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[ Ensemble TDDFT for excitations

Kim Daas

Kieron Burke
UC Irvine

http://dft.uci.edu
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[ Does TDDFT really work?
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Quantum defect of Rydberg series

1
2(n_lunl )2

@, =1

* |=ionization potential, n=principal, |=angular
quantum no.s

* Due to long-ranged Coulomb potential

» Effective one-electron potential decays as
-1/r.

 Absurdly precise test of excitation theory,
and very difficult to get right.
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Be s quantum defect: KS
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Be s quantum defect: RPA

0.9 —

KS=triplet

Be s Quantum defect

RPA

> @ Exp.

0.4 ] | | ] ] ]
-0.14 -0.12 -0.10 -0.08 -0.06 -0.04 -0.02 0.00

Kieron Burke, UCI 10th anniversary Benasque



Be s quantum defect: ALDAX
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Be s quantum defect: ALDA
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Accurate atomic quantum defects from particle-particle random phase approximation Yang Yang, Kieron

Burke and Weitao Yang, Molecular Physics 114, 1189-1198 (2016).
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2.2. What is the simplest definition of the action?
2.3. Is the Kohn-Sham current equal to the true current?
2.4. What errors does my TDDFT calculation of electronic transitions make?
2.5. When are Kohn-Sham transitions good approximations?
2.6. What happens to atoms in strong laser fields?
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2 Neepa, Kieron, Heiko, Hardy and Robert

1. Introduction

This book chapter is an eccentric view of the present state of time-dependent
density functional theory (TDDFT). It is not intended as a comprehensive overview
of the field, but merely raises some issues that face the field at the present time,
and we hope it makes enjoyable reading. The opening question of Sec. 2.1 is
particularly eccentric, mirroring the style of our old friend, Bob Parr.

A time-dependent N-electron system satisfies the time-dependent Schréd-inger
equation :

H\P(rj...rNt) =i\il(r1...rNt), (1)

where we have (for simplicity) ignored spin indices, and used atomic units (e2 =
i = m = 1), and introduced a dot for time-derivatives. Here the Hamiltonian
consists of three contributions

fl:T-%-Vee-Fvext; (2)
the kinetic energy, the Coulomb repulsion, and the external potential, due to the
nuclei and any external fields. Note Eq. (1) is first-order in time, and solutions
depend on the initial wavefunction, ¥(0).

Rigorous modern TDDFT begins with the Runge-Gross (RG) theorem!, al-
though the first modern TDDFT calculations were done by Ando 23 for semi-
conductor surfaces and by Zangwill and Soven *° for atoms. The RG theorem
generalizes the Hohenberg-Kohn theorem 6 to time-dependent external potentials,
and states that, for a given initial state, there is a unique mapping between the
evolving density and the time-dependent potential. We can then consider a system
of non-interacting electrons in a Slater determinant of orbitals, satisfying:

{577+ vulet)} utet) = i o), 3)
and beginning in Slater determinant ®(0). Their time-dependent density is
N
n(rt) = 3 |gi(ro)”. ()
i=1

We can require this density to match that of an interacting electronic system, by
the RG theorem, and define the time-dependent exchange-correlation potential:

vsc[n; U(0), ®(0)](rt) = v[n; ®(0)](rt) = vess [n; ¥ (0)](xt) —walnl(rt),  (5)
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20 years of Benasque TDDFT

Initiated by Angel Rubio and Miguel Marques

Very fond memories of many late nights,
discussing twisted logic of TDDFT

Led to edited volume, TDDFT, 1st and 2nd
editions (now also have Carsten’s textbook).

Molecular electronics was a very hot topic for a
while.

Carsten Ullrich and | initiated analog in US (St
John’s school, GRC, Telluride meetings...)



|

outline

e Ensemble DFT

* Recent activity

* New work with Kim Daas

Kieron Burke, UCI 10th anniversary Benasque
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Two old theorems }

* Runge-Gross theorem (1984) puts TDDFT on
firm footing.

e But Gross-Olivera-Kohn (1988) also establish

EDFT, a variational approach giving access to
excited state energies (and related properties)

Kieron Burke, UCI 10th anniversar y Benasque 15



Many uses of ensembles in DFT }

* Most famous: Ensemble of fractional particle
numbers, used to see ground-state derivative

discontinuity (PPLB)

« Thermal ensembles, used for simulating WDM with
thDFT

« Ensembles of fixed N, differing occupations, used
for excited states (eDFT)\/

 All originate from Levy-Lieb density matrix
formulation for F[n].

Kieron Burke, UCI 10th anniversary Benasque 16



[ Use of Hubbard model in DFT }

. The Hubbard dimer: a density functional case study of a many-body problem
® Key reviews: D J Carrascal D.J., Ferrer, J., Smith, J. and KB 2015 J. Phys.: Condens.
Matter 27 393001

Linear response time-dependent density functional theory of the
Hubbard dimer Carrascal, D.J., Ferrer, J., Maitra, N. and KB. Linear response time-
dependent density functional theory of the Hubbard dimer. Eur. Phys. J. B91, 142 (2018).

» Extremely limited Hilbert space
* Mostly analytic results-questions of principle
« Can study strong correlation

* But learn NOTHING about approximate functionals
in ‘real’ world

Kieron Burke, UCI 10th anniversary Benasque 17



eDFT history

1979: Theophilou formulates theorem
1988: GOK papers

— Good theorem, poor approximation
2002: GPG Gidapoulus and Gross

— |Identify ghosts in Ex and how to remove them

2017: Yang, Pribram-Jones, Ullrich, KB

— Exact w-dependent potentials
— DEC: Special ensemble, w->0
Since then: Much recent activity

— Fromager
— Gould and Pittalis



Variational theorem

The ensemble variational principle!® states that, for an
ensemble of the lowest M + 1 eigenstates Wy, ..., Wy, of
the Hamiltonian A and a set of orthonormal trial functions
Uy, ..., Uy,

M M
> (Ul HW) = Y i E, (1)
m=0 m=0
when the set of weights w,, satisfies
Wo =W = ... =Wy = ... 20, (2)

and E,, is the eigenvalue of the mth eigenstate of H. Equal-

A.Theophilou, J. Phys. C 12, 5419 (1979)

Kieron Burke, UCI 10th anniversary Benasque
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DFT version

M
Dy = vim | W) (W,
m=0

responding operators with the density matrix. The ensemble
density n,,(r) is

M
n(r) = tr{ DyA)} = wipn (D), “

m=0

and the ensemble energy E,, is

M
E, =t{DyH) =) wi,E,. (5)

m=0

n,,(r) is normalized to the number of electrons, implying
ZZI:O W = 1.

As 1n the ground-state case, only the ensemble energy
functional is formally known, which is

Ey[n] = Fyln] + / d*r n(ryv(r), (6)

where v(r) is the external potential. The ensemble universal
functional F), is defined as

Fy[n] = te{ Dy [T + Vee)}, (7)
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[ Ensemble KS equations

1
{—EVZ + vS,W[nW](l‘)} Pjw(r) = €jwPjw(r).

M M
ny(0) = ) wpnp(®) = Y Wulsa(r),
m=0 m=0

Ey[n] = Tsy[n] + VInl + Eu[n] + Exc wln]
= tr{D;,, T} + / d’r n(r)v(r)

+Eyln] + EXC,W[n]a

Kieron Burke, UCI 10th anniversar y Benasque
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{ Two 2014 papers on exact eDFT }

[Y14] Exact and approximate Kohn-Sham potentials in ensemble
&8 density-functional theory, Zeng-hui Yang, John R. Trail, Aurora
Pribram-Jones, Kieron Burke, Richard J. Needs, Carsten A. Ullrich,
~ Phys. Rev. A 90, 042501 (2014).

Exact eDFT XC potentials and energies in 3D real space

[P14] Excitations and benchmark ensemble density functional
theory for two electrons Aurora Pribram-Jones, Zeng-hui Yang,
John R. Trail, Kieron Burke, Richard J. Needs, Carsten A.

Ullrich The Journal of Chemical Physics 140, (2014)

Exact eDFT XC potentials in 1d real-space and careful
definition of SEHX approximation

Kieron Burke, UCI 10th anniversary Benasque 22



Warning

[151] Excitations and benchmark ensemble density functional theory for two electrons A.
Pribram-Jones, Z. Yang, J. Trail, K. Burke, R. Needs, and C. Ullrich, J. Chem. Phys. 140, (2014).
DOI: 10.1063/1.4872255
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FIG. 7. (Color online) Equation (10) applied to the exact helium
singlet ensemble, demonstrating the exact cancellation of all w

, dependence in KS gaps (1red bottom line for small w) and corrections
Kieron Burke, UCI Oth anniversary Benasque 23

to the KS gap (green top line for small w), leading to no w dependence



[ Zenghui’s insight }

 Uses a different ensemble

» Takes w->0, so produces a correction on
ground-state calculation (no longer need find
w-dependent density).

 We call it Direct Excitation Correction (DEC)

 |nsert SEHX

* Find all intermediate levels cancel, so can get
e.g.,12th excitation as simple correction to KS

[ ) [ ]
transition.
[179] Direct Extraction of Excitation Energies from Ensemble Density- [188] Accurate double excitations from ensemble density
Functional Theory Z. Yang, A. Pribram-Jones, K. Burke, and C. Ullrich, Phys. Rev. functional calculations F. Sagredo and K. Burke, J. Chem.

Lett. 119, 033003 (2017). DOI: 10.1103/PhysRevLett.119.033003 Phys. 149, 134103 (2018). DOI: 10.1063/1.5043411



Does eDFT really work?

week ending

PRL 119, 243001 (2017) PHYSICAL REVIEW LETTERS 15 DECEMBER 2017

Hartree and Exchange in Ensemble Density Functional Theory:

PHYSICAL REVIEW LETTERS 123, 016401 (2019)

PHYSICAL REVIEW LETTERS 130, 106401 (2023)

Electronic Excited States in Extreme Limits via Ensemble Density Functionals

Tim Gould®"
Queensland Micro- and Nanotechnology Centre, Griffith University, Nathan, Queensland 4111, Australia

Derk P. Kooi
Department of Chemistry and Pharmaceutical Sciences and Amsterdam Institute of Molecular and Life Sciences (AIMMS),
Faculty of Science, Vrije Universiteit, De Boelelaan 1083, 1081HV Amsterdam, Netherlands
Paola Gori-Giorgi !
Department of Chemistry and Pharmaceutical Sciences and Amsterdam Institute of Molecular and Life Sciences (AIMMS),
Faculty of Science, Vrije Universiteit, De Boelelaan 1083, 1081HV Amsterdam, Netherlands

Stefano Pittalis ierarchical
CNR-Istituto Nanoscienze, Via Campi 213A, 1-41125 Modena, Italy

® (Received 17 May 2022; revised 14 October 2022; accepted 23 January 2023; published 8 March 2023)
iUt i o Giis Uiy 1 s
'Department of Physics, Arnold Sommerfeld Center for Theoretical Physics, Ludwig-Maximilians-Universitit Miinchen,
Theresienstrasse 37, 80333 Miinchen, Germany
*Munich Center for Quantum Science and Technology (MCQST), Schellingstrasse 4, 80799 Miinchen, Germany
3CNR-Istituto Nanoscienze, Via Campi 213A, 1-41125 Modena, Italy

Kieron Burke, UCI ® (Received 10 January 2021; revised 26 March 2021; accepted 2 June 2021; published 7 July 2021)



Last year

Thais Scott

WG F 17

John Kozlowski

[228] Exact Conditions for Ensemble Density Functional Theory T. Scott, J. Kozlowski, S.

Steven Crisostomo

Crisostomo, A. Pribram-Jones, and K. Burke, Phys. Rev. B 109, 195120 (2024)

Kieron Burke, UCI

10th anniversary Benasque
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Results in that paper }

e New exact conditions for eDFT functionals

lllustration on Hubbard dimer

New derivative discontinuity

Comprehensive Supp Info of many figures for
Hubbard dimer

Kieron Burke, UCI 10th anniversary Benasque 27



Introducing ETDDFT }

« Create an ensemble of fixed weights

 Time-evolve a Hamiltonian with those fixed
weights

» Consider linear response with those weights

* Weights are static, chosen by the user, and same
in both systems

e The usual theorems go through

Kieron Burke, UCI 10th anniversary Benasque 28



Double Gross

Kieron Burke, UCI
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[ Ensemble-weighted response function }

M W

wie N (m|n(r) [J) (J]A(r) |m)
X (r,r,w)—;;wm o — (B, — B, +in + cc..,
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Van Leeuwen proof in linear response

week ending

PRL 116, 233001 (2016) PHYSICAL REVIEW LETTERS 10 JUNE 2016

Thermal Density Functional Theory: Time-Dependent Linear Response and Approximate
Functionals from the Fluctuation-Dissipation Theorem

Aurora Pribram—Jones,l’z* Paul E. Glrabows.ki,3 and Kieron Burke*?
"Lawrence Livermore National Laboratory, Livermore, California 94550, USA
2Departmenz of Chemistry, University of California, Berkeley, California 94720, USA
3Depan‘ment of Physics and Astronomy, University of California, Irvine, California 92697, USA
4Department of Chemistry, University of California, Irvine, California 92697, USA
(Received 10 September 2015; published 8 June 2016)

The van Leeuwen proof of linear-response time-dependent density functional theory (TDDFT) is
generalized to thermal ensembles. This allows generalization to finite temperatures of the Gross-Kohn
relation, the exchange-correlation kernel of TDDFT, and fluctuation dissipation theorem for DFT. This
produces a natural method for generating new thermal exchange-correlation approximations.

m*(s) = | d’rén*(r,s)év(r,s).

: = (w —wj)wj; .
mi(s) =-2) Y s2+aj2.. LIAVE(s) .
i=0 j=i+1 Ji
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[ Ensemble Gross-Kohn equation }

Xw (I‘, I'/, CU) — Xs,w(r7 I‘/, w) + /d3r1 /d37"2 Xs,w (I', ry, w)fHXC,W(r1r27 W)Xw (1‘2, I'/, CU)
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[ Ensemble HXC kernel

* Linguistics:
— Adiabatic and dynamic just like in TDDFT

— Pure- and ensemble- mean w=0 or non-zero
lw—0 w # 0

w — 0|Pure Adiabatic Ensemble Adiabatic
w # 0 |Pure Dynamic Ensemble Dynamic

* 5 approximations of RPA type:
— Hartree, i.e., RPA
— Hartee-exchange (w-dependent)
— Exact pure adiabatic approx.
— Exact pure dynamic approx.
— Exact ensemble adiabatic

Kieron Burke, UCI 10th anniversary Benasque
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[ Ensemble relation between coupling constant and scaling }

v [n)(r,w) = A Vg1 /2] (AT, Aw),

Tc,Ww

Kieron Burke, UCI 10th anniversary Benasque 34



Ensemble ACFDT

acc w[n

Kieron Burke, UCI

/ d)\/d?’ /d3 ’|r_r,| {nw2(r)5(r—r/)—i—/0

10th anniversary Benasque

dw Im x (v, 1/, w)
2T

i

35



Relation between kernel and potential

e General case

PHYSICAL REVIEW A VOLUME 31, NUMBER 3 MARCH 1985

Hohenberg-Kohn theorem for time-dependent ensembles

Tie-cheng Li and Pei-qing Tong
Institute of Physics, Chinese Academy of Sciences, Beijing, China
(Received 20 August 1984)

It is proven that the Runge-Gross version of the Hohenberg-Kohn theorem is valid for arbitrary time-
dependent ensembles.

OUHxc 1] (T, 1)
on(r’,t")

foc[nGS](ra rlat T t/) —

n=ngs
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[ Connection to general time-dependence }

* In fact, full RG proof generalized to initial
ensemble density matrix

* In general case, this leads to dependence on initial
density-matrix (both interacting and KS) as well as
time-dependent density

« But, for an initial non-degenerate ground-state,
this initial dependence is eliminated via HK
theorems

* Real content: For a (monotonically decreasing)
initial ensemble, initial density matrix dependence

is absorbed via GOK

Kieron Burke, UCI 10th anniversary Benasque 37
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5 topical questions in TDDFT

1.

How to go beyond the adiabatic approximation?

2. Why not report adiabatic LDA and PBE results to

3.

4.

6.

show spread whenever calculations done?

Is there an analog of the RG theorem for the one-
body Green'’s function?

What is the semiclassical limit of TDDFT,
analogous to the Lieb-Simon limit of ground-state

DFT?

Can one derive iDFT for molecular electronics
from TDDFT?

How to use ML in TDDFT?



[ What does ETDDFT buy us?

Access to transitions between excited states
Possibility of feedback:

— Approximate kernel, extract approximate transitions
from resulting static ensemble functional

— Construct approximate kernel using approx.
transitions

— EDFT does give double excitations
Maybe best of both worlds?

Hope to have answers shortly on Hubbard
dimer...

Kieron Burke, UCI 10th anniversary Benasque 39



Summary

EDFT is a growing competitor to TDDFT for
low-lying excitations

ETDDFT is a new alternative that combines the
best(?) of both

Will illustrate on the Hubbard dimer

All work of Kim Daas, Chancellor’'s Postdoctoral
Fellow, UCI

Also support of NSF.



