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Caveats & Conventions

Signature: — + ++
G=c=hn=1

@ Space-time indices: abcd ...

Boys—Post constitutive relations:

(W)= 5 6) 2

PSA: EM terminology not gravitoelectromagnetism

e PSA: ‘Analogue Space-Times' > ‘Analogue Gravity'!

@ arXiv numbers for convenience, not to imply ‘unpublished’

1But see, for example, Erkul & Leonhardt (2025) arXiv:2508.11300, Volovik — The Universe in a Helium
Droplet, ...
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Electromagnetism and the Earliest Analogue
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Electromagnetism in Media for Relativists

Reminder: Orthogonal Decomposition

For any two-form F,, in four dimensional space-time and any four-velocity V¢, there exist two
vector fields E4 and B¢, both orthogonal to V¢, such that

F,

a

p = VaEy — VyE, + €404V B (2)

o Similar statements for any possible tensor

@ View our constitutive equation (1) as tensorial map of field strength F,, —> G, excitation
tensor

o Z has 21 d.o.f.2 if compatible with an action & « F,,Z%‘F,,

° E{Z/b — —ZZdaCdeVC, [”I—/l]ab — 2(*2*)daCdeVc,
ab
G = 2+ 2)1 bV, v, 5] =2z0trv,y.

20ften the axion-part €, , is omitted, but see, for example, Hehl et al. (2009), arXiv:0903.1261.
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Link to David's Lectures

@ This directly translates to the physics of moving media!3
@ An isotropic medium in its rest frame V viewed by W:

elb/lc/i' - _ 2ZadeVI/aVI/C,
=p~ @+ WW D + (e~ u) (V- W)
—Whvid+viwhwy - w)-vbyd),
hbd
g P = et =) (- WPl = high il ).
G =(e—u™HWV - W) (e“IW V).

o Reminders: (V- W)* =y p, 1 —1/ep) =1-1n?
@ Isotropy is lost in the moving medium!

3A.k.a. the Fresnel-Fizeau effect; see, e.g., Post — Formal Structure of Electromagnetics or O'Dell - The
Electrodynamics of Magneto-Electric Media.
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The Issue with the Gordon Analogue

@ In this language, the Gordon analogue, ‘g — n’, would read as: Find Z such that

d*xv/—det g ([geff]ac [geff [geff “ ez ) FopFegs 3)
e, zo = —V‘“g (leat)” o)™ - leat]“ [sat]™). (@

& g
det g eff eff

@ The consistency condition (for isotropic media € = u) follows from d.o.f.(g5%) # d. 0. f.(Z%<?).4
o Wharning! V., is not metric-compatible with V, —and vice versa

4See, for example, SeSc, Visser arXiv:1706.06280 for the general case.
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The Issue with the Gordon Analogue

@ In this language, the Gordon analogue, ‘g — n’, would read as: Find Z such that

d*x/— det gog ([geff] “ [geff — [gat]” “ [goe bc) FopFegs 3)
d t' e ac
ie, Zwd= 2—'egﬂ ([ 1% feat]™ = et [e)” ) (4)

& g
det g eff eff

@ The consistency condition (for isotropic media € = u) follows from d.o.f.(g5%) # d. 0. f.(Z%<?).4
o Wharning! V., is not metric-compatible with Ve, and vice versa
@ = Cartographic distortions from (not just!) non-metricity

Iab/efF Iab/eff eff/lab
beca 8pe ’ (5)

@ This has often (implicitly) been re-discovered: Cummer, Fathi, Frauendiener, Thompson
(arXiv:1006.3364, arXiv:1602.08341, arXiv:1705.11108); Sawicki, Trenkler, Vikman
(arXiv:2412.21169); SeSc, Visser (arXiv:1808.07987)

4See, for example, SeSc, Visser arXiv:1706.06280 for the general case.
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The Not-Just-Non-Metricity Distortion (arXiv:

Issues of Coordinates

@ Algebraic EM analogue of
Schwarzschild:

1 0 0
1 0 0
ut =0 om 0
0 0 1

rr-2M) sin? 0
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The Not-Just-Non-Metricity Distortion (arXiv:

Issues of Coordinates

@ Algebraic EM analogue of
Schwarzschild:

1 0 0
1
e =|0 Hr—2M) ? s
0 0 r(r—2M)sin? 0

1 0 0
”ab =10 r(r—12M) 0 )
0 0 !

rr-2M) sin? 0

¢, =0.

@ Coordinates for (M, g,,;,) # Coordinates
for (M, g.¢)!
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The Not-Just-Non-Metricity Distortion (arXiv:

Issues of Coordinates

@ Algebraic EM analogue of
Schwarzschild:

1 0 0
e =10 T 0
0 0 m
1 0 0
”ab — m 0
0 0 o
o, =0.

Example: Scaled lab coordinates
Hawking temperature of a Schwarzschild BH

@ Hawking temperature can be rephrased in terms of either M

or e, [;4‘1],6:

h
[+] = PR
TH,eff ( 4ry/det gp dete )
e Teff="+

@ Coordinates for (M, g,,;,) # Coordinates

for (M, g.¢)!
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@ Algebraic EM analogue of
Schwarzschild:

1 0 0
R R T

0 0 m

1 0 0
”ab= m 0 ,

0 0 o
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Example: Scaled lab coordinates
Hawking temperature of a Schwarzschild BH

@ Hawking temperature can be rephrased in terms of either M
ore [u'].¢

h
[+] = PR
TH,eff ( 4ry/det gp dete )
e Teff="+

@ Assume rgg=ar,,
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Example: Scaled lab coordinates
Hawking temperature of a Schwarzschild BH

@ Hawking temperature can be rephrased in terms of either M
ore [u'].¢

h
[+] = PR
TH,eff ( 4ry/det gp dete )
Teff Feff="+

@ Assume rgg=ar,,

_ —on
O Ty pap = a7 Ty o

_h =
8792 M
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Not-Just-Non-Metricity Distortion (arXiv:

Issues of Coordinates Example: Scaled lab coordinates

o Algebraic EM analogue of Hawking temperature of a Schwarzschild BH

Schwarzschild: @ Hawking temperature can be rephrased in terms of either M
-1
ore, |lu|,¢
Lo 0 ]
i
e = 0 g 0 R
1 0 Ty 4= —L1—
0 0 Hr—2M)sin® 0 H.eff dmy/detgpap dete ) .
T refr=ry
1 0 0
1
ut = 8 r(r—02M) (1) , © Assume royp =ary,
rr-2M) sin? 0
__h _
Z_,’ab =0. ° TH, lab = 8z492M — a TH, eff
@ Coordinates for (M, g,,) # Coordinates @ T, 4 conformally invariant under conformal space-time
for (M, geqp)! transformations of (M, g.¢); not under space transformations!
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Beyond Lorentzian Geometry
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Area Metrics, Finsler Metrics, and Dispersion Relations

@ For QG or EM—'area metrics’; reinterpreting Z as mapping area-forms®

EM:  Sgm =—%/d4x\6/detGgifrovFabZ“dech,
M

GR+: Sgy = / d*x4/det G&S ‘R
M

= 'Area metric geometry’

5For details: Punzi, Schuller, Witte, Wohlfarth (arXiv:hep-th /0508170, arXiv:hep-th/0612141,
arXiv:0908.1016).
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Area Metrics, Finsler Metrics, and Dispersion Relations

@ For QG or EM—'area metrics’; reinterpreting Z as mapping area-forms®

EM:  Sgm =—%/d4x\6/detGgifrovFabZ“dech,
M

GR+: Sgy = / d*x1/det G&S _‘R'.
M

= 'Area metric geometry’
@ Z also tied to Finsler geometry:®

ds = F(x,y), xe€M,yeT M, homogeneous of degree 1 iny

5For details: Punzi, Schuller, Witte, Wohlfarth (arXiv:hep-th/0508170, arXiv:hep-th/0612141,
arXiv:0908.1016).

SFor details: Pfeifer (arXiv:1903.10185); for application to EM: Perlick — Ray Optics, Fermat's Principle, and
Applications to General Relativity.
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Area Metrics, Finsler Metrics, and Dispersion Relations

@ For QG or EM—'area metrics’; reinterpreting Z as mapping area-forms®

EM:  Sgm =—%/d4x\6/detG(F’,ifrovFabZ“dech,
M

GR+: Sgy = / d*x1/det G&S _‘R'.
M

= ‘Area metric geometry’

@ Z also tied to Finsler geometry:®

ds = F(x,y), xe€M,yeT M, homogeneous of degree 1 iny

@ Lastly, also tied to general/modified/..dispersion relations w(p) or P,(q) = m%&f, P _: T:M — R.”

5For details: Punzi, Schuller, Witte, Wohlfarth (arXiv:hep-th/0508170, arXiv:hep-th/0612141,
arXiv:0908.1016).

SFor details: Pfeifer (arXiv:1903.10185); for application to EM: Perlick — Ray Optics, Fermat's Principle, and
Applications to General Relativity.

"See Ritzel, Rivera, Schuller (arXiv:1010.1369). Warning! Technical & physical requirements on P omitted.
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What It Looks Like

cotangent space tangent space

Images sourced from: Rétzel, Rivera, Schuller (arXiv:1010.1369)
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What It Looks Like

positive energies
L

(cty

observers
ct

cotangent space tangent space

Images sourced from: Rétzel, Rivera, Schuller (arXiv:1010.1369)
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What It Looks Like

cotangent space cotangent space

Images sourced from: Rétzel, Rivera, Schuller (arXiv:1010.1369)
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An Unruh—DeWitt Detector in a Uniaxial Crystal
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The Detector Model

@ Ingredients for uniaxial crystal:
o Flat background #,
o Crystal rest frame's worldline U,
° Zabcd — na[cnd]b + U[aXb]U[ch]
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e Detec Model

@ Ingredients for uniaxial crystal:
o Flat background?® 7,
o Crystal rest frame's worldline U,
° Zabcd — na[cnd]b + U[aXb]U[ch]

8Well, unless the constitutive tensor is assumed to define a more general (birefringent) space-time geometry.
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e Detec Model

@ Ingredients for uniaxial crystal:
o Flat background?® 7,
o Crystal rest frame's worldline U,
o Zabed — paleydib 4 grla xblgle ydi
@ Ingredients for detector
o Detector worldline x
o Dipole M*

8Well, unless the constitutive tensor is assumed to define a more general (birefringent) space-time geometry.
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The Detector Model

@ Ingredients for uniaxial crystal:
o Flat background?® 7,
o Crystal rest frame's worldline U,
o Zabed — yalepdlb 4 g7l xblyyic xd]
@ Ingredients for detector
o Detector worldline x
o Dipole M*
o n(x,x)=nU,U)=-1,n(M,x)=nU,X)
@ Fresnel equationg determines wave front momenta: ! (k, k)¢~ (k, k) = O with

2

UU, - X, X,

1+§2

8Well, unless the constitutive tensor is assumed to define a more general (birefringent) space-time geometry.
9See, for example, Hehl, Obukhov — Foundations of Classical Electrodynamics
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Early Results: Inertial Motion

Building on results of Fewster, Pfeifer, Siemssen

(arXiv:1709.01760, arXiv:1602.00946) <
@ Currently, only (partially) done for inertial x =
@ Calculate /%“/%‘xbxd(mch(x(r’))Fab(x(r))|0)|§_0 :
@ Using clever variable choices!®

U= (1,01 X = (0,%)",
X =y, v),
nU,x)= -y
M= |M|(yvcosb,,, m+ (y —1)cosb,, D),

cos@,, =m-0,

o 020)

Ay (1,1/2, 6,

n(X, %) = vycosd

vx°

isolate factors Ay (&, 0,0,,,0,.,)

mx> Y mv

0Thank you, Finn!
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Summary
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Summary and Outlook

Summary:

@ Analogues fit naturally into geometries beyond Lorentzian metrics
@ One can find covariant dispersion relations
@ Many application to modified theories of gravity

Outlook

@ Interial UdW detector response in a uniaxial crystal

@ Hopefully also accelerated UdW detector response...
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Electromagnetism: Microscopic vs. Macroscopic

Microscopic Maxwell equations Macroscopic Maxwell equations

ViaFie) =0, civial consti ViFie) =0,
ab _ 71b non-trivial consti-
Vo =J tutive relations v

D=cE+ (B,
H=("E + u'B.

Sebastian Schuster  (SU) Analogues beyond Lorentzian Geometry Bonus Slides 12 / 12



What It Looks Like—Addendum ‘Observers’

tangent space tangent space

Image sourced from: Rétzel, Rivera, Schuller (arXiv:1010.1369)
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What It Looks Like—Addendum ‘Stability’

stable energy cone

observers

cotangent space tangent space

Image sourced from: Rétzel, Rivera, Schuller (arXiv:1010.1369)
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