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1. Introduction

Topology in quantum dissipative systems
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topological phases in
closed electronic systems
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topological phases in /’\ /- :
open photonic systems
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non-Hermitian modes (although not easy to
address or measure )

Motivate topological invariants with
quantum optical response functions?



1. Introduction

Topology in guantum dissipative systems

Topological amplification \/\/’

topological phases in
closed electronic systems

Transmission & amplification of light
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DP, S. Ferndndez-Lorenzo PRL 122, 143901 (2019)

C.C. Wanjura, M. Brunelli, A. Nunnenkamp, Nat. Comm. 11, 3149 (2020)



2. Topological amplification

Topological input-output theory

* Consider quadratic bosonic Liouvillians of the form

L(p) = —i [Z]ija;rap
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2. Topological amplification

Topological input-output theory

|
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* Input-Output formalism: linear equations of motion O__ _ — O
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e Solution in frequency-space: Green’s function
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2. Topological amplification

Analysing the non-Hermitian dynamical matrix, what eigensystem?

Let us focus on the Green’s functionat w = 0

The Green’s function is the inverse of the dynamical matrix

1
G(O) = _E

Analysis in terms of the eigenstates of H is problematic:

H is non-Hermitian
eigenstates # orthonormal basis

H=V"1Dpv

Instead, use the singular value decomposition

H=USVyt U,V orthonormal basis (singular vectors)
S (singular values)

G(0) xV S~ 1yt



2. Topological amplification

Analysing the non-Hermitian dynamical matrix, what eigensystem?

* The singular vectors/values have a neat interpretation for input-output theory:

G(0) xV Syt

40 « ) c,-l(o\)ff"m)
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OUTPUT <= {3 INPUT

singular vector V;,= n'th output channel singular vector Uj, = n"th input channel
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s, ! =inverse singular values are the strength of the channel



2. Topological amplification

Topological properties from the SVD

* The SVD is deeply connecting to topological properties (DP, S. Fernandez-Lorenzo PRL
122, 143901 (2019))

* Singular vectors of H = eigenvectors of an effective Hamiltonian H:

0 H)
HT 0
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2. Topological amplification

Topological properties from the SVD

* The SVD is deeply connecting to topological properties (DP, S. Fernandez-Lorenzo PRL
122, 143901 (2019))

* Singular vectors of H = eigenvectors of an effective Hamiltonian H:

0 H
_ + _
=05V it <H+ 0)

e Chiral symmetry

dk
Winding number: v = %aklog(H(k))

of H
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Edge singular vectors vy, Uy —
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2. Topological amplification

Topological properties from the SVD

» Zero-singular values dominate the Green’s function and lead to exponential amplification
of incoming signals.

ij(w) = (a)l——H> | = Z(Vn)];(un)k
jk n Ll

In the general (w # 0) case, we get a frequency dependent winding number

dk
v(w) =] 5 Oklog(wl — H(k))

DP, S. Ferndndez-Lorenzo PRL 122, 143901 (2019)
T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)



2. Topological amplification

Topological properties from the SVD

» Zero-singular values dominate the Green’s function and lead to exponential amplification
of incoming signals.

1
1) = () Z(v,o, (un>k
Jk :

Ifv(w) £ 0 - sy < e™N/$

1 N Inverse zero-
ij(a)) = wl—H (vo) (uo)ke+ /E 7" singular value
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* Localized left/rigth edge-singular vectors:
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DP, S. Ferndndez-Lorenzo PRL 122, 143901 (2019)
T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)
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2. Topological amplification

Topological properties from the SVD

* To summarize:

o The singular value decomposition allow us to classify topological phases of quadratic
bosonic Liouvillians

o A mapping from the SVD to an effective “doubled Hamiltonian” allows us to use
Hermitian topological insulator

o Topological zero singular values = Directional amplification
o Topological singular edge-states = input/output signals localized at the edges.

o Topology does not require an internal symmetry - intrinsic chiral symmetry of the SVD

DP, S. Ferndndez-Lorenzo PRL 122, 143901 (2019)
T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)



2. Topological amplification
Example: Hatano-Nelson chain

T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)

* Quantum Hatano-Nelson chain: dissipative couplings + complex photon tunneling terms

ai™ (t) ? 5’ ¢ alut(t)

O C-O--0m

Pijyr =P
’ Collective photon
gain L(p) = 22 a; —a]+1)p(a _aj+1)_
Pij=2P
Kk local deca — pal —ata.0 — nata.
y + 221(2 ajpa; — a;a;p — pa; a;)

]eiqb Photon tunneling .
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H= Z( Jel® a]TajH +H.c.)
J



2. Topological amplification
Example: Hatano-Nelson chain

T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)

* Quantum Hatano-Nelson chain: dissipative couplings + complex photon tunneling terms

P
aj"(t) K?{y 5’ « agtt(t)
Je'®
Piiii =P d{a;)
P Collective photon dt] — ]left<aj—1> + ]right (aj+1>
_ gain ,
K local decay Jright = —i]e_l¢ + P

O—»O0

NS

]ei(p Photon tunneling Y t
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2. Topological amplification
Example: Hatano-Nelson chain
T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)

* Quantum Hatano-Nelson chain: dissipative couplings + complex photon tunneling terms

Gap between first and

P
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1.5
]ei(p 1.0
0.5

Trivial region (no
zero-singular value
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Topological region: singular edge-vectors and
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2. Topological amplification
Example: Hatano-Nelson chain

T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)

e Quantum Hatano-Nelson chain: dissipative couplings + complex photon tunneling terms

Gap between first and
second singular values i

Amplification of the Green’s
function in the topological region
(shaded area)
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2. Topological amplification

Topological amplification of quantum fluctuations

* The Green’s function also determines steady-state quantum fluctuations

My(@) = (af (@)a(@)) = (6" (@) P 6T()),,

Propagation of excitations generated by the gain term (matrix P)

* Steady-state (incoherent) bosons in the

* Inthe topological phase, boson quantum Hatano-Nelson model replicate the
fluctuations also get amplified singular edge- vector structure
P

25, (a]-'l_ a]) 6000 |
% o 5000
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Bridging the gap between topological non-Hermitian physics and open quantum system,
A. Gomez-Leon, T. Ramos, A. Gonzélez-Tudela, DP, Phys. Rev. A 106, L011501 (2022)



3. Topological parametric chains

How to implement a “topological amplifier’?

DP, S. Ferndndez-Lorenzo PRL 122, 143901 (2019)
T. Ramos, J.J. Garcia-Ripoll, DP, Phys. Rev. A 103, 033513 (2021)

* Ingredients for topological amplification in the Hatano-Nelson model
o Breaking time-reversal invariance (complex photon tunneling rates)

o Incoherent pumping
o Collective dissipation (reservoir engineering)

* Not impossible, e.g. with superconducting circuits, but challenging!!



3. Topological parametric chains

How to implement a “topological amplifier”?

* Simpler setup for topological amplification? - coupled parametric amplifiers
(motivated by Josephson TWPA's)

Martina Esposito, Arpit Ranadive, Luca Planat, and Nicolas Roch,
Perspective on traveling wave microwave parametric amplifiers
featured, Appl. Phys. Lett. 119, 120501 (2021)

* Paremetric terms in these systems of the form a?, a;a;1, ... generate photons
(no need for incoherent pump)

* We will see that no synthetic gauge fields are also not necessary.



3. Topological parametric chains

Topological amplification in parametric chains

* “Bose-Kitaev dissipative chain: coherent photon tunnelling (/) and parametric
interactions (local terms, g, and nearest-neighbor, g.)

parametric
coupHngs

p =—i[H p]+ Ly(p)

photon tunneling

H = Z(/a FAjiqe ”9+Hc)+gs a +at; +gCZ(a]a]+1+ ]+1

L1 1
Lq(p) = z Kk (ajpa;j — 2 a; a]p - Epa a])
K
collective decay



3. Topological parametric chains

Topological amplification in parametric chains

A. GOmez-Ledn, T Ramos, A Gonzalez-Tudela, DP, Quantum 7, 1016 (2023)

ga aj.ie” ‘9;
Ja
gs 7 a.# 4.

(a ta f) (a]a]ﬂ +a a]+1)

* Bogoliubov topological input-output theory:

a; =Z(Fjl_i]jl —i€ o) a — Z al +¢
]
a;j(w) \ & (w)
(+( w)) lzl ]l( )<€+( (U))

dk
Wi(@) = [ 5 —Tr{3(w — H()) "

Topological amplification region
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3. Topological parametric chains

Long-range topological order
M. Clavero, T Ramos, DP, in preparation

* One of the signatures of topological amplification is the emergence of long-range order in
frequency-resolved two-point correlations

(af (w)a;()) = (G*(w) P GT(w))jl o (1) ;(uo)

* Inthe topological amplification regime, the Green’s function is dominated by a single
singular value, which leads to a “topological synchronization effect”

1.01
(aF (@), (@) 3 i
IfV((U) %+ 0: NU((,()) = J : -1 5:,03 3
Jni(w)n;(w) =, |
0.0 “

0



3. Topological parametric chains

Implementation in circuit QED: Kerr non-linearities + coherent drive with a
site-dependent phase

* No need of Floquet or reservoir engineering in a circuit QED setup: everything
comes from driven Kerr non-linearities

Photon tunneling — ]aa]*ajﬂ

+2,2
K -\ Smgle site Kerr non-linearities —— K a; a;

\

+ +
Cross-Kerr non-linearities — K.a aj,,a;aj44

* Coherent driving by a travelling field in a nearby cavity array

Ja 7 : 2
+4 2 —2ikrj +
K, '\ , Koty aj — e | 84,

('a

Optical phase of pump = background gauge field!

f
]b . —2ik (ri+r; + +
@ o1 48y —> e f I 8a) Safy

Go to a gauge where the phase is
in the photon tunneling terms

Joaf aj_1e7?
¢ =k (1 —1-1) = kdo



3. Topological parametric chains

Implementation in circuit QED: Kerr non-linearities + coherent drive with a

site-dependent phase

T. Ramos, A Gémez-Ledn, JJ Garcia-Ripoll, A Gonzalez-Tudela, DP, arXiv:2207.13728

[European patent (approved): EP24382293.9]

Exponential 401 4

amplification in g 30[ OO -

forward gain J  20f
(dB) 10

Exponential
suppression in
reverse gain

[.1\
o O)os

OO

J

Tomas
Ramos
(IFF-CSIC)



3. Topological parametric chains

Implementation in circuit QED: Kerr non-linearities + coherent drive with a
site-dependent phase

T. Ramos, A Gémez-Ledn, JJ Garcia-Ripoll, A Gonzalez-Tudela, DP, arXiv:2207.13728
[European patent (approved): EP24382293.9]

v’ Directional amplifier
v" Broadband (bandwidth depends on inter JJ couplings)
v" Quantum-limited (for long enough chains)

Example: N = 10 sites (bandwidth of the order of GHz)

; v T ,. ‘ 5 -5
207\ /'I "\ h 4 ~ /
g 15t \, P, \ i {3 2 Applications: on-chip amplifier for
2

N ' read-out of quantum states
( (IB ) 10 : { |
5 4 L On-going collaboration with Dian
\ Tan’s group at Shanghai Instute of
0= _‘1 ‘ O : 1 =0 Technology
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Chiral driven-dissipative Bose-
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4. Topological amplification in chiral
driven-dissipative BH chains

Chiral driven-dissipative Bose-Hubbard model

* So far, we have defined topological amplification phases are defined in quadratic
(Gaussian) Liouvillians.

* Driven-dissipative Bose-Hubbard chains may exhibit those phases in certain regions of
the non-equilibrium steady-state phase diagram

* Example: chiral driven-dissipative Bose-Hubbard chain:

IS AU A
O—0— 00 v(gq)
7 r 1
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4. Topological amplification in chiral
driven-dissipative BH chains

Chiral driven-dissipative Bose-Hubbard model
* Topological amplification phases are defined in quadratic (Gaussian) Liouvillians.

* Driven-dissipative Bose-Hubbard chains may exhibit those phases in certain regions of
the non-equilibrium steady-state phase diagram

* Example: chiral driven-dissipative Bose-Hubbard chain:

J

2 g Y
H= z Aja; a; +]z ai ajq + UZ(afaj) + z e (aje'? +aje”'?T)
J J J
_ + + +
L(p) =—i[H,p] + & 2(2 ajpa; — a; ajp — pa; a;)
J
* We expect similar physics to parametric chains:

0 (@) > UlatVar + (o) @)y
J



4. Topological amplification in chiral
driven-dissipative BH chains

Chiral driven-dissipative Bose-Hubbard model
* Topological amplification phases are defined in quadratic (Gaussian) Liouvillians.

* Driven-dissipative Bose-Hubbard chains may exhibit those phases in certain regions of
the non-equilibrium steady-state phase diagram

* Example: chiral driven-dissipative Bose-Hubbard chain:

J

2 .. Y
H= z Aja; a; +]z ai ajq + UZ(a;“aj) + z g (afe'? + aje”'?7)
J J J
L(p) = —i[H, p] + K 2(2 ajpa; — ai ajp — pa; a;)
J
* Inthe limit |Ej| > U — |(aj)| > 1 — Variational Gaussian ansatz
(ajaray) = (q;ap)a;) + (aj){ara;) + - (Wick’s theorem)

Tao Shi, E. Demler, I. Cirac, Annals of Physics 390, 245 (2018)
R. Menu, T. Roscilde, SciPost Phys. 14, 151 (2023)



4. Topological amplification in chiral
driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ = 0)

2
H= Az aj a; +]z af ajq + UZ(aj’aj) + Z 6 (a +a;)
J J J J

Let us review what happens in the “non-chiral” version of this system. In the steady-
state, our Gaussian ansatz predicts a first-order phase transition

L
ber phase = Il U=107"
“ . np \ N . J X 103
(“bright”) o, j _
8 —
~ 75 z 1 22 n:
G ) @) |
j .
45 j ‘ . 0 —_———
0.0 9.2 04 06 0.8 1.0 60 65 70 75 80
/ NS e/J
Small boson
number phase
(“dark”)

Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral

driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ # 0)

2 L .
H= Az aj a; +]z af aj,q + UZ(afaj) + z g (afe' ) + aje”'?))
J J J J
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Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral

driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ # 0)

2 L .
H= Az aj a; +]z af ajq + UZ(aj’aj) + z g (afe'?) + aje”?))
J J J J
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- Phase coexistence
- Large fluctuations
Why? Topology!

Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral
driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ # 0)

( o
o v#0°  ~  Onsetof
3 ) = i\_, topol.o.gica.l 70 7
N “ _‘.——-' ~ amplification 60 10>
= | ;s :
= o LL 0 ~ 50 100
0 2 40 y 10
Site 7 w 40 10_1
30 10—2
Regions can be described by a local 20
winding number:

0003 06 09 12 1.5
AlJ

dk
vi=J ﬁTr{ak(Hj(k))}
~. Dynamical

(Bogoliubov)
matrix at site j

v; =1 - top. amplification

vj = 0 — trivial phase

Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral
driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ # 0)

( /4 **L100
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Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral
driven-dissipative BH chains

Variational Gaussian ansatz predictions (¢ # 0)
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Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



4. Topological amplification in chiral

driven-dissipative BH chains

Variational Gaussian ansatz predictions (p + O)
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Laszlo Rassaert, Tomdas Ramos, Tommaso Roscilde, DP, arXiv:2411.08965



Conclusions

* Topological description of driven-dissipative systems through the singular value
decomposition. Non-trivial topology = directional amplification

* Applications in the design of directional amplifiers (superconducting qubit readout)

* Theory can also be applied to non-linear (driven-dissipative Bose-Hubbard) systems.
Non-equilibrium topological phase transitions.

Outlook
* Proper theoretical characterization, Keldysh path integral?
* Quantum many-body effects (beyond the Gaussian or semiclassical limit, e.g. in non-
reciprocal quantum spin chains). Theoretical description with tensor networks

(collaboration with Luca Tagliacozzo)

* Topological amplification in Floquet systems (work in progress)
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