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FIG. 6. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2,ε/2) + (±ϑ,±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively.

of the parent U100 state is shown in Fig. 5(a) and at
half filling, it features a Fermi surface [Fig. 5(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2,ω/2) + (±ε,±ε). The magnitude of ε is found
to decrease with increasing !s and !↭. In Fig. 6(a),
we plot the dispersion of the Z3000 state for the VMC-
optimized parameters at Js/Jd = 0.8 while the four Dirac
cones surrounding the M point are shown in Fig. 6(b).
We also present the spin correlations of this mean-field
state, as reflected in its dynamical and equal-time spin
structure factors, in Figs. 6(c) and (d), respectively.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϑMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2
lattice-vector directions [see Fig. 1(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].
Here, we impose antiperiodic and periodic boundary con-
ditions along the a1 and a2 directions, respectively, i.e.,
[A,P], which leads to a closed shell (unique state) on L↔L

clusters with dimensions L = 4ϖ and L = 4ϖ+2, where ϖ

is a positive integer.

B. Gutzwiller-projected Ansatz

A legitimate QSL wavefunction, residing in the correct
sector with one fermion per site (corresponding to the
physical Hilbert space of the spin-1/2 model), is then ob-
tained by applying the Gutzwiller projector to the mean-
field state |ϑMF↓:

|#QSL↓ = PG|ϑMF↓ , (51)

where PG =
∏

i

(
n̂i,↑ ↗ n̂i,→

)2
, n̂i,ω = f̂

†

i,ωf̂i,ω being the
fermionic density of flavor ϱ on site i. The variational
energy and correlation functions for |#QSL↓ can be com-
puted in a straightforward fashion using Monte Carlo
sampling, by virtue of which the constraint is imposed
exactly [92]. Furthermore, a stochastic reconfiguration
(SR) optimization enables us to obtain accurate esti-
mates of the variational parameters contained in Eq. (49)
with small statistical uncertainties [93, 94], even when a
large number of parameters are involved [95–99].
A standard technique to systematically improve the

accuracy of variational wavefunctions and approach the
true ground state involves the application of a few Lanc-
zos steps on a given variational state |#QSL↓ [100, 101]:

|#p-LS↓ =
(
1 +

p∑

k=1

ςkĤk

)
|#QSL↓ , (52)

where the ςks are variational parameters. For large
enough p, |#p-LS↓ is guaranteed to converge to the exact
ground state |#ex↓ provided the initial trial state |#QSL↓
is not orthogonal to |#ex↓, i.e., for ↘#ex|#QSL↓ ≃= 0. How-
ever, on large clusters, only a few Lanczos steps can be
e$ciently executed, and here, we consider the case with
p = 1 and p = 2 (p = 0 corresponds to the initial trial
wavefunction |#QSL↓). Based on this sequence, an esti-
mate of the exact ground-state energy can be obtained
by the method of zero-variance extrapolation. In fact,
for su$ciently accurate states, E ↗Eex ⇐ constant↔ φ

2,
where E = ↘Ĥ↓/N and φ

2 = (↘Ĥ2↓↗↘Ĥ↓2)/N are the en-
ergy and variance per site, respectively. Thus, the exact
ground-state energy Eex can be extracted by fitting E vs
φ
2 for p = 0, 1, and 2. The energy, its variance, and the

correlation functions after the application of a few Lanc-
zos steps are calculated using the standard variational
Monte Carlo method.

C. Variational Monte Carlo

Our variational calculations are performed on L ↔ L

tori, which respect all symmetries of the p4g wallpaper
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FIG. 6. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2,ε/2) + (±ϑ,±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively.

of the parent U100 state is shown in Fig. 5(a) and at
half filling, it features a Fermi surface [Fig. 5(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2,ω/2) + (±ε,±ε). The magnitude of ε is found
to decrease with increasing !s and !↭. In Fig. 6(a),
we plot the dispersion of the Z3000 state for the VMC-
optimized parameters at Js/Jd = 0.8 while the four Dirac
cones surrounding the M point are shown in Fig. 6(b).
We also present the spin correlations of this mean-field
state, as reflected in its dynamical and equal-time spin
structure factors, in Figs. 6(c) and (d), respectively.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϑMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2
lattice-vector directions [see Fig. 1(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].
Here, we impose antiperiodic and periodic boundary con-
ditions along the a1 and a2 directions, respectively, i.e.,
[A,P], which leads to a closed shell (unique state) on L↔L

clusters with dimensions L = 4ϖ and L = 4ϖ+2, where ϖ

is a positive integer.

B. Gutzwiller-projected Ansatz

A legitimate QSL wavefunction, residing in the correct
sector with one fermion per site (corresponding to the
physical Hilbert space of the spin-1/2 model), is then ob-
tained by applying the Gutzwiller projector to the mean-
field state |ϑMF↓:

|#QSL↓ = PG|ϑMF↓ , (51)

where PG =
∏

i

(
n̂i,↑ ↗ n̂i,→

)2
, n̂i,ω = f̂

†

i,ωf̂i,ω being the
fermionic density of flavor ϱ on site i. The variational
energy and correlation functions for |#QSL↓ can be com-
puted in a straightforward fashion using Monte Carlo
sampling, by virtue of which the constraint is imposed
exactly [92]. Furthermore, a stochastic reconfiguration
(SR) optimization enables us to obtain accurate esti-
mates of the variational parameters contained in Eq. (49)
with small statistical uncertainties [93, 94], even when a
large number of parameters are involved [95–99].
A standard technique to systematically improve the

accuracy of variational wavefunctions and approach the
true ground state involves the application of a few Lanc-
zos steps on a given variational state |#QSL↓ [100, 101]:

|#p-LS↓ =
(
1 +

p∑

k=1

ςkĤk

)
|#QSL↓ , (52)

where the ςks are variational parameters. For large
enough p, |#p-LS↓ is guaranteed to converge to the exact
ground state |#ex↓ provided the initial trial state |#QSL↓
is not orthogonal to |#ex↓, i.e., for ↘#ex|#QSL↓ ≃= 0. How-
ever, on large clusters, only a few Lanczos steps can be
e$ciently executed, and here, we consider the case with
p = 1 and p = 2 (p = 0 corresponds to the initial trial
wavefunction |#QSL↓). Based on this sequence, an esti-
mate of the exact ground-state energy can be obtained
by the method of zero-variance extrapolation. In fact,
for su$ciently accurate states, E ↗Eex ⇐ constant↔ φ

2,
where E = ↘Ĥ↓/N and φ

2 = (↘Ĥ2↓↗↘Ĥ↓2)/N are the en-
ergy and variance per site, respectively. Thus, the exact
ground-state energy Eex can be extracted by fitting E vs
φ
2 for p = 0, 1, and 2. The energy, its variance, and the

correlation functions after the application of a few Lanc-
zos steps are calculated using the standard variational
Monte Carlo method.

C. Variational Monte Carlo

Our variational calculations are performed on L ↔ L

tori, which respect all symmetries of the p4g wallpaper
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FIG. 1. Phases of the S = 1/2 J1-J2 antiferromagnet on the
square lattice, from the numerical results of Refs. [7–10], all of which
agree that the spin liquid is gapless. Each ellipse in the valence bond
solid (VBS) represents a singlet pair of electrons. Lower part of
figure adapted from Ref. [11].

two fermion flavor SU(2) gauge theory does not ultimately
describe a conformal field theory needed for Néel-VBS
criticality but exhibits a ‘pseudocriticality’ associated with
a proximate fixed point at complex coupling [27,35–37].
Reference [28] used connections to bosonic spinon theories
to argue that the two fermion flavor SU(2) gauge theory was
ultimately unstable to confinement and symmetry breaking
leading to the appearance of Néel order. We assume this is the
case, and we can then describe the transition to the Z2 spin
liquid by the condensation of Higgs fields which break the
SU(2) gauge symmetry down to Z2: see Fig. 2. The Néel-Z2
spin liquid transition is a confinement-Higgs transition, and
the critical theory is proposed to be a two-flavor SU(2) gauge
theory with critical Higgs fields [28]. We note that a similar
critical theory was proposed in Ref. [38] for a continuous
transition from the Néel state to a different gapless state with a
Z2 gauge field (the ‘orthogonal semimetal’), and this scenario
was supported there by quantum Monte Carlo simulations.
Evidently, it is possible that critical Higgs fields can stabilize
a scale-invariant critical point of the two-flavor SU(2) gauge
theory at the boundary of a Higgs phase where the SU(2)
gauge symmetry is broken down to Z2.

As we will see below, an important difference between our
critical Higgs SU(2) gauge theory and that of Ref. [38] is that
our theory does not preserve Lorentz invariance. The Lorentz
symmetry is broken by the Yukawa couplings between the
Higgs fields and fermions. The Yukawa couplings also do not
preserve the SO(5) flavor symmetry of the SU(2) gauge theory
with only fermionic matter; this symmetry rotates between
the Néel and VBS states. Both these features have important

FIG. 2. Mean field phase diagram of our low energy theory ob-
tained by minimization of the Higgs potential in Eq. (3.26). Dashed
(solid red) lines indicate second (first) order transitions in mean field
theory. We assume the SU(2) π -flux gauge theory confines to a Néel
state, the U(1) staggered flux gauge theory confines to a VBS state,
except at their deconfined critical boundaries to Wen’s stable, gapless
Z2 spin liquid Z2Azz13. The dotted blue line indicates a possible
trajectory of the square lattice antiferromagnet with increasing J2/J1.
However, as we discuss in Sec. VI, we cannot rule out interchanging
the assignments of the confining states between the SU(2) and U(1)
spin liquids, in which case the orientation of the blue arrow would
be reversed. The critical SU(2) gauge theory has a dangerously
irrelevant coupling, but the critical U(1) gauge theory does not.
The mean-field analysis was performed with w = u = 1, v = −1,
ũ = 0.75, and v4 = 0.5 in Eq. (3.26). We use the ansatz "a

1 = c1δax ,
"a

2 = c1δay, and "a
3 = c2δaz, so the terms in V (") proportional to

v1, v3 are automatically zero.

consequences for the Néel-Z2 spin liquid critical point and
lead to predictions described below which can be tested by
numerical studies.

In earlier work, Ran and Wen [39,40] had considered the
two-flavor SU(2) gauge theory as the description of an ex-
tended gapless phase on the square lattice—also called the
π -flux phase [41]. They proposed a theory for a transition
from the π -flux phase to the Z2Azz13 spin liquid by the con-
densation of a pair of adjoint Higgs fields, which we denote
""1,2 (the vector symbol implies gauge SU(2) adjoint index).
In light of our arguments above on the confining instabil-
ity of the π -flux phase to the Néel state, the critical Higgs
theory of Ran and Wen [39,40] can serve as the deconfined
critical theory for the Néel to Z2Azz13 spin liquid transition.
However, as we shall see in Sec. IV, additional ‘dangerously
irrelevant’ terms are needed to fully define the critical theory
in a 1/Nf expansion, and these contribute a logarithm-squared
renormalization.

The mean-field phase diagram of the SU(2) gauge theory
with adjoint Higgs fields describing the π flux to Z2Azz13
transition turns out to naturally acquire an additional phase,
as explained in Sec. III D—this is the U(1) staggered flux spin
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Quantum spin liquid phase in the Shastry-Sutherland model revealed by
high-precision infinite projected entangled-pair states
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The Shastry-Sutherland model is an e!ective model of the layered material SrCu2(BO3)2, which
exhibits an extremely rich phase diagram as a function of pressure and magnetic field. Motivated
by the recent controversy regarding its phase diagram at zero magnetic field, we perform large-scale
simulations based on infinite projected entangled-pair states (iPEPS), a two-dimensional tensor
network ansatz to represent the ground state directly in the thermodynamic limit. By employing
the latest optimization techniques, we obtain variational states with lower energy than previous
results obtained from other methods. Using systematic extrapolations to the exact infinite bond
dimension limit, our simulations reveal a narrow quantum spin liquid phase between the plaquette
and antiferromagnetic phases in the range 0.785(5) → J →/J → 0.82(1).

Introduction.– The frustrated compound SrCu2(BO3)2
is arguably one of the most fascinating quantum mate-
rials. It exhibits extremely rich physics when subjected
to pressure and a magnetic field, including an intrigu-
ing sequence of magnetization plateaus [1–11], spin su-
persolid phases [9, 10], topological excitations [12, 13],
a critical point at finite temperature [14], and a prox-
imate deconfined quantum critical point (DQCP) [15].
As a function of pressure, experiments have identified a
phase transition between a dimer phase and a plaquette
phase [14, 16–21], followed by an antiferromagnetic (AF)
phase at higher pressure [14, 15, 18, 21] with the pos-
sibility of a narrow quantum spin liquid or a DQCP in
between [15].

Many of the properties of the compound are remark-
ably well captured by the Shastry-Sutherland model, [1,
22–31] a frustrated S = 1/2 spin model on an orthogonal
dimer lattice, given by the Hamiltonian

H = J

∑

→i,j↑

Si · Sj + J
↓
∑

→→i,j↑↑

Si · Sj (1)

with J and J
↓ the intra- and interdimer coupling

strength, respectively. For small values of J
↓
/J the

ground state is an exact product of dimer singlets [22].
In the J

↓
/J → ↑ limit, the model reduces to the square

lattice Heisenberg model with an AF ground state. For
intermediate J

↓
/J a valence-bond solid phase is realized,

with strong bonds forming around plaquettes [32–35].
An early infinite projected entangled-pair state (iPEPS)
study [35] identified the range of the plaquette phase to
be 0.675(2) < J

↓
/J < 0.765(15), with transitions being

strongly and weakly first order, respectively.
More recently, there have been new predictions regard-

ing the location and nature of the second transition. A
narrow quantum spin liquid phase between plaquette and
AF phase was predicted using the density matrix renor-
malization group (DMRG) on cylinders [36, 37], a pseud-
ofermion functional renormalization group approach [38],

QSL AFDimer Plaquette
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0.785(5)

FIG. 1. Phase diagram of the Shastry-Sutherland model ob-
tained with iPEPS. A narrow quantum spin liquid (QSL)
phase is found between the plaquette and antiferromagnetic
phases. The thickness of a bond is proportional to the nega-
tive bond energy, and dashed lines indicate bonds with posi-
tive energies.

neural-network quantum states (NQS) [39], and varia-
tional Monte Carlo (VMC) [40]. Other DMRG [41] and
iPEPS [42] studies found a weak first-order transition
at a slightly higher value of J

↓
/J . Finally, a DQCP

was predicted in Ref. [43] based on field theory and in-
finite DMRG results, and in Ref. [44] based on varia-
tional Monte Carlo (VMC) combined with finite PEPS
(VMC-PEPS). Thus, a consensus on the phase diagram
is still lacking, highlighting the need for additional high-
precision data.

In this Letter, we revisit the SSM using large-scale
iPEPS simulations to resolve the controversial phase dia-
gram. By leveraging the latest methodological advances,
including more accurate and e!cient optimization and
systematic extrapolation techniques, we can simulate the
model with unprecedented accuracy directly in the ther-
modynamic limit. Our results uncover a QSL phase
within a narrow window 0.785(5) < J

↓
/J < 0.82(1) be-

tween the plaquette and AF phases, as summarized in
Fig. 1. Our findings are consistent with the predictions
from DMRG [36, 37] and NQS [39] based on finite-size
data. Besides this, we demonstrate that iPEPS achieves
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couple the quartic boson interactions in S by a Hubbard-
Stratonovitch transformation. After this decoupling, the ef-
fective action contains the terms

S =! d!"
i"j

Jij
2

#N$Qij$2 − QijJ#$bi
#bj

$ + c.c.% + ¯ , &4'

where ! is the imaginary time and the ellipses represent stan-
dard terms which impose the canonical boson commutation
relations and the constraint.8 At the saddle point of the ac-
tion, we get

(Qij) =
1
N

(J #$bi#
† bj$

† ) . &5'

The four-site unit cell of the checkerboard lattice, as depicted
in Fig. 2, has twelve of these Qij fields. When S becomes
large, the dynamics of S leads to the condensation of the bi

#

bosons and one obtains a nonzero value of

(bi
#) = xi

#. &6'

Since the large-N limit of S is taken for a fixed value of %
=nb /N=2S, depending on the ratio J1 /J2 and the value of %,
the ground-state of S at T=0 can either break the global
Sp&N' symmetry and posses magnetic LRO or be Sp&N' in-
variant with only SRO; thus the ground-state energy should
be optimized with respect to variations in (Qij) and xi

# for
different values of J2 /J1 and %. We also find that each saddle
point may be described by a purely real (Qij). The resulting
phase diagram is shown in Fig. 3. We describe various mag-
netically ordered &xi

#!0' and paramagnetic (xi
#=0) phases as

follows.

A. Magnetically ordered phases

1. Néel „! ,!… LRO state
This is the long-range-ordered state in which (Si) is col-

linearly polarized in opposite directions on two sublattices.
In the appropriate gauge, the expectation values of link vari-
ables are nonzero and equal on the horizontal (Q) and verti-
cal (P) links, while the values on the diagonal links (R) are
zero.

2. „! ,0… and „0,!… LRO states
This magnetically ordered phase is characterized by non-

zero values of (Qij) on the horizontal and diagonal links for
the && ,0' LRO state or on the vertical and diagonal links for
the &0,&' LRO state. There are two gauge-nonequivalent
choices for the values of R1, R2, R3, and R4. One state has
R1=R2=R3=R4 with P=0 and Q!0, and the other has R1
=R3=−R and R2=R4=R with P!0 and Q=0. These two
states are interchanged under a & /2 rotation. Moreover, these
states can be understood as diagonally coupled horizontal or
vertical Heisenberg antiferromagnetic chains.

3. Helical „! ,q… and „q ,!… LRO states
This helically ordered phase is characterized by nonzero

values of (Qij) on the horizontal, vertical, and diagonal links.
Once again, our results indicate that there are two gauge-
nonequivalent choices for the values of R1, R2, R3, and R4.
One state has R1=R2=R3=R4 with Q"P and the other has
R1=R3=−R and R2=R4=R with P"Q. These two states are
interchanged under a & /2 rotation and correspond to spirals
ordered in the horizontal or vertical directions. Notice that
this is a long-range incommensurate spin order and the spin
structure factor peaks at the incommensurate wave vector
&& ,q' or &q ,&'. Here q varies continuously as J2 /J1 changes.
Notice that the mean-field configuration in a similar phase of
the Shastry-Sutherland model10 (i.e., P=Q) is slightly differ-
ent from what we have here. This is not surprising, since
different lattice structures lead to somewhat different free
energy landscapes.

B. Paramagnetic phases

1. Decoupled chains

As its name suggests, this phase is a grid of decoupled
Heisenberg antiferromagnetic chains. In the large-N limit, it
corresponds to the solution where the (Qij) are nonzero only
on the diagonal links.

2. „! ,!… SRO state
This state is obtained by quantum disordering the Néel

state (it occurs at %'0.4). The expectation values of Qij
have the same structure as those of the Néel state. As de-
scribed in previous works, the quantum fluctuations in this
phase can be understood via a compact U(1) gauge theory.8
This theory is always confining, thus the bi

# bosons bind to
form a S=1 quasiparticle above a spin gap.8 At finite N,

FIG. 3. Dashed line: first-order transition. Solid line: continuous
transition. Large-N phase diagram of the Sp&N' checkerboard lattice
model as a function of J2 / &J1+J2' and 1/S. The LRO phases break
spin-rotation symmetry. The spin order is collinear and commensu-
rate in the && ,&' and && ,0' LRO phases while it is helical and
incommensurate in the && ,q' LRO phase. The SRO phases preserve
spin-rotation invariance. At J1 /J2=1, we find zero expectation
value of the diagonal bond variables at all %=2S. The long-range
Néel order develops above %=2S*0.4; below this value, the Néel
correlations are only short ranged. In addition, for large values of S,
we get the Néel && ,&' LRO for J2'J1 and && ,0' LRO for J2"J1.
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River of liquidity: Shastry-Sutherland to square
S=1/2 Quantum Phase Diagram
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{S1, S2, T1, T2, Q1} are still defined according to their
quantum numbers listed in Tables 1 and 2 and are al-
ways those evolving from the two lowest singlets, two
lowest triplets, and lowest quintuplet in the PSS state.
The state S1 remains the ground state for all values of
g considered, and S2, T1, and Q1 also remain the low-
est states with their respective total spin. However,
T2 is not always the second lowest triplet in the QSL
and AFM phases, though it is the first triplet with its
full set of quantum numbers.

Numerical SSM Results. We define the gaps
𝜔(S2), 𝜔(T1), 𝜔(T2), and 𝜔(Q1) relative to the
ground state energy E(S1) and graph these versus g

in Fig. 4 for the clusters of size up to N = 36. As ex-
plained above, our goal is to identify level (gap) cross-
ings with the PSS–QSL and the QSL–AFM ground
state transitions.

g g
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D
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Fig. 4. Energy gaps of the SSM vs the coupling for cluster
sizes (a) N = 36 (b) 32, (c) 28, (d) 24, (e) 20, (f) 16. Con-
ventional gaps defined relative to the ground state energy
E(S1) are shown as follows: 𝜔(S2) (open red squares),
𝜔(T1) (open green circles), 𝜔(T2) (open blue up trian-
gles), 𝜔(Q1) (open indigo down triangles). Triplet and
quintuplet gaps defined with respect to other exited states
are shown as follows: 𝜀T → E(T2)↑ E(S2) (filled blue up
triangles); 𝜀Q = E(Q1) ↑ E(T1) (filled indigo down tri-
angles). The kinks in the 𝜔(Q1) and 𝜀Q data between
g = 0.7 and 0.75 are related to avoided level crossings
close to the DS–PSS transition.

In Ref. [31], the extrapolated (with leading 1/N
corrections) crossing point gc1 = 0.788±0.002 between
the lowest singlet and triplet excitation was identified
as the PSS–QSL transition. Unlike the periodic clus-
ters considered here, the cylindrical lattices studied in
Ref. [31] break the asymptotic two-fold degeneracy of
the PSS state because the boundaries favor one of the
two singlet patterns. Thus, the first excited singlet
was di!erent from the quasi-degenerate ground state

S2 used here, and the level crossing studied previously
is not a directly analogy to the singlet-triplet crossing
accompanying the dimerization transition in the frus-
trated Heisenberg chain[44,45] (where the symmetry is
not broken in periodic systems). An important as-
pect of the present work is that the crossing between
the S2 and T1 levels is similar to the well understood
1D case, and a confirmation of the same asymptotic
crossing point as in Ref. [31] will represent additional
independent evidence for the correct identification of
the quantum phase transition.
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Fig. 5. (a) SSM finite-size level crossing points obtained
from the gaps𝜔(T1), 𝜀T , 𝜀Q, and𝜔(Q1), each crossing the
singlet gap 𝜔(S2). The points are graphed vs the inverse
system size according to the empirical linear scaling in
1/N .[33,31] The underlying data are from Lanczos calcula-
tions such as those in Fig. 4, except for the largest cluster,
N = 40, for which the DMRG method was used. The two
straight lines are fits to the 𝜔(T1) (red solid line) and 𝜀T
(green solid line) points for N ↓ 20 and extrapolate to
gc1 = 0.789 and gc2 = 0.824, respectively. (b) Adjusted
crossing points, g→c2, Eq. (9), for which all points for given
N are shifted vertically by an equal amount so that the
𝜔(T1) points (red squares) fall exactly on the red fitted
line from (a). A linear fit (green line) in 1/N is shown for
the 𝜀T crossing points and extrapolates to gc2 = 0.826.
The form g→c2(N) = gc2 + a/N + b/N3/2 was fitted to the
other two data sets (N ↓ 20) with gc2 constrained to the
same value as above.

In Fig. 4, the crossing of the 𝜔(S2) and 𝜔(T1) gaps
indeed are also close to the previous gc1 value for all
clusters. Interpolated crossing g values are graphed
versus 1/N in Fig. 5(a) (red squares), where we in-
clude also the N = 40 result obtained with the DMRG
method. Here the overall size dependence is much
weaker than in the cylindrical lattices,[31] though there
is some un-smoothness as a consequence of the di!er-
ent cluster shapes. A line fit to all but the N = 16
point gives gc1 = 0.789 ± 0.004 (where the estimated
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FIG. 1. The SS lattice with open x and periodic y boundary con-
ditions. The lengths Lx and Ly are both even. Nearest neighbors are
coupled at strength J by Eq. (1) and the blue diagonal links represent
the dimer couplings J ′. The open edges break the Z2 symmetry of
the PS phase, thus inducing a singlet density pattern as indicated
schematically by the thickness of the red lines.

crossings to detect the transitions out of the PS phase and
into the AFM state, following Ref. [26] closely. We also study
the PS and AFM order parameters to corroborate the quantum
phases and phase transitions.

We graph singlet and triplet gaps in Fig. 2(a) and similarly
singlet and quintuplet gaps in Fig. 2(b), in g windows where
gap crossings are observed. In Fig. 3 we analyze the gap
crossing points and the singlet minimum that is also observed
in Fig. 2(a). Given the previous empirical observations of
crossing-point drifts in 2D systems [26,33], we graph the
results versus 1/L2 and find almost perfect linear behav-
iors. Interesting, the singlet-triplet crossing and the singlet
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FIG. 2. (a) The lowest singlet and triplet gaps vs g in the neigh-
borhood of the expected quantum phase transition out of the PS
phase. (b) The lowest singlet and quintuplet gaps for g inside the
AFM phase, close to its quantum phase transition. The curves are
polynomial fits.
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FIG. 3. Locations of gap crossings and singlet minimums, with
the lines showing linear-in-1/L2 fits. The L = 4 singlet-quintuplet
point is at g ≈ 1.1, falling very close to the fitted line. The ex-
trapolated critical points are gc1 = 0.788 ± 0.002 and gc2 = 0.820 ±
0.002.

minimum both extrapolate to gc1 ≈ 0.79, while the singlet-
quintuplet points scale to a higher value, gc2 ≈ 0.82.

It was previously shown [26,31] that the crossing point
between the lowest singlet and quintuplet levels is a use-
ful finite-size estimator for a quantum phase transition into
an AFM phase, given that the lowest S > 0 states are An-
derson quantum rotors, separated from the ground state by
gaps !A(S) ∝ S(S + 1)/L2, while the singlet excited state
should be the gapped amplitude (“Higgs”) mode in the AFM
state [6]. In contrast, in other putative phases adjacent to the
AFM phase (in the SS model and many other models), the
S = 2 state will be above the lowest S = 0 excitation. Thus,
we identify the extrapolated singlet-quintuplet crossing point
gc2 ≈ 0.82 with a quantum phase transition into the AFM
state.

Following previous work on the J1-J2 model [26], we iden-
tify the extrapolated singlet-triplet crossing point gc1 ≈ 0.79
with the transition out of the PS state. The singlet minimum by
itself is consistent with the PS gap vanishing at a DQCP and
becoming the gapped amplitude mode in the AFM phase [6].
However, an AFM phase starting at gc1 is inconsistent with the
singlet-quintuplet crossing point gc2. Though the separation
between the transition points gc1 ≈ 0.79 and gc2 ≈ 0.82 is
small, an eventual flow toward a common point for larger
systems appears unlikely, given the absence of significant
corrections to the 1/L2 forms in Fig. 3. Below we will show
evidence for a gapless SL phase for g ∈ (gc1, gc2).

Both gap crossings match those in the J1-J2 Heisenberg
model [26], where several numerical studies have reached a
consensus on the existence of a gapless SL phase between
dimerized and AFM phases [24,26,34–36]. Field theories have
also recently been proposed for this SL phase [37,38]. More-
over, the same level crossings were found at the transition
from a critical state to either a dimerized state (singlet-triplet
crossing) or an AFM state (singlet-quintuplet crossing) in
a frustrated Heisenberg chain with long-range interactions
[26,31]. Given these results for related models, the distinct
gc1 and gc2 points suggest a gapless SL phase also in the SS
model.
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Do the J1-J2 square and SS share a QSL?
Level crossing analysis, overlaps
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Do the SS and checkerboard share a QSL?
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FIG. 6. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2,ε/2) + (±ϑ,±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively.

of the parent U100 state is shown in Fig. 5(a) and at
half filling, it features a Fermi surface [Fig. 5(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2,ω/2) + (±ε,±ε). The magnitude of ε is found
to decrease with increasing !s and !↭. In Fig. 6(a),
we plot the dispersion of the Z3000 state for the VMC-
optimized parameters at Js/Jd = 0.8 while the four Dirac
cones surrounding the M point are shown in Fig. 6(b).
We also present the spin correlations of this mean-field
state, as reflected in its dynamical and equal-time spin
structure factors, in Figs. 6(c) and (d), respectively.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϑMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2
lattice-vector directions [see Fig. 1(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].
Here, we impose antiperiodic and periodic boundary con-
ditions along the a1 and a2 directions, respectively, i.e.,
[A,P], which leads to a closed shell (unique state) on L↔L

clusters with dimensions L = 4ϖ and L = 4ϖ+2, where ϖ

is a positive integer.

B. Gutzwiller-projected Ansatz

A legitimate QSL wavefunction, residing in the correct
sector with one fermion per site (corresponding to the
physical Hilbert space of the spin-1/2 model), is then ob-
tained by applying the Gutzwiller projector to the mean-
field state |ϑMF↓:

|#QSL↓ = PG|ϑMF↓ , (51)

where PG =
∏

i

(
n̂i,↑ ↗ n̂i,→

)2
, n̂i,ω = f̂

†

i,ωf̂i,ω being the
fermionic density of flavor ϱ on site i. The variational
energy and correlation functions for |#QSL↓ can be com-
puted in a straightforward fashion using Monte Carlo
sampling, by virtue of which the constraint is imposed
exactly [92]. Furthermore, a stochastic reconfiguration
(SR) optimization enables us to obtain accurate esti-
mates of the variational parameters contained in Eq. (49)
with small statistical uncertainties [93, 94], even when a
large number of parameters are involved [95–99].
A standard technique to systematically improve the

accuracy of variational wavefunctions and approach the
true ground state involves the application of a few Lanc-
zos steps on a given variational state |#QSL↓ [100, 101]:

|#p-LS↓ =
(
1 +

p∑

k=1

ςkĤk

)
|#QSL↓ , (52)

where the ςks are variational parameters. For large
enough p, |#p-LS↓ is guaranteed to converge to the exact
ground state |#ex↓ provided the initial trial state |#QSL↓
is not orthogonal to |#ex↓, i.e., for ↘#ex|#QSL↓ ≃= 0. How-
ever, on large clusters, only a few Lanczos steps can be
e$ciently executed, and here, we consider the case with
p = 1 and p = 2 (p = 0 corresponds to the initial trial
wavefunction |#QSL↓). Based on this sequence, an esti-
mate of the exact ground-state energy can be obtained
by the method of zero-variance extrapolation. In fact,
for su$ciently accurate states, E ↗Eex ⇐ constant↔ φ

2,
where E = ↘Ĥ↓/N and φ

2 = (↘Ĥ2↓↗↘Ĥ↓2)/N are the en-
ergy and variance per site, respectively. Thus, the exact
ground-state energy Eex can be extracted by fitting E vs
φ
2 for p = 0, 1, and 2. The energy, its variance, and the

correlation functions after the application of a few Lanc-
zos steps are calculated using the standard variational
Monte Carlo method.

C. Variational Monte Carlo

Our variational calculations are performed on L ↔ L

tori, which respect all symmetries of the p4g wallpaper
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FIG. 6. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2,ε/2) + (±ϑ,±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively.

of the parent U100 state is shown in Fig. 5(a) and at
half filling, it features a Fermi surface [Fig. 5(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2,ω/2) + (±ε,±ε). The magnitude of ε is found
to decrease with increasing !s and !↭. In Fig. 6(a),
we plot the dispersion of the Z3000 state for the VMC-
optimized parameters at Js/Jd = 0.8 while the four Dirac
cones surrounding the M point are shown in Fig. 6(b).
We also present the spin correlations of this mean-field
state, as reflected in its dynamical and equal-time spin
structure factors, in Figs. 6(c) and (d), respectively.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϑMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2
lattice-vector directions [see Fig. 1(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].
Here, we impose antiperiodic and periodic boundary con-
ditions along the a1 and a2 directions, respectively, i.e.,
[A,P], which leads to a closed shell (unique state) on L↔L

clusters with dimensions L = 4ϖ and L = 4ϖ+2, where ϖ

is a positive integer.

B. Gutzwiller-projected Ansatz

A legitimate QSL wavefunction, residing in the correct
sector with one fermion per site (corresponding to the
physical Hilbert space of the spin-1/2 model), is then ob-
tained by applying the Gutzwiller projector to the mean-
field state |ϑMF↓:

|#QSL↓ = PG|ϑMF↓ , (51)

where PG =
∏

i

(
n̂i,↑ ↗ n̂i,→

)2
, n̂i,ω = f̂

†

i,ωf̂i,ω being the
fermionic density of flavor ϱ on site i. The variational
energy and correlation functions for |#QSL↓ can be com-
puted in a straightforward fashion using Monte Carlo
sampling, by virtue of which the constraint is imposed
exactly [92]. Furthermore, a stochastic reconfiguration
(SR) optimization enables us to obtain accurate esti-
mates of the variational parameters contained in Eq. (49)
with small statistical uncertainties [93, 94], even when a
large number of parameters are involved [95–99].
A standard technique to systematically improve the

accuracy of variational wavefunctions and approach the
true ground state involves the application of a few Lanc-
zos steps on a given variational state |#QSL↓ [100, 101]:

|#p-LS↓ =
(
1 +

p∑

k=1

ςkĤk

)
|#QSL↓ , (52)

where the ςks are variational parameters. For large
enough p, |#p-LS↓ is guaranteed to converge to the exact
ground state |#ex↓ provided the initial trial state |#QSL↓
is not orthogonal to |#ex↓, i.e., for ↘#ex|#QSL↓ ≃= 0. How-
ever, on large clusters, only a few Lanczos steps can be
e$ciently executed, and here, we consider the case with
p = 1 and p = 2 (p = 0 corresponds to the initial trial
wavefunction |#QSL↓). Based on this sequence, an esti-
mate of the exact ground-state energy can be obtained
by the method of zero-variance extrapolation. In fact,
for su$ciently accurate states, E ↗Eex ⇐ constant↔ φ

2,
where E = ↘Ĥ↓/N and φ

2 = (↘Ĥ2↓↗↘Ĥ↓2)/N are the en-
ergy and variance per site, respectively. Thus, the exact
ground-state energy Eex can be extracted by fitting E vs
φ
2 for p = 0, 1, and 2. The energy, its variance, and the

correlation functions after the application of a few Lanc-
zos steps are calculated using the standard variational
Monte Carlo method.

C. Variational Monte Carlo

Our variational calculations are performed on L ↔ L

tori, which respect all symmetries of the p4g wallpaper
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Direct evidence for a gapless Z2 spin liquid by frustrating Néel antiferromagnetism
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By direct calculations of the spin gap in the frustrated Heisenberg model on the square lattice, with nearest-
(J1) and next-nearest-neighbor (J2) super-exchange couplings, we provide a solid evidence that the spin-liquid
phase in the frustrated regime 0.45 ! J2/J1 ! 0.6 is gapless. Our numerical method is based on a variational
wave function that is systematically improved by the application of few Lanczos steps and allows us to obtain
reliable extrapolations in the thermodynamic limit. The peculiar nature of the nonmagnetic state is unveiled by
the existence of S = 1 gapless excitations at k = (π,0) and (0,π ). The magnetic transition can be described and
interpreted by a variational state that is built from Abrikosov fermions having a Z2 gauge structure and four Dirac
points in the spinon spectrum.
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Introduction. During the “valence-bond-solid era” most of
the community working on highly frustrated magnets believed
that quantum spin liquids could not exist as true ground states
of microscopic models and some kind of valence-bond order
would have taken place in nonmagnetic insulators (thus leading
to trivial band insulators). Now, we are presently living the
more exciting “quantum-spin-liquid era”, where a plethora of
different spin-liquid states are proposed as ground states of var-
ious magnetic systems, both theoretically and experimentally.1

The turning point was marked by the discovery that stable
gapped spin liquids may be found in effective low-energy
Hamiltonians, which are based upon the so-called quantum
dimer models2 or strong-coupling expansions.3 Since then,
three main directions can be identified to study quantum spin
liquids. The first one is the definition of ad hoc Hamiltonians
that can be exactly solved to have a cartoon picture of the
exotic properties expected in generic systems (e.g., topological
degeneracy and fractional excitations).4,5 The second one is the
classification of different spin-liquid states according to hidden
symmetries (i.e., beyond the Ginzburg-Landau description);
examples may be given by the projective-symmetry group,6

tensor states,7 or cohomology.8–10 Finally, the third and
more pragmatic one is to perform numerical simulations on
Heisenberg or Hubbard models in order to gain evidence that
stable spin-liquid phases may indeed exist.11–16

In this Rapid Communication we take the latter point
of view and investigate the J1−J2 spin-half Heisenberg
model on the two-dimensional square lattice by systematically
improving accurate variational wave functions to obtain a
reliable estimate of the exact ground state, along with few
relevant low-energy states. This procedure allows us to extract
the spin gap and show that a gapless spin-liquid phase exists
in the highly frustrated regime.

The Heisenberg J1−J2 model is defined by

H = J1

∑

⟨i,j⟩
Si · Sj + J2

∑

⟨⟨i,j⟩⟩
Si · Sj , (1)

where Si = (Sx
i ,S

y
i ,Sz

i ) is the quantum spin operator on the
site i; ⟨· · ·⟩ and ⟨⟨· · ·⟩⟩ indicate nearest-neighbor and next-
nearest-neighbor sites. Here we focus on the case where

both super-exchange couplings are antiferromagnetic and
consider clusters with N = L × L sites and periodic boundary
conditions.

In the unfrustrated case with J2 = 0, it is well established
that the ground state has Néel long-range order, with a
staggered magnetization that is reduced from its classical
value, i.e., M ≃ 0.307.17,18 For large values of J2, the ground
state shows again a collinear magnetic order with pitch vector
Q = (π,0) or (0,π ). The intermediate regime, around the
strongest frustration point J2/J1 = 0.5, is the most debated
one, since the combined effect of frustration and quantum
fluctuations destroys antiferromagnetism and leads to a non-
magnetic ground state. The violation of the Marshall-sign rule
in the frustrated region is the key element to stabilize a quantum
spin liquid.11,19,20 However, the nature of this quantum phase
is still controversial. Since the pioneering works,21–24 it was
clear that the problem was terribly complicated: Many states
can be constructed with very similar energies but very different
physical properties, e.g., having dimer or plaquette valence-
bond order, or being totally disordered with short- or long-
range resonating-valence bond fluctuations. This is mainly due
to the fact that the nonmagnetic region of the J1−J2 model is
relatively small and several generalized susceptibilities may
be quite large,25 indicating that the ground state is on the verge
of various instabilities. In this context, there is a convincing
evidence that a third-nearest-neighbor coupling J3 may drive
the system into a valence-bond solid.26

Recent density-matrix renormalization group (DMRG) re-
sults sparked the desire of understanding the phase diagram of
the J1−J2 model, suggesting the existence of a true spin-liquid
phase.13 In particular, by considering cylindrical geometry,
results for the singlet and triplet gaps provided some evidence
for a fully gapped Z2 state in the region 0.41 " J2/J1 " 0.62,
without local broken symmetry. Moreover, the calculation of
the so-called topological entanglement entropy γ was found to
be consistent with the expected value of γ = ln(2) for a gapped
Z2 spin liquid. The most natural description of a fully gapped
state is given in terms of the Schwinger boson representation of
the spin operators.27 By performing a full optimization of the
many-body wave function on small sizes, we showed that this
kind of bosonic ansatz may qualitatively reproduce some of
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Pursuing fractionalized particles that do not bear properties of conventional measurable objects,
exemplified by bare particles in the vacuum such as electrons and elementary excitations such as magnons,
is a challenge in physics. Here we show that a machine-learning method for quantummany-body systems that
has achieved state-of-the-art accuracy reveals the existence of a quantum spin liquid (QSL) phase in the region
0.49≲ J2=J1 ≲ 0.54 convincingly in spin-1=2 frustrated Heisenberg model with the nearest and next-
nearest-neighbor exchanges, J1 and J2, respectively, on the square lattice. This is achieved by combining with
the cutting-edge computational schemes known as the correlation ratio and level spectroscopy methods to
mitigate the finite-size effects. The quantitative one-to-one correspondence between the correlations in the
ground state and the excitation spectra found in the present analyses enables the reliable identification and
estimation of the QSL and its nature. The spin excitation spectra containing both singlet and triplet gapless
Dirac-like dispersions signal the emergence of gapless fractionalized spin-1=2 Dirac-type spinons in the
distinctive QSL phase. Unexplored critical behavior with coexisting and dual power-law decays of Néel
antiferromagnetic and dimer correlations is revealed. The power-law decay exponents of the two correlations
differently vary with J2=J1 in the QSL phase and thus have different values except for a single point
satisfying the symmetry of the two correlations. The isomorph of excitations with the cuprate d-wave
superconductors revealed here implies a tight connection between the present QSL and superconductivity.
This achievement demonstrates that the quantum-state representation using machine-learning techniques,
which had mostly been limited to benchmarks, is a promising tool for investigating grand challenges in
quantum many-body physics.

DOI: 10.1103/PhysRevX.11.031034 Subject Areas: Computational Physics,
Interdisciplinary Physics, Magnetism

I. INTRODUCTION

Collective excitations such as magnons and phonons
consist of many elementary particles and provide us with
fundamental understanding beyond the noninteracting pic-
ture, where the spontaneous symmetry breaking and
associated Nambu-Goldstone bosons are required in many
cases. Fractionalization, on the other hand, offers another
route to realize emergent particles manifesting even in the
absence of the symmetry breaking and serves as one of the
central concepts in modern physics. The conventional

elementary particles themselves can often be viewed as a
bound state of more elementary objects, namely, the
fractionalized particles, and such exotic particles emerge
through the deconfinement. A prominent example of the
deconfinement occurs in quantum chromodynamics: The
proton and neutron that had been considered to be
elementary particles before have turned out each to be a
composite particle of three quarks with fractionalized
charges, though quarks are hardly detected in experiments
directly because of the confinement. In condensed matter,
though the electron is an elementary particle in the vacuum,
such deconfinement of electrons can be seen at low
energies in specific circumstances followed by the
ground-state structure of materials. Consequential emer-
gent fractionalized particles were discovered in examples of
polyacetylene soliton [1] and fractional quantum Hall states
[2]. The expectation would be that the emergent particles
arising from the fractionalization still have particle char-
acter as low-energy excitations distinct from the elementary
particles in the vacuum and the collective excitations in the
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gap vanishes at the four high-symmetry momenta. We find
only these four points as the gapless excitations suggesting
Dirac-type linear dispersion around these four points. To
corroborate the conclusion about the four Dirac-type
gapless points in the QSL phase, we have also calculated
the excitation energies at ðmπ=3; nπ=3Þ with m, n ¼ 0, 1,
2, 3 for 12 × 12 lattice (Fig. 17 in Appendix C). From the
limited momenta we studied, although other possibilities
such as the higher-order dispersion (e.g., quadratic band
touching) or tiny but extended gapless regions rather than
points are not excluded, the results in Fig. 17 also support
the Dirac-type nodal QSL.

C. Signature of fractionalization in quantum spin liquid

In the present QSL phase, one can expect an exotic
fractionalization of particles, where a charge-neutral spin-
1=2 excitation, called spinon, emerges. Although the
spinon excitation cannot be detected experimentally, the
evidence of the fractionalization can be detected as an
incoherent continuum in the dynamic spin structure factor
Ssðq;ωÞ (spin-1 excitation) [57], which is interpreted by
the two-particle (two-hole) or particle-hole excitation
continuum of the spinons. We here compute the weight
in Ssðq;ωÞ at q ¼ ðπ; 0Þ and ðπ; πÞ for the lowest triplet
excitation shown in Fig. 5. If the excitation were the
conventional magnon branch of a magnetic phase, the
weight would be the order 1. If the weight vanishes, most of
the weight lies in incoherent continuum at higher energies,
supporting the emergence of fractionalized spinons [57].
Figure 6(a) shows the weight of the lowest branch in

Ssðq;ωÞ for q ¼ ðπ; 0Þ and ðπ; πÞ. We indeed see that the
weight decreases as the system size increases. In particular,
the weight at q ¼ ðπ; 0Þ rapidly decreases to zero, which

means that the spectral weight is dominated by the
incoherent continuum. [We do not analyze the behavior
at q ¼ ðπ; πÞ in detail because of a numerical challenge due
to the proximity to AFM(Néel)-QSL phase boundary J2 ¼
JNéel2 ≈ 0.49 (see Supplemental note (3) in Appendix D)].
This is a strong evidence that the fractionalization indeed
occurs in the QSL phase of the J1-J2 Heisenberg model. As
we discuss in Sec. V, the dispersion of the emergent
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FIG. 6. (a) Weight of lowest branch in the dynamic spin structure factor for q ¼ ðπ; 0Þ and ðπ; πÞ for J2=J1 ¼ 0.5. At each q point, the
weight is normalized by the total spectral weight

R∞
0 dωSsðq;ωÞ. (b) Schematic picture for plausible spinon dispersion around gapless

points ð$π=2;$π=2Þ, illustrated both for particle (pink) and hole (green) sides above and below the spinon Fermi energy. Two examples
of two spinon excitations (two red and two black circles) are illustrated (see below). (c) The observable spin excitation is constructed
from the two spinon excitations, which generates the gapless points at ðπ; 0Þ, ð0; πÞ, (0,0), and ðπ; πÞ. For instance, the red circle with the
momentum around ð−π; 0Þ is constructed from the two spinon excitations shown as the small red circles with the momenta around
ð−π=2; π=2Þ and ð−π=2;−π=2Þ in (b). The black circle is another example of spin excitation originated from the two spinon excitations
shown as the small black circles in (b). Continuum incoherent spin excitations inside the cones are generated from the combinations of
the two spinon excitations on the pink or green cone surfaces in (b).
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FIG. 7. Real-space spin-spin (red dots) and dimer-dimer (green
squares) correlation functions, jCsðrÞj and jCdxðrÞj, respectively,
for the diagonal direction (rx ¼ ry) for 16 × 16 lattice at J2 ¼
0.5125 in the QSL phase. The solid and dashed lines are
proportional to the power-law decay CðrÞ ∝ ð1=jrjzþηÞ þP

n≠ð0;0Þ½ð1=jr − LnjzþηÞ − ð1=jLnjzþηÞ' with zþ η ¼ 1.52
(solid) and 1.62 (dashed), in which we consider the effect of
the periodic boundary condition [27]. The values of zþ η are
taken from the analysis in Fig. 9(c). The upturn at large jrj is due
to the periodicity of the lattice.
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the Néel-AFM and VBS orderings, we assume that the
critical points are at JNéel2 ¼ 0.49 and JVBS2 ¼ 0.54, respec-
tively (see the phase diagram in Fig. 1). The estimated
critical exponents zþ η and ν deduced from the finite-size
scaling are zþ η ¼ 1.410ð4Þ and ν ¼ 1.21ð5Þ for the Néel-
AFM order parameter and zþ η ¼ 1.436ð6Þ and ν ¼
0.67ð2Þ for the VBS order parameter, respectively [the
estimate does not depend significantly on the values of JNéel2

and JVBS2 (see Supplemental note (4) in Appendix D)].
These exponents do not belong to the known universality
class and suggest unconventional criticality.
Figures 9(a) and 9(b) show the size dependence of the

Néel-AFM and VBS order parameters, respectively. Solid
black curves are expected scaling curve m2 ∼ L−ðzþηÞ at the
critical points obtained by employing zþ η ¼ 1.410 and
1.436 for the Néel-AFM and VBS critical points,
respectively.

V. DISCUSSION

As is discussed in Sec. II, to settle the highly contro-
versial situation on the phase diagram, the calculations
need to fulfill three conditions: (1) systematic J2 depend-
ence survey, (2) high accuracy, and (3) reliable estimate of
the thermodynamic limit. The RBMþ PP data achieve the
state-of-the-art accuracy level both for ground state and
excited states, satisfying the condition (2). With the high
accuracy, we have performed a systematic investigation on
the J2 dependence both for ground-state and excited-state
properties [condition (1)]. For the condition (3), both the
correlation ratio and level spectroscopy have given con-
sistent results, supporting the conclusion of the QSL phase
in the region 0.49≲ J2=J1 ≲ 0.54. We do not find such
quantitative consistency before, and we became convinced
of the existence of the QSL phase only after finding their
consistency. Nevertheless, we note that, at a qualitative
level, an overall consensus on the existence of the QSL is
being formed among the best accurate methods
(Refs. [23,25] and ours) clarified in the benchmark shown
in Appendix B (note that Ref. [25] obtained essentially
vanishing order consistent with our finite QSL region,
though they considered alternative possibilities as well,
which was not settled within their analyses of the size
dependence of the order parameter correlation).
The spin excitation dispersion has been rarely studied in

the literature except for the studies obtained by assuming
a priori a variational form of Z2 nodal spin-liquid wave
function [60,61]. In Ref. [61], the spin cluster perturbation
method is also employed to draw the dispersion. Our
gapless structure lends support to these variational and
the spin cluster perturbation studies in qualitative features,
though our results have been obtained without such
assumptions and approximations. Together with the con-
sideration on the stability of the QSL phase [62] and the
reason discussed below, our unbiased analysis evidences

the QSL phase in the J1-J2 Heisenberg model characterized
by Z2 nodal QSL [rather than Uð1Þ QSL] with gapless
and fractionalized spin-1=2 spinon excitations at
ð%π=2;%π=2Þ, proposed in an earlier study [23] [we did
not exclude the possibility of Uð1Þ QSL just from the spin
excitation spectra because the Z2 and Uð1Þ QSL give very
similar Ssðq;ωÞ [62]].
The real spin excitations measurable in experiments must

be made of two-spinon excitations, and thus the singlet and
triplet gapless points are (0,0), ðπ; 0Þ, ð0; πÞ, and ðπ; πÞ
[Fig. 6(c)]. The gapless Dirac-type excitations in both
singlet and triplet sectors show an excellent consistency
with the dual critical nature of the VBS and Néel-AFM
correlations, decaying algebraically in the real space, in the
QSL phase (Sec. IV D).
The finite-size scaling analysis shown above suggests

that the value for critical exponent zþ η is about 1.4 for
both of the AFM-QSL and QSL-VBS critical points
(Fig. 8), which is suggestive of an emergent symmetry
between the spin-spin and dimer-dimer correlations, asso-
ciated with the Néel-AFM and VBS orders, respectively. If
the Uð1Þ QSL is realized as a phase, we will see the
emergent symmetry within the whole QSL region as the
critical phase [63,64]. However, the power-law exponent
zþ η seems to change in the QSL region: While it increases
as J2 increases for the spin-spin correlation, the dimer-
dimer correlation shows the opposite trend [Fig. 9(c)]. It
supports that the QSL with the emergent Uð1Þ symmetry is
absent for an extended J2 region and implies the extended
region of the Z2 QSL instead. From Fig. 9(c), Uð1Þ
symmetry is deduced to emerge at a single point
JUð1Þ
2 ≈ 0.52, where the values of zþ η for the spin-spin

and dimer-dimer correlations cross and coincide, and the Z2

QSL may have different characters between J2 > JUð1Þ
2 and

J2 < JUð1Þ
2 . It will be of great interest to investigate this

issue further in the future, especially by considering more
detailed system size dependence to further establish the
thermodynamic behavior.
Since the excitation structure is isomorphic with the

charge and spin excitations of the d-wave superconducting
state in the cuprate superconductors, it is suggestive of the
connection of the two; the superconducting state could be
borne out from the present QSL immediately when carriers
are doped. The present accurate estimate of the spinon
excitation, especially, incoherent nature of the spin exci-
tations with continuum, will provide us with insights into
the unsolved puzzles of the cuprate superconductors
including the incoherent transport and charge dynamics.

VI. SUMMARY

We have studied the 2D J1-J2 Heisenberg model using a
highly accurate machine-learning method, RBMþ PP. Our
achievements are summarized into the following points: the
quantitative estimate of the phase diagram, useful insights
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finite region of J2 around J2 ¼ 0.5. The phase transition
between VBS and stripe AFM at JV-S2 is of first order, which
is characterized by the kink in the ground-state energy,
while the other two transitions are continuous (Fig. 13 in
Appendix C). Below, we describe the procedure to deter-
mine the continuous phase transition points.

1. Phase boundary determined by correlation ratio

Results for the correlation ratios, RNéel and RVBS, are
shown in Figs. 2(a) and 2(b), respectively (see Figs. 14 and
15 in Appendix C for the raw data of correlation functions).
We see clear crossings of curves for three sizes at nearly the
same points at J2 ¼ JNéel2 ≈ 0.49 for RNéel and at J2 ¼
JVBS2 ≈ 0.54 for RVBS. This standard procedure strongly
supports that the two transitions associated with the Néel-
AFM and VBS ordering take place at the different points
close to these system-size-independent crossings. It sup-
ports the existence of an intermediate phase without any
long-range ordering, i.e., QSL phase in the range 0.49≲
J2 ≲ 0.54 (see Appendix C 3 for the discussion of the
system-size dependence of the crossing points).

2. Phase boundary determined by level spectroscopy

The level spectroscopy method was applied to the 2D
J1-J2 Heisenberg model before [32]. Wang and Sandvik
interpreted the crossing between the lowest singlet and
triplet excitations as the VBS-order boundary, following
Ref. [54]. In addition, they found the singlet-quintuplet
crossing and interpreted it as a signal of the disappearance
of the AFM long-range order, because the transition from
the AFM long-range order to quasi-long-range order in
one-dimensional Heisenberg model with long-range inter-
action shows a similar behavior [32,55]. These two cross-
ings extrapolated to L → ∞ limit gave different J2 values:
J2 ¼ 0.463ð2Þ and J2 ¼ 0.519ð2Þ for the singlet-quintuplet
and singlet-triplet crossings, respectively.
To critically cross-check the consistency with the above

correlation ratio result, we also reexamine the level spec-
troscopy analysis as a complementary check. We here enjoy
the advantage of the momentum resolution in addition
(contrary to Ref. [32]). Figure 3 shows J2 dependence of
the excitation energies Δ for sizes 12 × 12 [Fig. 3(a)] and
16 × 16 [Fig. 3(b)] at high-symmetry momenta. The singlet-
quintuplet and singlet-triplet crossings signaling the
AFM-QSL and QSL-VBS transitions, respectively, are
highlighted by arrows. The size extrapolation of the crossing
points is shown in Fig. 4(a). We use L−2 scaling as in
Refs. [32,54]. The extrapolated thermodynamic values are
J2 ¼ 0.493ð2Þ and J2 ¼ 0.532ð2Þ for the singlet-quintuplet
and singlet-triplet crossings, respectively. The values are
close to those of Ref. [32] above. Quantitative differences
may well be ascribed to the smaller system sizes calculated
in Ref. [32] than ours. As for the singlet-triplet crossing, our
result is also consistent with a more recent estimate by
the variational Monte Carlo (VMC) method, which gives
J2 ¼ 0.542ð2Þ [56].
More importantly, our phase boundary estimated by the

level spectroscopy has a striking quantitative agreement
with the correlation ratio result described above. It is of
great significance to see the one-to-one correspondence
between the ground-state phases and the excitation struc-
tures. We then safely conclude that a finite QSL region
around J2 ¼ 0.5 emerges (see Supplemental note (1) in
Appendix D for additional noteworthy features found in the
level spectroscopy).
Figure 4(b) further shows the size dependence of the

excitation gap Δ at the crossing points. Δ × L seems to
converge at a finite value as L → ∞ for both crossings.
Therefore, the two critical points corresponding to AFM-
QSL and QSL-VBS transitions become gapless in the
thermodynamic limit with the scaling Δ ∝ 1=L.

B. Excitation spectrum in quantum spin liquid phase

As we see in Fig. 4(b), the singlet excitation with K ¼
ðπ; 0Þ and ð0; πÞ becomes gapless at both AFM-QSL and
QSL-VBS critical points, implying that it is gapless
through the QSL region sandwiched by these two critical

Spin
Liquid

VBS
valence bond solid
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continuous continuous first order 
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FIG. 1. Ground-state phase diagram of square-lattice J1-J2
Heisenberg model (J1 ¼ 1) obtained by the RBMþ PP method.
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FIG. 2. System-size dependence of correlation ratio for
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tively. In (a), the 18 × 18 data are added to reinforce the result.
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EXACT GROUND STATE OF A QUANTUM MECHANICAL ANTIFERROMAGNET 

B. Sriram Shastry and B i l l  Sutherland 
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We present some exact results for  the ground state of a quantum mechanical ant i fer ro-  
magnetic model in the two dimensions with next-nearest neighbor interact ions. 

We have found some exact results for the 
ground state(s) of an anisotropic quantum spin 
Heisenberg-Hamiltonian with next neighbor in- 
teractions in two and three dimensions. For 
c l a r i t y  we present the two dimensional case in 
detai l  and postpone the three dimensional 
results to a Forthcoming paper. We consider a 
two dimensional l a t t i c e  (Fig. 1) where each 
dashed l ine represents a bond with strength 2a" 
and each nearest neighbor bond has strength 
unity. The Hamiltonian is 

z 
H = ~ h + 2a ~ h - h ~ S (1) 

<ij> i j  <¢m> ~m i i 

where <ij> represents a sum over a l l  nearest 
neighbors and <~m> represents a sum over the 
diagonal bonds. Also 

z z x x YS y h = J S S + J S S + J S (2) 
ab z a  b x a  b y a  b 

We r e s t r i c t  our at tent ion to the non- t r iv la l  
case Jx,Jv,Jz ) O. This model resembles the 
triangula~ l a t t i c e  Heisenberg antiferromagnet, 
which has been studied extensively in recent 
l i t e ra tu re ,  [1,2,3J in that the Ising l i m i t  
exhibi ts f rus t ra t ion [4] .  I t  is our hope that 
the exact solution sheds l i gh t  on the interplay 
between quantum effects and spinglass order- 
ing [5 ] .  

A. QUANTUM CASE Our solution is inspired by 
the surprising solution of Majumdar's, [6] for  
a l inear  chain Heisenberg antiferromagnet with 
a nearest and next nearest neighbor coupling 
which is half  as strong as the f i r s t .  We f i r s t  
observe that the state 

I~> = . [~,m] (3) 
< zm> 

is an eigenstate of the Hamiltonian Eq. (1) with 
eigenvalue 

E /N = W z - a~S(S  + 1)[J + J + J ] (4) 
o 3 x y z 

(We use the notation [~,m] for  a s inglet  combin- 
ation of the spins ~ and m.) This is seen most 
readi ly by using the ident i ty  s ia (s l  ~ + Sk ~) 
x [ j , k ]  = O and hence the f i r s t  term in Eq. (3) 
annihilates I~>. We fur ther show that E o 

saturates a lower bound to the ground state 
energy for suitable values of the parameters 
and hence I~> is the rigorous ground state. 
We wr i te  H = ~t ht, where the sum is over 
the N t r iag les  (each diagonal bond supports 
two t r iangles) .  Each t r iangular  Hamiltonian 
has the form 

h h + h + a h h (S z z = - _ + S ) (5) 
t i¢ i ~ ~m 2 ~ m 

Hence a use of the var iat ional  pr inc ip le  implies 
E o ) N e t where e t is the ground state energy of 
Eq. (5). We have shown that e t equals W and 
hence I~> is the ground state of H, provided 

) ab, where ~b is: (a) l + h/Jz for s = I /2 
and for  arb i t rary  Jx, Jv and Jz" TFor the 
isotropic case we have ~ better bound 
~b = l + h/2J.) (b) 1 + s + h/2J for  s ) I 
in the isotropic l i m i t  (Jx = Jy = Jz = J)- 

The nature of ground state correlat ions in 
I~> is seen to be l iqu id  l i ke ,  with only short 
ranged order and hence we have termed i t  the 
"quantum spin l iqu id "  phase (Q.S.L.). This wave 
function is of the type suggested by Anderson 
[1] and is fami l ia r  from valence bond theory in 
chemistry. For a smaller than the bounding 
value ab, we have not succeeded in 
solving the model exactly. However, we can 
show that the character of the ground state 
must change at some value of ~ between ~b and 
2s/(2s + 1) since at the l a t t e r  value, the N~l  
(Ising) state provides a better upper bound to 
the ground state energy. 

B. ISING LIMIT We have studied the ground 
state degeneracy of the Hamiltonian in the 
Ising l i m i t  Jx = Jy = 0 and h = 0 for s = 1/2. 
I t  is readi ly established that for  ~ < 1, the 
ground state entropy is 0(1) whereas for a ) 1, 
i t  is of O(N). The case ~ > 1 is quite simple 
since in th is case the only constraint is that 
spins at the ends of a diagonal bond must be 
an t i pa ra l l e l .  The entropy then is S = k B 
N(0.3466). The case a = 1 is much more complex, 
since in th is case, more configurations are 
allowed than for ~ > 1. We have established 
that the case ~ = 1 can be mapped on to a 10 
vertex model containing N/2 sites with two 
sublatt ices, which is a generalization of the 
ice problem solved by Lieb [7 ] .  We have 
obtained a rigorous lower bound to the entropy 
s ~ k B N(.4812) by using a braiding technique. 
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Quantum criticality and spin liquid phase in the Shastry-Sutherland model
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Using the density-matrix renormalization group method for the ground state and excitations of the Shastry-
Sutherland spin model, we demonstrate the existence of a narrow quantum spin liquid phase between the
previously known plaquette-singlet and antiferromagnetic states. Our conclusions are based on the finite-size
scaling of excited level crossings and order parameters. Together with previous results on candidate models for
deconfined quantum criticality and spin liquid phases, our results point to a unified quantum phase diagram
where the deconfined quantum-critical point separates a line of first-order transitions and a gapless spin liquid
phase. The frustrated Shastry-Sutherland model is close to the critical point but slightly inside the spin liquid
phase, while previously studied unfrustrated models cross the first-order line. We also argue that recent heat
capacity measurements in SrCu2(BO3)2 show evidence of the proposed spin liquid at pressures between 2.6 and
3 GPa.

DOI: 10.1103/PhysRevB.105.L060409

The quasi-two-dimensional (2D) S = 1/2 quantum magnet
SrCu2(BO3)2 [1–3] has emerged [4–9] as the most promising
realization of a deconfined quantum-critical point (DQCP)
[10–12], where a state spontaneously forming a singlet pattern
meets an antiferromagnetic (AFM) state in a phase transi-
tion associated with fractionalized excitations (spinons). The
intralayer interactions of the Cu spins correspond to the
Shastry-Sutherland (SS) model [13], with highly frustrated
AFM interdimer (J) and intradimer (J ′) Heisenberg couplings.
The SS model has three known ground states versus g = J/J ′:
a dimer singlet (DS) state for small g [13], a Néel AFM state
for large g, and a twofold degenerate plaquette-singlet (PS)
state for g ∈ [0.68, 0.77] [3,6,14,15].

At ambient pressure SrCu2(BO3)2 is in the DS phase [1,2]
but the other SS phases have been anticipated under high
pressure [16]. Recent heat capacity [7,8], neutron scattering
[4], and Raman [9] experiments have indeed confirmed some
variant [17,18] of the PS phase (from 1.7 to 2.5 GPa at tem-
peratures T < 2 K) and an AFM phase (between 3 and 4 GPa
below 4 K). A direct PS-AFM transition may then be expected
between 2.6 and 3 GPa [19] at temperatures not yet reached.

Here, we show that the above picture is incomplete. Using
the density-matrix renormalization group (DMRG) method
[20], we study the ground state and low-lying excitations
of the SS model. Based on the lattice-size dependence of
the level spectrum and order parameters, we conclude that a
narrow gapless spin liquid (SL) phase intervenes between the
PS and AFM phases. In light of this finding, the absence of

*sandvik@bu.edu
†lingwangqs@zju.edu.cn

signs of any phase transition between 2.6 and 3 GPA [7,8]
opens the intriguing prospect of an SL phase in SrCu2(BO3)2.

DMRG calculations. The SS model with AFM couplings J
between first neighbor spins ⟨i j⟩ and J ′ on a subset of second
neighbors ⟨i j⟩′ is illustrated in Fig. 1. The Hamiltonian is [13]

H = J
∑

⟨i j⟩
Si · S j + J ′

∑

⟨i j⟩′
Si · S j, (1)

here on Lx × Ly cylinders [21,22] with open and periodic
boundaries in the x and y direction, respectively, and L ≡
Ly = 2n, Lx = 2L. In this geometry, the model has a preferred
singlet pattern which minimizes the boundary energy in the PS
phase; thus the twofold degeneracy is broken and the ground
state is unique, as illustrated in Fig. 1.

We have developed efficient procedures for calculating not
only the ground state with full SU(2) symmetry [23,24], but
also successively generating excited states by orthogonalizing
to previous states [25–27]. Imposing stringent convergence
criteria for a given Schmidt number m, we have reached suffi-
ciently large m for reliably extrapolating to discarded weight
ϵm = 0 (see Supplemental Material [28]) for L up to 10, 12,
or 14 depending on quantity (energies and order parameters).
Any remaining errors in the results are small on the scale of
the graph symbols in the figures presented below.

We focus on the window g ∈ [0.7, 0.9], which straddles the
PS and AFM phases. The ground state of the system is always
a singlet, and we analyze the gaps "(S) to the lowest excited
singlet (S = 0), triplet (S = 1), and quintuplet (S = 2). Finite-
size crossings of excited levels with different spin are often
used indicators of quantum phase transitions in spin chains
[29–32], and this method was also applied to the 2D J-Q [33]
and J1-J2 [26,34,35] Heisenberg models. We here use level
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We study the spin-1/2 two-dimensional Shastry–Sutherland spin model by exact diagonalization of clusters with

periodic boundary conditions, developing an improved level spectroscopic technique using energy gaps between

states with di↵erent quantum numbers. The crossing points of some of the relative (composite) gaps have much

weaker finite-size drifts than the normally used gaps defined only with respect to the ground state, thus allowing

precise determination of quantum critical points even with small clusters. Our results support the picture of a

spin liquid phase intervening between the well-known plaquette-singlet and antiferromagnetic ground states, with

phase boundaries in almost perfect agreement with a recent density matrix renormalization group study, where

much larger cylindrical lattices were used [J. Yang et al., Phys. Rev. B 105, L060409 (2022)]. The method of

using composite low-energy gaps to reduce scaling corrections has potentially broad applications in numerical

studies of quantum critical phenomena.

DOI: 10.1088/0256-307X/39/7/077502

Quantum spin liquids (QSLs)[1] are some of the
most intriguing phases of two-dimensional (2D) quan-
tum matter, yet they have been experimentally elu-
sive. The kagome Heisenberg antiferromagnet and
the Kitaev honeycomb model are among the most
well studied examples. The former hosts a QSL
ground state whose nature was debated for years[2]

but now is largely settled as a gapless variant.[3,4] The
latter has exactly solvable gapped and gapless QSL
phases.[5] Both models have attracted enormous at-
tention because of their possible experimental real-
izations in layered quantum magnets.[6�8] Recent ex-
periments support gapless QSLs in both kagome[9,10]

and honeycomb systems.[11,12] Here it should be noted
that various defects and disorder can drastically in-
fluence gapless excitations and drive quantum mag-
nets to randomness-dominated quantum states com-
pletely di↵erent from the conjectured pristine gapless
QSLs.[13�15] Experimentally, it is often di�cult to dis-
tinguish between these states, as exemplified by con-
tradictory studies of triangular-lattice systems[16�18]

Another prominent quasi-2D frustrated quantum
magnet is SrCu2(BO3)2 (SCBO),[19�26] whose in-
plane copper magnetic exchange and super-exchange
integrals realize the inter-dimer (J) and intra-dimer
(J 0) interactions of the spin-1/2 Shastry–Sutherland
model (SSM),[27] as illustrated in Fig. 1(a). Under in-

creasing hydrostatic pressure, the ratio g ⌘ J/J
0 in-

creases, and the material undergoes transitions among
the three well established ground state phases of the
SSM, i.e., the dimer singlet (DS) phase, a plaquette-
singlet solid (PSS) phase, and an antiferromagnetic
(AFM) phase.[19�26]

J1

J3

J J4

J5 J5
J6

J4

J3

J2

J

J2

J1

'

(a) (b)

Fig. 1. Illustration of the spin-1/2 models studied here.
(a) The SSM, with blue and red lines indicating the
Heisenberg AFM interactions J and J 0, respectively. (b)
Heisenberg spin chain with long-range interactions, with
all couplings of one spin (top of the ring) to all the other
spins marked according to the type of coupling. The blue
solid and dashed lines mark unfrustrated AFM (odd dis-
tances) and ferromagnetic (even distances) couplings, re-
spectively, and the red lines show the frustrated AFM J2
interactions.

Until recently, SCBO was not widely considered
as a candidate for a QSL phase; instead the putative
deconfined quantum critical point (DQCP) separating
the PSS and AFM phases was the focus of theoreti-
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The Shastry-Sutherland (SS) model as a canonical example of frustrated magnetism has been extensively stud-
ied. The conventional wisdom has been that the transition from the plaquette valence bond order to the Neel order
is direct and potentially realizes a deconfined quantum critical point beyond the Ginzburg-Landau paradigm. This
scenario, however, was challenged recently by improved numerics from density matrix renormalization group
which offers evidence for a narrow gapless spin liquid between the two phases. Prompted by this controversy and
to shed light on this intricate parameter regime from a fresh perspective, we report high-resolution functional
renormalization group analysis of the generalized SS model. The flows of over 50 million running couplings
provide a detailed picture for the evolution of spin correlations as the frequency/energy scale is dialed from the
ultraviolet to the infrared to yield the zero-temperature phase diagram. The singlet dimer phase emerges as a
fixed point, the Neel order is characterized by divergence in the vertex function, while the transition into and
out of the plaquette order is accompanied by pronounced peaks in the plaquette susceptibility. The plaquette
order is suppressed before the onset of the Neel order, lending evidence for a finite spin liquid region for
J1/J2 ∈ (0.77, 0.82), where the flow is continuous without any indication of divergence.

DOI: 10.1103/PhysRevB.105.L041115

Forty years after the introduction of the Shastry-Sutherland
(SS) model [1], its ground-state phase diagram remains in-
conclusive. The model describes quantum spins on the square
lattice with competing antiferromagnetic exchange interac-
tions, J1 for the horizontal/vertical bonds and J2 for the
decimated diagonal bonds connecting the empty plaquettes;
see Fig. 1. Owing to the frustration, the model has long been
suspected to host exotic ground states and phase transitions. A
large body of theoretical works has established the existence
of three phases, see, e.g., Ref. [2] and Refs. [3,4] for a synop-
sis of earlier and recent results, respectively. The J1 < J2/2
limit is exactly solvable and the ground state is a product
state of diagonal dimers (spin singlets). For intermediate value
of J1/J2, the ground state is a plaquette valence bond solid,
while Neel order takes over for large J1/J2. The most in-
teresting, and controversial, question regards the nature of
the plaquette-to-Neel (pN) transition: Is it conventional, a
deconfined quantum critical point, or through an additional
spin liquid phase?

Remarkably, the SS model has an almost ideal realiza-
tion in SrCu2(BO3)2 crystals, where phase transitions can be
induced by tuning the hydrostatic pressure [5,6]. Inelastic neu-
tron scattering found signatures of the plaquette phase [7], and
heat-capacity measurements confirmed the dimer-to-plaquette
transition [8,9]. Yet a direct pN transition was not observed
in the anticipated pressure range. These experiments renewed
the effort to examine this intriguing region using the state-of-
the-art numerical techniques. Earlier tensor network (iPEPS)

*ahmetkeles99@gmail.com

calculations confirmed the plaquette phase within the re-
gion J1/J2 ∈ [0.675, 0.765] [10–14] and a weak first-order
pN transition. A recent density matrix renormalization group
(DMRG) study [3] with cylinders of circumference up to 10
sites yielded similar phase boundary J1/J2 ∈ [0.675, 0.77] but
a continuous pN transition with spin correlations supporting
a deconfined quantum critical point. Another DMRG using
cylinder circumference up to 14 sites concludes that a spin
liquid phase exists in the window J1/J2 ∈ [0.79, 0.82] be-
tween the plaquette and the Neel phase [4]. A core difficulty
in reaching a consensus is attributed to the near degeneracy of
the competing orders in this region. The finite-size limitation
of DMRG means that the ground state can only be inferred by
extrapolation via careful finite-size scaling analysis.

The size restriction prompts us to adopt an alternative
approach diametrically opposed to exact diagonalization or
DMRG on finite systems. The algorithm directly accesses
the infrared and thermodynamic limit while treating all com-
peting orders on equal footing without bias. It starts from
the microscopic spin Hamiltonian and successively integrates
out the higher frequency fluctuations with full spatial (or
equivalently momentum) resolution retained at each step. The
scale-dependent effective couplings and correlation functions
are obtained by numerically solving the functional renormal-
ization group (FRG) flow equations [15–17]. As the frequency
scale ! slides from J1,2 down to zero, the zero-temperature
phase diagram is determined. Such FRG approach to quan-
tum spin systems, first established in 2010 [18], has yielded
insights for many frustrated spin models. But its application
to the SS model has not been successful, perhaps due to two
reasons. First, in contrast to the Neel order, the dimer or the
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Understanding quantum magnetism in two-dimensional systems represents a lively branch in modern
condensed-matter physics. In the presence of competing superexchange couplings, magnetic order is frustrated
and can be suppressed down to zero temperature. Still, capturing the correct nature of the exact ground state
is a highly complicated task, since energy gaps in the spectrum may be very small and states with different
physical properties may have competing energies. Here, we introduce a variational ansatz for two-dimensional
frustrated magnets by leveraging the power of representation learning. The key idea is to use a particular deep
neural network with real-valued parameters, a so-called transformer, to map physical spin configurations into a
high-dimensional feature space. Within this abstract space, the determination of the ground-state properties is
simplified and requires only a shallow output layer with complex-valued parameters. We illustrate the efficacy
of this variational ansatz by studying the ground-state phase diagram of the Shastry-Sutherland model, which
captures the low-temperature behavior of SrCu2(BO3)2 with its intriguing properties. With highly accurate
numerical simulations, we provide strong evidence for the stabilization of a spin liquid between the plaquette
and antiferromagnetic phases. In addition, a direct calculation of the triplet excitation at the ! point provides
compelling evidence for a gapless spin liquid. Our findings underscore the potential of neural-network quantum
states as a valuable tool for probing uncharted phases of matter, and open up new possibilities for establishing
the properties of many-body systems.

DOI: 10.1103/PhysRevB.111.134411

I. INTRODUCTION

Since the discovery of the fractional quantum Hall effect
[1] and its description by the Laughlin wave function [2],
growing interest has developed around unconventional phases
of matter, i.e., the ones that escape perturbative or mean-field
approaches. In this sense, the hunt for spin liquids is of funda-
mental importance in Mott insulators, where localized spins
determine the low-temperature properties. On geometrically
frustrated lattices, it is not possible to minimize simultane-
ously all the interactions among the spins and, therefore,
magnetic order could be suppressed, even at zero tempera-
ture. In this case, spins are highly entangled and the resulting
ground-state wave function shows unconventional properties
[3]. However, most of the theoretical models that have been
proposed to support quantum spin liquids are still unresolved,
and their phase diagrams are not well established except for
specific points (that usually give trivial states). One notable
exception is given by the Kitaev model on the honeycomb
lattice [4], which provides a formidable example for gapless
and gapped spin liquids. On the experimental side, there has
been great development in the search for materials that might
be able to support these exotic phases of matter. One promis-
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ing example is given by the so-called Herbertsmithite, which
may realize a spin liquid at low temperatures [5]. Among the
variety of quantum spin models, the one introduced by Shastry
and Sutherland [6] deserves particular attention since it gives
an example in which the magnetic order can be melted by
tuning the superexchange interactions, leading to a particu-
larly simple ground-state wave function, where nearby spins
form singlets. Most importantly, this Hamiltonian captures the
low-temperature properties of SrCu2(BO3)2 [7,8].

The main interest in this material comes from its
properties when external magnetic fields are applied. In-
deed, a complicated magnetization curve is observed, with
various magnetization plateaus (most notably at magneti-
zation 1/8) that show intriguing properties [7,9–11]. The
Shastry-Sutherland model is defined by

Ĥ = J
∑

〈r,r′〉
Ŝr · Ŝr′ + J ′

∑

〈〈r,r′〉〉
Ŝr · Ŝr′ , (1)

where Ŝr is the S = 1/2 operator on the site r of a L × L
square lattice, with periodic boundary conditions. Here, the
first sum goes over nearest-neighbor sites on the square lattice,
while the second sum is over next-nearest-neighbor sites on
orthogonal dimers, according to the bond pattern of Fig. 1.
For a detailed description of the lattice structure, including its
symmetries, see Appendix A.

The ground-state properties of the Shastry-Sutherland
model are well-known in two limiting cases. When J = 0,
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Quantum spin liquid phase in the Shastry-Sutherland model revealed by
high-precision infinite projected entangled-pair states
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The Shastry-Sutherland model is an e!ective model of the layered material SrCu2(BO3)2, which
exhibits an extremely rich phase diagram as a function of pressure and magnetic field. Motivated
by the recent controversy regarding its phase diagram at zero magnetic field, we perform large-scale
simulations based on infinite projected entangled-pair states (iPEPS), a two-dimensional tensor
network ansatz to represent the ground state directly in the thermodynamic limit. By employing
the latest optimization techniques, we obtain variational states with lower energy than previous
results obtained from other methods. Using systematic extrapolations to the exact infinite bond
dimension limit, our simulations reveal a narrow quantum spin liquid phase between the plaquette
and antiferromagnetic phases in the range 0.785(5) → J →/J → 0.82(1).

Introduction.– The frustrated compound SrCu2(BO3)2
is arguably one of the most fascinating quantum mate-
rials. It exhibits extremely rich physics when subjected
to pressure and a magnetic field, including an intrigu-
ing sequence of magnetization plateaus [1–11], spin su-
persolid phases [9, 10], topological excitations [12, 13],
a critical point at finite temperature [14], and a prox-
imate deconfined quantum critical point (DQCP) [15].
As a function of pressure, experiments have identified a
phase transition between a dimer phase and a plaquette
phase [14, 16–21], followed by an antiferromagnetic (AF)
phase at higher pressure [14, 15, 18, 21] with the pos-
sibility of a narrow quantum spin liquid or a DQCP in
between [15].

Many of the properties of the compound are remark-
ably well captured by the Shastry-Sutherland model, [1,
22–31] a frustrated S = 1/2 spin model on an orthogonal
dimer lattice, given by the Hamiltonian

H = J

∑

→i,j↑

Si · Sj + J
↓
∑

→→i,j↑↑

Si · Sj (1)

with J and J
↓ the intra- and interdimer coupling

strength, respectively. For small values of J
↓
/J the

ground state is an exact product of dimer singlets [22].
In the J

↓
/J → ↑ limit, the model reduces to the square

lattice Heisenberg model with an AF ground state. For
intermediate J

↓
/J a valence-bond solid phase is realized,

with strong bonds forming around plaquettes [32–35].
An early infinite projected entangled-pair state (iPEPS)
study [35] identified the range of the plaquette phase to
be 0.675(2) < J

↓
/J < 0.765(15), with transitions being

strongly and weakly first order, respectively.
More recently, there have been new predictions regard-

ing the location and nature of the second transition. A
narrow quantum spin liquid phase between plaquette and
AF phase was predicted using the density matrix renor-
malization group (DMRG) on cylinders [36, 37], a pseud-
ofermion functional renormalization group approach [38],

QSL AFDimer Plaquette
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0.785(5)

FIG. 1. Phase diagram of the Shastry-Sutherland model ob-
tained with iPEPS. A narrow quantum spin liquid (QSL)
phase is found between the plaquette and antiferromagnetic
phases. The thickness of a bond is proportional to the nega-
tive bond energy, and dashed lines indicate bonds with posi-
tive energies.

neural-network quantum states (NQS) [39], and varia-
tional Monte Carlo (VMC) [40]. Other DMRG [41] and
iPEPS [42] studies found a weak first-order transition
at a slightly higher value of J

↓
/J . Finally, a DQCP

was predicted in Ref. [43] based on field theory and in-
finite DMRG results, and in Ref. [44] based on varia-
tional Monte Carlo (VMC) combined with finite PEPS
(VMC-PEPS). Thus, a consensus on the phase diagram
is still lacking, highlighting the need for additional high-
precision data.

In this Letter, we revisit the SSM using large-scale
iPEPS simulations to resolve the controversial phase dia-
gram. By leveraging the latest methodological advances,
including more accurate and e!cient optimization and
systematic extrapolation techniques, we can simulate the
model with unprecedented accuracy directly in the ther-
modynamic limit. Our results uncover a QSL phase
within a narrow window 0.785(5) < J

↓
/J < 0.82(1) be-

tween the plaquette and AF phases, as summarized in
Fig. 1. Our findings are consistent with the predictions
from DMRG [36, 37] and NQS [39] based on finite-size
data. Besides this, we demonstrate that iPEPS achieves
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Transformer Wave Function for the Shastry-Sutherland Model:
emergence of a Spin-Liquid Phase
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Quantum magnetism in two-dimensional systems represents a lively branch of modern condensed-
matter physics. In the presence of competing super-exchange couplings, magnetic order is frustrated
and can be suppressed down to zero temperature, leading to exotic ground states. The Shastry-
Sutherland model, describing S = 1/2 degrees of freedom interacting in a two-dimensional lattice,
portrays a simple example of highly-frustrated magnetism, capturing the low-temperature behavior
of SrCu2(BO3)2 with its intriguing properties. Here, we investigate this problem by using a Vision
Transformer to define an extremely accurate variational wave function. From a technical side, a
pivotal achievement relies on using a deep neural network with real-valued parameters, parametrized
with a Transformer, to map physical spin configurations into a high-dimensional feature space.
Within this abstract space, the determination of the ground-state properties is simplified, requiring
only a single output layer with complex-valued parameters. From the physical side, we supply
strong evidence for the stabilization of a spin-liquid between the plaquette and antiferromagnetic
phases. Our findings underscore the potential of Neural-Network Quantum States as a valuable
tool for probing uncharted phases of matter, opening opportunities to establish the properties of
many-body systems.

I. INTRODUCTION

Since the discovery of fractional quantum Hall e↵ect [1]
and its beautiful description by the Laughlin wave func-
tion [2], a growing interest has developed around uncon-
ventional phases of matter, i.e., the ones that escape
perturbative or mean-field approaches. In this sense,
the hunt for spin liquids is of fundamental importance
in Mott insulators, where localized spins determine the
low-temperature properties. On geometrically frustrated
lattices, it is not possible to minimize simultaneously all
the interactions among the spins and, therefore, mag-
netic order could be suppressed, even at zero tempera-
ture. In this case, spins are highly entangled and the re-
sulting ground-state wave function shows unconventional
properties [3]. However, most of the theoretical models
that have been proposed to support quantum spin liq-
uids are still unresolved, and their phase diagrams are
not well established except for specific points (that usu-
ally give trivial states). One notable exception is given
by the Kitaev model on the honeycomb lattice [4], which
provides a formidable example for gapless and gapped
spin liquids. On the experimental side, there has been
great development in the search for materials that might
be able to support these exotic phases of matter. One
promising example is given by the so-called Herbert-
smithite, which may realize a (gapped or even gapless)
spin liquid at low temperatures [5]. Among the variety
of quantum spin models, the one introduced by Shastry
and Sutherland [6] deserves particular attention since it

⇤ These authors contributed equally.

gives an example in which the magnetic order can be
melted by tuning the super-exchange interactions, lead-
ing to a particularly simple ground-state wave function,
where nearby spins form singlets. Most importantly, this
Hamiltonian captures the low-temperature properties of
SrCu2(BO3)2 [7, 8].

FIG. 1. The ground-state phase diagram of the Shastry-
Sutherland model as obtained in this work. The super-
exchange J (J 0) is denoted by solid (dashed) lines.

The main interest in this material comes from its prop-
erties when external magnetic fields are applied. Indeed,
a complicated magnetization curve is observed, with var-
ious magnetization plateaus (most notably at magnetiza-
tion 1/8) that show intriguing properties [7, 9–11]. The
Shastry-Sutherland model is defined by

Ĥ = J
X

hR,R0i

ŜR · ŜR0 + J 0
X

hhR,R0ii

ŜR · ŜR0 (1)

where ŜR is the S = 1/2 operator on the site R = (x, y).
Here, the first sum goes over nearest-neighbor sites on
the square lattice, while the second sum is over next-
nearest-neighbor sites on orthogonal dimers, according
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Spinons in a new Shastry-Sutherland lattice magnet Pr2Ga2BeO7 
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Figure 2  Low-temperature thermal conductivity of Pr2Ga2BeO7 single crystals with heat 

current along the a or c axis. a, Temperature dependence of κa at zero field and 14 T magnetic 

field applied along either the c or a axis. b, κa/T plotted as a function T at T < 0.3 K. The solid lines 

are the fittings to the low-temperature data by using the formula κ/T =a + bT, where a=κ0/T. c, 

Temperature dependence of κc at zero field and 14 T magnetic field applied either along or 

perpendicular to the c axis. d, κc/T plotted as a function T at T < 0.3 K. The solid lines are the 

fittings to the low-temperature data by using the formula κ/T = a + bT, where a=κ0/T. 
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Figure 3  Magnetic susceptibility and specific heat of Pr2Ga2BeO7 single crystal. a, 

Temperature dependence of the inverse magnetic susceptibility with magnetic field (B = 0.1 T) 

along the c or a axis. The inset enlarges the low temperature range and the red lines indicate the 

CW fitting at the selected temperature range. b, Specific heat of Pr2Ga2BeO7 single crystal. Also 

shown are the data for nonmagnetic La2Ga2BeO7 polycrystal, which can be taken as the phononic 

term of specific heat in Pr2Ga2BeO7. Note that at low temperatures (T < 4 K) the phononic specific 

heat is negligible in Pr2Ga2BeO7, since it further decays in a T3 way. The dashed line indicates the 

T2 dependence at very low temperatures. 
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Figure 6  Ground state of Pr-based SSM. a, Sketch of the single-ion crystal field levels obtained 

from the point-charge model, the ground-state manifold contains a quasi-degenerate non-Kramers 

doublet which are well separated from other high-energy levels. b, Sketched phase diagram of the 

XXZ SSM. The plaquette (PL) to AFM transition is close to a DQCP in the Heisenberg case ( = 

1). A gapless QSL is stabilized between the PL and AFM ground states by increasing the spin 

anisotropy . 
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Figure 5 Single-crystal inelastic neutron scattering results for Pr2Ga2BeO7. a, Elastic 

magnetic scattering in the 0KL plane, the black dashed lines represent the Brillouin zone 

boundaries. The grey hollow circles represent high symmetry points R1, Z1, R2, X1, R3, Z2, Γ1 and 

Γ2 marked in (a). b and c, Spin-excitation spectra along high symmetry momentum directions R1-

Z1-R2-X1-R3 and Z2-Γ1-X1-Γ2, respectively. 
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Specific heat: 

 
Supplementary Figure S3 Low-temperature specific heat of Pr2Ga2BeO7 single crystals under 

different magnetic fields along the a axis (a) and c axis (b). The dashed lines indicate the T2 

dependence. The insets show the C/T vs T plots for the low-temperature data of these two samples 

at zero field. The small but finite zero-temperature intercepts of the linear fitting (red lines) confirm 

the existence of residual density of states. 

 

Figure S3 shows the low-temperature specific heat of Pr2Ga2BeO7 single crystal at various 

magnetic fields along the a axis. The external magnetic field can significantly suppress the specific 

heat below 10 K, indicating the predominately magnetic contribution at low temperatures. 
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Parton representation of spin operators
• Enable mean-field treatment of the spin Hamiltonian 
• Acquire extra symmetries to allow distinguishing QSLs 
• True low-energy excitations are fermionic spinons
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S2 =
3

4
n(2→ n)
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Mean-field approximation
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†
j,↑fi,↑) +!ij(f
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Spin-rotation invariant Hamiltonian

The “parent” state
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F I G . 9.2. (a) The mean-field ansatz of the 7r-ilux state. Here xij = i \ i 'n the direction of the
arrow, (b) The t'ermion dispersion in the ir-flux state. The valence band is filled. The low-energy
excitations exist near ihe four Fermi points, where the valence band and the conduction band touch.

excitations. In first-order mean-field theory, the spinons are coupled to the U(\)
gauge field. In 2 + 1 dimensions, f/(l) gauge theory is confining. Thus, individ-
ual spinons are not observable. Only bosonic bound states (which carry integral
spin) can appear in the physical spectrum. If we do create two separated spin-1/2
excitations, then, from Fig. 9.1, we see that they are connected by a string of dis-
placed dimers. The string leads to a linear confining interaction between the two
spin-1/2 excitations, which agrees with the picture obtained from first-order mean-
field theory. We see that first-order mean-field theory gives us qualitatively correct
results.

9.1.4 The 7r-flux state

• After projection, the mean-field 7r-flux phase gives rise to a translation, a
rotation, and a parity-symmetric spin-liquid wave function.

• The low-energy effective theory (the first-order mean-field theory) of the TT-
flux phase contains gapless Dirac fermions coupled to a t/(l) gauge field. The
Dirac fermions carry spin-1/2 and are electrically neutral,

• The concepts of stable, marginal, and unstable mean-field states.
• First-order mean-field theory is reliable only for stable mean-field states or

marginal mean-field states with weak fluctuations. The 7r-flux phase is not
one of these mean-field states.

The second mean-field state that we are going to study is the 7r-flux state
(Affleck and Marston, 1988; Kotliar, 1988) for the nearest-neighbor Heisenberg
model. The Tr-flux state is given by the ansatz (see Fig. 9.2)
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• Excellent energies on kagome and triangular lattices 
• Algebraic decay of spin-spin correlations 
• U(1) Dirac spin liquid on non-bipartite lattices
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Quantum magnets provide the simplest example of strongly interacting quantum matter, yet

they continue to resist a comprehensive understanding above one spatial dimension. We

explore a promising framework in two dimensions, the Dirac spin liquid (DSL) — quantum

electrodynamics (QED3) with 4 Dirac fermions coupled to photons. Importantly, its excita-

tions include magnetic monopoles that drive confinement. We address previously open key

questions — the symmetry actions on monopoles on square, honeycomb, triangular and

kagome lattices. The stability of the DSL is enhanced on triangular and kagome lattices

compared to bipartite (square and honeycomb) lattices. We obtain the universal signatures

of the DSL on triangular and kagome lattices, including those of monopole excitations, as a

guide to numerics and experiments on existing materials. Even when unstable, the DSL helps

unify and organize the plethora of ordered phases in correlated two-dimensional materials.
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gapless along (kx,±kx) lines forming nodal lines while that
in U50⇡ is linear gapless forming Dirac nodal loop surround-
ing �-point.

4. U6 (wT = 0, wGx = 0, w�xy = 1)

We obtain one Ansatz in this class with the following mean-
field parameters [shown graphically in Fig. 3(c)].

us = ◆̇�
0
s⌧

0 + �
3
s⌧

3 = u12 = u
†

14 = g3(2⇢)u23

= g3(⇢)u
†

43 = u21 = u
†

41 = u32 = g3(⇢)u
†

34 (40)
ud = 0, aµ(u)⌧

µ = 0. (41)

The associated fluxes are nontrivial, i.e., �si 6= 0,⇡ thread-
ing the squares and are given by (⇢,�� 3⇢, ⇢,��+ ⇢) where
� = Arg[u4

s]. U60⇢ labels this state. This exhibits a gapless
spectrum. The nature of the excitation depends on the param-
eter ⇢ and it can be quadratic or linear.

5. U8 (wT = 0, wGx = 1, w�xy = 1)

The structure of mean-field amplitudes in this class is given
by

us = ◆̇�
0
s⌧

0 + �
3
s⌧

3 = u12 = �u
†

14 = �g3(2⇠)u23

= g3(2⇠ � ⇢)u†

43 = �u
†

21 = u41

= g3(3⇠)u
†

32 = �g3(3⇠ � ⇢)u34 (42)
ud = 0, aµ(u)⌧

µ = 0. (43)

Here, ⇠ = ⇠Gxy and ⇢ = ⇢�xy . We label this state by U8⇠⇢.
Here u41 and u32 are modified when they are subjected to a
translation Tx while all other bonds are translation invariant.

u41(x, y) = u(m,n,4),(m,n+1,1) = g3(2n⇠)u41

u32(x, y) = u(m,n,3),(m,n+1,2) = g3(2n⇠)u32
(44)

Realizing such Ansätze in a finite lattice one needs to impose
the following constraint.

⇠ = ⇠Gxy =
p

q
⇡ with p, q 2 integers. (45)

The flux structure is (�s1 ,�s2 ,�s1 ,�s2) where �s1 =
5p⇡/q � ⇢� � and �s2 = ⇢� 4p⇡/q + � with � = Arg[u4

s].
Note that U(1) Ansätze can not be realized in classes U2,

U4 and U7 up to NNN bonds.

Label us ud Onsite Parent U(1)
Z2000 ⌧3,1 ⌧3,1 ⌧3 U100, U300
Z2100 ⌧3,1 ⌧3,1 ⌧3 U1⇡0, U3⇡0
Z2001 ⌧0,2 ⌧3,1 ⌧3 U100, U300
Z2101 ⌧0,2 ⌧3,1 ⌧3 U1⇡0, U3⇡0
Z2011 ⌧0,2 0 ⌧3 U10⇡, U30⇡
Z2111 ⌧0,2 0 ⌧3 U1⇡⇡, U3⇡⇡
Z3000 ⌧1,3 ⌧3 ⌧3 U100, U300
Z3100 ⌧1,3 ⌧3 ⌧3 U1⇡0, U3⇡0
Z3010 ⌧1,3 0 ⌧3 U10⇡, U30⇡
Z3110 ⌧1,3 0 ⌧3 U1⇡⇡, U3⇡⇡
Z3001 ⌧0,2 ⌧3 ⌧3 U100, U300
Z3101 ⌧0,2 ⌧3 ⌧3 U1⇡0, U3⇡0
Z3011 ⌧0,2 0 ⌧3 U10⇡, U30⇡
Z3111 ⌧0,2 0 ⌧3 U1⇡⇡, U3⇡⇡
Z5001 ⌧0,1,3 0 0 U500
Z5101 ⌧0,1,3 0 0 -
Z5011 ⌧0,1,3 0 0 U50⇡
Z5111 ⌧0,1,3 0 0 -

TABLE III. Mean field parameters on the reference bonds us and ud

in all possible symmetric Z2 Ansätze.

FIG. 4. Graphical presentations of Z2 Ansätze. Here, the link field
on green bonds are us and the link field ũs on purple bonds is related
to us as ũs = (⌧3)pus(⌧

3)p where p = 0(1) for W�xy ,u / ⌧0(3).
All the Ansätze are translation invariant.

B. Z2 Ansätze

Following yields the structures of the symmetric Z2

Ansätze.

us = ◆̇�
0
s⌧

0 +�1
s⌧

1 +�2
s⌧

2 + �
3
s⌧

3 (46)

u12 = ⌘�u
†

43 = ⌘GxTxu21 = ⌘GxTx⌘�⌘Gxyu
†

34 = us (47)

u14 = u
†

23 = ⌘GxTxu41 = ⌘GxTx⌘Gxyu
†

32 = (⌧3)pus(⌧
3)p

(48)

u13 = u42 = ud = ◆̇�
0
d⌧

0 +�1
d⌧

1 +�2
d⌧

2 + �
3
d⌧

3 (49)

aµ(i)⌧
µ = a1⌧

1 + a2⌧
2 + a3⌧

3
. (50)

Here p = 0(1) for W�xy,u / ⌧
0(3). In the above the sign

parameter ⌘GxTx is irrelevant as up to NNN a gauge connects

Short-range Ansätze Short-range Ansätze

12 U(1) QSLs 18 Z2 QSLs
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FIG. 2. Graphical presentations of U(1) Ansätze in classes U1 and U3 which consist of only real hopping parameters. Here, solid and dashed
lines represent positive and negative signs, respectively. The grey and black points correspond to positive and negative onsite hopping terms,
respectively. We also indicate the presence of plaquettes with ⇡-flux.

(a) U500 (b) U50⇡ (c) U60⇢ (d) U8⇠⇢

FIG. 3. Graphical presentations of U(1) Ansätze in classes U5, U6 and U8. Here, solid and dashed lines represent positive and negative signs,
respectively. The link field on green bonds is us = ◆̇�0

s⌧
0 + �3

s⌧
3. Other colours are related to us as follows. In (c) purple and blue colour

link fields are given by g3(�⇢)us and g3(�2⇢)us, respectively. In (d) We show the bonds within the unit cell at (0, 0). The Ansätze on the
two vertical bonds indicated by red dot modified by a 2⇥ 2 U(1) matrix as shown by Eq. (44) under a translation along x̂-direction while all
other bonds are translational invariant. Here, the purple, blue, orange and black colour link fields are given by �g3(⇢� 3⇠)us, �g3(�2⇠)us,
g3(⇢� 2⇠)us and g3(�3⇠)us, respectively.

For ⌘�xy = �1, ud = 0 and the Ansätze are the same as those
for ⌘�xy = �1 in wT = 1, wGx = 0, w�xy = 0 class ex-
cept the staggered onsite hopping. They are labelled by U30⇡
and U3⇡⇡ respectively. The corresponding sign structure is
graphically presented in Figs. 2(g) and 2(h).

The excitation spectrum in U300 is linear gapless forming
nodal loops while U3⇡0 has a gapped spinon spectrum. In
U30⇡ and U3⇡⇡, the staggered chemical potential opens up a
gap.

3. U5 (wT = 0, wGx = 0, w�xy = 0)

There are two Ansätze in this class corresponding to ⌘�xy =
+1 (U500) and ⌘�xy = �1 (U50⇡) respectively. The mean-
field amplitudes [pictorially illustrated in Figs. 3(a) and (b)]
are given by,

us = ◆̇�
0
s⌧

0 + �
3
s⌧

3 = u12 = u14 = u
†

23 = ⌘�xyu
†

43

= u21 = u41 = u
†

32 = ⌘�xyu
†

34, ud = 0, aµ = 0. (39)

The associated fluxes threading the squares are given by
(��, 0,�, 0) and (�� + ⇡,⇡,� + ⇡,⇡) respectively where
� = Arg[u4

s]. The excitation spectrum in U500 is quadratic
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gapless along (kx,±kx) lines forming nodal lines while that
in U50⇡ is linear gapless forming Dirac nodal loop surround-
ing �-point.

4. U6 (wT = 0, wGx = 0, w�xy = 1)

We obtain one Ansatz in this class with the following mean-
field parameters [shown graphically in Fig. 3(c)].

us = ◆̇�
0
s⌧

0 + �
3
s⌧

3 = u12 = u
†

14 = g3(2⇢)u23

= g3(⇢)u
†

43 = u21 = u
†

41 = u32 = g3(⇢)u
†

34 (40)
ud = 0, aµ(u)⌧

µ = 0. (41)

The associated fluxes are nontrivial, i.e., �si 6= 0,⇡ thread-
ing the squares and are given by (⇢,�� 3⇢, ⇢,��+ ⇢) where
� = Arg[u4

s]. U60⇢ labels this state. This exhibits a gapless
spectrum. The nature of the excitation depends on the param-
eter ⇢ and it can be quadratic or linear.

5. U8 (wT = 0, wGx = 1, w�xy = 1)

The structure of mean-field amplitudes in this class is given
by

us = ◆̇�
0
s⌧

0 + �
3
s⌧

3 = u12 = �u
†

14 = �g3(2⇠)u23

= g3(2⇠ � ⇢)u†

43 = �u
†

21 = u41

= g3(3⇠)u
†

32 = �g3(3⇠ � ⇢)u34 (42)
ud = 0, aµ(u)⌧

µ = 0. (43)

Here, ⇠ = ⇠Gxy and ⇢ = ⇢�xy . We label this state by U8⇠⇢.
Here u41 and u32 are modified when they are subjected to a
translation Tx while all other bonds are translation invariant.

u41(x, y) = u(m,n,4),(m,n+1,1) = g3(2n⇠)u41

u32(x, y) = u(m,n,3),(m,n+1,2) = g3(2n⇠)u32
(44)

Realizing such Ansätze in a finite lattice one needs to impose
the following constraint.

⇠ = ⇠Gxy =
p

q
⇡ with p, q 2 integers. (45)

The flux structure is (�s1 ,�s2 ,�s1 ,�s2) where �s1 =
5p⇡/q � ⇢� � and �s2 = ⇢� 4p⇡/q + � with � = Arg[u4

s].
Note that U(1) Ansätze can not be realized in classes U2,

U4 and U7 up to NNN bonds.

Label us ud Onsite Parent U(1)
Z2000 ⌧3,1 ⌧3,1 ⌧3 U100, U300
Z2100 ⌧3,1 ⌧3,1 ⌧3 U1⇡0, U3⇡0
Z2001 ⌧0,2 ⌧3,1 ⌧3 U100, U300
Z2101 ⌧0,2 ⌧3,1 ⌧3 U1⇡0, U3⇡0
Z2011 ⌧0,2 0 ⌧3 U10⇡, U30⇡
Z2111 ⌧0,2 0 ⌧3 U1⇡⇡, U3⇡⇡
Z3000 ⌧1,3 ⌧3 ⌧3 U100, U300
Z3100 ⌧1,3 ⌧3 ⌧3 U1⇡0, U3⇡0
Z3010 ⌧1,3 0 ⌧3 U10⇡, U30⇡
Z3110 ⌧1,3 0 ⌧3 U1⇡⇡, U3⇡⇡
Z3001 ⌧0,2 ⌧3 ⌧3 U100, U300
Z3101 ⌧0,2 ⌧3 ⌧3 U1⇡0, U3⇡0
Z3011 ⌧0,2 0 ⌧3 U10⇡, U30⇡
Z3111 ⌧0,2 0 ⌧3 U1⇡⇡, U3⇡⇡
Z5001 ⌧0,1,3 0 0 U500
Z5101 ⌧0,1,3 0 0 -
Z5011 ⌧0,1,3 0 0 U50⇡
Z5111 ⌧0,1,3 0 0 -

TABLE III. Mean field parameters on the reference bonds us and ud

in all possible symmetric Z2 Ansätze.

FIG. 4. Graphical presentations of Z2 Ansätze. Here, the link field
on green bonds are us and the link field ũs on purple bonds is related
to us as ũs = (⌧3)pus(⌧

3)p where p = 0(1) for W�xy ,u / ⌧0(3).
All the Ansätze are translation invariant.

B. Z2 Ansätze

Following yields the structures of the symmetric Z2

Ansätze.

us = ◆̇�
0
s⌧

0 +�1
s⌧

1 +�2
s⌧

2 + �
3
s⌧

3 (46)

u12 = ⌘�u
†

43 = ⌘GxTxu21 = ⌘GxTx⌘�⌘Gxyu
†

34 = us (47)

u14 = u
†

23 = ⌘GxTxu41 = ⌘GxTx⌘Gxyu
†

32 = (⌧3)pus(⌧
3)p

(48)

u13 = u42 = ud = ◆̇�
0
d⌧

0 +�1
d⌧

1 +�2
d⌧

2 + �
3
d⌧

3 (49)

aµ(i)⌧
µ = a1⌧

1 + a2⌧
2 + a3⌧

3
. (50)

Here p = 0(1) for W�xy,u / ⌧
0(3). In the above the sign

parameter ⌘GxTx is irrelevant as up to NNN a gauge connects

Pairing Instabilities



Interpolating between square lattice and Shastry-Sutherland PSGs
Finding the equivalent of the Z2Azz13 state
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Hence, space group P4 can be generated by {Gx,�xy,�x}.
With this symmetry group, we establish a mapping from the
Shastry-Sutherland lattice PSGs to the square lattice PSGs in
appendix D. We reported the exclusion of ⌘Gxy = �1 class af-
ter inclusion of �x. This is not surprising as we are proceeding
towards higher symmetries. Also, this class yields (0,⇡, 0,⇡)
and (⇡, 0,⇡, 0)-flux phases in the Shastry-Sutherland lattice
while these flux phases are restricted in the square lattice [?
]. As expected, we end up with 272-PSGs as were found in
Wen’s work.

Now we discuss how the Z2 Ansätze in the class ⌘Gxy =
+1 can be mapped into those in the square lattice. To do
so, let us first perform the lattice mapping as illustrated in
Fig. 5. After enabling all the diagonal bonds, we need to
define two additional symmetry inequivalent diagonal bonds
in the Shastry-Sutherland lattice symmetry group denoted by
dashed blue and dashed red bonds with coupling strengths J 0

2

and J̃2 respectively. The notations for the additional bonds are
also shown in the Fig. 5. With the full symmetry group of the
Shastry-Sutherland lattice, the structure of all the Z2 Ansätze

on all the reference bonds are given as follows.

ud1 = ud2 = u
0

d = ◆̇�
0
d0⌧

0 +�1
d0⌧

1 +�2
d0⌧

2 + �
3
d0⌧

3 (54)

udr = ◆̇�
0
dr⌧

0 +�1
dr⌧

1 +�2
dr⌧

2 + �
3
dr⌧

3 (55)

ud3 = (⌧3)pud4(⌧
3)p = (⌧3)pud5(⌧

3)p = ud6 = udr. (56)

The mean field parameters us, ud, u0

d and udr can be found
in table IV. Note that due to the inclusion of all the di-
agonal bonds, the different signs of ⌘GxTx are now gauge-
independent. Also, ud, u0

d and udr are not connected symmet-
rically. However, in the square lattice limit (after inclusion of
�x), i.e., J2 = J

0
2 = J̃2, all the diagonal bonds are connected

by symmetry. This will enable us to construct the Z2 Ansätze

in the square lattice starting from a Shastry-Sutherland lattice.
For example, we consider the Ansatz labeled by Z3000 and
PSG (3c) with ⌘GxTx = �⌘�xGx = +1 in table VII. After
imposing the constraints associated with �x, we obtain the
following Ansatz.

u12 = u21 = u43 = u34 = �s⌧
3 +�s⌧

1 (57a)

u14 = u41 = u23 = u32 = �s⌧
3 ��s⌧

1 (57b)

u13 = u42 = ud1 = ud2 = �d⌧
3
, aµ(u) = 0 (57c)

ud3 = ud4 = ud5 = ud6 = ��d⌧
3
. (57d)

This can be re-expressed after a gauge transformation
W (m,n, u) = {◆̇⌧2,�1,�◆̇⌧

2
, 1} as

u12 = u21 = u43 = u34 = �s⌧
3 ��s⌧

1 (58a)

u14 = u41 = u23 = u32 = �s⌧
3 +�s⌧

1 (58b)

u13 = ud2 = ud3 = ud5 = �d⌧
3
, aµ(u) = 0 (58c)

u42 = ud1 = ud4 = ud6 = ��d⌧
3
. (58d)

In square lattice notation, this can be re-structured as

ux̂ = �s⌧
3 ��s⌧

1
, uŷ = �s⌧

3 +�s⌧
1 (59a)

ux̂+ŷ = �d⌧
3
, u�x̂+ŷ = ��d⌧

3
, aµ(u) = 0. (59b)

Z2 (P43) PSG (⌘GxTx , ⌘�xGx) Z2 (P4)
Z3000 3a (+,+) Z2A0013
Z3000 3c (+,�) Z2Azz13
Z3010 3a (+,+) Z2B0013
Z2000 2b (+,�) Z2Axx0z
Z5011 5d (�,+) Z2Ax2(12)n
Z5001 5d (�,+) Z2Bx2(12)n

TABLE V. Continuous connections between the P43 symmetric Z2

Ansätze (left column) and P4 symmetric Z2 Ansätze (right column).
The second and the third columns yield the PSG parameters [see
appendix D] that make the connection.

FIG. 7. Graphical presentations of Z2 Ansätze with the symmetry
group of PVBS. Here, the link field on green, purple and blue bonds
are us = ◆̇�0

s⌧
0 +�1

s⌧
1 +�2

s⌧
2 + �3

s⌧
3, u0

s = ◆̇�0
s0⌧

0 +�1
s0⌧

1 +
�2

s0⌧
2+�3

s0⌧
3 and ud = ◆̇�0

d⌧
0+�1

d⌧
1+�2

d⌧
2+�3

d⌧
3 respectively.

For different 32 Z2 Ansätze, these should be read from table VI.

which can immediately be identified as Z2Azz13 in the clas-
sification [? ]. Thus we can conclude that the Z2 Ansatz

Z3000 in the Shastry-Sutherland lattice can be continuously
connected to the Z2 Ansatz Z2Azz13 in the square lattice.
This continuous connection is protected by the projective re-
alization of Gx and �xy . Among the Z2 Ansätze listed in this
work, up to NNN five more can be realized with IGG Z2 la-
belled by Z2A0013, Z2B0013, Z2Axx0z, Z2Ax2(12)n and
Z2Bx2(12)n respectively. One can construct the connections
with all these as we have done for Z2Azz13. These are sum-
marized in table V.

VI. SQUARE-PLAQUETTE VBS

Too sudden change of topics; would be good to justify. Re-
alizations of plaquette valance bond solid phase (PVBS) on
empty squares (observed in previous studies) demands differ-
ent symmetry setting. To do this, one requires to break both
Gx as well as �xy , but protect the C4 symmetry. Thus the
modified symmetry group is given by {Tx, Ty, C4, T }. With
this symmetry setting we classify a total of 32 Z2 Ansätze
which are cataloged in table VI where each row corresponds
to 2 Ansätze associated with ⌘y = +1 and ⌘y = �1 respec-
tively. The detailed sign structures are illustrated in Fig. 7.
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FIG. 5. Graphical mapping of the Shastry-Sutherland lattice to the
square lattice. Also, the additional two types of symmetry inequiv-
alent bonds are denoted by blue dashed and red dashed lines re-
spectively. In square lattice limit (P4 space group symmetry), i.e.,
J2 = J 0

2 = J̃2, all the diagonal bonds are symmetry-connected.

the positive and negative signs. We use the following labelling
scheme.

Z PSGrownGxyn�nGxT (51)

where PSGrow can be read as the row numbers in table II and
the n-parameters can be understood as ⌘ = g3(n⇡). Consider-
ing only two symmetry inequivalent nearest neighbours bonds
one can realize 18 different symmetric Ansätze with IGG Z2

enlisted in table III. The Ansätze are graphically shown in
Fig. 4 without ⌘GxTx parameter. However, this parameter
would be important when we include the other diagonal bonds
to connect with the square lattice in section V.

V. MAPPING Z2 ANSÄTZE INTO THE Z2 ANSÄTZE
REALIZABLE IN SQUARE LATTICE

In this section, we show how the Z2 Ansätze discussed in
the previous section can be continuously connected to the Z2

Ansätze that can be realized in square-lattice [? ]. This is
motivated by the observation that the Square lattice J1 � J2

and Shastry-Sutherland lattice models can be continuously
interpolated. Denoting the diagonal bonds of the Shastry-
Sutherland lattice as J2 and the other diagonal bonds in the
square lattice as J

0
2(see Fig. ??), the phase diagram can be

studied, whose schematic structure is illustrated in Fig. ??.
In the diagram, the J2 = J

0
2 line corresponds to the J1�J2

square lattice model, while the J
0
2 = 0 corresponds t the

Shastry-Sutherland lattice model. While the exact nature of
the intermediate phase between Neel and VBS still under de-
bate, it is generally believed that there is a critical point or
phase between them [? ]. Let me add a figure tonight

As the square lattice has higher symmetry than the Shastry-
Sutherland, the mapping requires the inclusion of additional
symmetries in the space group of the Shastry-Sutherland lat-
tice. The space group of the square lattice is P4 which can

Neel AFM VBS
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FIG. 6. Schematic phase diagram of the model interpolating square-
lattice J1-J2 Heisenberg and Shastry-Sutherland models. The dotted
line in the figure corresponds to the square lattice model, while the
horizontal line corresponds to the SS model. The white region is for
gapless spin liquid, whose exact boundary is left for future work.

Label us ud Onsite u0
d udr

Z2000 ⌧3,1 ⌧3,1 ⌧3 ⌧3,1 ⌧3,1

Z2100 ⌧3,1 ⌧3,1 ⌧3 ⌧3,1 0
Z2001 ⌧0,2 ⌧3,1 ⌧3 ⌧3,1 ⌧3,1

Z2101 ⌧0,2 ⌧3,1 ⌧3 ⌧3,1 0
Z2011 ⌧0,2 0 ⌧3 0 0
Z2111 ⌧0,2 0 ⌧3 0 ⌧3,1

Z3000 ⌧1,3 ⌧3 ⌧3 ⌧3 ⌧3,1

Z3100 ⌧1,3 ⌧3 ⌧3 ⌧3 0
Z3010 ⌧1,3 0 ⌧3 0 0
Z3110 ⌧1,3 0 ⌧3 0 ⌧3,1

Z3001 ⌧0,2 ⌧3 ⌧3 ⌧3 ⌧3,1

Z3101 ⌧0,2 ⌧3 ⌧3 ⌧3 0
Z3011 ⌧0,2 0 ⌧3 0 0
Z3111 ⌧0,2 0 ⌧3 0 ⌧3,1

Z5001 ⌧0,1,3 0 0 0 0
Z5101 ⌧0,1,3 0 0 0 0
Z5011 ⌧0,1,3 0 0 0 0
Z5111 ⌧0,1,3 0 0 0 0

TABLE IV. Mean field parameters on the reference bonds us, ud, u0
d

and udr in all possible symmetric Z2 Ansätze with P43 full symme-
try.

be generated by two translations T1 = ax̂, T2 = aŷ, three
reflections �xy , �x and �y about y = 0, x = 0 and x = y

lines respectively. Here, we show the addition of �x trans-
forms space-group P43 into P4. �x transforms the coordinate
(x, y) to (x,�y). This acts on (m,n, u) as

�x : (m,n, u) = (m,�n� �u,3/4, u). (52)

One can verify that the other generators of the square lattice
can be obtained as follows:

T1 = Gx�x,

T2 = �xyGx�x�xy = �xyT1�xy,

�y = �xy�x�xy.

(53)
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FIG. 5. Graphical mapping of the Shastry-Sutherland lattice to the
square lattice. Also, the additional two types of symmetry inequiv-
alent bonds are denoted by blue dashed and red dashed lines re-
spectively. In square lattice limit (P4 space group symmetry), i.e.,
J2 = J 0

2 = J̃2, all the diagonal bonds are symmetry-connected.

the positive and negative signs. We use the following labelling
scheme.

Z PSGrownGxyn�nGxT (51)

where PSGrow can be read as the row numbers in table II and
the n-parameters can be understood as ⌘ = g3(n⇡). Consider-
ing only two symmetry inequivalent nearest neighbours bonds
one can realize 18 different symmetric Ansätze with IGG Z2

enlisted in table III. The Ansätze are graphically shown in
Fig. 4 without ⌘GxTx parameter. However, this parameter
would be important when we include the other diagonal bonds
to connect with the square lattice in section V.

V. MAPPING Z2 ANSÄTZE INTO THE Z2 ANSÄTZE
REALIZABLE IN SQUARE LATTICE

In this section, we show how the Z2 Ansätze discussed in
the previous section can be continuously connected to the Z2

Ansätze that can be realized in square-lattice [? ]. This is
motivated by the observation that the Square lattice J1 � J2

and Shastry-Sutherland lattice models can be continuously
interpolated. Denoting the diagonal bonds of the Shastry-
Sutherland lattice as J2 and the other diagonal bonds in the
square lattice as J

0
2(see Fig. ??), the phase diagram can be

studied, whose schematic structure is illustrated in Fig. ??.
In the diagram, the J2 = J

0
2 line corresponds to the J1�J2

square lattice model, while the J
0
2 = 0 corresponds t the

Shastry-Sutherland lattice model. While the exact nature of
the intermediate phase between Neel and VBS still under de-
bate, it is generally believed that there is a critical point or
phase between them [? ]. Let me add a figure tonight

As the square lattice has higher symmetry than the Shastry-
Sutherland, the mapping requires the inclusion of additional
symmetries in the space group of the Shastry-Sutherland lat-
tice. The space group of the square lattice is P4 which can
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FIG. 6. Schematic phase diagram of the model interpolating square-
lattice J1-J2 Heisenberg and Shastry-Sutherland models. The dotted
line in the figure corresponds to the square lattice model, while the
horizontal line corresponds to the SS model. The white region is for
gapless spin liquid, whose exact boundary is left for future work.

Label us ud Onsite u0
d udr

Z2000 ⌧3,1 ⌧3,1 ⌧3 ⌧3,1 ⌧3,1

Z2100 ⌧3,1 ⌧3,1 ⌧3 ⌧3,1 0
Z2001 ⌧0,2 ⌧3,1 ⌧3 ⌧3,1 ⌧3,1

Z2101 ⌧0,2 ⌧3,1 ⌧3 ⌧3,1 0
Z2011 ⌧0,2 0 ⌧3 0 0
Z2111 ⌧0,2 0 ⌧3 0 ⌧3,1

Z3000 ⌧1,3 ⌧3 ⌧3 ⌧3 ⌧3,1

Z3100 ⌧1,3 ⌧3 ⌧3 ⌧3 0
Z3010 ⌧1,3 0 ⌧3 0 0
Z3110 ⌧1,3 0 ⌧3 0 ⌧3,1

Z3001 ⌧0,2 ⌧3 ⌧3 ⌧3 ⌧3,1

Z3101 ⌧0,2 ⌧3 ⌧3 ⌧3 0
Z3011 ⌧0,2 0 ⌧3 0 0
Z3111 ⌧0,2 0 ⌧3 0 ⌧3,1

Z5001 ⌧0,1,3 0 0 0 0
Z5101 ⌧0,1,3 0 0 0 0
Z5011 ⌧0,1,3 0 0 0 0
Z5111 ⌧0,1,3 0 0 0 0

TABLE IV. Mean field parameters on the reference bonds us, ud, u0
d

and udr in all possible symmetric Z2 Ansätze with P43 full symme-
try.

be generated by two translations T1 = ax̂, T2 = aŷ, three
reflections �xy , �x and �y about y = 0, x = 0 and x = y

lines respectively. Here, we show the addition of �x trans-
forms space-group P43 into P4. �x transforms the coordinate
(x, y) to (x,�y). This acts on (m,n, u) as

�x : (m,n, u) = (m,�n� �u,3/4, u). (52)

One can verify that the other generators of the square lattice
can be obtained as follows:

T1 = Gx�x,

T2 = �xyGx�x�xy = �xyT1�xy,

�y = �xy�x�xy.

(53)

Wen 2002
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Beyond mean-field
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The ground state takes the form of a BCS wave-function
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|!MF→ = exp

{∑

ij

cij(f
†
i,→f

†
j,↑ + f†

j,→f
†
i,↑)

}
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The exact constraint n = 1 can be enforced exactly via Monte Carlo sampling
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|!Var RVB→ = PG|!MF→ PG =
∏

i

(1↑ ni,→ni,↑)

A Monte-Carlo sampling implies calculation of determinants 
which can be done in polynomial time
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The projected wave function

• The mean-field wave function has a BCS-like form

|�MF i = exp
n

1

2

P
i,j fi,jc

†

i,"c
†

j,#

o
|0i

It is a linear superposition of all singlet configurations (that may overlap)

+ ...

• After projection, only non-overlapping singlets survive:
the resonating valence-bond (RVB) wave function Anderson, Science 235, 1196 (1987)

+ + + ...
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Z2 Dirac Spin Liquid: d-wave pairing
Fluxes and band structure
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FIG. 7. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2, ε/2) + (±ϑ, ±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively. The lower panel demonstrates the equivalence of the Dirac dispersion in Z3000
and Z2Azz13. (e) Contour plot of the lowest eigenenergy for Z3000 yielding the positions of Dirac points which are located at
(±ω

2 ± ϖ, ±ω
2 ± ϖ). (f) The same for Z2Azz13 where one can identify the Dirac cones at ±(ω

2 + ϖ, ω
2 + ϖ) and ±(→ω

2 + ϖ, ω
2 → ϖ)

which lead to C4 symmetry around (ε, 0) and (0, ε) while C2 symmetry around (0, 0). The correspondence between Dirac
dispersion in Z3000 and Z2Azz13 is manifest on adopting a gauge for Z2Azz13 with an enlarged (2 ↑ 2) unit cell (g). Notice
that the back-folding of Brillouin zone leads to the similar splitting of Dirac cones around (±ω

2 , ±ω
2 ). The color scheme is same

as that of (c).

of the diagonals inside the squares, i.e., on the 5th nearest
neighbor bonds] instead of defining them on the bonds
connecting (0, 0) to (1, 1), i.e., on the diagonals inside
the squares [which was originally considered in Ref. [55]].
By restricting the dxy singlet pairing amplitudes to only
the (2, 2) bonds, one ensures that the Dirac points are lo-
cated at commensurate momenta (±ω

2 , ±ω
2 ) in the mean-

field spectrum. As a consequence, the two-spinon exci-
tation spectrum consists of gapless excitations at (ω, ω),
(ω, 0) and (0, ω) as opposed to (ω ± ε, ω ± ε), (ω, ±ε) and
(±ε, ω) which would be obtained (see Ref. [55]) if one
defines the dxy pairings on the (±1, ±1) bonds. On the
Shastry-Sutherland lattice, we find that it is not possi-
ble to define the Z2Azz13 Ansatz in an analogous gauge
which would preserve the location of the Dirac points
at (±ω

2 , ±ω
2 ). Indeed, including the singlet pairing !↭

restricted to only the (±2, ±2) diagonals of the empty
squares instead of the (±1, ±1) diagonals still leads to
a splitting of each of the Dirac points at (±ω

2 , ±ω
2 ) into

four nodes located at (±ω
2 ±ϑ, ±ω

2 ±ϑ). Thus, the gapless
points in the spin excitation appear at the same incom-
mensurate points (ω ± ε, ω ± ε), (ω, ±ε) and (±ε, ω) as
noticed in Ref. [55]. This is corroborated from our dy-
namical spin structure factor obtained from both mean-

field and Keldysh pf-FRG in Figs. 7(a) and 14(a), respec-
tively. Thus, to define an Ansatz which naturally interpo-
lates between the J1-J2 square and Shastry-Sutherland
lattices we adopt the gauge of Z2Azz13 as defined in
Ref. [55] with dxy pairings on (±1, ±1) diagonals which
then leads to Dirac points and the gapless spin excita-
tions to be located at incommensurate momenta. From
an energetic point of view, this also yields the optimal
energy for the corresponding Gutzwiller projected wave
function.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϖMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2

lattice-vector directions [see Fig. 2(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].
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Figure 1. The energy per site versus the energy variance per site for the J1−J2 Heisenberg
model on the square lattice with J2/J1 = 0.5 and L = 6. Exact Lanczos diagonalizations starting
from two random initializations (a) and quantum Monte Carlo calculations starting from the
best variational state (3) (b) are reported.

to a Z2 spin liquid (labelled by Z2[0,π]β) can be obtained by adding on-site and next-nearest-
neighbor pairing terms. [14] A gapless spin liquid with a large Fermi surface (labeled by uniform
RVB) is obtained when no magnetic fluxes are present.

Within this formalism, it is straightforward to construct not only an Ansatz for the ground
state but also for low-energy excitations. In this respect, it is useful to consider a particle-hole
transformation for the down electrons on the mean-field Hamiltonian (2), i.e., c†i,↓ → ci,↓, such
that the transformed Hamiltonian conserves the total number of particles. Then, the ground
state is obtained by filling the lowest N orbitals, with suitable boundary conditions (either
periodic or anti-periodic) in order to have a unique mean-field state. Spin excitations can be
obtained by creating the appropriate Bogoliubov quasi-particles (spinons) and possibly switching
boundary condition. Here, we will consider only the case of a S = 2 excitation with momentum
k = (0, 0), for both the square and the Kagome lattices. By computing separately the energies
of the S = 0 and S = 2 states, the spin gap ∆2 is studied as a function of the cluster size.

3. Lanczos step procedure
In order to systematically improve the variational wave functions, we can apply a number p of
Lanczos steps to the starting variational wave function:

|Ψp⟩ =

(

1 +
p
∑

m=1

αmHm

)

|Ψv⟩, (4)

where αm are p additional variational parameters. Clearly, whenever |Ψv⟩ is not orthogonal
to the exact ground state, |Ψp⟩ converges to it for large p. Unfortunately, on large sizes, only
few steps can be efficiently afforded: here, we consider the case with p = 1 and p = 2 (p = 0
corresponds to the original variational wave function). Furthermore, an estimate of the exact
energy may be obtained by the variance extrapolation. Indeed, for accurate variational states
|Ψp⟩ with energy Ep and variance σ2

p, it is easy to prove that

Ep ≈ Eex + const× σ2
p, (5)

where:

Ep =
⟨Ψp|H|Ψp⟩

N
, (6)
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Z2 Dirac Spin Liquid: Real-space spin-spin correlations

QUANTUM CRITICALITY AND SPIN LIQUID PHASE IN … PHYSICAL REVIEW B 105, L060409 (2022)
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FIG. 4. Gaps vs inverse system size. The singlet and triplet at
g = 0.80 (SL phase) have been fitted to the form ! = a/L + b/L2

(a and b being fitting parameters). The singlets in the PS (g = 0.76)
and AFM (g = 0.84) phases converge to nonzero values, as shown
with a fit of the form ! = a + be−cL (fitting parameters a, b, c) in
the former case and a quadratic form in the latter case.

In Fig. 4 we analyze the size-dependent gaps in and close
to the putative SL phase. At g = 0.80, both the singlet and
triplet gaps exhibit asymptotic 1/L scaling, corresponding to
a dynamic exponent z = 1 inside the SL phase. At g = 0.76,
in the PS phase, the singlet (and also the not shown triplet)
converges exponentially to a nonzero gap, as expected in the
SS model with cylindrical boundaries (Fig. 1) for which the
shifted PS state is gapped by boundary energies. In the AFM
phase, we find convergence to a nonzero amplitude-mode
energy at g = 0.84. In Fig. 4 we have fitted a polynomial in
this case, which works better than an exponentially convergent
form, likely due to a gapless spectrum above the lowest singlet
(unlike the isolated singlet mode in the PS state).

We next study order parameters. We use the squared AFM
magnetization, m2

s = L−4 ∑
i j φi j⟨Si · S j⟩, where i, j are sites

in the central L × L area of a 2L × L system and φi j = ±1
is the staggered phase. To detect PS order we define Qr ≡
1
2 (Pr + P−1

r ), with Pr a cyclic permutation operator on the
four spins of a plaquette at r. Given the boundary-induced
plaquette pattern (Fig. 1), we can detect the PS order as the
difference of ⟨Qr⟩ on two adjacent “empty” SS plaquettes
[39]. Thus, we define mp = ⟨QR − QR′ ⟩, where R and R′

are both close to the center of the cylinder (the landscape of
Qr values is shown in the Supplemental Material [28]). Both
order parameters are graphed versus 1/L in Fig. 5.

Second-order polynomial extrapolations of the AFM or-
der parameter in Fig. 5 show that m2

s vanishes for g ≈ 0.82,
thus providing further evidence for the AFM phase starting
at the extrapolated singlet-quintuplet point gc2 ≈ 0.82. The
polynomial form is strictly appropriate only inside the AFM
phase, while at a critical point (or phase) m2

s ∝ L−(1+η) should
instead apply asymptotically. The g = 0.80 and 0.82 data can
indeed be fitted with η ≈ 0.32 and η ≈ 0.23, respectively.
In the PS phase, polynomial fits extrapolate to unphysical
negative values, which can be understood on account of the
expected ∝L−2 asymptotic form (which, however, cannot be
fitted because of large corrections).
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FIG. 5. Squared AFM order parameter vs inverse system size for
several g values. The corresponding PS order parameters are shown
in the inset. The dashed curves with colors matching the symbols in
the main graph are second-order polynomials, while the solid curves
are of the critical form ∝L−(1+η) with η ≈ 0.32 and η ≈ 0.23 for g =
0.80 and 0.82, respectively. Fitting to the mp data is not meaningful,
but the nonmonotonic behavior for g = 0.80–0.84 is explained by
boundary PS order outside the PS phase (see Supplemental Material
[28]) and mp → 0 for L → ∞.

The inset of Fig. 5 shows how PS order is stabilized only
for the larger system sizes inside the PS phase, reflecting
large fluctuations in small systems (as shown explicitly in the
Supplemental Material [28]). The central plaquettes where mp
is defined are close to the cylinder edges for small L, and
only for larger L can mp reflect a disordered bulk. Outside
the PS phase the boundary-induced order close to the edges
first increases with L, thus causing nonmonotonic behavior as
seen most clearly at g = 0.82 and 0.84 (see also Supplemental
Material [28]). At g = 0.80, mp for L = 14 also falls below
the value for L = 12, indicating that indeed mp → 0 when
L → ∞, as it should in the SL phase.

DQCP and unified phase diagram. The originally proposed
DQCP is generic, reachable by tuning a single parameter
[10]. Quantum Monte Carlo studies of several variants of
J-Q Hamiltonians [12] have indeed found direct transitions
between AFM and dimerized ground states [40–51]. Similar
results have been obtained with related classical loop [52,53]
and dimer [54] models. In most cases, no discontinuities were
observed, though unusual scaling violations point to weak
first-order transitions [41,48,55] or other scenarios [45,50].
One proposal is that the DQCP is unreachable (e.g., exist-
ing only in dimensionality below 2 + 1) and described by a
nonunitary conformal field theory (CFT) [56–62].

In some variants of the J-Q model clearly first-order transi-
tions were observed [5,63,64]. The checkerboard J-Q (CBJQ)
model [5] (and a closely related loop model [65]) has a Z2
breaking PS phase such as that in the SS model. A first-order
spin-flop-like transition with emergent O(4) symmetry of the
combined O(3) AFM and scalar PS order parameters was
found, with no conventional coexistence state with tunneling
barriers up to the largest length scales studied. This unusual
behavior indicates close proximity to an O(4) DQCP.
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Spin-Spin Correlations on 36-site cluster
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Z2 Dirac Spin Liquid
Larger system sizes: Size-consistency of the wave function
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Z2 Dirac Spin Liquid
Structure factor
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FIG. 6. Fourier transform of the spin-spin (upper panels) and plaquette-plaquette (lower panels) correlations for L = 12 for
di↵erent values of the frustration ratio J/J 0. The calculations are performed with a Vision Transformer characterized by a
number of heads equal to h = 12, an embedding dimension d = 72, and number of layers nl = 8.

III. RESULTS

A. Benchmarks

In order to validate our approach, we compare the re-
sults obtained by the ViT wave function with those ob-
tained by exact diagonalizations on a small 6⇥ 6 cluster.
Specifically, we focus on the challenging point J/J 0 = 0.8.
We first examine the accuracy of the variational energies
while varying the hyperparameters of the neural net-
work. In Fig. 5a, we present the relative energy error
as a function of the number of parameters, distributed
in two di↵erent ways within the architecture. Initially,
we maintain a single layer (nl = 1) and increase the
number of heads h and embedding dimension d. Sub-
sequently, we fix a specific width (h = 12 and d = 72)
and increment the number of layers from nl = 2 to 16.
The energies for di↵erent values of nl are reported in Ta-

2 layers 4 layers 8 layers Extrap.

6⇥ 6 -0.451664 -0.451699 -0.451707 -0.451750

14⇥ 14 -0.448545 -0.448839 -0.448925 -0.449207

TABLE I. Ground-state variational energy (in unit of J 0) for
di↵erent number of layers nl at J/J

0 = 0.8. The extrapolated
values obtained by variance extrapolation [66, 67] for an in-
finite number of layers are also reported. The Monte Carlo
error due to finite sampling e↵ects is on the last digit. In the
case of a 6 ⇥ 6 lattice, the ground-state energy per site from
exact diagonalization is E = �0.4517531.

ble I. Previous works [43, 46, 59–61] emphasized that,
for two-dimensional frustrated systems, the use of deep
neural networks is imperative to attain precise results.
In fact, for an equivalent number of parameters, archi-
tectures distributing parameters across multiple layers
exhibit superior accuracy. In addition, the comparison
of isotropic spin-spin correlation functions hŜ0 · ŜRi is
shown in Fig. 5b, illustrating that our variational wave
function not only yields accurate energies, but also faith-
fully correlation functions at all distances. For cluster
sizes exceeding L = 6, exact results become unattain-
able. Consequently, in Fig. 5c, we compare the varia-
tional energies of the ViT Ansatz on L⇥L clusters (with
periodic-boundary conditions) to the ones obtained using
the DMRG method on Lx ⇥ Ly cylinders with open and
periodic boundaries in the x and y direction, respectively
(Lx = 2Ly and Ly = L are considered) [23]. The energy
per site is extrapolated in the thermodynamic limit, in-
corporating sizes ranging from L = 8 to L = 14. The
actual energies for L = 14 and various numbers of layers
are reported in Table I. We mention that the energies
obtained by the ViT wave function reveal a 1/L2 term as
the leading correction (see inset in Fig. 5c), whereas the
DMRG results exhibit an additional 1/L term. Most im-
portantly, the energy extrapolated in the thermodynamic
limit is compatible within the two approaches.

B. Phase diagram

Having proved the high accuracy of our Ansatz, we
now focus on the region 0.7  J/J 0  0.9, which is
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Quantum magnetism in two-dimensional systems represents a lively branch of modern condensed-
matter physics. In the presence of competing super-exchange couplings, magnetic order is frustrated
and can be suppressed down to zero temperature, leading to exotic ground states. The Shastry-
Sutherland model, describing S = 1/2 degrees of freedom interacting in a two-dimensional lattice,
portrays a simple example of highly-frustrated magnetism, capturing the low-temperature behavior
of SrCu2(BO3)2 with its intriguing properties. Here, we investigate this problem by using a Vision
Transformer to define an extremely accurate variational wave function. From a technical side, a
pivotal achievement relies on using a deep neural network with real-valued parameters, parametrized
with a Transformer, to map physical spin configurations into a high-dimensional feature space.
Within this abstract space, the determination of the ground-state properties is simplified, requiring
only a single output layer with complex-valued parameters. From the physical side, we supply
strong evidence for the stabilization of a spin-liquid between the plaquette and antiferromagnetic
phases. Our findings underscore the potential of Neural-Network Quantum States as a valuable
tool for probing uncharted phases of matter, opening opportunities to establish the properties of
many-body systems.

I. INTRODUCTION

Since the discovery of fractional quantum Hall e↵ect [1]
and its beautiful description by the Laughlin wave func-
tion [2], a growing interest has developed around uncon-
ventional phases of matter, i.e., the ones that escape
perturbative or mean-field approaches. In this sense,
the hunt for spin liquids is of fundamental importance
in Mott insulators, where localized spins determine the
low-temperature properties. On geometrically frustrated
lattices, it is not possible to minimize simultaneously all
the interactions among the spins and, therefore, mag-
netic order could be suppressed, even at zero tempera-
ture. In this case, spins are highly entangled and the re-
sulting ground-state wave function shows unconventional
properties [3]. However, most of the theoretical models
that have been proposed to support quantum spin liq-
uids are still unresolved, and their phase diagrams are
not well established except for specific points (that usu-
ally give trivial states). One notable exception is given
by the Kitaev model on the honeycomb lattice [4], which
provides a formidable example for gapless and gapped
spin liquids. On the experimental side, there has been
great development in the search for materials that might
be able to support these exotic phases of matter. One
promising example is given by the so-called Herbert-
smithite, which may realize a (gapped or even gapless)
spin liquid at low temperatures [5]. Among the variety
of quantum spin models, the one introduced by Shastry
and Sutherland [6] deserves particular attention since it

⇤ These authors contributed equally.

gives an example in which the magnetic order can be
melted by tuning the super-exchange interactions, lead-
ing to a particularly simple ground-state wave function,
where nearby spins form singlets. Most importantly, this
Hamiltonian captures the low-temperature properties of
SrCu2(BO3)2 [7, 8].

FIG. 1. The ground-state phase diagram of the Shastry-
Sutherland model as obtained in this work. The super-
exchange J (J 0) is denoted by solid (dashed) lines.

The main interest in this material comes from its prop-
erties when external magnetic fields are applied. Indeed,
a complicated magnetization curve is observed, with var-
ious magnetization plateaus (most notably at magnetiza-
tion 1/8) that show intriguing properties [7, 9–11]. The
Shastry-Sutherland model is defined by

Ĥ = J
X

hR,R0i

ŜR · ŜR0 + J 0
X

hhR,R0ii

ŜR · ŜR0 (1)

where ŜR is the S = 1/2 operator on the site R = (x, y).
Here, the first sum goes over nearest-neighbor sites on
the square lattice, while the second sum is over next-
nearest-neighbor sites on orthogonal dimers, according
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FIG. 6. (a) Dispersion of the parent U100 state and (b) illus-
tration of its Fermi surfaces. The parameters here are chosen
to be the VMC optimized parameters at Js/Jd = 0.80 on a
14 → 14 cluster, given by ωs = 1.0, ωd = 0.53, ωd→ = 0.13, and
ω↭ = 0.47. The dashed line in the band structure marks the
Fermi level. The blue dots in (b) are the VMC optimized lo-
cation of Dirac nodes of the Z3000 state. (c) The dispersion of
another parent state of Z3000, namely the U800 in the gauge
with uniform hopping ωs = 1.0 and a dx2→y2 pairing which is
set to !s = 0.5. In (d), solid and dashed lines indicate the
zero energy contours of ωs and the nodal lines of !s (d wave
pairing) terms, respectively. The crossings at M(±ω

2 , ±ω
2 )

give the positions of the Dirac nodes. The blue dots are the
location of the Dirac nodes in the Z3000 state resulting from
!↭ pairing and remaining hopping amplitudes.

Table III, it is most straightforward to view it as a descen-
dant of the parent U100 state (see also App. G). Indeed,
due to the linear (nonprojective) realization of symme-
tries in the U100 state, it allows for uniform real hop-
ping amplitudes on all diagonal and square-lattice bonds.
Thus, it can be retrieved from the Z3000 Ansatz (49) by
setting the pairings !s = !↭ = 0. The band structure
of the parent U100 state is shown in Fig. 6(a) and at
half filling, it features a Fermi surface [Fig. 6(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2, ω/2) + (±ε, ±ε). The Dirac points always re-
side on the line ”M . This is illustrated in Fig. 21 [Ap-
pendix E] where we show the contour plot of the ener-
gies of the lowest eigenmode of Z3000 in kx-ky plane.
The dependence of the magnitude of ε on all the varia-
tional parameters is illustrated in Fig. 22 [Appendix E].
In Fig. 7(a), we plot the dispersion of the Z3000 state
for the VMC-optimized parameters at Js/Jd = 0.8 while
the four Dirac cones surrounding the M point are shown
in Fig. 7(b). We also present the spin correlations of
this mean-field state, as reflected in its dynamical and

equal-time spin structure factors, in Figs. 7(c) and (d),
respectively.

It is worthwhile to discuss the splitting of the Dirac
nodes in the Z3000 Ansatz, particularly compared to
those in the Z2Azz13 state on the square lattice [55].
When one considers only uniform hopping ϑs and
dx2→y2 pairing !s on the nearest-neighbor bonds 3,
both the square and Shastry-Sutherland lattices ex-
hibit Dirac nodes at commensurate M(±ω

2 , ±ω
2 ) mo-

menta [see Fig. 6(c) and 6(d)]. However, the inclusion
of any other mean-field parameter ϑd, ϑd→ , ϑ↭, !↭, µ in
the Z3000 Ansatz splits the Dirac node at each M point
into four nodes residing at incommensurate momenta
(±ω

2 ±ϖ, ±ω
2 ±ϖ) with the nodes always located along ”M

[marked by blue dots in Fig. 6(d)]. Thus, the Z3000 state
can also be viewed as descending from the U800 Ansatz.
We illustrate this using a contour plot of the energy of
the lowest eigenmode of the Z3000 state as shown in the
Fig. 7(e). Similarly, including mean-field amplitudes (dxy

pairings) on the diagonals of the squares in the Z2Azz13
state, results in a shift of the Dirac nodes at (±ω

2 , ±ω
2 )

points to ±(ω
2 +ϖ,

ω
2 +ϖ) and ±(→ω

2 +ϖ,
ω
2 →ϖ) as shown in

Fig. 7(f), wherein we observe C4 symmetry about (ω, 0)
and (0, ω) and C2 symmetry about (0, 0) in the band
structure. Thus, although Z3000 and Z2Azz13 Ansätze
are adiabatically connected, the equivalence of their band
structure is not apparent. The reason lies in the fact that
the gauge structure of the Z2Azz13 Ansatz of Ref. [55]
is defined in the geometrical unit cell while the Z3000
Ansatz is realized in a 2 ↑ 2 unit cell. Hence, we define
the Z2Azz13 Ansatz in a 2↑2 unit cell and back-fold the
Brillouin zone in the four-site unit cell of Z2Azz13 state,
which leads to an identical splitting of Dirac nodes in the
spinon dispersion of the lowest eigenmode [see Fig. 7(g)]
as observed for the Z3000 state. Consequently, we ex-
pect the gapless points in the spin excitations to appear
at (ω ± ϱ, ω ± ϱ) [where ϱ = 2ϖ] as well as (ω, ±ϱ) and
(±ϱ, ω), as reported in the two-spinon excitation spectra
of Z2Azz13 in Ref. [55]. The signal of these gapless ex-
citations are already visible in the mean-field dynamical
structure factor shown in Fig. 7(c). They become more
prominent beyond mean-field upon including gauge fluc-
tuations, as we will see when discussing the dynamical
structure factor obtained from Keldysh pf-FRG.

Furthermore, it is important to compare these find-
ings with those on the square lattice for the Z2Azz13
state considered in Refs. [48, 49] as the candidate QSL
ground state of the J1-J2 model. The Refs. [48, 49] adopt
a variation of the Z2Azz13 Ansatz compared to the one
originally proposed in Ref. [55] to realize the Z2 gauge
structure. They define the dxy pairings on the bonds
connecting site (0, 0) to (2, 2) [which is twice the length

3
One can additionally include pairing on the fourth nearest-

neighbor bonds (which are twice the nearest neighbor), i.e., con-

necting (0, 0) to (±2, 0) and (0,±2)
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FIG. 7. (a) Spinon band structure of the Z3000 state for the variationally optimized parameters at Js/Jd = 0.80, given by
ωs = 1.0, ωd = 0.46, ωd→ = →0.09, ω↭ = 0.14, !s = 0.39, !↭ = 0.38, and µ = 0.35. (b) Spinon dispersion of the optimized
Z3000 state, showing the four Dirac cones residing at M(ε/2, ε/2) + (±ϑ, ±ϑ). (c) Dynamical spin structure factor, and (d)
equal-time spin structure factor of this state. The solid and dashed squares denote the first Brillouin zone (FBZ) and the
extended Brillouin zone (EBZ), respectively. The lower panel demonstrates the equivalence of the Dirac dispersion in Z3000
and Z2Azz13. (e) Contour plot of the lowest eigenenergy for Z3000 yielding the positions of Dirac points which are located at
(±ω

2 ± ϖ, ±ω
2 ± ϖ). (f) The same for Z2Azz13 where one can identify the Dirac cones at ±(ω

2 + ϖ, ω
2 + ϖ) and ±(→ω

2 + ϖ, ω
2 → ϖ)

which lead to C4 symmetry around (ε, 0) and (0, ε) while C2 symmetry around (0, 0). The correspondence between Dirac
dispersion in Z3000 and Z2Azz13 is manifest on adopting a gauge for Z2Azz13 with an enlarged (2 ↑ 2) unit cell (g). Notice
that the back-folding of Brillouin zone leads to the similar splitting of Dirac cones around (±ω

2 , ±ω
2 ). The color scheme is same

as that of (c).

of the diagonals inside the squares, i.e., on the 5th nearest
neighbor bonds] instead of defining them on the bonds
connecting (0, 0) to (1, 1), i.e., on the diagonals inside
the squares [which was originally considered in Ref. [55]].
By restricting the dxy singlet pairing amplitudes to only
the (2, 2) bonds, one ensures that the Dirac points are lo-
cated at commensurate momenta (±ω

2 , ±ω
2 ) in the mean-

field spectrum. As a consequence, the two-spinon exci-
tation spectrum consists of gapless excitations at (ω, ω),
(ω, 0) and (0, ω) as opposed to (ω ± ε, ω ± ε), (ω, ±ε) and
(±ε, ω) which would be obtained (see Ref. [55]) if one
defines the dxy pairings on the (±1, ±1) bonds. On the
Shastry-Sutherland lattice, we find that it is not possi-
ble to define the Z2Azz13 Ansatz in an analogous gauge
which would preserve the location of the Dirac points
at (±ω

2 , ±ω
2 ). Indeed, including the singlet pairing !↭

restricted to only the (±2, ±2) diagonals of the empty
squares instead of the (±1, ±1) diagonals still leads to
a splitting of each of the Dirac points at (±ω

2 , ±ω
2 ) into

four nodes located at (±ω
2 ±ϑ, ±ω

2 ±ϑ). Thus, the gapless
points in the spin excitation appear at the same incom-
mensurate points (ω ± ε, ω ± ε), (ω, ±ε) and (±ε, ω) as
noticed in Ref. [55]. This is corroborated from our dy-
namical spin structure factor obtained from both mean-

field and Keldysh pf-FRG in Figs. 7(a) and 14(a), respec-
tively. Thus, to define an Ansatz which naturally interpo-
lates between the J1-J2 square and Shastry-Sutherland
lattices we adopt the gauge of Z2Azz13 as defined in
Ref. [55] with dxy pairings on (±1, ±1) diagonals which
then leads to Dirac points and the gapless spin excita-
tions to be located at incommensurate momenta. From
an energetic point of view, this also yields the optimal
energy for the corresponding Gutzwiller projected wave
function.

After performing a particle-hole transformation on the
spinons with flavor →,

f̂
†

i,→ ↑ f̂i,→, f̂
†

i,↑ ↑ f̂
†

i,↑, (50)

the mean-field Hamiltonian (49) commutes with the to-
tal number of particles. Thus, |ϖMF↓ is defined by fill-
ing suitable single-particle orbitals. In this process, the
choice of boundary conditions should be such that they
lead to a unique state (by filling all orbitals in a shell
with the same mean-field energy). Periodic (P) and an-
tiperiodic (A) boundary conditions along the a1 and a2

lattice-vector directions [see Fig. 2(a)] can be considered,
leading to four choices: [P,P], [P,A], [A,P], and [A,A].

Mean-field
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FIG. 6. (a) Dispersion of the parent U100 state and (b) illus-
tration of its Fermi surfaces. The parameters here are chosen
to be the VMC optimized parameters at Js/Jd = 0.80 on a
14 → 14 cluster, given by ωs = 1.0, ωd = 0.53, ωd→ = 0.13, and
ω↭ = 0.47. The dashed line in the band structure marks the
Fermi level. The blue dots in (b) are the VMC optimized lo-
cation of Dirac nodes of the Z3000 state. (c) The dispersion of
another parent state of Z3000, namely the U800 in the gauge
with uniform hopping ωs = 1.0 and a dx2→y2 pairing which is
set to !s = 0.5. In (d), solid and dashed lines indicate the
zero energy contours of ωs and the nodal lines of !s (d wave
pairing) terms, respectively. The crossings at M(±ω

2 , ±ω
2 )

give the positions of the Dirac nodes. The blue dots are the
location of the Dirac nodes in the Z3000 state resulting from
!↭ pairing and remaining hopping amplitudes.

Table III, it is most straightforward to view it as a descen-
dant of the parent U100 state (see also App. G). Indeed,
due to the linear (nonprojective) realization of symme-
tries in the U100 state, it allows for uniform real hop-
ping amplitudes on all diagonal and square-lattice bonds.
Thus, it can be retrieved from the Z3000 Ansatz (49) by
setting the pairings !s = !↭ = 0. The band structure
of the parent U100 state is shown in Fig. 6(a) and at
half filling, it features a Fermi surface [Fig. 6(b)]. On
adding a nonzero !s, the nearly square-shaped Fermi
surface surrounding the ” point is completely lifted,
and the other Fermi surfaces in the vicinity of the M

points shrink to isolated points, forming Dirac cones at
M(ω/2, ω/2) + (±ε, ±ε). The Dirac points always re-
side on the line ”M . This is illustrated in Fig. 21 [Ap-
pendix E] where we show the contour plot of the ener-
gies of the lowest eigenmode of Z3000 in kx-ky plane.
The dependence of the magnitude of ε on all the varia-
tional parameters is illustrated in Fig. 22 [Appendix E].
In Fig. 7(a), we plot the dispersion of the Z3000 state
for the VMC-optimized parameters at Js/Jd = 0.8 while
the four Dirac cones surrounding the M point are shown
in Fig. 7(b). We also present the spin correlations of
this mean-field state, as reflected in its dynamical and

equal-time spin structure factors, in Figs. 7(c) and (d),
respectively.

It is worthwhile to discuss the splitting of the Dirac
nodes in the Z3000 Ansatz, particularly compared to
those in the Z2Azz13 state on the square lattice [55].
When one considers only uniform hopping ϑs and
dx2→y2 pairing !s on the nearest-neighbor bonds 3,
both the square and Shastry-Sutherland lattices ex-
hibit Dirac nodes at commensurate M(±ω

2 , ±ω
2 ) mo-

menta [see Fig. 6(c) and 6(d)]. However, the inclusion
of any other mean-field parameter ϑd, ϑd→ , ϑ↭, !↭, µ in
the Z3000 Ansatz splits the Dirac node at each M point
into four nodes residing at incommensurate momenta
(±ω

2 ±ϖ, ±ω
2 ±ϖ) with the nodes always located along ”M

[marked by blue dots in Fig. 6(d)]. Thus, the Z3000 state
can also be viewed as descending from the U800 Ansatz.
We illustrate this using a contour plot of the energy of
the lowest eigenmode of the Z3000 state as shown in the
Fig. 7(e). Similarly, including mean-field amplitudes (dxy

pairings) on the diagonals of the squares in the Z2Azz13
state, results in a shift of the Dirac nodes at (±ω

2 , ±ω
2 )

points to ±(ω
2 +ϖ,

ω
2 +ϖ) and ±(→ω

2 +ϖ,
ω
2 →ϖ) as shown in

Fig. 7(f), wherein we observe C4 symmetry about (ω, 0)
and (0, ω) and C2 symmetry about (0, 0) in the band
structure. Thus, although Z3000 and Z2Azz13 Ansätze
are adiabatically connected, the equivalence of their band
structure is not apparent. The reason lies in the fact that
the gauge structure of the Z2Azz13 Ansatz of Ref. [55]
is defined in the geometrical unit cell while the Z3000
Ansatz is realized in a 2 ↑ 2 unit cell. Hence, we define
the Z2Azz13 Ansatz in a 2↑2 unit cell and back-fold the
Brillouin zone in the four-site unit cell of Z2Azz13 state,
which leads to an identical splitting of Dirac nodes in the
spinon dispersion of the lowest eigenmode [see Fig. 7(g)]
as observed for the Z3000 state. Consequently, we ex-
pect the gapless points in the spin excitations to appear
at (ω ± ϱ, ω ± ϱ) [where ϱ = 2ϖ] as well as (ω, ±ϱ) and
(±ϱ, ω), as reported in the two-spinon excitation spectra
of Z2Azz13 in Ref. [55]. The signal of these gapless ex-
citations are already visible in the mean-field dynamical
structure factor shown in Fig. 7(c). They become more
prominent beyond mean-field upon including gauge fluc-
tuations, as we will see when discussing the dynamical
structure factor obtained from Keldysh pf-FRG.

Furthermore, it is important to compare these find-
ings with those on the square lattice for the Z2Azz13
state considered in Refs. [48, 49] as the candidate QSL
ground state of the J1-J2 model. The Refs. [48, 49] adopt
a variation of the Z2Azz13 Ansatz compared to the one
originally proposed in Ref. [55] to realize the Z2 gauge
structure. They define the dxy pairings on the bonds
connecting site (0, 0) to (2, 2) [which is twice the length

3
One can additionally include pairing on the fourth nearest-

neighbor bonds (which are twice the nearest neighbor), i.e., con-

necting (0, 0) to (±2, 0) and (0,±2)
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Z2 Gapless Spin Liquids
Questions of stability

<latexit sha1_base64="Ivpjkd6EI+tEUZAMYa6lVgj25LE="></latexit>

S =

Z
dtd2x[ ̄@µ�

µ + ( ̄M )2]

<latexit sha1_base64="LUBzq+kZZKDSecblu8vYHh33NTM=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0m0VC9K0YvHCvYD0lg22027dLMJu5tCCf0nXjwo4tV/4s1/47bNQasPBh7vzTAzL0g4U9pxvqzCyura+kZxs7S1vbO7Z+8ftFScSkKbJOax7ARYUc4EbWqmOe0kkuIo4LQdjG5nfntMpWKxeNCThPoRHggWMoK1kXq27XUTxR6z6tS/qqJrdN6zy07FmQP9JW5OypCj0bM/u/2YpBEVmnCslOc6ifYzLDUjnE5L3VTRBJMRHlDPUIEjqvxsfvkUnRilj8JYmhIazdWfExmOlJpEgemMsB6qZW8m/ud5qQ4v/YyJJNVUkMWiMOVIx2gWA+ozSYnmE0MwkczcisgQS0y0CatkQnCXX/5LWmcVt1ap3VfL9Zs8jiIcwTGcggsXUIc7aEATCIzhCV7g1cqsZ+vNel+0Fqx85hB+wfr4BqjckmI=</latexit>

[ 4] = 4 > 3

Short-range interactions between massless Dirac fermions are irrelevant in 2+1 dimensions

Z2 Dirac spin liquids are stable in 2+1 dimensions!

No Topological order but quantum order
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Figure 1. (a) Ground state phase diagram of the SSM, including three
phase: DVBS, PVBS and AFM. Dashed diagonal lines indicate the
NNN interaction terms. (b) The extended SSM, which contains two
sets of NNN interaction J2a (red) and J2b (blue). (c) Ground state
phase diagram of the extended Shastry-Sutherland model and it is
symmetric about J2a and J2b. J2b = 0 (or J2a = 0) corresponds to the
SSM, and J2a = J2b corresponds to the checkerboard model (CBM).
The grey region denotes other phases not of interest here.

the checkerboard model (CBM) with a potential PVBS-AFM
transition [65–67]. The two models can be connected by
tuning J2a and J2b. Our extensive tensor network simulations
yield strong evidence that the SSM undergoes a direct PVBS-
AFM transition accompanied by an emergent O(4) symmetry,
supporting a DQCP in the SSM. The conclusions are further
strengthened by the investigations of the extended SSM,
which exhibits the same type of DQCP physics as shown in
the phase diagram Fig. 1(c). Our findings suggest an origin of
the experimentally observed proximate DQCP phenomena in
SrCu2(BO3)2.

Results of the SSM. The finite PEPS algorithm here we
adopt has been demonstrated as a powerful approach for simu-
lating quantum spin systems [46–48, 68–70]. To further verify
the finite PEPS results, we carefully compare with DMRG
and infinite-size tensor network methods on the SSM [52, 56].
These results explicitly demonstrate the high accuracy of the
finite PEPS method. ( In addition, we also benchmark our
results of J �Q model with Quantum Monte Carlo simulation
at all di↵erent sizes. See Supplemental Material [71].) We use
D = 8 to perform all calculations, where both the ground state
energy and order parameters are well converged for the largest
available size 20 ⇥ 20 by very careful analysis for D = 4 � 10
results [71].

Since our method works well for open boundary systems,
we first look into the boundary induced dimerized pattern
on L ⇥ L systems for the SSM. We set J2 = 1 to keep the
same energy scale with previous studies. The local plaquette
operator at site i = (ix, iy) is defined as ⇧i =

1
2 (P⇤,i +

P
�1
⇤,i), where P⇤,i denotes the cyclic exchange operator of

the four spins on a given plaquette at site i. The boundary
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Figure 2. Finite size scaling of ground state order parameters for
the SSM on L ⇥ L lattices (a)-(d). Quadratic fits are shown for
VBS order parameters (a-c) and cubic fits are shown for AFM order
parameter (d) using L = 6 � 20. The ratios of PVBS and AFM order
parameters hQ2i/hM2i are presented in (e) and their crossing points
from (L, L+2) or (L, L+4) are presented in (f). (h) shows the fourth-
order momentum ratio. (g) shows the data collapse of PVBS and
AFM order parameters, and the dashed lines are quadratic curves
using the corresponding critical exponents. The values of scaled
AMF quantities in (g) have been shifted upwards by 0.7 for clear
display.

induced plaquette order parameter is measured by P =
1

Np

P
i(�1)ix⇧i, where Np = (L � 1)2 is the total number of

counted plaquettes [72]. The scaling of hPi2 with L = 6 � 20
is shown in Fig. 2(a) for di↵erent couplings J1 using second
order polynomial fits. With J1 increasing, hPi2 gradually
decreases. The extrapolated hPi2 in the thermodynamic
limit at J1 = 0.78, 0.80, 0.82 are 0.0075(3), 0.0041(3) and
0.0014(5), respectively, but would be zero at J1 = 0.84. This
suggests the PVBS phase vanishes around J1 = 0.83. The
third order fits give the same conclusion. The plaquette pattern
in the PVBS phase is shown in the middle part of Fig. 1(a),
where the singlets form on the empty plaquettes.

On the other hand, we consider the dimer order parameters
for double check, defined as

D↵ =
1

Nb

X

i
(�1)i↵Si · Si+e↵ , (3)

where ↵ = x or y, and Nb = L(L�1) is the corresponding total
number of counted bonds along the ↵ direction. For the PVBS
phase, the boundary induced dimerization hDi2 = hDxi2 +
hDyi2 should also be finite in the thermodynamic limit. The
scaling of hDi2 for J1 = 0.78, 0.80, 0.82, 0.84 using L = 6�20
is shown in Fig. 2(b), and indeed is consistent with a PVBS
phase for J1 . 0.83.

Now we turn to the PVBS and AFM order parameters
defined based on correlation functions. The PVBS order
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F I G . 9.2. (a) The mean-field ansatz of the 7r-ilux state. Here xij = i \ i 'n the direction of the
arrow, (b) The t'ermion dispersion in the ir-flux state. The valence band is filled. The low-energy
excitations exist near ihe four Fermi points, where the valence band and the conduction band touch.

excitations. In first-order mean-field theory, the spinons are coupled to the U(\)
gauge field. In 2 + 1 dimensions, f/(l) gauge theory is confining. Thus, individ-
ual spinons are not observable. Only bosonic bound states (which carry integral
spin) can appear in the physical spectrum. If we do create two separated spin-1/2
excitations, then, from Fig. 9.1, we see that they are connected by a string of dis-
placed dimers. The string leads to a linear confining interaction between the two
spin-1/2 excitations, which agrees with the picture obtained from first-order mean-
field theory. We see that first-order mean-field theory gives us qualitatively correct
results.

9.1.4 The 7r-flux state

• After projection, the mean-field 7r-flux phase gives rise to a translation, a
rotation, and a parity-symmetric spin-liquid wave function.

• The low-energy effective theory (the first-order mean-field theory) of the TT-
flux phase contains gapless Dirac fermions coupled to a t/(l) gauge field. The
Dirac fermions carry spin-1/2 and are electrically neutral,

• The concepts of stable, marginal, and unstable mean-field states.
• First-order mean-field theory is reliable only for stable mean-field states or

marginal mean-field states with weak fluctuations. The 7r-flux phase is not
one of these mean-field states.

The second mean-field state that we are going to study is the 7r-flux state
(Affleck and Marston, 1988; Kotliar, 1988) for the nearest-neighbor Heisenberg
model. The Tr-flux state is given by the ansatz (see Fig. 9.2)
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Lorentz invariance + SO(5) symmetry
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Nf = 2

finite region of J2 around J2 ¼ 0.5. The phase transition
between VBS and stripe AFM at JV-S2 is of first order, which
is characterized by the kink in the ground-state energy,
while the other two transitions are continuous (Fig. 13 in
Appendix C). Below, we describe the procedure to deter-
mine the continuous phase transition points.

1. Phase boundary determined by correlation ratio

Results for the correlation ratios, RNéel and RVBS, are
shown in Figs. 2(a) and 2(b), respectively (see Figs. 14 and
15 in Appendix C for the raw data of correlation functions).
We see clear crossings of curves for three sizes at nearly the
same points at J2 ¼ JNéel2 ≈ 0.49 for RNéel and at J2 ¼
JVBS2 ≈ 0.54 for RVBS. This standard procedure strongly
supports that the two transitions associated with the Néel-
AFM and VBS ordering take place at the different points
close to these system-size-independent crossings. It sup-
ports the existence of an intermediate phase without any
long-range ordering, i.e., QSL phase in the range 0.49≲
J2 ≲ 0.54 (see Appendix C 3 for the discussion of the
system-size dependence of the crossing points).

2. Phase boundary determined by level spectroscopy

The level spectroscopy method was applied to the 2D
J1-J2 Heisenberg model before [32]. Wang and Sandvik
interpreted the crossing between the lowest singlet and
triplet excitations as the VBS-order boundary, following
Ref. [54]. In addition, they found the singlet-quintuplet
crossing and interpreted it as a signal of the disappearance
of the AFM long-range order, because the transition from
the AFM long-range order to quasi-long-range order in
one-dimensional Heisenberg model with long-range inter-
action shows a similar behavior [32,55]. These two cross-
ings extrapolated to L → ∞ limit gave different J2 values:
J2 ¼ 0.463ð2Þ and J2 ¼ 0.519ð2Þ for the singlet-quintuplet
and singlet-triplet crossings, respectively.
To critically cross-check the consistency with the above

correlation ratio result, we also reexamine the level spec-
troscopy analysis as a complementary check. We here enjoy
the advantage of the momentum resolution in addition
(contrary to Ref. [32]). Figure 3 shows J2 dependence of
the excitation energies Δ for sizes 12 × 12 [Fig. 3(a)] and
16 × 16 [Fig. 3(b)] at high-symmetry momenta. The singlet-
quintuplet and singlet-triplet crossings signaling the
AFM-QSL and QSL-VBS transitions, respectively, are
highlighted by arrows. The size extrapolation of the crossing
points is shown in Fig. 4(a). We use L−2 scaling as in
Refs. [32,54]. The extrapolated thermodynamic values are
J2 ¼ 0.493ð2Þ and J2 ¼ 0.532ð2Þ for the singlet-quintuplet
and singlet-triplet crossings, respectively. The values are
close to those of Ref. [32] above. Quantitative differences
may well be ascribed to the smaller system sizes calculated
in Ref. [32] than ours. As for the singlet-triplet crossing, our
result is also consistent with a more recent estimate by
the variational Monte Carlo (VMC) method, which gives
J2 ¼ 0.542ð2Þ [56].
More importantly, our phase boundary estimated by the

level spectroscopy has a striking quantitative agreement
with the correlation ratio result described above. It is of
great significance to see the one-to-one correspondence
between the ground-state phases and the excitation struc-
tures. We then safely conclude that a finite QSL region
around J2 ¼ 0.5 emerges (see Supplemental note (1) in
Appendix D for additional noteworthy features found in the
level spectroscopy).
Figure 4(b) further shows the size dependence of the

excitation gap Δ at the crossing points. Δ × L seems to
converge at a finite value as L → ∞ for both crossings.
Therefore, the two critical points corresponding to AFM-
QSL and QSL-VBS transitions become gapless in the
thermodynamic limit with the scaling Δ ∝ 1=L.

B. Excitation spectrum in quantum spin liquid phase

As we see in Fig. 4(b), the singlet excitation with K ¼
ðπ; 0Þ and ð0; πÞ becomes gapless at both AFM-QSL and
QSL-VBS critical points, implying that it is gapless
through the QSL region sandwiched by these two critical
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FIG. 1. Ground-state phase diagram of square-lattice J1-J2
Heisenberg model (J1 ¼ 1) obtained by the RBMþ PP method.
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FIG. 2. System-size dependence of correlation ratio for
(a) spin-spin and (b) dimer-dimer correlations, which are used
to detect the phase boundary of Néel-AFM and VBS, respec-
tively. In (a), the 18 × 18 data are added to reinforce the result.
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Projective Symmetry Group: Z3000

Pairing

Hopping Cascade of transitions:
• Δ ≠ 0: Dirac ℤ! spin liquid
• &",$ ≠ 0: U(1) staggered-flux state
• &",$ = 0: SU(2) (-flux state



Higgs transition
Expand Hamiltonian 

d

around 2 two-component low-energy degrees of freedom:
ℱ ∼ #!$"#$ + −1 %!$"#&

• Dirac Lagrangian with staggered-flux and pairing perturbations

• Gauge invariance necessitates similar terms with ('.
=> Introduce Higgs fields for perturbations:

+⋯



Higgs transition

• Gauge invariance necessitates similar terms with !!.
=> Introduce Higgs fields for perturbations:

• Continuum Lagrangian identical to square lattice Z2Azz13 theory up to additional 
gradient terms ∝ # [Shackleton et al, PRB 104, 045110, 2021].

+⋯



Majorana-Higgs theory



Majorana-Higgs theory

• Question: Are there any other symmetry-allowed couplings?

=> Square lattice: No
=> Shastry-Sutherland: Yes (later: no effect on scaling dimension)



Majorana-Higgs theory
Integrating out high-energy spinon degrees of freedom
=> Higgs potential with all symmetry-allowed terms up to quartic order:

Unstable due to monopole 
proliferation:
Trivial monopole on square 
lattice also trivial on the Shastry-
Sutherland lattice
=> Néel or VBS order

Fate of the SU(2) theory unclear:
• Increasing numerical 

evidence for pseudocriticality 
and “walking” behavior

• Here: Weakly relevant 
Lorentz-breaking Yukawa 
coupling

=> Expect: Néel or VBS order

=> Explanation of the phase diagram via deconfined quantum criticality

Stable in 2+1D (dim $! = 4 > 3)



Majorana-Higgs theory
Are the Higgs potentials also structurally identical to higher order?

• Any symmetry-allowed term on the square lattice: 
Also allowed on the Shastry-Sutherland lattice due to reduced symmetry

• Any symmetry-allowed term on the Shastry-Sutherland lattice:
- invariant under !!, !" due to #
- invariant under $" due to %!
- invariant under $!, &#/% due to $! = !" ∘ %! and &#/% = !! ∘ )!"



Renormalization study of the 
critical point



Renormalization study
• Express the QFT with respect to Dirac fermions

and 2 scalar Higgs fields Φ!/# 

• Consider the large "$, "% limit by letting $ = 1,… ,"$ and ( = 1,… ,&!# :

• Yukawa coupling will be treated as a weakly relevant perturbation.

• Additional terms to )' exist on the Shastry-Sutherland lattice.



SO(5) symmetry
•  !!,# has an emergent enlarged symmetry given by "# 2 ×"# 2  (spin+valley 

rotations) 

• Constraint: Reality condition

=> Reduced to

• Néel and VBS order parameters &'Γ$' transform as an SO(5)-vector:



Renormalization study
• Perform a saddle-point expansion by introducing a 

Lagrange multiplier field

and expanding around the saddle point:

• Propagators are obtained in the gauge



Renormalization study
• Bosons and fermions are gauge-dependent

=> Gauge-dependent fermion & boson self-energies:



Renormalization study
Renormalization of the Néel and VBS order parameters:

leads to strongly enhanced Néel and VBS fluctuations

ÞLarge !!"($) ≈ 0.36 hallmark of deconfined criticality

ÞConsistent with ! ≈ 0.3 − 0.35 in )-* models [Block et al., PRL 111(13), 137202 (2013)]



Renormalization study
• Correlation length exponent

! ∝ # − #! "#
obtained from the mass scaling parameter

%$ & = 0 ∝ # − #! %!
via )$ = * 2 − ,$ :

• Both Lagrange multiplier and gauge fluctuations contribute with same sign

*



Renormalization study
• Vertex corrections to the Yukawa coupling:

• Additional symmetry-allowed Yukawa couplings do not alter the scaling dimension!

ÞThe coupling constant is weakly relevant: dim $ ≈ 0.609
ÞFluctuations of the Lagrange multiplier act to decrease the relevance, whilst gauge 

fluctuations increase it.

ÞUltimate fate of the SO(5) critical fixed point unknown:
Large N-expansion not reliable at estimating the relative strength of opposite trends, 
but only the operator content



Summary
• !!-!" square lattice and Shastry-Sutherland model share a common ℤ" Dirac spin liquid 

descending from the SU 2  &-flux state

• They share a common QFT and Higgs potential, governing the magnetic transitions 
through deconfined quantum criticality: Néel →	ℤ" → VBS

• Proposed & studied a conformal field theory with SO(5) symmetry:
- Controls the physics for BOTH square and Shastry-Sutherland lattice near the 
boundary between the Néel and gapless spin liquid states
- Extends earlier studies of )# = 2 QED3 by )$ = 2 adjoint Higgs fields stabilizing the 
theory
- Weakly relevant Yukawa coupling might destabilize it towards pseudo-critical 
behavior



Outlook
• Probing of critical exponents in Monte Carlo

• Study of symmetry-allowed perturbations as Dzyaloshinskii-Moriya interactions or 
explicit symmetry breaking present in material realizations of the Shastry-Sutherland 
lattice

• Finite-N sensitive methods such as Conformal Bootstrap or Functional Renormalization 
Group to study runaway flow

• Generalization to frustrated lattices derived from the prototypical square lattice
=> Deconfined criticality as a unifying paradigm of quantum phase transitions near a 
spin liquid



Evidence for a Z2 Dirac spin liquid in the generalized Shastry-Sutherland model
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We present a multimethod investigation into the nature of the recently reported quantum spin
liquid (QSL) phase in the spin-1/2 Heisenberg antiferromagnet on the Shastry-Sutherland lattice,
with superexchange couplings Js and Jd on the square and dimer bonds, respectively. A comprehen-
sive projective symmetry group classification of fermionic mean-field Ansätze on this lattice yields
46 U(1) and 80 Z2 states. Using density-matrix renormalization group (DMRG) and exact diag-
onalization calculations, we find that the Shastry-Sutherland model and the square-lattice J1–J2

Heisenberg antiferromagnet share the same QSL phase. Motivated by this observation, we establish
an explicit mapping of our Ansätze to those on the square lattice, and identify the counterpart of the
square-lattice Z2 Dirac QSL (Z2Azz13) in the Shastry-Sutherland system. Employing state-of-the-
art variational Monte Carlo calculations with Gutzwiller-projected wavefunctions, further improved
by Lánczos steps, we demonstrate excellent agreement in both energies and correlation functions
between a gapless (Dirac) Z2 spin liquid—characterized by only a few variational parameters—and
results obtained from neural quantum states and DMRG. Finally, we apply the recently developed
Keldysh formulation of the pseudo-fermion functional renormalization group to compute the dy-
namical spin structure factor. The resulting spectra exhibit features consistent with Dirac cones in
the excitation spectrum, providing strong independent evidence for a Dirac QSL ground state. Our
identification of a d-wave pairing Z2 Dirac QSL is consistent with recently observed signatures of
QSL behavior in Pr2Ga2BeO7 and outlines predictions for future experiments.

I. INTRODUCTION

The celebrated spin-1/2 Heisenberg antiferromagnet
on the Shastry-Sutherland lattice presents a rare example
of a two-dimensional spin model which admits an exact
solution for its ground state [1]. This Archimedean lat-
tice, which is also called the snub square or (32, 4, 3, 4)
lattice, features two symmetry-inequivalent bonds, and
the Shastry-Sutherland model (SSM) is defined on this
lattice as

Ĥ = Js

∑

↑i,j↓square

Ŝi · Ŝj + Jd

∑

↑i,j↓dimer

Ŝi · Ŝj . (1)

Here, Si denotes the SU(2) spin operator acting on
the spin S = 1/2 representation at site i. The nearest-
neighbor antiferromagnetic exchange is given by Js, with
the first sum in Eq. (1) running over all the bonds of
the square lattice. The next-nearest-neighbor interac-
tion is represented by Jd and the second sum runs over

→
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†
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‡
yiqbal@physics.iitm.ac.in

the additional diagonal bonds introduced on every other
plaquette of the square lattice, creating a pattern of al-
ternating dimers [see Fig. 1(b)]. In the limit Js/Jd = 0,
the Hamiltonian reduces to one consisting of decoupled
dimers and the ground state is given by a tensor prod-
uct of singlets with an energy of →3/8 Jd per site. This
state is always an exact eigenstate of Eq. (1) and remains
the ground state till a finite critical Js/Jd. The opposite
limit, Js/Jd ↑ ↓, yields the Heisenberg model on the
square lattice, which has a two-sublattice Néel-ordered
ground state.

Over the past few decades, the SSM has been the fo-
cus of extensive theoretical e!orts to map out the phase
diagram of Eq. (1), with interest intensifying in partic-
ular after the discovery of SrCu2(BO3)2 [2, 3], which
is well approximated by this model1. Other intrigu-
ing compounds in the family of Shastry-Sutherland lat-
tice materials have also attracted much attention lately,
due to their promise for hosting exotic nonmagnetic
ground states, possibly QSLs, as well as exciting possi-

1
The role of interlayer couplings in accurately describing its be-

havior has lately been appreciated [4].
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Abstract

We present a fermionic gauge theory for deconfined quantum criticality on the Shas-
try–Sutherland lattice and reveal its shared low-energy field-theoretic structure with
the square lattice. Starting from an SU(2) ω-flux parent state, we construct a contin-
uum theory of Dirac spinons coupled to an SU(2) gauge field and adjoint Higgs fields
whose condensates drive transitions to a staggered-flux U(1) spin liquid and a gapless
!2 Dirac spin liquid. While the Shastry–Sutherland lattice permits additional symmetry-
allowed fermion bilinears compared to the square lattice, the quantum field theories are
identical up to additional irrelevant terms. Consequently, the Higgs potential structure
and the leading low-energy theory coincide with the square-lattice case at the quan-
tum critical point. The SO(5) critical point is expected to realize conformal deconfined
criticality: we analyze it in a large flavor expansion, calculate its critical exponents,
and identify the Yukawa coupling between the fermions and Higgs fields as the rele-
vant perturbation that destabilizes it, consistent with pseudocritical behavior observed
in recent Monte Carlo studies. We show that the emergent SO(5) order parameter ac-
quires a large anomalous dimension at the critical point, leading to strongly enhanced
Néel and VBS susceptibilities—a hallmark of fermionic deconfined quantum criticality
consistent with numerical studies. Our results place recent numerical evidence for a
gapless !2 Dirac spin liquid on the Shastry–Sutherland lattice within a controlled field-
theoretic framework and demonstrate that fermionic deconfined criticality on the square
lattice–including critical exponents and stability–extends to frustrated lattices with re-
duced symmetry.
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