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Introduction to the few-body problem:
Zero-range method and Efimov effect



From van der Waals to effective potential

R,~40-+1004,
1/k~10%a,

Replace by equivalent potentials as long as ais the same and kR, < 1

R —)O |C1|<<Re

Zero-range ] Mean-field
(few-body) (many-body)



Bethe — Pelerls boundary conditions
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Bethe and Peierls (1934), “Quantum theory of the diplon /‘ neutron
proton /
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Diplon (deutron) is a weakly bound dimer with R _~ 10 ®cem, a~4.5-10 “cm
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Ultracold gases + Feshbach resonances

Nuclear matter:

R,~10 “cm, a~4.5-10 “cm

a

Ultracold atoms:
R,~0.5-10 °cm; A,z,a>10""cm

a

Golden age of the zero-range
approach!

It becomes quantitative



STM approach, neutron-deuteron scattering
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SOVIET PHYSICS JETP VOLUME 4, NUMBER 5 JUNE, 1957

Three Body Problem for Short Range Forces. I.
Scattering of Low Energy Neutrons by Deuterons

G. V. SKOrRNIAKOV AND K. A. TER-MARTIROSIAN
( Submitted to JETP editor July 23, 1955)
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 775-790 ( November, 1956)

An exact solution is obtained for the three body problem in the limiting case of a vanish-
ingly small radius of action of the forces. In this case, the Schrédinger equation for the
system of three particles reduces, for motion with a definite momentum, to an integral
equation for a function of a single variable. The solution isused for the calculation of the
neutron-deuteron scattering cross section. In the limiting case of zero energy of the neutrons,

the theory gives the values ag /9 =0.51% 10712 cm, a; ;9 =0.30 X 10" 2cm for the scattering
amplitudes,



Substituting Eq. (11) in Eq. (10), we get an in-
tegral equation for y (k):

(@ — 1r) % (k) (12)

<«—|STM equation
dk’ v (k)

= 0.

+ 8 S (2m)? K%+ k' A+ kk' — (ME | R?) —iv

The solution of this equation determines the
wave function of the system, in accord with Eq.
(11). For states with a definite quantity of
momentum, Kq. (12) reduces to an equation for a
function which depends on one independent variable,
which can be solved numerically.

The idea for this consideration of the three body |
problem was supplied by L. D. Landau. } '




Zero-range method

expand in
spherical waves

a

set of 1D radial
equations

etc.

VS.

a

exp (ik|F—R|)

w(?)zexp[iig(?—ﬁ)]nLC

A47|F—R]

Plane wave Green's function
The only number that ~_ 4n

we need to know —1/a—ik



Zero-range method

exp(ik|7—§j|)

Fl=explik? ]+ Y. C _
W(F)=exp[ikF]+ 2. C, ey

2

Demkov & Ostrovskii « Zero-range potentials and
their applications in atomic physics » ~1975



Scattering by a curve or hypersurface - STM

Helmholtz equation

V2 1P|y (F)=0

+ a boundary condition on the curve

(S)EXP(ikW_ﬁ(S)D
(s)]

4n|F—R(s

f dsK(s,s')C(s')=F(s) < Fredholm equation (1 dimensional)

3D 3-body scattering = 6D 1-body scattering by a 3D hyperspace

/_\ -
3D Fredholm equation (STM)

6D Schroedinger equation



Examples y
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Is zero-range model sufficient for three atoms?
Is a sufficient?



STM approach, neutron-deuteron scattering
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SOVIET PHYSICS JETP VOLUME 4, NUMBER 5 JUNE, 1957

Three Body Problem for Short Range Forces. I.
Scattering of Low Energy Neutrons by Deuterons

G. V. SKkOorRNIAKOV AND K. A. TER-MARTIROSIAN
( Submitted to JETP editor July 23, 1955)
J. Exptl. Theoret. Phys. (U.S.S.R.) 31, 775-790 ( November, 1956)

An exact solution is obtained for the three body problem in the limiting case of a vanish-
ingly small radius of action of the forces. In this case, the Schrédinger equation for the
system of three particles reduces, for motion with a definite momentum, to an integral
equation for a function of a single variable. The solution isused for the calculation of the
neutron-deuteron scattering cross section. In the limiting case of zero energy of the neutrons,
the theory gives the values ag /9 =0.51% 10712 cm, a; ;9 =0.30 X 10" 2cm for the scattering
amplitudes,
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Correct Wrong [Danilov'1961]



Ultracold gas with large scattering strength

gt
Magnetically tunable resonance
/ (Feshbach resonance)
B, { B
BEC & large a Deg. Fermi gas & large a

g

Collapse and inelastic losses.
Very short lifetime (%)

Na (MIT), 8Rb (JILA), Rb (MPQ), "Li
(Rice), *°Cs (Innsbruck)

40

g

No collapse & long lifetime @

K (JILA), 5Li (Duke, MIT, ENS, Innsbruck,
Rice)

What is the difference?




Efimovian vs nonefimovian regimes



Thomas effect

Thomas (1935), “The interaction between a neutron / h

and a proton and the structure of °H” /‘ 2 n\qutrons

proton k /

Decrease the range of the proton-neutron potential keeping their blndlng energy constant
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The trimer binding energy tends to infinity! - Thomas effect or Thomas collapse

Example: three “He atoms form much deeper bound molecule than two “He atoms



Borromean binding

Borromean rings — symbol of strength in unity.
/ \ i Remove one ring and the other two fall apart

The symbol is used in a number of
other applications

Borromean sculptures (John Robinson) \

Christian Trinity




Borromean binding

... In nuclear physics (see halo nuclei, neutron-rich nuclei)

——

Example: stable °He nucleus o A

\ipa'rncle ‘ \

[ 2\neutrons
‘ l \ k /
- ” N /
,‘ Unstable! — t ~ _ ~
¢
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Not a big surprise. Three bosons _
attracting each other via this potential Attraction, nol 2-body
could form a trimer state \ bound states!
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Efimov effect

\
/

¢ Efimov (1970) found
that the number of
¢ 7 i
" g Re 4 — o0 trimer states
| 7777222727777 S
g R Ntr~;”10g<lal/Re>%oo
%
iy with the accumulation
point at
E=0

Efimov state — weakly bound trimer state
Discrete scaling symmetry: three-body observables depend on R,
but If R',=R exp(+1-(/5 ), they do not change

For three identical bosons S~ 1.00624 This number depends on the symmetry
(Fermi, Bose) and on the masses of particles



(2+1)-body problem , //

T |
M M

Heavy bosons — Efimovian system

Heavy fermions — non-Efimovian-to-Efimovian transition for M/m~13 [Efimov'1973]



Born-Oppenheimer approximation

N

—k|r—R/2|) exp(—«k|r+R/2
Light atom wavefunction: :eXp( K| |> Xp( K| |)

Bethe-Peierls boundary condition gives:

W (r)

Effective interaction between
heavy atoms is provided by
exchange of the fast light particle.
Born-Oppenheimer approximation
[Fonseca,Redish,Shanley'1979].

R<a == k=~
Aok’
Ueff(R):_ ’m

0.567
R

a

Ir—R/2| Ir+R/2|
l_K_I_EXp(—K R):O
a R

R>»a ==) KNl
a




% (R)=Ex(R)

"\

. Ueff (R) Solving the Schrddinger equation
for the heavy atoms we take into
a R account their statistics:

~ AL(1+1)
U . (R)~U_ .+
eff< ) eff MR2

Heavy fermions ==> | =135 ..

Heavy bosons == [ =02 4. ..
2

n_ l(l+1)—0.16M)

MR m

N— —

—

B

R<a,E=0 == (—9°/0R*+B/R°)x(R)=0
v(R)=R" v, =1/2+p+1/4




Efimovian vs non-Efimovian regimes

R<a,E=0 mm (—3°/0R°+B/R*)x(R)=0
% (R)c R’ v,=1/2+VB+1/4

B=1(1+1)—-0.16 L
m 2
Identical fermions =) [=1 ==) Ueﬁ (R)~ h _12-0.16 M)
MR m
M/m<13.6 = B>-1/4 M/m>136 = B<-—1/4
% (R)oc R  (R)ocVRsin(s,logR/R,),s,=vV—1/4—p
Unique wavefunction without zeros “Fall of a particle to the centerin R 2
== N0 Efimov states. Centrifugal potential”. Infinite number of zeros of the
barrier is stronger than the induced wavefunction. Infinite number of trimer

attraction. Non-Efimovian case states. Efimovian case



N
— “_LM:_ R - hyperradius
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- Efimov radial law
x [Efimov'79,Braaten —&)

&Hammer'06] A
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short-distance  scale-invariant long-distance asymptotic
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First observation of Efimov trimer in Cs [Kraemer et al.'2006]

Efimov loss resonance

1/a<0 /3)0
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Energy E

10f

ﬁéeq\[pbination length (1000 a,)

Inverse scattering length 1/a

92 -115 -1 -05 0 0.5 1 1.5 2
Scattering length (1000 ao)

T=0 universal theﬁory [Braaten&Hammer'2006]
Fitting parameters - real and imaginary parts of R_



Efimov effect. Discrete scaling symmetry

<—1/4 =» v,=1/2+isye>y (R)ocvRsin(s,log R/R,)

B=(1(1+1)—0.16M
m

“Fall of a particle to the center in R 2 Discrete scaling symmetry.
potential”. Infinite number of zeros of Multiplicative factor A=exp(Tt/s,)
the wavefunction. Infinite number of

trimer states. Efimov effect % (AR)ocy (R)
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Manifestation of discrete scaling szmmetrz

A 2
c

trimer states

3-body recombination

AN
i, = e
O . _." \ /
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loga
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AO(FQC/(14
— >
log[exp(rt/s,)] 1084




Observation of discrete scaling szmmetrz

" k Cs-Cs-Cs, K-K-K, Li-Li-Li =~

Innsbruck, Florence, Heidelberg,
k PennState, Rice, Ramat Gan

Rb-Rb-K
Florence, JILA

([
‘ k Rb-Rb-Li and Yb-Yb-Li = |A~7 | <

Cs-Cs-Li = | AR |«

=> | A~120

Direct measurements of 3-body observables (energies of Efimov states,
3-body recombination, atom-dimer scattering amplitude)



Values of s,and the scaling parameter A=exp(/s,)

L ‘ 1 .
- equal mass
™ ™ bosons 111

bosons

\ 875, 875, 40
o Rb- Rb- 'K

22.7

s,(BO)=V—p—1/4=—1(1+1)+0.16 M/m—1/4




Fermion or boson

me
Recombination loss rates in a cold mixture: "
Boson Boson
Rate constant for three-body sin’[s,log(a/a,, )] +sinh’n b gt

recombination to a weakly — » o, =C(M/m)

bound molecular level sinh”(1rs,+n,)+cos’[sylog(ala,,)] m

coth (1t s,)sinh(n, )cosh (n,) ha'

sinh”(1ts,+n,)+cos’[s,log(ala,,)] m

» &, (a>0)=C(M/m)

... and to deeply

bound states i 4
- o, (a<0)=C(M/m) coth (1t s,)sinh(n,)cosh(n,) #a

sinh’n, +cos’[s,log(|a|/a,,)] m

2
arcsin

M )_\/m(ZM—I—m)
M+m M

" C(M/m)=64

(M-I—m

where < . - (in)elasticity parameter

_ % - the value of a where o (a) reaches its minimum

Recombination maxima symmetric with respect to the resonance center!

Helfrich, Hammer, Petrov,
PRA 81, 042715 (2010)
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Efimov trimers
(Efimov scenario)



Finite-temEerature effects

Rb-Rb-Li theory [Petrov&Werner'2015]

ENS ’Li experiment [Rem et al.'”2013]
- T=0
®)
10—21_
= t
\Og 10—22_
S
103k
-10° -10° -10* -10*  \-10° 01 1 T
afdy | a_la
Finite T :

saturation when
|a| > Nag

4 4
Lyoca — Lyoc A g



Cs-Cs-LI loss rate constant

with Werner (theory), Ulmanis, Haefner, Pires, Kuhnle, Weidemueller (exp) (2015)

Scattering length (in units of @)
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Magnetic field (G)



Tuning the three-body parameter(s)?



Ultra-cold atoms for modeling nuclei (need to switch off losses !)

Tune the three-body and (in)elasticity parameter (shielding?)

Floquet drive of a [Sykes,Landa,Petrov'2017] ‘M

RF drive [Zulli,Mulkerin,Parish,Levinsen'2025]

vdW+dipole-dipole (Dy, Er with Li ?) [Oi,Naidon,Endo'2024]



Single-frequency drive

recurrence relations for f, E=y finda, anda,

where a ;=0

0.8—

0.6}

EE) o4

0.2}

0.0

Il
]
\\
\ \\ A S~
0.5 1.0 1.5 2.0
ag

Small-amplitude drive resonant with the energy
of the weakly-bound state (Hudson Smith'15)




anda,Petrov'17]

0.8—

i.e., for small collision energy w=k”*and da,=a,—a,” 4
fO — 1 5 0.4
l/aeff—l—R*a)—l—i\/E .
21 ,(v)]2 0.0LLLL L
aeir = —ai || [da -
0o 32| 4 (V)2 ~ _ 2
R* Do 1 |¢_n‘ et ~ —ay/oag||aes ~ —1/8ag
B 2| 4 (0)]2 R*~1/24> ||R* =1/ay
2a; ‘qb_l‘ !
NARROW WIDE
Inelastic contributionlappears In the second order 5=2 fora, <1
fo= §=5/3 fora,>1

" 1/a,+R* w+HC(1/a,+R" )+ vo
.. ) 3 W
On resonance a,;=oo but at finite w=k* B8y o,(k)/o (k)~(kLy) (Ly/a,)
cf. (inelastic three-body rate)/(elastic two-body rate) ocdensity/k’

Two-body inelastic loss is not going to be the main issue!



Heavy-heavy-light problem

7

/ ,Petrov'l?]

Floquet-resonant heavy-light interaction, i.e., a, and a, on the two-body resonance

« i

exp [ik,|r £ R/2| — iwpt]  -osl
D I D T

~
T 04}

boundary conditions for r+=R/2—0  -049

j' -0.32F

neZ +

recurrence relations for [ 5 0%
3 -0.3241
1 & -0.326¢
-0.328f
effective potential w(R)
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Heavy-particle wave function _anda,Petrov'17]

o
0 ll+1) M oAl
|:_3R2 T R2 T m (R) | xi(R) :}}%R) < -0.2f
< -0.3;
z=InR %jg :
.l Xi(R) = exp(z/2)®;(2) Y L A
1 % 2 (1+1/2) 10 107 10° 10° 10*
— D,''(z)+e " wle ) D,(z)=— D,z R
i & (o)) L
(I)loce—ﬂﬂ'sozﬂ'q) _en—isoz—iq) q)loce—nd+i502+i¢d_em—isoz—i% m%-0-35‘
% 04}
so = [C*M/2m — (I +1/2)*]'/2 045k
. 107" 107 1130 10° 10
(14172 P/(M2m) A DNAN o mmmemzzzmemmm e SANAN 2 ~0.32f
~0.322f
3
< -0.324f
—C*~—0.32 & -0.326f ‘
(C=e°) ~0.328} |‘. a,;=100 |

-2

107 10

4

120 10° 10
e”w(e”) —shape fixed by a, |



Universal non-Efimovian (N+1)-clusters

Scaling invariance : from 3D Efimov to 2D Pitaevskii-Rosch
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