 due
to resource constraints. Nevertheless, we observed that this
choice sufficed to obtain converged expectation values for var-
ious bond dimensions. Furthermore, we used imaginary time
evolution during the simple update, initiating with εϑ = 10↓1

and progressively reducing it to 10↓3 while allowing a maxi-
mum of 3000 iterations for each εϑ . Additionally, we ensured
algorithm convergence by monitoring both the energy and sin-
gular values obtained during the simple update, terminating
the process once a threshold of 10↓16 was reached.

Quantum Phase Diagram. Using our tailored iPEPS al-
gorithm, we simulated the ground state of the model (1) in
the parameter range 0 ↗ J/J1 ↗ 2.0, for different bond di-
mensions D. In order to characterize the phases and phase
transitions of the model, we calculate the variational expecta-
tion values of different operators ranging from energy to local
magnetization and spin-spin correlations. Based on a careful
analysis of the evolution of these quantities together with the
Von Neumann entanglement entropy, we identify six distinct
phases in the thermodynamic limit. The quantum phase dia-
gram is shown in Fig. 2 and the iPEPS results supporting the
characterization of the underlying phases and phase bound-
aries are presented in Fig. 3 for the largest bond dimension
D = 12.

The phase boundaries between different nonmagnetic
phases are most accurately detected from an assessment of the
Von Neumann entanglement entropy, SV N =

∑
i ϖ

2
i log ϖ

2
i ,

where ϖi’s are the singular values along the bonds which
are obtained from the simple update of PEPS tensors [see
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FIG. 2. Quantum phase diagram of the S = 1/2 antiferromagnetic Heisenberg model (1) on the square-kagome lattice. The bond thicknesses
are quantitatively proportional to the nearest-neighbor spin–spin correlations →Ŝi · Ŝj↑ extracted from the converged iPEPS wave function at
bond dimension D = 12. Additionally, the blue (red) bonds represent antiferromagnetic (ferromagnetic) correlations with negative (positive)
values. In the ferrimagnetic phases, the red sites corresponds to a positive total on-site magnetization value, while the blue, and green sites
correspond to negative magnetization, with a different strength.

Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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FIG. 4. Scaling of the energy per site versus the inverse bond dimen-
sion 1/D for selected points within each phase. The evident conver-
gence of TN simulations with respect to bond dimension is observed
across all phases. The numerical values on the left side of each curve
correspond to ground state energy per site, ω0, for D = 12 at the
selected point within each phase.

by the appearance of additional parallel alternating horizon-
tal and vertical ferromagnetic correlations on the edges of the
squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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FIG. 5. The spin gap across the transition from the P-CD-VBC to the
loop-six VBC phase. A finite gap opens at J/J1 → 0.51, indicating
a transition from a gapless P-CD-VBC to a gapped loop-six VBC
phase. The data are obtained from iPEPS simulations with bond di-
mension D = 11.

exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,
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by the appearance of additional parallel alternating horizon-
tal and vertical ferromagnetic correlations on the edges of the
squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,
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by the appearance of additional parallel alternating horizon-
tal and vertical ferromagnetic correlations on the edges of the
squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,
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by the appearance of additional parallel alternating horizon-
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squares, which not only lower its symmetry from C4 to C2,
but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.
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up–up–down spin configuration, in which the spins on the
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tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =
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numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <
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2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =
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i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,

5

ε 0

−0.8

−0.7

−0.6

−0.5

−0.4

−0.3

	

1/D

0.05 0.1 0.15 0.2 0.25 0.3

			
0.10 0.80 1.00								
1.06 1.34 1.68 1.94

-0.784

-0.668

-0.457
-0.441

-0.393

-0.334

J/J1:

-0.784

Ferri

Imp-Ferri

Dec-Loop-6

PW-VBC
Loop-6

Loop-6

P-CD-VBC

-0.546

FIG. 4. Scaling of the energy per site versus the inverse bond dimen-
sion 1/D for selected points within each phase. The evident conver-
gence of TN simulations with respect to bond dimension is observed
across all phases. The numerical values on the left side of each curve
correspond to ground state energy per site, ω0, for D = 12 at the
selected point within each phase.

by the appearance of additional parallel alternating horizon-
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but are signatures of the incipient ferrimagnetic order that is
proximate in the phase diagram, and to which this phase tran-
sitions into at J/J1 → 1.62. Again, this interval of the dec-
orated loop-six VBC approximately coincides with a clearly
identifiable distinct region in the ED spectra. In summary, our
results show that the quantum phase diagram hosts four types
of VBC states in the region 0 ↑ J/J1 ↑ 1.62, which are
distinguished by distinctive patterns of strong and weak spin-
spin correlations of the links of the squares and triangles of
the square-kagome lattice.

Next, by increasing J/J1 beyond 1.62, we enter the sec-
ond regime of the phase diagram that is spanned by magneti-
cally ordered ground states with a ferrimagnetic spin arrange-
ments on the square and triangular sublattices. It is around
J/J1 → 1.6 that one observes a level crossing of states with
two different symmetries, which could potentially be linked
to this phase transition. In the first phase, which occupies
1.62 ↑ J/J1 ↑ 1.74, the spins on the squares are anti-aligned
with those of triangles. However, different square sublattices,
A and B, exhibit different magnitudes for both the mx and
mz components of magnetization [see Fig. 3(d)]. We call this
phase an imperfect ferrimagnet due to difference in magnitude
of the local magnetization of the square sublattices. How-
ever, by increasing the strength of the exchange couplings
on triangles we approach the classical limit and transition to
a perfect ferrimagnetic state for J/J1 ↓ 1.74, wherein all
spins on squares point in the same direction and with the
same magnitude, while they are antiparallel to spins on tri-
angles. This sequence of phases is consistent with a previous
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exact-diagonalization (ED) study [32, 52]. It is important to
note that the shift of the transition to a ferrimagnetic phase to
smaller values compared to its classical value of J/J1 = 2 is
due to the order-by-disorder mechanism which stabilizes the
collinear up-up-down state at smaller values of J/J1.

This phase is an example of the so-called Lieb ferrimag-
net [53] on the square-kagome lattice and corresponds to an
up–up–down spin configuration, in which the spins on the
square and triangular sites are antiparallel. Our iPEPS calcula-
tions show that the total spin of the ferrimagnetic ground state
is Stot = 3.992, in excellent agreement with the Lieb-theorem
prediction Stot =

|NT→NS |
2 = 4, where NT = 8 and NS = 16

denote the number of sites on the triangular and square sublat-
tices of the 24-site unit cell shown in Fig. 1(a). Moreover, our
numerical results demonstrate that the total spin satisfies the
condition 0 < Stot <

1
3Msat, where Msat =

NT+NS
2 = 12 is

the saturated magnetization of the 24-site unit cell, resulting in
a finite net magnetization with Stot/Msat = 1/3. The observed
ferrimagnetic state underscores the consistency of our simula-
tions with the Lieb ferrimagnetic framework and further val-
idates the robustness of our TN simulations for capturing the
intricate quantum and classical properties of the ferrimagnetic
phases.

Lastly, we investigated the gapped or gapless nature of the
phases by computing the spin gap through the application of
a small Zeeman field hz and tracking the field dependence of
the net magnetization M̄z(h) =

∑
i↔S

z
i ↗/(NsS) for several

representative points in the phase diagram [see supplementary
materials [46]]. The critical field hc at which M̄z(h) becomes
finite provides a direct measure of the spin gap. Our results
reveal that the P-CD-VBC phase and the ferrimagnetic phases
are gapless in the spin-triplet sector (i.e., vanishing spin gap),
as indicated by their immediate response to an infinitesimal
field (hc = 0). In contrast, the loop-six, generalized pinwheel,

Leib Ferrimagnetism for Square-Kagome lattice

Stot (iPEPS) = 3.992 à In agreement with theory

Leib Theorem:

24-site unit cell



3

0.0 1.13 1.62 1.74 2.00.51 1.01

1

P-CD-VBC Loop-six VBC
Decorated 

Loop-six VBC
Generalized

Pinwheel VBC Lieb Ferrimagnet
Imperfect

Ferrimagnet

J/J

FIG. 2. Quantum phase diagram of the S = 1/2 antiferromagnetic Heisenberg model (1) on the square-kagome lattice. The bond thicknesses
are quantitatively proportional to the nearest-neighbor spin–spin correlations →Ŝi · Ŝj↑ extracted from the converged iPEPS wave function at
bond dimension D = 12. Additionally, the blue (red) bonds represent antiferromagnetic (ferromagnetic) correlations with negative (positive)
values. In the ferrimagnetic phases, the red sites corresponds to a positive total on-site magnetization value, while the blue, and green sites
correspond to negative magnetization, with a different strength.

Fig. 3(a)]. In addition, when the entanglement-entropy curve
varies smoothly, the phase boundaries are further inferred
from an analysis of the spin gap. On the other hand, the phase
transitions out of the nonmagnetic phases are distinguished
from abrupt changes in the average spin-spin correlations [see
Fig. 3(b)] as well as the total magnetization and its individual
components [see Figs. 3(c) and (d)]. As shown in Fig. 3, in
total we observe five transition points separating six phases
with distinct patterns of symmetry breaking.

The competition between the J and J1 couplings gives
rise to broadly two distinct regions in the phase diagram: (i)
0 → J/J1 → 1.62: which is nonmagnetic composed of an en-
semble of VBCs with different symmetries (or by the distinct
patterns of which bonds condense) emerging as the ground
state of the system and (ii) J/J1 > 1.62: which hosts a fer-
rimagnetically ordered ground state. In order to characterize
the nature of these phases, we compute the local magnetiza-
tion and spin-spin correlations on individual sites and bonds
of the lattice, respectively. Within each region, the pattern of
strong and weak bonds in real-space as inferred via equal-time
isotropic spin-spin correlations in the ground states is illus-
trated in Fig. 2. Each phase is uniquely characterized by a
distinct pattern of bond correlations or magnetic ordering, as
measured on the converged ground state wave function. It is
crucial to emphasize that the convergence of the wave func-
tion has been thoroughly examined through various measures
within the algorithm. As exemplified in Fig. 4, the ground
state energy per-site, ω0, for selected points within each region
of the phase diagram exhibits excellent convergence with re-
spect to the inverse bond dimension. We have further charac-
terized the gapped or gapless nature of each phase by comput-
ing the spin gap. This was achieved by applying a small Zee-
man field hz , tracking the field dependence of the net magne-
tization M̄z(h), and determining the critical field hc at which
M̄z(h) becomes finite. The value of hc then provides a direct
and quantitative measure of the spin gap. The details of spin
gap calculations have been provided in the supplementary ma-
terials [46].

To quantify valence-bond crystalline (VBC) order in the
nonmagnetic regime, we emphasize that the relevant order pa-
rameters are the spatial patterns of nearest-neighbor bond en-

ergies, or equivalently the equal-time spin–spin correlations
↑Si · Sj↓. These bond observables transform nontrivially un-
der the lattice space-group operations and therefore provide a
direct diagnosis of spontaneous breaking of translation, rota-
tion, and/or reflection symmetries. Each VBC phase identified
in Fig. 2 corresponds to a symmetry-inequivalent set of bond
expectation values within the chosen unit cell, yielding a com-
plete local characterization of the ordered state. In this way,
Lieb–Schultz–Mattis–type constraints are resolved through
lattice-symmetry breaking, without requiring a symmetry-
preserving topologically ordered ground state. We note that
nonlocal string or brane order parameters, as employed in
one-dimensional spin chains or in two-dimensional Mott insu-
lating and gauge-theoretic settings, are designed to diagnose
symmetry-preserving or topological phases and are therefore
not the natural diagnostics for valence-bond crystalline states
characterized by explicit lattice-symmetry breaking in local
bond observables [47–50].

We now elaborate on the nature of each of these phases.
At J/J1 = 0, we have isolated squares with antiferromag-
netically interacting spins. Thus, the ground state of the sys-
tem is plaquette ordered with the four spins forming isolated
tetramers with total spin zero. In the limit J/J1 ↔ 0, we find
that the spins at the triangular apex sites are not free but rather
form long-range dimers in a checkerboard arrangement [see
Fig. 2]. This phase, with long-range singlet formation trig-
gered by a nonzero J coupling, was predicted within a pertur-
bative treatment of the model [34], and referred to as plaque-
tte crossed-dimer VBC (P-CD-VBC). Here, the bond correla-
tors ↑Si ·Sj↓ (equivalently bond energies) are C4 symmetric.
The P-CD-VBC state is found to be stable till J/J1 ↭ 0.51
when it transitions to a loop-six VBC [35] which has the same
C4 symmetry, and is thus distinguished by which bonds con-
dense. The transition point is thus identified through an anal-
ysis of the spin gap shown in Fig. 5. One can clearly see that
a finite spin gap opens for J/J1 ↫ 0.51, signaling a con-
tinuous phase transition from a gapless phase to a gapped
state. Moreover, at the transition point, the spin–spin cor-
relations on bonds b1, . . ., b4 begin to deviate from one an-
other, forming a characteristic loop-six pattern [see Fig. 3(b)].
In the loop-six VBC [35], which is stabilized due to strong
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an antiparallel manner, and spins connected to the plaquettes
through the J2ð3Þ bond are also antiparallel to the neighboring
spins on the plaquettes. On the other hand, in the UUD phase,
all spins on the plaquettes are ferromagnetically arranged and
the remaining spins are antiparallel to the plaquette spins. We
note that, in contrast to the classical spin liquid phase, the
degrees of degeneracy in the J1–J2ð3Þ–Neel and UUD phases
are determined by the global spin rotation symmetry.

Quantum effects change the phase diagram. Figures 2(b)
and 2(c) show the phase diagram obtained by applying
the Lanczos-type exact diagonalization for the N ¼ 24 and
30 periodic lattices, respectively. The phase boundaries are
determined by investigating the level crossing of the ground
state and an excited state as well as the second derivative of
the ground energy with respect to J2 or J3. Along the J2 ¼ J3
line, we find five phases, I, II, III, Ferri, and UUD for
N ¼ 24, and six phases, I, II, III, IV, Ferri, and UUD for
N ¼ 30. The detailed magnetic structures in the I, II, III, and
IV phases have not been identified yet; however, the presence
of the phases are consistent with the previous report.13) The
UUD phase is the same as the classical one. In the Ferri
phase, the total spin S of the ground states satisfies the
condition 0 < S < 1

3 Msat, where Msat is the saturation
magnetization. We note that the UUD phase corresponds to
the M ¼ 1=3 Ferri phase in the previous report.13) Around
the J2 ¼ J3 line for N ¼ 30, we find phases denoted by V,
VI, VII, and VIII in Fig. 2(c). The phases are not well
characterized because of the possibility of finite-size effects.
In fact, the IV–VIII phases are not found for N ¼ 24.
Moreover, in the thermodynamic limit, the phase diagram
must be symmetric with respect to the J2 ¼ J3 line; however,
it is not in Fig. 2(c). This is due to the geometry of the
N ¼ 30 system, where there is no mirror symmetry between
the J2 and J3 bonds (see Fig. 1). On the other hand, the
N ¼ 18, 24, and 36 systems have mirror symmetry, making
them symmetric with respect to the J2 ¼ J3 line in the phase
diagram, as shown in Fig. 2(b).

To confirm the presence of I and II phases in the
thermodynamic limit, we calculate the energy gaps, !E,
between the first excited and ground states for N ¼ 24 and
30. Figures 3(a) and 3(b) show !E on the J2 þ J3 ¼ 1:2 line
crossing the I phase and the J2 þ J3 ¼ 2:1 line crossing the II
phase, respectively. The line segment on the J2 axis joining
the two !E ¼ 0 or minimum points in Fig. 3(a) [Fig. 3(b)]
corresponds to the I [II] phase. When N increases from 24
to 30, the width of the I and II phases becomes narrow.
Therefore, there is a possibility that these phases exist only
on the J2 ¼ J3 line in the thermodynamic limit. In the vicinity
of the II phase, !E become larger for N ¼ 30 than for

N ¼ 24 [see Fig. 3(b)]. This suggests that the gap becomes
finite in the thermodynamic limit. There is a possibility that
quantum ground states such as quantum spin liquid or VBC
states exist. Further away from the J2 ¼ J3 line in Figs. 2(b)
and 2(c), we find the J1–J2ð3Þ–Neel phase similar to the
classical result; however, we cannot identify spin-liquid
ground states for the present systems. In order to confirm the
existence of quantum spin liquid and VBC phases at h ¼ 0,
we need more detailed studies using larger size systems. This
remains a future problem.

Next, we investigate the ground states of the spin-1=2 SKL
in the magnetic field. Figures 4(a) and 4(b) show the
magnetization curve at zero temperature for J2 ¼ 0:6, J3 ¼
0:5 and J2 ¼ 2:0, J3 ¼ 0:65, respectively. The magnetization
curves show the 1=3 and 2=3 plateaus denoted by A and C for
M=Msat ¼ 1=3 and B and D for M=Msat ¼ 2=3. The width
of these plateaus are almost size independent. Thus, these
plateaus are expected to remain even in the thermodynamic
limit.

The magnetic structures of the A, B, C, and D plateaus are
shown in Figs. 5(a), 5(b), 5(c), and 5(d), respectively. In A
and B, the magnetic structure exhibits antiferromagnetically
coupled four spins on the plaquette and almost fully polarized
spins surrounding the plaquette. Here, we name the phases of
A and B, VBC-I and VBC-II, respectively. The magnetic
structure of C is the UUD structure, where the trimers whose
central spin aligns downward and side-spins align upward are
formed because of a large J2, as shown in Fig. 5(c). The three
magnetic structures, VBC-I, VBC-II, and UUD, have already
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