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Overview @ AT go

0 Optimized effective potential method and Kohn-Sham inversion
@ Basic equations
@ Exact conditions, preprocessing of basis sets
o Self-consistent random phase approximation, o-functionals
@ Quality of electron densities

© Improving exchange-correlation potentials of standard KS methods
@ OEP for semilocal and hybrid functionals
o TDDFT with improved input orbitals

© Symmetrized KS methods and TDDFT
@ Symmetrized KS formalism

® TDDFT based on symmetrized KS methods

@ Summary & Literature
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Kohn-Sham formalism @ AT go

o

HK HK
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T+ ee+@ —>“IIO>EO—> Lo <—(I)Oagbs"Es(— T‘l'ﬁs

e pp connects KS model system of noninteracting 'electrons’ with
real physical electron system

e vs, N can be used as basic variables as well as p,

o KS orbitals ¢s and eigenvalues ¢ can be used to construct
exchange-correlation functionals
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Optimized effective potential (OEP) method: e
exact treatment of KS exchange AT 60

Exchange energy
1 occ.

Bx=—3 D (didsleibi)
,J
Exchange potential v, (7) = (m(;p[‘({?;}]

OCC

, 6B, op(r’ SE,  5,(r')
/dra( Sus(r /d 3di(r)) Sus(r)

/dr X0 r,r) vx(r) = t(r)
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KS response function xo(r,r’) +c.c.
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Plane wave methods for solids
Gaussian basis set methods for molecules

i — €q
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Gaussian basis set OEP methods | @ sca @0

Exchange-correlation charge density pyc

Uee(T) = /dr’ Pxc(r”)

Charge conditions

/drpx(r) =-1 /drpc(r) =

HOMO condition

(¢romo|vx|drHomo) = (Promo |08 |promo)

Phys. Rev. Lett. 83, 5459 (1999)
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Gaussian basis set OEP methods Il

Su(™)
pxc Z Uxe, fu vxc Z Uxe, /d ! h

OEP matrix equation
X Ve = tye

Enforce charge and HOMO conditions and balance orbital and auxiliary basis sets
by preprocessing of auxiliary basis set

J. Chem. Phys. 155, 054109 (2021)
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Gaussian basis set KS inversion @ sca @0

Determine 0y, for given reference density p"f

Starting KS Hamiltonian

HO =T + G + 0 [p] + 05

Iteration steps
y f n

H"ol' =€ — p" —> Ap" =p" —p
X Avge = Ap™ — vt = ol + A

Gaussian basis set representation
XTAvy = Ap"

Preprocessing of auxiliary basis set like in OEP with HOMO condition
enomo = —IP

J. Chem. Phys. 156, 204124 (2022)
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Adiabatic-connection fluctuation-dissipation @ sca
d theorem for KS correlation energy =&

-1 ! 1 >
E. = ﬁ/oda/drdrl |r_r/|/0 dw {Xa(r,r',iw) - Xo(rvrlﬂw)]

KS response function xo(r,r’,iw)

OCC unocc

Xo(r, v iw) = —42 Z 3 Pi(0)Pa(r)ea(t)pi(r')
Introduction of Rl basis set orthonormalized with respect to Coulomb norm
E. = l dw/daTr iw) — Xo(iw)}FH}

Response matrix X, (iw) from TDDFT
Xao = [1 — Xo Fch] XO

— / dw/daTr [1-XoFg] " 1)X0FH}

Mol. Phys. 109, 2473 (2011)
e



Random phase approximation G sca go

and o-functionals

dRPA __
E%

dRPA
Ek

1

[e%e} 1
— -1
ﬁ/o dw/odaTr{([l—aXOFH] ~1)X(Fu)
—XoFy =VeVT
B 1d T 1 i
7§/@ w/oozr{[f( + o) +]0’}
—1 o0
= ﬁ/o dwTr{—In[1+ o]+ 0o}

i Oowr dRPA (o (w
= 5 | T )

ES = ;7; '/Ooodw Tr {HdRPA(U(w)) JrH(U(W))}

Computational steps:
(i) construct X, (ii) diagonalize —XoFy to obtain o, (iii) calculate ESRPA, Eof
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Performance of o-functionals |

Reference sets used in optimization

s PBEO
m dRPA
. o

MAD [kcal/mol]
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Performance of o-functionals |l

Reference sets not used in optimization

s PBEO
4.0 . dRPA
. o

olu I I o-functionals available in
Molpro, Turbomole, ADF,
154 I PySCF, FermiONs++

MAD [kcal/mol]

8, A, Y O A 8. (o %, O, 4
&)&0’0’?:’?0‘?» '7(/ Q?/ X /I/L 6:? Oo@? o(/}? A\@g/? /%) ‘s
%0, RN
(o) ) 2.% 2

J. Chem. Phys. 154, 014104 (2020); 155, 134111 (2021); 157, 114105 (2023)
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Correlation potentials from scRPA | @ s

Potentials of CO

ko Vxc 0.10
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Phys. Rev. Lett. 134, 016402 (2025)
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Correlation potentials from scRPA 11

Potential (a.u.)
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Correlation potentials from scRPA IlI @

LiF Ne

a 2 0 2 P

Cyanate Fulminate

Potential (a.u.)

Potential (a.u.)
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lonization potentials from scRPA |

@ AT go

251 v PBE .o 251 % GoWo@PBE X
oX
= PBEO GoWo@PBEO "
50] 4 LCwPBE J o a0l X screA s
< e scRPA ol S
) )
o o v &
8 15 A ~‘..A‘A 8 15 4
© o =
B - E
< 10 A v =< 101
3 w 3
MAE[PBE] = 4.19
5 MAE[PBEO] = 2.80 54 o MAE[GoW,@PBE] = 0.55
@ MAE[LCWPBE] = 0.75 ﬂg MAE[GoW,@PBEO] = 0.16
9 MAE[scRPA] = 0.36 . MAE[scRPA] = 0.36
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lonization potentials from scRPA II

@ scait @

o

25 1

Calculated IP (eV)

A. Gorling (FAU Erlangen—Niirnberg)

20

154

10~

Experimental IP (eV)

v PBE E 257 % GoWo@PBE %
B R
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&h o
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©
. (@]
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17 /33

@ AT go
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Quality of electron densities Il @ sca @0

Dipole moments

B HF [ scRPA
31 I PBE EEE CCSD(T)
, | EEE r’SCAN
ol (N
04 ol r:- . . PEEEE .

MAE[HF] = 0.286
1MAE[PBE] = 0.123

| MAE[r?SCAN] = 0.116
MAE[scRPA] = 0.052

AIF AIH BF CO HCN HF HNC N,O SiO

Dipole moment (Debye)
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Quality of electron densities |11 @ sca @0

P ()" (x')

dr
[r—r/|

Aveq = [ drvea(r) [0(x) = 5 (x)]

MAE[r2SCAN]=0.072
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OEP for semilocal and hybrid functionals @) scAa<: g @

DFA DFA
Jartr 2R a) = S far SRt PO fa o)
vs(r

DFA OEP __ DFA
Use = Uxe +C

Why OEP?

pDFA OEP (I‘ )
pDFA-OEP /dr’XC— Phys. Rev. Lett. 83, 5459 (1999)

e v — 1’|

e enforce charge condition [dr pRFA-OEP(r) = —1
N. I. Gidopoulos et al. J. Chem. Phys. 136, 224109 (2012)

@ enforce HOMO condition J. Chem. Theor. Comput. 21, 1667 (2025)
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HOMO condition for approximate e
exchange potentials Az oo

HOMO condition for exact vy

(¢romo |Bx|dromo) = (dromo |8} |drHomo )
(¢Homo T + OxldHomo) = Enx(N) — EfE(N — 1)

HOMO condition for exact vPFA

{dromolin + 027 | dromo ) = Enx(N)PHA — ERFAT(N — 1)

. lao | o .
{dromol 02 [ promo ) = —IPF* — <¢H0M0 —§V2 + Dext + Un

¢HOMo>

J. Chem. Theor. Comput. 21, 1667 (2025)
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5

PBE IPs from negative HOMO eigenvalues @) scA<: @ @

(a) PBE
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w o
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o

PBEO IPs from negative HOMO eigenvalues (&) sca®s @ @
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Exchange-correlation potentials from OEP | (&) sca®: g @
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Exchange-correlation potentials from OEP Il (&) sca<
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J. Chem. Theor. Comput. 21, 1667 (2025)
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Excitation energies from TDDFT in the e
linear response regime eAr o0

[62 + 2€%H6%:| 7Z = 0’7

€ia,jb = Oiajb(€a =€)  Kiajp = / drdr’ ¢ (r)pa (r) frxe (1, 1) 05 (r') 0 (x')

Sources of errors:
@ Input orbitals and eigenvalues

@ Approximation for fyc
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improved

th
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o

Symmetry in the KS formalism @ scast g o

Hohenberg-Kohn theorem
@ The ground state electron density determines uniquely external potential

@ There is a one-to-one mapping between groundstate densities and potentials
(not generally true)

B [1s? 2s% 2p'] 2P

\I/EP(MS:%,ML:j:I) — p(Ms=3, M =41) — v/* — )/
s s d W (Ms=3,ML=0)  — p(Ms=53,Mp=0) — v} —><I>2
\I/gP(Ms:f%,ML::I:l)Hp(Ms:f%,ML::I:l)*)v/ — "
V" (Ms=—3%,M=0) — p(Ms=—% MpL=0) — v} — ®f

@ vl has symmetry of corresponding spin density p and thus lower symmetry
than vex

o &} are symmetry broken

Phys. Rev. A 47, 2783 (1993)
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Symmetrized KS formalism | @ sca @0

Use totally symmetric contribution p instead of spin density as basic variable

B [1s2 252 2p'] 2P

2 2
\I/QP(%,il) —>p(%,il) @QP(%,il)
¥ (L = _ oL (L
Vext — QP(2,10) — p(galo) —p— Vs — QP(Q,P)
‘I’g (=5,%1) — p(—3,£1) (I’g (—2,%1)
\IIOP(_%vo) —>p(—%,0) (I)OP(_%vo)

@ s has symmetry of Ve
° ¢3P(MS,ML) have well-defined symmetry like \I/gP(Ms,ML)

Phys. Rev. A 47, 2783 (1993)
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Symmetrized KS formalism |1 @ sca @0

Symmetrized Upyc

_ 0 Epxe [pa,/)ﬁ] = /dr’ 0 B [paapﬂ] dpa(r’) —|—/dr’ 0 Exe [Pmp,ﬁ’] 6p5(r’)

e T Spalr)  0p(r) o0s() 6p(r)

5p,z(1‘/)

) not accessible

Derivatives

Unxe is accessible via OEP with symmetrized auxiliary basis set

Phys. Rev. Lett. 85, 4229 (2000)

J. Chem. Phys. 159, 244109 (2023)

J. Chem. Phys. 162, 034116 (2025)

J. Chem. Theor. Comput. 21, 1667 (2025)
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Symmetrized KS formalism 111 @ scat @

Example B

Non-symmetrized Space-symmetrized

o
P 20— 20— 20—

T T
at . S

Spin-symmetrized Space- and spin-symmetrized

2p—— 2p—

? 2pz+ 2p—— 2p——
2p.

2 % 25%
13% 15%
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TDDFT on top of symmetrized KS formalism@@) sca<> g @

2s22p - 25%3s
4.96 5.01 520
5 — T ————
D 41
C
O 3-
)
©
i
U 21
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L
1- __o08a
2s522p, - 2522
0. P Pry 0.00
Exp TDDFT TDDFT

sym-OEP-PBE OEP-PBE
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Conclusions @ AT go

Efficient, numerically stable Gaussian basis set OEP methods and KS
inversion using standard basis sets are available
J. Chem. Phys. 155, 054109 (2021)
J. Chem. Phys. 156, 204124 (2022)

@ Self-consistent RPA yields almost exact v
Phys. Rev. Lett. 134, 016402 (2025

(2025)

Chemical accuracy with o-functionals  J. Chem. Phys. 154, 014104 (2020)
(2021)

)

J. Chem. Phys. 155, 134111 (2021
J. Chem. Phys. 157, 114105 (2023

OEP for standard (local or hybrid) xc-functionals yields improved orbitals and
eigenvalues resulting in more accurate TDDFT excitation energies

J. Chem. Theor. Comput. 21, 1667 (2025)
@ Symmetrized KS formalism free of symmetry breaking and spin poisoning can
be applied in practice by OEP
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