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Today, one of the big challenges of theoretical condensed matter physics is to find ways for describing accurately
and efficiently the response of electrons to an external perturbation. In fact, the knowledge of response functions
allows one to directly derive spectra (such as absorption or electron energy loss); moreover, response functions enter
the description of correlation effects, for example through the screened Coulomb interaction W in Hedin’s GW
approximation to the electron self-energy. Two main developments for the ab initio calculation of response functions
of both finite and infinite systems are, on one side, the solution of the Bethe-Salpeter equation (BSE), and, on
the other hand, Time-Dependent Density Functional Theory (TDDFT). Both approaches are promising, but suffer
from different shortcomings: the solution of the Bethe-Salpeter equation is numerically very demanding, whereas
for TDDFT, despite recent progress a generally reliable but at the same time very efficient description of exchange-
correlation effects has still to be developed.

We will review the two approaches focussing on their comparison. The meanlng and 1mp0rtance of dlfferent con-
trlbutlons to the induced potentlals will be ag ° o

frpation theory picture, and with the exact exchange approach), show results and give perspectives.
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A simplified view:

MBPT = GFFT DFT
TD-GFFT .5 TD-DFT
“easy to approximate” ’easy to calculate”

(which is of course only true when quick&dirty)

=== Merge and keep the best of both worlds




Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:

* TDDFT from the Bethe-Salpeter equation of MBPT

* vertex corrections beyond GW from TDDFT

— Our today’s research:

* fxC approx. vertex corrections: exotic excitations in the HEG
* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: X[n]




Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:

* TDDFT from the Bethe-Salpeter equation of MBPT

* vertex corrections beyond GW from TDDFT

— Our today’s research:
* fXC approx. vertex corrections: exotic excitations in the HEG
* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: X[n]




Typical GFFT approximation strategy
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From the BSE to a kernel for TDDFT: reverse engineering
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From the BSE to a kernel for TDDFT: reverse engineering by (dirty) maths
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We could also avoid p[n] — ), — )] [n] To be approximated!!!
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From TDDFT to vertex corrections beyond GW

Correlation self-energy:

Martin, Reining, Ceperley

Interacting Electrons Bruneval, et al, Hedin 1965
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From TDDFT to vertex corrections beyond GW
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Overhauser, PRB 3, 1888 (1971); Streitenberger, Phys. Stat. Sol. 125, 681 (1984); Phys. Lett. 106A, 57 (1984);
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Shishkin, Marsman, and Kresse, PRL 99, 246403 (2007).




From TDDFT to vertex corrections beyond GW

GW RPA GW K, GWT
Direct gap at T’ 0.64 0.56 0.65
Direct gap at X 0.78 0.57 0.73
Direct gap at L 0.68 0.58 0.72
Valence bandwidth -0.56 -1.01 -0.48
Minimum gap 0.63 0.59 0.66
Valence band
maximum -0.36 -0.44 0.01
Conduction band
minimum 0.27 0.14 0.67

0
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From TDDFT to vertex corrections beyond GW
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GW RPA GW K,

Direct gap at T’ 0.64

Direct gap at X 0.78

Direct gap at L 0.68

Valence bandwidth -0.56

Minimum gap 0.63
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Conduction band
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Beyond GW, approximate

Schmidt, Patrick, and Thygesen, PRB 96, 205206 (2017);

Chen, Ambrosio, Miceli, and Pasquarello, PRL 117, 186401 (2016);
Shishkin, Marsman, and Kresse, PRL 99, 246403 (2007)
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Excitations in the homogeneous electron gas
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Excitations in the homogeneous electron gas
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Textbook knowledge

Wannier exciton:
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Intuitively: excitons screened out in the HEG

But at low density...... Y. Takada, PRB 94, 245106 (2016)
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See also: Takayanagi&Lipparini, PRB 56, 4872 (1997)
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Why should this be important?
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We usually describe excitons in the BSE:
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Is the e-h interaction screened away?
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Is this a pb of the RPA W"?
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| Exact (QMC): attractive region even smaller than in the RPA!

Moroni, Ceperley, Senatore, PRL 75, 6 (1995); Corradini, et al. PRB 57, 14569 (1998)



Is this a pb of the RPA W"?
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From TDDFT to vertex corrections beyond GW
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M. Corradini, et al., PRB 57, 14569 (1998)
S. Moroni, D. M. Ceperley, and G. Senatore,
PRL 75, 6 (1995)
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The electron-hole BSE as 2-particle problem
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out(

q,w)



Is a ghost important?

2w
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2 _ )2

w* — ws + 2av.wy

Complex Pole at w = i\/ w3 — 2av.wp
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A couple of imaginary ghost poles
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Poles of ¢ g=2k_ along z

Ghost and low energy modes in the low-density HEG
— Accessible via BSE with vertex corrections

— Effect of weakening of screening at short distances
— Short-time effects also to be explored

Koskelo, Reining, Gatti, Phys. Rev. Lett. 134, 046402 (2025) Editor’s choice

BSE+vertex: highly anisotropic e-h correlation



Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:
* fxc from the Bethe-Salpeter equation of MBPT

* vertex corrections beyond GW from TDDFT

— Our today’s research: Abdallah EI Sahili

* fXC approx. vertex corrections: exotic excitations in the HEG

* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: X[n]



An old idea for the correlation self-energy:

= Vet fxe

CCGW’)

. 0Xxe | OUxc
Beyond GW, approximate vertex from TDDFT: 2 > =

oG on  °°

Overhauser, PRB 3, 1888 (1971); Petrillo and Sacchetti, PRB 38, 3834 (1988);

Mahan and Sernelius, PRL. 62, 2718 (1989); Hybertsen and Louie, PRB 34, 5390 (1986);

Del Sole, Reining, and Godby, PRB 49, 8024 (1994); Hindgren and Almbladh, PRB 56, 12832 (1997);
Schmidt, Patrick, and Thygesen, PRB 96, 205206 (2017);

Chen, Ambrosio, Miceli, and Pasquarello, PRL 117, 186401 (2016);

Shishkin, Marsman, and Kresse, PRL 99, 246403 (2007).




An old idea for the correlation self-energy:

This will have errors from the procedure

and from approx. of Jxe

0>
Beyond GW, approximate vertex from TDDFT: 2

0G

Overhauser, PRB 3, 1888 (1971); Petrillo and Sacchetti, PRB 38, 3834 (1988);
Mahan and Sernelius, PRL. 62, 2718 (1989); Hybertsen and Louie, PRB 34, 5390 (1986);

= Vet fxe

Del Sole, Reining, and Godby, PRB 49, 8024 (1994); Hindgren and Almbladh, PRB 56, 12832 (1997);

Schmidt, Patrick, and Thygesen, PRB 96, 205206 (2017);
Chen, Ambrosio, Miceli, and Pasquarello, PRL 117, 186401 (2016);
Shishkin, Marsman, and Kresse, PRL 99, 246403 (2007).



Correlation self-energy




Correlation energy (no kinetic contribution)




Correlation energy (no kinetic contribution)

mb effective “TDDFT”
(- NQ kernel etc)




Correlation energy (no kinetic contribution)




Correlation energy (no kinetic contribution)

Same response fct from true TDDFT




Correlation energy (no kinetic contribution)




Correlation energy (no kinetic contribution)

=




Correlation energy (no kinetic contribution)

P®D) @+ >-C

The (approximate!!!) GW self-energy
together with an xchange correction
yields the exact correlation energy




Correlation energy (no kinetic contribution)

B @ O

The (approximate!!!) GW self-energy
together with an xchange correction
yields the exact correlation energy

~ Of course, not the exact spectral function
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Dyson G
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U = 4eV
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The GW approx. self-energies yield the exact xc energy
if the expression is evaluated consistently
....... but not the exact G nor the exact density matrix nor kinetic energy!
— When the TDDFT input is exact, QPs are quite ok while sat.s are bad
— The adiabatic approximation to the xc kernel does ok, better when KS

— Consistency of the ingredients is most crucial

El Sahili, Sottile, Reining, J. Chem. Theory Comput. 20, 1972 (2024)



Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:
* fxc from the Bethe-Salpeter equation of MBPT

* vertex corrections beyond GW from TDDFT

— Our today’s research:
* fxC approx. vertex corrections: exotic excitations in the HEG

* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: 2[n]




5 6G 5 6n ( . 52XC)
5G v ondv  \eT Tgn )X

I
In COHSEX or Hybrid fctls etc, central quantity is the 1-RDM
pln| — % = Xn]
Machine learn p[n]

Wetherell, Costamagna, Gatti, Reining, Faraday Discussions 224, 265 (2020)

Or build approximate explicit density functionals

Clena Martini



Low density expansion of the non-interacting 1-RDM

Ayoub lowina
HEG: p(r,r") = n(r)

Inhom., 1 electron approx.: p®"P™(ry, ry;[n]) = \/n(ry)n



Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:
* fxc from the Bethe-Salpeter equation of MBPT

* vertex corrections beyond GW from TDDFT

— Our today’s research:
* fxC approx. vertex corrections: exotic excitations in the HEG

* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: X[n]



Combining many-body perturbation theory and TDDFT:
getting the best of both worlds

— Historical examples in modern perspective:

* fxc from the Bethe-Salpeter equation of MBPT

Move between functionals!
* vertex coril

— We are not heading for the exact solution
— Our today’s

But for a reasonably good and very fast one
* fxC approx. vertex corrections: exotic excitations in the HEG
* How wrong are fxc approx. vertex corrections in principle?

— A central quantity: X[n]




Combining many-body perturbation theory and TD DFT:
getting the best of both worlds

Marc Aichner, Ayoub Aouina, Abdallah El Sahili, Matteo Gatti, Jaakko Koskelo,
Elena Martini, Martin Panholzer, Claudia Roedl, Francesco Sottile, Marilena Tzavala,
Lucia Reining

This kept us busy for 20 years
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