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Part I :  Basics
  - Time-dependent Schrödinger equation
  - A perturbation expansion and propagator
  - Second quantisation
  - Time-evolution
  - The contour idea

Introduction to Many-body Theory I

Have a coffee, take pencil and paper, and try to work out this step !

Sometimes I state things that require a few steps to work out, this is indicated by the sign
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The dynamics of a many-electron system is governed by the time-dependent Schrödinger equation

in which the Hamiltonian is given by

L2(⌦) (229)

H1
0 (⌦, n) (230)

�ni(t) = �i�Gii(t, t
+) =

X

j

Z
t

t0

dt0 �ij(t� t0)�vj(t
0) (231)

�vj(t) = � �1j �(t� t0) (232)

�11(!) =
�n1(!)

�
(233)

| i =
Z

dx |xihx| i =
Z

dx (x)|xi (234)

 (y) = hy| i =
Z

dx hy|xihx| i =
Z

dx hy|xi (x) (235)

hy|xi = �(y � x) (236)

x = (x1, . . . ,xN ) (237)
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kinetic energy external potential two-body interaction

initial state



All the complications are in the two-body interactions, as we know how to solve the noninteracting 
problem, so let us try to expand in a perturbative parameter and study
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T̂ = �1

2

NX

i=1

r2
i (240)

V̂ (t) =
NX

i=1

v(xi, t) (241)

Ŵ =
NX

i>j

w(xi,xj) (242)

 (x, t0) = �(x) (243)

x = (r,�) (244)
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 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

24

L2(⌦) (229)

H1
0 (⌦, n) (230)

�ni(t) = �i�Gii(t, t
+) =

X

j

Z
t

t0

dt0 �ij(t� t0)�vj(t
0) (231)

�vj(t) = � �1j �(t� t0) (232)

�11(!) =
�n1(!)

�
(233)

| i =
Z

dx |xihx| i =
Z

dx (x)|xi (234)

 (y) = hy| i =
Z

dx hy|xihx| i =
Z

dx hy|xi (x) (235)

hy|xi = �(y � x) (236)

x = (x1, . . . ,xN ) (237)
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We take the solution to be of the form of a perturbation series

Solving the Schrödinger equation:  perturbation expansion
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with initial conditions
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(details not super important now, 
the focus is on the general idea)



Inserting our Ansatz in the Schrödinger equation gives
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 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)
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L2(⌦) (229)

H1
0 (⌦, n) (230)

�ni(t) = �i�Gii(t, t
+) =

X

j

Z
t

t0

dt0 �ij(t� t0)�vj(t
0) (231)

�vj(t) = � �1j �(t� t0) (232)

�11(!) =
�n1(!)

�
(233)

| i =
Z

dx |xihx| i =
Z

dx (x)|xi (234)

 (y) = hy| i =
Z

dx hy|xihx| i =
Z

dx hy|xi (x) (235)

hy|xi = �(y � x) (236)

x = (x1, . . . ,xN ) (237)

i@t (x, t) = Ĥ(t) (x, t) (238)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (239)

T̂ = �1

2

NX

i=1

r2
i (240)

V̂ (t) =
NX

i=1

v(xi, t) (241)

Ŵ =
NX

i>j

w(xi,xj) (242)

 (x, t0) = �(x) (243)

x = (r,�) (244)

i@t (x, t) = (Ĥ0(t) + �Ŵ ) (x, t) (245)

Ĥ(t) = Ĥ0(t) + �Ŵ (246)
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 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)
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which leads to the set of equations

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)
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and generally

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)
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(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)
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etcetera

We obtain an inhomogeneous partial differential equation that can be solved with the Green function method



The Green function or propagator

Take a complete orthonormal set of states
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X
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X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
m(y, t0) (263)
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X

m

'm(x, t)'⇤
m(y, t0)+

X
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m(y, t0)

(264)
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(i@t � Ĥ0(t)) 0(x, t) = 0 (253)
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and propagate the set with the noninteracting Hamiltonian
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 0(x, t0) = �(x) (251)
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Since time evolution is unitary the orthonormality is preserved in time and we have

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)
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i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
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The N-particle Green function is then defined by

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)

i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
m(y, t0) (263)

(i@t�Ĥ0(t))G0(xt,yt) = �(t�t0)
X

m

'm(x, t)'⇤
m(y, t0)+

X

m

[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)

(264)
= �(t� t0)�(x� y) (265)
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 0(x, t) = i

Z
dyG0(xt,yt0)�(y) (272)

lim
t!t

+
0

 0(x, t) =

Z
dy�(x� y)�(y) = �(x) (273)

 (x, t) = i

Z
dyG(xt,yt0)�(y) (274)

G(xt,yt0) =
1X

n=0

Gn(xt,yt0) (275)

Gn(xt,yt0) = �n

Z
d1 . . . dnG0(xt, n)Ŵ (xn)G0(n, n� 1) . . . G0(2, 1)Ŵ (x1)G0(1,yt0)

(276)
G = G0 +G0�ŴG0 +G0�ŴG0�ŴG0 + . . . (277)

G = G0 +G0�Ŵ (G0 +G0�ŴG0�ŴG0 + . . .) = G0 +G0�ŴG (278)

�Ŵ xt yt0 2 1 (279)

G = G0 +G0�ŴG (280)

�(y)  (x, t) (281)

G0(xt,yt
0) = G0(x1, . . . ,xN , t;y1, . . . ,yN , t0) (282)

⇠1 ⇠2 '1(t) '2(t) (283)
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Z
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time evolution

(anti-symmetrised for fermions, discussed in more 
detail later)



A quick calculation gives

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)

i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
m(y, t0) (263)

(i@t�Ĥ0(t))G0(xt,yt) = �(t�t0)
X

m

'm(x, t)'⇤
m(y, t0)+

X

m

[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)

(264)
= �(t� t0)�(x� y) (265)
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and the Green function therefore obeys the equation of motion

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)
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m
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X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
m(y, t0) (263)

(i@t�Ĥ0(t))G0(xt,yt
0) = �(t�t0)

X

m

'm(x, t)'⇤
m(y, t0)+

X

m

[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)

(264)
= �(t� t0)�(x� y) (265)
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The solution of our inhomogeneous equation is now given by

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)

i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)
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X
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X

m

[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)

(264)
= �(t� t0)�(x� y) (265)

 n(x, t) =

Z
dt0dyG0(xt,yt

0)Ŵ n�1(y, t
0) (266)

i = (xi, ti)

Z
di =

Z
dxidti (267)

 1(x, t) =

Z
d1G0(xt, 1)Ŵ 0(1) (268)

 2(x, t) =

Z
d2G0(xt, 2)Ŵ 1(2) =

Z
d1d2G0(xt, 2)ŴG0(2, 1)Ŵ 0(1) (269)

 n(x, t) = (270)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
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m

⇠m(x)⇠⇤m(y) = �(x� y) (259)
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(264)
= �(t� t0)�(x� y) (265)

 n(x, t) =

Z 1

t0

dt0
Z

dyG0(xt,yt
0)Ŵ n�1(y, t

0) (266)

 n(x, t0) = 0 (n � 1) (267)

i = (xi, ti)

Z
di =

Z
dxidti (268)

 1(x, t) =

Z
d1G0(xt, 1)Ŵ 0(1) (269)

 2(x, t) =

Z
d2G0(xt, 2)Ŵ 1(2) =

Z
d1d2G0(xt, 2)ŴG0(2, 1)Ŵ 0(1) (270)

 n(x, t) =

Z
d1 . . . dnG0(xt, n)ŴG0(n, n� 1)Ŵ . . . G0(2, 1)Ŵ 0(1) (271)

 0(x, t) = i

Z
dyG0(xt,yt0)�(y) (272)

lim
t!t

+
0

 0(x, t) =

Z
dy�(x� y)�(y) = �(x) (273)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)
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(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)
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[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)
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= �(t� t0)�(x� y) (265)

 n(x, t) =

Z 1

t0

dt0
Z

dyG0(xt,yt
0)Ŵ (y) n�1(y, t

0) (266)

 n(x, t0) = 0 (n � 1) (267)

i = (xi, ti)

Z
di =

Z
dxidti (268)

 1(x, t) =

Z
d1G0(xt, 1)Ŵ 0(1) (269)

 2(x, t) =

Z
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Z
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= 0

 0(x, t) = i

Z
dyG0(xt,yt0)�(y) (272)

lim
t!t

+
0

 0(x, t) =

Z
dy�(x� y)�(y) = �(x) (273)

 (x, t) = i

Z
dyG(xt,yt0)�(y) (274)

G(xt,yt0) =
1X

n=0

Gn(xt,yt0) (275)

Gn(xt,yt0) = �n

Z
d1 . . . dnG0(xt, n)Ŵ (xn)G0(n, n� 1) . . . G0(2, 1)Ŵ (x1)G0(1,yt0)

(276)
G = G0 +G0�ŴG0 +G0�ŴG0�ŴG0 + . . . (277)

G = G0 +G0�Ŵ (G0 +G0�ŴG0�ŴG0 + . . .) = G0 +G0�ŴG (278)

�Ŵ xt yt0 2 1 (279)

G = G0 +G0�ŴG (280)

�(y)  (x, t) (281)

G0(xt,yt
0) = G0(x1, . . . ,xN , t;y1, . . . ,yN , t0) (282)
Z

dy =
1

N !

Z
dy1 . . . dyN (283)

⇠1 ⇠2 '1(t) '2(t) (284)
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(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)
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'm(x, t0) = ⇠m(x) (261)
X

m

'm(x, t)'⇤
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Z 1

t0

dt0
Z

dyG0(xt,yt
0)Ŵ n�1(y, t

0) (266)

i = (xi, ti)

Z
di =

Z
dxidti (267)

 1(x, t) =

Z
d1G0(xt, 1)Ŵ 0(1) (268)

 2(x, t) =

Z
d2G0(xt, 2)Ŵ 1(2) =

Z
d1d2G0(xt, 2)ŴG0(2, 1)Ŵ 0(1) (269)

 n(x, t) =

Z
d1 . . . dnG0(xt, n)ŴG0(n, n� 1)Ŵ . . . G0(2, 1)Ŵ 0(1) (270)
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With the notation we can write iteratively

and in general

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)

i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
X

m

'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
m(y, t0) (263)

(i@t�Ĥ0(t))G0(xt,yt
0) = �(t�t0)

X

m

'm(x, t)'⇤
m(y, t0)+

X

m

[(i@t�Ĥ0(t))'m(x, t)]'⇤
m(y, t0)

(264)
= �(t� t0)�(x� y) (265)

 n(x, t) =

Z 1

t0

dt0
Z

dyG0(xt,yt
0)Ŵ n�1(y, t

0) (266)

 n(x, t0) = 0 (n � 1) (267)

i = (xi, ti)

Z
di =

Z
dxidti (268)

 1(x, t) =

Z
d1G0(xt, 1)Ŵ 0(1) (269)

 2(x, t) =

Z
d2G0(xt, 2)Ŵ 1(2) =

Z
d1d2G0(xt, 2)ŴG0(2, 1)Ŵ 0(1) (270)

 n(x, t) =

Z
d1 . . . dnG0(xt, n)ŴG0(n, n� 1)Ŵ . . . G0(2, 1)Ŵ 0(1) (271)

 0(x, t) = i

Z
dyG0(xt,yt0)�(y) (272)

lim
t!t

+
0

 0(x, t) =

Z
dy�(x� y)�(y) = �(x) (273)
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where the solution for         from its homogeneous equation is given by 

(i@t � Ĥ0(t))( 0(x, t) + � 1(x, t) + . . .) = �Ŵ ( 0(x, t) + � 1(x, t) + . . .) (250)

 0(x, t0) = �(x) (251)

 n(x, t0) = 0 (n � 1) (252)

(i@t � Ĥ0(t)) 0(x, t) = 0 (253)

(i@t � Ĥ0(t)) 1(x, t) = Ŵ 0(x, t) (254)

(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)

(i@t � Ĥ0(t)) n(x, t) = Ŵ n�1(x, t) (256)

n � 1 (257)

{⇠m(x)} (258)
X

m

⇠m(x)⇠⇤m(y) = �(x� y) (259)

i@t'm(x, t) = Ĥ0(t)'m(x, t) (260)

'm(x, t0) = ⇠m(x) (261)
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'm(x, t)'⇤
m(y, t) = �(x� y) (262)

G0(xt,yt
0) = �i✓(t� t0)

X

m

'm(x, t)'⇤
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[(i@t�Ĥ0(t))'m(x, t)]'⇤
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(264)
= �(t� t0)�(x� y) (265)

 n(x, t) =

Z 1

t0

dt0
Z

dyG0(xt,yt
0)Ŵ n�1(y, t

0) (266)

 n(x, t0) = 0 (n � 1) (267)
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di =

Z
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d2G0(xt, 2)Ŵ 1(2) =

Z
d1d2G0(xt, 2)ŴG0(2, 1)Ŵ 0(1) (270)

 n(x, t) =
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d1 . . . dnG0(xt, n)ŴG0(n, n� 1)Ŵ . . . G0(2, 1)Ŵ 0(1) (271)
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lim
t!t

+
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Z
dy�(x� y)�(y) = �(x) (273)
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d1G0(xt, 1)Ŵ 0(1) (269)

 2(x, t) =

Z
d2G0(xt, 2)Ŵ 1(2) =

Z
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(i@t�Ĥ0(t))G0(xt,yt
0) = �(t�t0)

X

m

'm(x, t)'⇤
m(y, t0)+

X

m
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(i@t � Ĥ0(t)) 2(x, t) = Ŵ 1(x, t) (255)
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X
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Z
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The solution

Going back to our expansion

and inserting our results we find that the solution can be written as

L2(⌦) (229)

H1
0 (⌦, n) (230)

�ni(t) = �i�Gii(t, t
+) =

X

j

Z
t

t0

dt0 �ij(t� t0)�vj(t
0) (231)

�vj(t) = � �1j �(t� t0) (232)

�11(!) =
�n1(!)

�
(233)
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Z
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T̂ = �1

2
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(276)
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where the so-called dressed or interacting Green function or propagator is defined as

We act with a time propagator on
the initial state

this describes a multiple scattering event with the two-body interaction
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The solution has a diagrammatic representation, with a nice physical interpretation as multiple scatterings
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G = G0 +G0�ŴG (279)
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(276)
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�Ŵ (279)

G = G0 +G0�ŴG (280)
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(276)
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Propagator
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N-particle Dyson equation



We conclude that one way of solving the time-dependent Schrödinger equation is to first solve the equation
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and construct the wave function                at a later time from the propagator equation
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The problem is that here the noninteracting N-particle Green function is still a high-dimensional object
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�(y)  (x, t) (281)

G0(xt,yt
0) = G0(x1, . . . ,xN , t;y1, . . . ,yN , t0) (282)

26

which makes the solution of the N-particle Dyson equation a very high dimensional matrix equation

multiple scatterings with the 2-body interaction

time propagation

How to solve the Schrödinger equation: summary

contains all particles



A physical idea

Instead of propagating an N-body object, we add or remove a particle from the system and see how
the system reacts to this perturbation and derive properties of the system from this probe

The propagation of these particle and hole states are described by single particle propagators and are
therefore low-dimensional objects

energy space

Addition and
removal from
energy levels

position space
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Addition and
removal from
spatial positions

These addition
and removal processes
have precise definitions
in operator language

addition removal



A bit more precise

The propagation of added and removed particles are described by a Green function satisfying a Dyson equation 
of the form
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where the various interactions with the other particles are described by a so-called self-energy kernel
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After solving the Dyson equation various observables of the many-body system can be calculated from
the Green function

Explaining all this is the subject of the lectures!



Relation to TDDFT

The Green function formalism can be used to define the exchange-correlation potential of TDDFT from
an integral equation involving the self-energy (the so-called Sham-Schlüter equation)
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�(y)  (x, t) (281)

G0(xt,yt
0) = G0(x1, . . . ,xN , t;y1, . . . ,yN , t0) (282)
Z

dy =
1

N !

Z
dy1 . . . dyN (283)

⇠1 ⇠2 '1(t) '2(t) (284)

x t (285)

G(1, 2) = G0(1, 2) +

Z
d3d4G0(1, 3)⌃(3, 4)G(4, 2) (286)

⌃[G] (287)
Z

d2G0(1, 2)G(2, 1)vxc(2) =

Z
d3d4G0(1, 3)⌃xc(3, 4)G(4, 1) (288)

26

It can be obtained from a variational diagrammatic expression and can be constructed such that the
xc-potential obtained this way automatically incorporates various conservation laws

From it we can further derive diagrammatic expansions for the xc-kernel of linear response TDDFT

These lectures will provide all the background necessary for you to understand these statements in a
precise way!



The use of a position basis is advantageous since the external potential and two-body interaction are 
diagonal in this basis (and DFT is naturally defined in position space)

Position basis
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so that
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We then have the relations
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Z
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27

=  state in which there is with certainty a particle at spin-space point
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27

(P.A.M.Dirac, “The principles of quantum mechanics”)



The case of two particles:
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Pauli exclusion principle

such that in this case
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where we used that swapping rows or columns in a determinant yields a minus sign.  We have the expansion
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The case of N particles:
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Second quantization 

 There is a unique operator            that generates the position basis. It is defined by
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ψ̂†(x) (1)

|x1⟩ = ψ̂†(x1)|0⟩ (2)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (3)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (4)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (5)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (6)

∆n ∆m (7)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (8)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (9)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (10)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (11)

⟨xn xm|xn′ xm′⟩ = δnn′δmm′ ± δnm′δmn′ (12)

⟨xn|xm⟩ = δnm (13)

Pn = |⟨xn|Ψ⟩|2 = |Ψ(xn)|2 (14)

Ĥ(t) = T̂ + V̂ (t) + Ŵ (15)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (16)

P (α, t) = |⟨α|Ψ(t)⟩|2 (17)

P (x1 . . .xn, t) = |⟨x1 . . . xn|Ψ(t)⟩|2 (18)

1
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      is called creation operator
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It follows :
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ψ̂†(x) (1)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (2)

|x1⟩ = ψ̂†(x1)|0⟩ (3)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (4)
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|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (6)
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P

(−1)P
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∏

j=1
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Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (12)
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P (α, t) = |⟨α|Ψ(t)⟩|2 (18)

1



The adjoint             of the creation operator therefore satisfies

and hence, by expanding the determinant along the last column, we find
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ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (1)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (2)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (3)

ψ̂†(x) (4)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (5)

|x1⟩ = ψ̂†(x1)|0⟩ (6)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (7)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (8)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (9)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (10)

∆n ∆m (11)

|xn⟩ |xn xm⟩ = λ|xm xn⟩ = λ2|xn xm⟩ → λ = ±1 (12)

|Ψ⟩ =
∑

n

|xn⟩⟨xn|Ψ⟩ (13)

|Ψ⟩ =
∑

n>m

|xn xm⟩⟨xn xm|Ψ⟩ (14)

Pnm = |⟨xn xm|Ψ⟩|2 = |Ψ(xn, xm)|2 (15)

1
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ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1
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⟨Φ|Ô†|χ⟩ = ⟨χ|Ô|Φ⟩∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ⌉ · G⌈
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G⌉ · Σ⌈
]

(t1, t2)

i∂tG
⌉(t, τ) =

[

ΣR · G⌉ + Σ⌉ ⋆ GM
]

(t, τ)

−i∂tG
⌈(τ, t) =

[

G⌈ · ΣA + GM ⋆ Σ⌈
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ⋆ g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ
dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c⌈(τ, t) = c(t0 − iτ, t)

c⌉(t, τ) = c(t, t0 − iτ)

cR(t, t′) = cδ(t)δ(t − t′) + θ(t − t′)[c>(t, t′) − c<(t, t′)]

cA(t, t′) = cδ(t)δ(t − t′) − θ(t′ − t)[c>(t, t′) − c<(t, t′)]

c(z, z′) = cδ(z)δ(z, z′) + θ(z, z′)c>(z, z′) + θ(z, z′)c<(z, z′)

1

Remember that the adjoint of an operator Ô is defined by 

|xi = |r�i
Z

dx =
X

�

Z
dr (293)

Z
dx |xihx| = 1 (294)

x (295)

|x1x2i = �|x2x1i |x1x1i = 0 (296)

hy1y2|x1x2i = �(y1�x1)�(y2�x2)��(y1�x2)�(y2�x1) =

����
�(y1 � x1) �(y1 � x2)
�(y2 � x1) �(y2 � x2)

���� (297)

hy1y2|x1x2i = �hy2y1|x1x2i = hy2y1|x2x1i = �hy1y2|x2x1i (298)

| i = 1

2

Z
dx1dx2|x1x2ihx1x2| i (299)

hy1y2| i =
1

2

Z
dx1dx2hy1y2|x1x2ihx1x2| i (300)

=
1

2

Z
dx1dx2(�(y1 � x1)�(y2 � x2)� �(y1 � x2)�(y2 � x1))hx1x2| i (301)

=
1

2
(hy1y2| i � hy2y1| i) = hy1y2| i (302)

1

2

Z
dx1dx2|x1x2ihx1x2| = 1 (303)

|xi = |x1 . . .xN i |Pxi = |xP (1) . . .xP (N)i = (�1)|P ||x1 . . .xN i (304)

hy|xi = hy1 . . .yN |x1 . . .xN i =

�������

�(y1 � x1) . . . �(y1 � xN )
...

...
�(yN � x1) . . . �(yN � xN )

�������
= �(y � x) (305)

| i =
Z

dx|xihx| i
Z

dx |xihx| = 1 (306)

Z
dx =

1

N !

Z
dx1 . . . dxN (307)

hx1 . . .xN�1| ̂(xN )|y1 . . .yN i⇤ = hy1 . . .yN | ̂†(xN )|x1 . . .xN�1i (308)

= hy1 . . .yN |x1 . . .xN i =

�������

�(y1 � x1) . . . �(y1 � xN )
...

...
�(yN � x1) . . . �(yN � xN )

�������
(309)
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (3)

ψ̂(x)|0⟩ = 0 (4)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (5)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (6)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (7)

(8)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (9)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (10)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1⟩ = ψ̂†(x1)|0⟩ (14)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (15)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (16)

1
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[A,B]+ = AB + BA (1)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (2)

[

ψ̂(x), ψ̂†(y)
]

+
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ψ̂(x)|0⟩ = 0 (4)
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ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (7)

(8)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (9)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (10)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (11)

ψ̂†(x) ψ̂(x) (12)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (13)

|x1⟩ = ψ̂†(x1)|0⟩ (14)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (15)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (16)

1

It follows, with anti-commutator                                         , that
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ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

The operator          is called annihilation operator
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ψ̂(x)|0⟩ = 0 (1)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (2)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (3)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (4)

(5)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (6)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (7)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (8)

ψ̂†(x) ψ̂(x) (9)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (10)

|x1⟩ = ψ̂†(x1)|0⟩ (11)

|x1 x2⟩ = ψ̂†(x2)|x1⟩ = ψ̂†(x2)ψ̂
†(x1)|0⟩ (12)

|x1 . . .xN ⟩ = ψ̂†(xN )|x1 . . .xN−1⟩ = ψ̂†(xN ) . . . ψ̂†(x1)|0⟩ (13)

|x1 . . .xN ⟩ = (−1)P |xP (1) . . .xP (N)⟩ (14)

⟨x1 . . . xN |y1 . . .yN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(xj − yP (j)) (15)

∆n ∆m (16)

1

For example:



The density operator is defined by 
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x) = ψ̂†(x)ψ̂(x) (3)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (4)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (5)

ψ̂(x)|0⟩ = 0 (6)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (7)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (8)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (9)

(10)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (11)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (12)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (13)

ψ̂†(x) ψ̂(x) (14)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (15)

1
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
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+
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+
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ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (10)

(11)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (12)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (13)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

The expectation value
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n(x) = ⟨Ψ|n̂(x)|Ψ⟩ (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0⟩ = 0 (8)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (9)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (10)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (11)

(12)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (13)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (14)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

is the particle density of the system in state 
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n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (1)

[A,B]+ = AB + BA (2)

x = r,σ (3)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (4)

n̂(x) = ψ̂†(x)ψ̂(x) (5)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (6)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (7)

ψ̂(x)|0⟩ = 0 (8)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (9)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (10)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (11)

(12)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (13)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (14)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (15)

1

and has the property

For example:
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ψ̂†(x) ψ̂(x)|y1y2⟩ = ψ̂†(x) (δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩)
= δ(x − y2)|y1x⟩ − δ(x − y1)|y2x⟩
= (δ(x − y1) + δ(x − y2))|y1y2⟩

⟨Φ|Ô†|χ⟩ = ⟨χ|Ô|Φ⟩∗

kR(t, t′) = θ(t − t′)[k>(t, t′) − k<(t, t′)]

kA(t, t′) = −θ(t′ − t)[k>(t, t′) − k<(t, t′)]

i∂t1G
≶(t1, t2) = hHF(t1)G

≶(t1, t2) +
[

Σ≶ · GA + ΣR · G≶ + Σ⌉ · G⌈
]

(t1, t2)

−i∂t2G
≶(t1, t2) = G≶(t1, t2)h

HF(t2) +
[

G≶ · ΣA + GR · Σ≶ + G⌉ · Σ⌈
]

(t1, t2)

i∂tG
⌉(t, τ) =

[

ΣR · G⌉ + Σ⌉ ⋆ GM
]

(t, τ)

−i∂tG
⌈(τ, t) =

[

G⌈ · ΣA + GM ⋆ Σ⌈
]

(t, τ)

f · g =

∫ ∞

t0

f(t)g(t)

f ⋆ g =

∫ β

0
dτ f(τ)g(τ)

c(z, z′) =

∫

γ

dz̄ a(z, z̄)b(z̄, z′)

cM (τ, τ ′) = c(t0 − iτ, t0 − iτ ′)

c⌈(τ, t) = c(t0 − iτ, t)

c⌉(t, τ) = c(t, t0 − iτ)

1



The Hamiltonian in second quantization

i@t (x, t) = i@thx| (t)i = hx|Ĥ(t)| (t)i =
Z

dx0hx|Ĥ(t)|x0ihx0| (t)i (311)

=

Z
dx0

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A �(x� x
0) (x0, t) (312)

=

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A (x0, t) (313)

hx|Ĥ(t)|x0i =

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A �(x� x
0) (314)

28

An operator is defined by specifying its matrix elements in a complete basis.  For N particles we define the Hamiltonian by

The ket representation of the Schrödinger equation 

then becomes, when projected on a position basis,
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=

Z
dx0

0

@
NX

j

�1

2
r2

j + v(xj , t) +
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We now want to rewrite the Hamiltonian in terms of the field operators

potentials are diagonal
in position space

|xi = |r�i
Z

dx =
X

�

Z
dr (293)

Z
dx |xihx| = 1 (294)

x (295)

|x1x2i = �|x2x1i |x1x1i = 0 (296)

hy1y2|x1x2i = �(y1�x1)�(y2�x2)��(y1�x2)�(y2�x1) =

����
�(y1 � x1) �(y1 � x2)
�(y2 � x1) �(y2 � x2)

���� (297)

hy1y2|x1x2i = �hy2y1|x1x2i = hy2y1|x2x1i = �hy1y2|x2x1i (298)

| i = 1

2

Z
dx1dx2|x1x2ihx1x2| i (299)

hy1y2| i =
1

2

Z
dx1dx2hy1y2|x1x2ihx1x2| i (300)

=
1

2

Z
dx1dx2(�(y1 � x1)�(y2 � x2)� �(y1 � x2)�(y2 � x1))hx1x2| i (301)

=
1

2
(hy1y2| i � hy2y1| i) = hy1y2| i (302)

1

2

Z
dx1dx2|x1x2ihx1x2| = 1 (303)

|xi = |x1 . . .xN i |Pxi = |xP (1) . . .xP (N)i = (�1)|P ||x1 . . .xN i (304)

hy|xi = hy1 . . .yN |x1 . . .xN i =

�������

�(y1 � x1) . . . �(y1 � xN )
...

...
�(yN � x1) . . . �(yN � xN )

�������
= �(y � x) (305)

| i =
Z

dx|xihx| i
Z

dx |xihx| = 1 (306)

Z
dx =

1

N !

Z
dx1 . . . dxN (307)

hx1 . . .xN�1| ̂(xN )|y1 . . .yN i⇤ = hy1 . . .yN | ̂†(xN )|x1 . . .xN�1i (308)

= hy1 . . .yN |x1 . . .xN i =

�������

�(y1 � x1) . . . �(y1 � xN )
...

...
�(yN � x1) . . . �(yN � xN )

�������
(309)

i@t| (t)i = Ĥ(t)| (t)i =
Z

dx0Ĥ(t)|x0ihx0| (t)i (310)
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For the 2-particle interaction we have

Since the density operator has the property
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[A,B]+ = AB + BA (1)

x = r,σ (2)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (3)

n̂(x) = ψ̂†(x)ψ̂(x) (4)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (5)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (6)

ψ̂(x)|0⟩ = 0 (7)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (8)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (9)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (10)

(11)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (12)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . . yN ⟩∗ = ⟨y1 . . .yN |ψ̂†(xN )|x1 . . .xN−1⟩∗ (13)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (14)

ψ̂†(x) ψ̂(x) (15)

1

it follows that
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Ŵ =
1

2

∫

dxdy w(x,y)n̂(x)n̂(y) −
1

2

∫

dxw(x,x)n̂(x) (1)

=
1

2

∫

dxdy w(x,y)
(

ψ̂†(x)ψ̂(x)ψ̂†(y)ψ̂(y) − δ(x − y)ψ̂†(x)ψ̂(x)
)

(2)

=
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (3)

Ŵ |x1 . . . xN ⟩ =
1

2

∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (4)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (5)

|Ψ(t0)⟩ = |Ψ0⟩ (6)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (7)

[A,B]+ = AB + BA (8)

x = r,σ (9)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (10)

n̂(x) = ψ̂†(x)ψ̂(x) (11)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (12)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (13)
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]

+
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Similarly for the one-body potential
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V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ⟩ (4)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (5)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (6)

⟨x1 . . .xN |Ĥ |Ψ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (8)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (9)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (10)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (11)

ψ(x, t) = ⟨x|ψ(t)⟩ (12)

1
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V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (1)

(2)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (3)

|Ψ⟩ (4)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (5)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (6)

⟨x1 . . .xN |Ĥ |Ψ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (8)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (9)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (10)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (11)

ψ(x, t) = ⟨x|ψ(t)⟩ (12)

1

The kinetic energy operator is only slightly more difficult.  Let’s illustrate it for 3 particles;  remember that

Ŵ |x1 . . . xN ⟩ =
1

2

N
∑

i̸=j

w(xi,xj)|x1 . . .xN ⟩ (33)

i∂t|Ψ(t)⟩ = Ĥ(t)|Ψ(t)⟩ (34)

|Ψ(t0)⟩ = |Ψ0⟩ (35)

n(x) = ⟨Ψ|n̂(x)|Ψ⟩ |Ψ⟩ (36)

[A,B]+ = AB + BA (37)

x = r,σ (38)

n̂(x)|x1 . . .xN ⟩ =
N

∑

j=1

δ(x − xj) |x1 . . . xN ⟩ (39)

n̂(x) = ψ̂†(x)ψ̂(x) (40)

[

ψ̂(x), ψ̂(y)
]

+
=

[

ψ̂†(x), ψ̂†(y)
]

+
= 0 (41)

[

ψ̂(x), ψ̂†(y)
]

+
= δ(x − y) (42)

ψ̂(x)|0⟩ = 0 (43)

ψ̂(x)|y1⟩ = δ(x − y1)|0⟩ (44)

ψ̂(x)|y1 y2⟩ = δ(x − y2)|y1⟩ − δ(x − y1)|y2⟩ (45)

ψ̂(x)|y1 y2 y3⟩ = δ(x − y3)|y1 y2⟩ − δ(x − y2)|y1 y3⟩ + δ(x − y1)|y2 y3⟩ (46)

(47)

ψ̂(x)|y1 . . .yN ⟩ =
N

∑

k=1

(−1)N−k δ(x − yk) |y1 . . .yk−1yk+1 . . .yN ⟩ (48)

⟨x1 . . .xN−1|ψ̂(xN )|y1 . . .yN ⟩∗ = ⟨y1 . . . yN |ψ̂†(xN )|x1 . . . xN−1⟩ (49)

= ⟨y1 . . .yN |x1 . . .xN ⟩ =
∑

P

(−1)P
N
∏

j=1

δ(yj − xP (j)) (50)

ψ̂†(x) ψ̂(x) (51)

ψ̂†(x)ψ̂†(y) = −ψ̂†(y)ψ̂†(x) (52)

3
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ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (1)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (2)

V̂ (t)|x1 . . .xN ⟩ =
N

∑

j

v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (3)

(4)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (5)

|Ψ⟩ (6)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (7)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (8)

⟨x1 . . .xN |Ĥ |Ψ⟩ (9)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (10)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (11)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (12)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (13)
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∫
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⎝
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2
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2
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w(xi,xj)
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⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (8)

⟨x1 . . .xN |Ĥ |Ψ⟩ (9)
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⎛

⎝

N
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j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (10)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (11)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (12)

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (13)

1

i@t (x, t) = i@thx| (t)i = hx|Ĥ(t)| (t)i =
Z

dx0hx|Ĥ(t)|x0ihx0| (t)i (311)

=

Z
dx0

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A �(x� x
0) (x0, t) (312)

=

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A (x0, t) (313)

hx|Ĥ(t)|x0i =

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)

1

A �(x� x
0) (314)

hx1x2x3|
Z

dx  ̂†(x)r2 ̂(x) |y1y2y3i

=

Z
dx

�
r2�(x� y3)hx1x2x3|y1 y2 xi+r2�(x� y2)hx1x2x3|y1xy3i+r2�(x� y1)hx1x2x3|xy2 y3i

�

= (r2
y1

+r2
y2

+r2
y3
)hx1x2y3|y1y2y3i

28

Such that

i@t (x, t) = i@thx| (t)i = hx|Ĥ(t)| (t)i =
Z

dx0hx|Ĥ(t)|x0ihx0| (t)i (311)

=

Z
dx0

0

@
NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j
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1

A �(x� x
0) (x0, t) (312)
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0

@
NX

j

�1

2
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T̂ = −
1

2

∫

dx ψ̂†(x)∇2ψ̂(x) (1)

ψ̂†(x)∇2ψ̂(x) |y1y2y3⟩ (2)

= ∇2δ(x − y3)|y1 y2 x⟩ + ∇2δ(x − y2)|y1xy3⟩ + ∇2δ(x − y1)|xy2 y3⟩ (3)

V̂ (t)|x1 . . .xN ⟩ =
N

∑
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v(xj , t)|x1 . . .xN ⟩ =

∫

dx n̂(x)v(x, t)|x1 . . .xN ⟩ (4)

(5)

V̂ (t) =

∫

dx ψ̂†(x)ψ̂(x) v(x, t) (6)

|Ψ⟩ (7)

⟨x1 . . . xN |Ĥ|x′
1 . . .x′

N ⟩ (8)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |x′
1 . . .x′

N ⟩ (9)

⟨x1 . . .xN |Ĥ |Ψ⟩ (10)

=

⎛

⎝

N
∑

j

−
1

2
∇2

j + v(xj , t) +
1

2

N
∑

i̸=j

w(xi,xj)

⎞

⎠ ⟨x1 . . .xN |Ψ⟩ (11)

Ψ(x1 . . .xN ) = ⟨x1 . . .xN |Ψ⟩ (12)

⟨x|ĥ|x′⟩ = (−
1

2
∇2 + v(x, t))⟨x|x′⟩ (13)
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+ ∇2
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N
∑

j

−
1

2
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j + v(xj , t) +
1

2

N
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1 . . .x′
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yielding exactly the matrix element of the kinetic energy operator.  Hence
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General basis states

We can also rewrite everything in a general basis.  Let consider an orthonormal set of one-particle states

ĥ|ψ(t)⟩ = i∂t|ψ(t)⟩ (66)

ψ(x, t) = ⟨x|ψ(t)⟩ (67)

i∂tψ(x, t) = ⟨x|ĥ|ψ(t)⟩ =

∫

dx′ ⟨x|ĥ|x′⟩⟨x′|ψ(t)⟩ (68)

=

∫

dx′

(

−
1

2
∇2 + v(x, t)

)

⟨x|x′⟩⟨x′|ψ(t)⟩

=

(

−
1

2
∇2 + v(x, t)

)

ψ(x, t) (69)

⟨n|m⟩ = δnm (70)

[ân, âm]+ =
[

â†n, â†m

]

+
= 0 (71)

[ân, âm]+ = δnm (72)

|n⟩ =

∫

dx |x⟩⟨x|n⟩ =

∫

dxϕn(x)ψ̂†(x)|0⟩ (73)

ĥ|n⟩ = ϵn|n⟩ ĥ (74)

â†n =

∫

dxϕn(x)ψ̂†(x) (75)

ân =

∫

dxϕ∗
n(x)ψ̂(x) (76)

|n⟩ = â†n|0⟩ (77)

⟨x|n⟩ = ϕn(x) (78)

h(x) = (79)

Ĥ0 =
N

∑

j=1

h(xj , t) (80)

h(x, t) = −
1

2
∇2 + v(x, t) (81)

⟨x|ĥ(t)|x′⟩ = h(x)δ(x − x
′) (82)

Ĥ(t) = Ĥ0(t) + Ŵ (83)

Ŵ =
1

2

∫

dxdy w(x,y) ψ̂†(x)ψ̂†(y)ψ̂(y)ψ̂(x) (84)
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We define the operators
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Z
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Z
dx0
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NX

j

�1

2
r2

j + v(xj , t) +
1

2

NX

i 6=j

w(xi,xj)
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A �(x� x
0) (x0, t) (312)

=

0

@
NX

j
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1
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NX
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NX
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1
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dx
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�

= (r2
y1

+r2
y2
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y3
)hx1x2x3|y1y2y3i

|ni hn|mi = �mn 'n(x) = hx|ni (315)
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†
m]+ = �nm
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Furthermore from the commutation relation of the field operators it follows immediately that
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†
i
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âm|ni = �mn|0i (n1, . . . , nN ) (317)

hx1 . . .xN |n1 . . . nN i =
Z

dy1 . . . dyN 'n1(y1) . . .'nN (yN )hx1 . . .xN |y1 . . .yN i = (318)

=

Z
dy1 . . . dyN 'n1(y1) . . .'nN (yN )

�������

�(x1 � y1) . . . �(x1 � yN )
...

...
�(xN � y1) . . . �(xN � yN )

�������
(319)

=

�������

'n1(x1) . . . 'nN (x1)
...

...
'n1(xN ) . . . 'nN (xN )

�������
(320)

28

i@t (x, t) = i@thx| (t)i = hx|Ĥ(t)| (t)i =
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Example

We can take the one-particle states to be eigenstates of a one-body Hamiltonian such
as the Hartree-Fock or Kohn-Sham system.  Then if, for example, we label 
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Z
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28



How does the Hamiltonian look like for the new operators?
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∫
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⟨x|ĥ(t)|x′⟩ = h(x)δ(x − x
′) (82)
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†
i
â†
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âkâl
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âj
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†
i
âj
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âj +

1

2

X

ijkl

vijkl â
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The Hamiltonian in a general one-particle basis then attains the form
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The action of the Hamiltonian on a single Slater determinant generates an infinite number of particle-
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âj
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The time-evolved state is therefore, in general, a infinite expansion in Slater determinant states



Second quantization:  Take home message 

- Second quantisation is nothing but a convenient way to generate a 
  many-particle basis that automatically has the correct (anti)symmetry. 

  Basis states are created by (anti)-commuting operators with
  simple (anti)-commutation relations
  
- As we will see, second quantisation is very convenient in many-body  
  theory as it allows for simple manipulation of perturbative terms 
  without the need to deal with (anti)-symmetrised orbital products

- The derivation of the Hamiltonian in second quantisation 
  is easy in position basis as the Hamiltonian is almost diagonal 
  in this basis. 

- In general one-particle basis the Hamiltonian has an intuitive interpretation as 
generating particle-hole excitations



Expectation values

A general expectation value is of the form

Brief Article
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where we defined the evolution operator and the operator Ô(t) in the Heisenberg picture as  

initial state

It follows from the Schrödinger equation that 
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âj +

1

2

X

ijkl

vijkl â
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|Ψ(t0)⟩ = Û(T, t0)|Ψ(t0)⟩ (4)

T
{
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eÂ(t1)eB̂(t2)
}

= T
{

eÂ(t1)+B̂(t2)
}

(6)
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Ĥ0 =
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| (t)i = Û(t, t0)| (t0)i
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{
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â†
j
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†
i
âj
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†
i
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âk âl

hij(t) =

Z
dx'⇤

i (x)

✓
�1

2
r2 + v(x, t)

◆
'j(x)

wijkl =

Z
dxdyw(x,y)'⇤

i (x)'
⇤
j (y)'k(y)'l(x)

= c1(t) + c2(t) + . . .
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29

 ̂(x) =
X

n

'n(x)ân  ̂†(x) =
X

n

'⇤
n(x)â
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Ĥ(t) =
X

ij

hij(t) â
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†
i
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âj
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1
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In the limit Δ => 0 then 
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†
m]+ = �nm
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X

m
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where         denotes anti-time-ordering that orders the latest operator most right
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dt Ĥ(t)dt t2 < t1
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We find therefore that the evolution operator can then be written as

and the expectation value 

can therefore be written as 

If we expand in powers of the Hamiltonian then a typical term is
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o
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Ĥ(t)dt

�
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96 Chapter 4. The contour idea

Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
︸ ︷︷ ︸

γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be different from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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We define a contour 𝜸 consisting of two copies of the interval [t0 , t].  A generic element z of  𝜸 can lie on the 
forward branch 𝜸_ or the backward branch 𝜸+

Notation 
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Ô(t) T e

�i
R t
t0
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n
ei

Pn
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Ô(t) T e

�i
R t
t0
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We can define operators on the contour

A useful idea: contour ordering
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Figure 4.1: The oriented contour γ in the complex time plane as described in the main text.
The contour consists of a forward and a backward branch along the real axis between t0
and t. The branches are displaced from the real axis only for graphical purposes. According
to the orientation the point z2 is later than the point z1.

“contour”

γ ≡ (t0, t)
︸ ︷︷ ︸

γ−

⊕ (t, t0)
︸ ︷︷ ︸

γ+

(4.3)

which goes from t0 to t and then back to t0. The contour γ consists of two paths: a forward
branch γ− and a backward branch γ+ as shown in Fig. 4.1. A generic point z′ of γ can lie
either on γ− or on γ+ and once the branch is specified it can assume any value between
t0 and t. We will denote by z′ = t′− the point of γ lying on the branch γ− with value t′

and by z′ = t′+ the point of γ lying on the branch γ+ with value t′. Having defined γ we
introduce operators with arguments on the contour according to

Â(z′) ≡
{

Â−(t′) if z′ = t′−
Â+(t′) if z′ = t′+

. (4.4)

In general, the operator Â(z′) on the forward branch (Â−(t′)) can be different from the
operator in the backward branch (Â+(t′)). We further define a suitable ordering operator
for the product of many operators with arguments on γ. Let T be the contour ordering
operator which moves operators with “later” contour-arguments to the left. Then for every
permutation P of the times zm later than zm−1 later than zm−2 . . . later than z1 we have

T
{

Âm(zP (m))Âm−1(zP (m−1)) . . . Â1(zP (1))
}

= Âm(zm)Âm−1(zm−1) . . . Â1(z1),

which should be compared with (3.7). A point z2 is later than a point z1 if z1 is closer to
the starting point, see again Fig. 4.1. In particular a point on the backward branch is always
later than a point on the forward branch. Furthermore, due to the orientation, if t1 > t2
then t1− is later than t2− while t1+ is earlier than t2+. Thus, T acts like the chronological
ordering operator for arguments on γ− and like the anti-chronological ordering operator for
arguments on γ+. The definition of T , however, allows us to consider also other cases. For
example, given two operators Â(z1) and B̂(z2) with argument on the contour we have the
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| (t)i = Û(t, t0)| (t0)i

hm|ni = �mn

1

With this definition we can write

Brief Article

The Author

December 23, 2013

T̄
n
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| (t)i = Û(t, t0)| (t0)i

hm|ni = �mn

| i =
X

n

 n|ni

hm| i =  m

| i =
X

n

|nihn| i

X

n

|nihn| = 1

Hnm(t) = hn|Ĥ(t)|mi
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X

m
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n
ei

Pn
j Ĥ(tj)�

o

U(t0, T ) = T̄
⇢
e
i
R T
t0

Ĥ(t)dt

�

| (t)i = Û(t, t0)| (t0)i

hm|ni = �mn

1

Brief Article

The Author

December 24, 2013

z2 > z1
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Ĥ(t1) . . . Ĥ(tn)
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= Â1(z1) . . . Ân(zn) z1 > . . . > zn
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With this trick we can write the expectation value in a compact way
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Figure 4.2: Illustration of the three possible locations of z2 and z1 for z2 later than z1. The
domain of integration is highlighted with bold lines.

We can proceed further by introducing the contour integral between two points z1 and
z2 on γ in the same way as the standard integral along any contour. If z2 is later than z1,
see Fig. 4.2, then we have

∫ z2

z1

dz̄ Â(z̄) =

⎧

⎪
⎪
⎪⎪
⎪
⎨

⎪
⎪
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⎪
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,

while if z2 is earlier than z1
∫ z2

z1

dz̄ Â(z̄) = −
∫ z1

z2

dz̄ Â(z̄).

In this definition z̄ is the integration variable along γ and not the complex conjugate of z.
The latter is denoted by z∗. The generic term of the expansion (4.1) is obtained by integrating
over all {ti} between t and t0 and over all {t′i} between t0 and t the operator (4.2). Taking
into account that (4.2) is equivalent to (4.8) and using the definition of the contour integral
we can write
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= Â1(z1) . . . Ân(zn) z1 > . . . > zn
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Ĥ(z = t0±) = Ĥ(t0)
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Ô+(t0) z0 = t0+

t0

z = t0�

z 2 ��

z 2 �+

z = t0+

T̄
n
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The expectation value can then be written as

and since the operators commute under the time-ordering we obtain the elegant expression
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|Ψ(t0)⟩ = Û(T, t0)|Ψ(t0)⟩ (8)

T
{
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eÂ(t1)+B̂(t2)
}

(10)
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wn⟨Ψn|ÔH(t)|Ψn⟩ = Tr
{

ρ̂ ÔH(t)
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{
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}

|Ψ(t0)⟩ (11)

= T
{

e−i
Pn
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ρ̂ ÔH(t)
}

(5)

ρ̂ =
∑

n

wn|Ψn⟩⟨Ψn| (6)

i ∂tψ̂H(x, t) =

(

−
1

2
∇2 + v(x, t)

)

ψ̂H(x, t) +

∫

dy w(x,y) n̂H (y, t) ψ̂H (x, t) (7)
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probability distribution of initial states

A very common relevant case is that of the grand canonical ensemble, which describes a system at
initial equilibrium at a given temperature and chemical potential 
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Tr
{

e−βĤM
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Tr Â =
∑

m
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Ô(t) =

∫

dx ψ̂†(x)o(x, t)ψ̂(x) (19)

j = xjzj (20)

gn(1 . . . n, 1′ . . . n′) =
1

in

Tr T
{

e−i
R

γ
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⟨Φm|Â|Φm⟩ (35)
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The density operator can be viewed as a time-propagation in imaginary time
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Ĥ(z) =

{
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} (6)
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= Û(t0 − iβ, t0) (2)

wn =
e−βEn

Z
(3)

Z =
∑

n

e−βEn (4)
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}

Tr T
{

e−i
R

γ dz Ĥ(z)
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Now we can gain apply our contour trick, in which we add a vertical track to our contour that
describes the initial ensemble



(L.V.Keldysh, Sov.Phys.JETP20, 1018 (1965), 
Konstantinov, Perel’, JETP12,142 (1961)) 
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⟨ÔH(t)⟩ =
∑

n
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Time ordering is now defined along the extended contour 
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= Û(t0 − iβ, t0) (4)

wn =
e−βEn

Z
(5)

Z =
∑

n

e−βEn (6)
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Expectation values as contour orderings

The final result is now that we can regard expectation values as contour orderings. This considerably
simplifies the subsequent formalism which will be valid for general time-dependent systems



Time-ordering:  Take home message 

- Time-ordering is a direct consequence of the structure of
  time-dependent Schrödinger equation.
  
- Expectation values consist of a time-ordered evolution operator
  for the ket state and an anti-time-ordering for the bra state

- The expectation of any operator value can be rewritten in terms of a 
  single time-ordered exponential by introducing contour ordering

- In case of systems prepared in an initial ensemble the expectation
  value can be rewritten as a time-ordering on a contour with an
  additional vertical track


