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Quarkonium pairs at large Y

Heavy quarkonium pair production at hadron colliders is an interesting
process:
p(P1) +p(P2) — J/¥(p1) + X + J/(p2),

where M7, = (p1 +p2)® > [piz|” or |par|> > Adcp.

» do = PDF; ®PDFj (024 dé’ij ,
—_——— ~—~
“non-perturbative” perturbative
Ky, 671,701
» Fixed-order: dé known up to NLO in «; for
double-colour-singlet channel,
> Regge limit: ¥ = In —%% > 1, the d&

Vipirlliper|

recieves corrections ~ (asY)", which should be
resummed.

» The Balitsky-Fadin-Kuraev-Lipatov (BFKL)

equation allows to rigirously resum them in the
fmtme LLA (3 (asY)™) and NLLA (3 as(asY)™).

n

» Large DPS contamination exists at Y > 1, but
even at largest Y experiments see correlations
which can not be explained by the DPS models

Figure from [hep-ph/1302.7012] .
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The hybrid approximation

The hadronic cross section formula (“hybrid approximation”):

1
daz/dxldxzfa(xl,up)fb(xz,up)d[f.
0

The partonic cross section is re-factorised as:

dé

— = = | &kr PKrVo.o(kr, pir,z) Glkr, k7, Y) Voo (ky, par,z'),
T adlprarddrs / 1 d°k7Vo,o(kr, P11, z) G(kr, k7,Y) Vo u(kr, P2r, 2°)

where G is the (NLL) BFKL Green’s function, which is universal. We want
to compute quarkonium production impact-factors Vo , up to NLO.

The hybrid approximation with collinear initial-state PDFs might be not a
great idea. It is probably better to put the TMD initial-state PDFs instead,
to absorb some of the NLO corrections to impact-factors into them |muctter,
Szymanowski, Wallon, Xiao, Yuan 2025; ... Altinoluk, Armesto, Kovner, Lublinsky 2023; ...

Chernyshev, MN, Saleev 2025] .

To compute the IF, we need to first produce the QQ-pair perturbatively
and then hadronise it Q@) — Q + X. To describe the hadronisation stage we
will use the NRQCD factorisation formaliSm [Bodwin, Braaten, Lepage '95] .
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Non-Relativistic QCD factorisation
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Charmonia and bottomonia

In the quark model, heavy quarkonia (charmonia and bottomonia) are
described as bound states of heavy quark and antiquark (c¢ and bb

respectively).
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Figure from [hep-ph/1708.04012] , red lines
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Godfrey-Isgur relativized potential model

They are “Hydrogen atoms of QCD” (recall the spectroscopic notation
241, 1), because the simple non-relativistic picture of two heavy quarks
bound by a confining potential works well for the states below
open-heavy-flavor (DD or BB) threshold.
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Non-relativistic QCD

The velocity-expansion for quarkonium eigenstate in the rest frame:
0 = owfels]) o]
+ 00 ‘ [ 5(8)} +g> +0(v”) ‘cé [BS?)] +gg> +...,

NRQCD = non-relativistic EFT for heavy quarks, light quarks and gluons
are still Eelativistic! Dynamics conserves number of heavy quarks. In such
EFT, QQ-pair is produced in a point, by local operator (x Light-like WL factors)

Axrqep = (/1 + X[ x (0)kn1(0) [0),
Different operators “couple” to different QQ states, e.g.:
K )0(0) & [ee['S] )+ xT(©)ai(0) & [ea[*sP] )+
K OaTp(0) & |ea[*sP] )+, X (0)Di(0) & |z ['P] )+
squared NRQCD amplitude (=LDME):

> [snacnl® = (0w lxal, yasux st [0) = (02,

X

og/w

1,8
where n =25+1 Lf] ),
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Non-relativistic QCD
Velocity-scaling of LDMEs follow from velocity-scaling of corresponding
Fock states and of operators X' kn1:

,H\n 15.(()1 3S(1) 1S(8) 3S(8 1P1(1) 3P0(1) 3P1(1) 3P2(1) 151(8) BPO(S) 3P1(8) 3P2(8)
Ne 1 vt
J/ 1 4\\1) ;\v‘l vt t

he vﬂ_ v
Xc0 UQ(_A’UQ
2 2
Xel v (_A’U
Xc2 v? \m2

Note that:
» Colour-singlet LDMEs are LO in v for S-wave states = Colour-Singlet Model
» For P-wave states the CS and CO LDMEs are of the same order = mizing
» Connection between LDMEs for ne and J/t through Heavy-Quark

Matching between QCD amplitude and NRQCD expansion:
v < 1: Aqep(efe” = QQ(v an (QQ) + X[ X" (0)£n1:(0) [0)+O(v™),

4

replace ‘QQ(v) + X) — |H + X) = NRQCD factorization formula [seL o5 :
olete” = H+X) = Za(eJre* - QQn] + X) <OZ;[> ,

where o(ete™ = QQ[n] + X) o | f.]?.
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Task for today

Our task for today is tocompute the NLO impact-factors for the processes:
9+R—QQ {15([)1]} :
~ 8] 348
s+ R QQ'sf st

+ quark channels arising at NLO. R is the Reggeised gluon.

The 1S([)l]-one is the LO in v? contribution to the production of 7. (1), the

15([)8] and 3S£8] operators contribute to J/1 (Y(1S)) production at O(v*).
The P-wave CS and CO contributions should be computed also, but this is
a more complicated problem.
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Lipatov’s High-Energy EFT
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Reggeon Field Theory

The idea of RFT had been proposed by Gribov [cribov, 6s] . We introduce
Reggeon fields which depend on rapidity y (~ Ins) and transverse
coordinates x7: R+ (y,x7). Then the “Reggeized” t-channel exchange
follows from the Lagrangian:

in. 8
L) — R, (g, xr) (a—y - ws(x%) BR_(y,xr)

= (R_(y1,a%) Ry (42, o)) = ée@n — ) expl(y1 — y2)ws (D).

Reggeons also can
interact: In phenomenological RFT the local interactions of
Pomerons, Odderons etc is assumed, e.g.:

L4 = glR+ (y, x7) R (y, x7)R—(y, x7)+(Rs > R_)|+...,
which is probably a crude approximation.

Our goal is to construct RFT from QCD and use it to do
perturbative resummations for various observables.
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Reggeized gluon
Studying tree-level amplitudes one quickly finds that t-channel gluon
exchanges dominate at the leading power at s — co. Often (e.g. for
qq' — qq’), just the replacement of the ¢-channel gluon propagator
(Gribov’s trick) extracts the LP contribution:

1
g = §(n‘ini +nfn?).

But in a generic gauge, all 3 diagrams contribute to qg — gg amplitude:
—

A

The R+gg vertex reads:

R [ oY

2
—&—n;fl (2k1 + k2)puy + nj[Q (2k2 + k1) g —5—+n:f1 n:;] .
1

» The vertex satisfies Slavnov-Taylor identity:
e (ky)kh2Tabe =0 = ke 2 (k)2
» It contains nonlocal “induced’ term

» Terms in the second row are zero in the gauge Ay =0
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Action of the Rg interaction

Sine. D / dy / d'z 6(x+)2tr{R,(y,xT)j+[A£f’y+”1](x)}
where 1 < 7 < Y. The j; in the gauge Ay = 0 is given by the
Do = (k= k3 )guins > G4[Au] = igs [A, 04 A"]
= - mma;H] - 8M8+ZM,
where the first term can be dropped (at tree level) due to equations of

motion [D,, G| = 0.
Relation with LCPT (II” = —04A_ = -0, (D04 A:)):

Hicpr = /dx_d2xT (tr [H_(xT,x_)H_(xT,x_)] + %tr {Gij(xT,x_)Gij(xT,x_)})
/ddx tr 8+3 A; + ig[A;, O+ A; ])]

If one treats A_(z7,x7) = a(x~,x7) as an external classical field, then one
have to choose one of the interaction terms: 9;9; A; or ig[A;, 0+ A;] to avoid
double-counting.

One can identify: R? (xr) < a®(x7) and

/dgv,jJr [A](z—,z+ = 0,%x7) <> p*(xT) = /az(k+,xT)chac(k+,xT).
kt
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Action of the Rg interaction

Suw. > [ dy [ ' sz {R-(xr)ge Al @)}
where 1 < 7 < Y. The j; in the gauge A, = 0 is given by the
e = F (k) = k) gups ¢ G [Au] = igs [A, 04 A]
= mma;H] - 8M8+Z”,

where the first term can be dropped (at tree level) due to equations of
motion [ﬁp,ap.‘.} =0.

The field in the gauge A+ = 0 can be obtained from the field in arbitrary
gauge A, by the following gauge transformation:

Ay = WA @)D WA (),

where D, = 0, +1igs A, and
WALl (@) = Pexp | T2 [ def, As (s, ol x)

—0o0

= (14ig.05 As) "1 =1 —ig, (01" Ax) — (igs)* (01 Ax0T AL) + ...,
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Action of the Rg interaction

The interaction term can be further simplified:
Jl@) = 0,03 = 20,0, WA @)D (A (@)
_ immﬁ+mﬂﬁ%g+”NW+mﬁﬂWM4@
= gi'sanW[Amw) — 040, (071 A%) +...) D' WA (a),
the last term gives the vanishing contribution due to the conservation of the

ki -momentum component and 9? — 92. Finally the interaction term takes
the form

Sint. D — /dy/d4x O(z4)2tr {R,(y,xT)a%BJrW[ABI_”:”"]]},
s
clearly it is non-Hermaitian, which does not cause problems at tree level.

Beyond tree level, the simplest Hermitian form, compatible with negative
signature of R-exchange iS [Lipatov '97; Bondarenko, Zubkov, '18] :

Sint. D gi/ dy/d4x 8(xy)tr {R_ (y,x7)0704 (W[AE?"IHU]] — WT[AE?"IH”]])}.
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Feynman rules

Rg-transition vertex (“nonsense polarisation”):
i . - a .
Lrg D g—tr [R_8§3+(—2293)3+1A+} — A,bu(q) = (—ig*)n;} Sap,

Rgg induced vertex:

i 1 4b1a—1 4b - fabibz by a1 4b
—ur [R-020:(=g2) (T T2 — Th27" ) o AR O A2] = —igy = — R 2 AR 0 A%
fab1 bo fab2b1 fab1 by

(k]

)

2
b1 b q
— A (¢,k1) = gs("jlnﬁg)? (

= 0.02(nt nt
-+ = n' n
ki +ie k;‘+z‘a> 954 (M, M)

Rggg and Rgggg induced vertices:

tr [T“ (Tbil Tbig Tbis 4 big bip by )]

abyboby  _ .2 2. + _+ _+ Z
Aﬁul#zu?, = 71954 (nulnuznu?,) (k+ +ie)(k7~_ + kT + de) )
(i1,i2,i3)€S3 i3 ig iz
abybabzby _ 2320 4+ 4+ 4+ +
—pinopzps . 9sd (nm w2 u3nu4)

tr [T“ (Tb'il big iz biy _ pbiy pbig pbig pbiy )]
X

+ . + VT S
(i1,i2,i3,i4)ESa (ki4 + ZE)(ki-Z + ki3 + 25)(’%4 + k1+3 + ki2 + ZE)

and so on... The Hermitian Rg interaction satisfies properties of
signature and of sign-ic independence, see backup.
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Relation with In W-definition

In [caron-Huot, 127 an alternative definition of the Reggeized gluon operator
had been proposed:

[ adj.
Srg D /d2XT o R? (xr) {ln [W(—dio_,+oo+,xT)[A+]i| }bc ,
where the infinite lightlike adjoint Wilson line is:
adj.
W(*‘(‘)O_,«l»oo_,,,xT)[A""] =1+
oo +oo
D (gt prerer perazez | pon-rane /‘dx,8+(8;1Aj}...8;1AﬁP)
n=1 700

For tree-level Rg...g vertices (i.e. without i€) all three definitions agree
(checked up to n = 4, MH has the all-order proof)

Two definitions differ if one takes into account ie prescriptions. For Rggg
vertex the difference between all three approaches is proportional to:

S(ki)o(ks) > [T, T ),
(i1,i2,i3)€S3

which does not contribute to 2-loop Regge trajectory but starts to
contribute at 3 loops.
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Regularisation by tilted Wilson lines

The FEikonal propagators 8;1 — —i/(kzi) lead to rapidity divergences,
which are regularized by tilting the Wilson lines from the light-cone
[Hentschinski, Sabio Vera, Chachamis et. al., '12-°13; M.N. *19]:
nf — nf =nl +rafl, r <1 B =a*k.
To keep the action Gauge-invariant at finite » one has to substitute
5(1}) — 5(1} — Tl’q:) [MN, 2019]
For real emissions this is equivalent to a smooth cutoff in rapidity (7 = Inr):
The square of regularized Lipatov’s (R+R—g)
vertex:

2 2
\ Pyp-Ty P = wﬂy),
il o K2

\ —fly) = 0 :

re~v +ev)(rev +ev)’

/ dy f(y) = —Inr+O(r)
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The pre-RFT action

S = /dy/d2XT2 tr {R+(y,xT)872~0(—)Rf(y,xT)}
. Y
K2 4 _n 2 ly+nly _ yirtralvsv+nl
+g dy | &z tr{d(z+)R-(y 2,XT)8T3+ WIAY | - W'AY ]

+(+ < -, +g — *g)} + /d?/ (SQCD [AEZJ’”"]] + Shpe [R+(:f/7XT),R—(:r/7XT)]) ,

Integrating-out usual gluons (A,) and quarks we will obtain the RFT in
QCD.

Bare Reggeon
propagator:
a pb i5ab

(RIRY) = 2 0(y1 — y2)

Regulator:

Y ~In |s| 1 <<’I’]<<Y

The dependence on the regulator 7 should cancel between integrations in y
and the dependence of vertices on 7 = Rapidity renormalization group. 19 /42



Building the RF'T

We construct the RFT interactions:

int. 0
Sips = / Ry (y,x17)Z-+ (X171, X21) <5X2T,X3T% - wg(XQT,X3T)> R (y,xaT)

X1,2,3T

+ / @0 d Xy Xy R (4, x7) K 4 (X, Xy Xpa) R (3, X1 ) Rt (4, Xo2)
+/d2XT1d2XT2d2X/T R (y,xr1)R-(y,x72) K1 (X1, X712, X7) R+ (4, XT)

+/d2xT1d2xT2d2X,T1d2xlT2 R_(y,xr1)R_(y,x12) K+ R (y,%71) Ry (4, X2)
+...

in such a way that the n-dependence cancels.
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2-point function
The quadratic part of the RFT action leads to the “Reggeized” propagator:

iZ‘F* (qT) 0

wg(ar)(y1—y2)
292

(R—(y1,ar)R+(y2,qr)) = (y1 —y2)e
while the Reggeon self-energy contains a rapidity-divergent contribution:

P+

q@:é

2 d’q (P2T(n+n7))2 1 a4
gSCA5“b/ @n? 20— %l la ] <n ot q7>

= T]wél)(p%) (or wél)(p%)ln r in TWL regularization).

where @ = % (q;‘_is + qil_is) and one-loop Regge trajectory of a gluon is:

dD_2

2
(1)/.2y _ 2 Pr qr
w =Cag; / —_——.
g (PT) g @ (pr —ar)?

The cancellation of n-dependence requires wy(p%) = wS” (p2) + O(a?).
The Z,_ cancels the non-RD part of the self-energy.
For the 3-point and 4-point functions see the backup.
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2-loop Regge trajectory from the EFT

The EFT formalism had been tested at 2 loops in [Chachamis, et al., 2013] .

AP oA o P
R
——}ln r—i—{

2 4205 4y —-3)2

N i e (47r)4 c
e S EE £ 1;:2 _25(”23_ )+14(1+52)+§—3—24(3)
N@W N@M —’L7T|:2 +41 + = (12( E)Q—NQ)} }hlr),
%E% 4§%MM€%Mw€£%
qugsm w@M W@M

The coefficient in front of In? r coincides with [wg (a7)]?/2
(exponentiation!). After subtracting it, the coefficient in front of Inr
reproduces the QCD result for 2-loop Regge trajectory [radin, Fiore, Kotsky *96] .

where E=1—-~vg —In 4Tru
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Loop corrections
to S-wave impact-factors
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Rg — cc [15([)1}} and cc [3S£8}] @ 1 loop

c
Interference with LO: W
R

Induced Rgg coupling diagrams:

Some Rg-coupling diagrams- gR - cc

B T S %%wxw

|mngm c IndRgn2 C \mnguz ¢ RAndgyns ¢ A ind gyms

g 9 g
asinss, R
c E ?
2 g
) c c¥g “‘E: :
R_gic Rt R_picRgn7 R.gbimyms R.goigyme n.@r RomIE
9 g ¢ g g g ¢
% C % s e U Uy mngus ~|naﬂg:7 c "\mﬂgﬂa H— [ A= g rgrto
%? . < R -
g¥c :;j>"“‘< M Ugh c u,, vrm< g cc
=6 g g 9 Ay g

Rgergaie A9 DiRgat2 A9 pic Rguta A pirRgnta FLG' D Rgﬂ|5
-9 Ro?

Jg c g % ¢
[ C Q,I L‘g'l EQ ,
P R @ £ A el
4 Rt nd Rgis12 maﬁgma Ina fpiata L pagorsts

Rormgeis  Adbuderc  Adoudmsc Ao ¢ Ao ©

and so on... g e 0 f

R pagoms  F-Ganrgmr
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» Diagrams had been generated using custom FeynArts model-file,

projector on the c¢ [15'([)1]]-state is inserted

» heavy-quark momenta = pg/2 = need to resolve linear dependence of
quadratic denominators in some diagrams before IBP

» IBP reduction to master integrals has been performed using FIRE

» Master integrals with linear and massless quadratic denominators are
expanded in r < 1 using Mellin-Barnes representation. The differential
equations technique is used when the integral depends on more than
one scale of virtuality.

» In presence of the linear denominator the massive propagator can be
converted to the massless one:

) T )@ =m?) ~ () 1 E) U+ rin)? T (D ( + ris )2 (B —m?)

= all the masses can be moved to integrals with only quadratic
propagators.

See  [hep-ph/2408.06234] for details.
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Result: Rg — cc {] S([)lq @ 1 loop

ViL x Lo(ar)—(On-shell mass CT)
Result (vn, 2024) for 2% [ 1 S T Vio (ar) ]

2 € C p2 10
(H_2> [——;-I— <CA1H—+50+3CF—CA>] - _nF+FIS[1](q§“/M2)
ar € rd3 9 0

Cross-check against the Regge limit of one-loop amplitude (7 = q%/M?):

g+g—>1Sg]+g @ 1L, siM?=10°

150 F
C 100 F
N
— 50 ]
A 2042
—o 0 o pIM=0.1
[%5) i
‘_'_D:‘ -50 | ] IJZ/M =1
o T10F 1 o pAM?=10
w -150 | : ]
-200f L L L L L L
0.001 0.010 0.100 1 10 100
T

Points — the function F 5[1]( T) extracted form numerical results for

interference between exact one-loop and tree-level QCD amplitudes of
g+g— ce['Si] + g at s = 10112, Solid line — analytic result from the
EFT.
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F, g (a7 /M*) = CrClgR — '5{), Cp] + CaClgR — '5¢), Ca.

L
ClgR — s\, cp) = 127 (r 4+ DLiz(—2r — 1) + 2 (ZoLir 4 L1 + 67(r + 1)
T

1
e

(r+D12In(2)(t + 1) (67’2 +87+3) — 873 (9ln(r +1) + 272 + 15)

1
S
—472 (30In(7 + 1) + 72 + 63) + 87 (—=61In(r + 1) + 7% — 21)
+18(7 4+ 1)(27 + 1) In(7) + 372 — 36} }
2(r(r(r(TT +8)+2)—4)—1)
(r =) +1)3
L2 1
T or(r +1)2 * 18(r — 1)(t + 1)3
+18[In(7) (—27’4 + (7 (=7 +7+43) +2) 7ln(7) + 272 + In(7))
—(r =11 +1)*In?(7 + 1) + 2(7 — 1)(1 + 1) (7 + (7 + 1)? In(7)) In(r + 1)]

7(7(47 +5) + 3)

ClgR — s ¢4 =
[9R — "S5, Cal (r+ 1)

Lig(—7) — Lio(—27 — 1)

{—2 (r? — 1) (181n(2)(1 — 1)T — 67(7 + 2)T — 67)

+72(37(r(r(157 + 14) — 3) — 12) — 6)},

where Ly = L™ — L8 — Ly /2 with L) = /7T +7) In (VI + 7 + v/7) and
L2:\/7'(1+T)ln(1+27'+2\/7'(1+7')>. 27 /42



Result: Rg — c¢ [1 S([)s}} @ 1 loop

ViL x Lo(qr)—(On-shell mass CT)
Result (v, 2024) for 2R [ CRICTICTD) ]

w2 € Ca 2
5 |:—7 + - (CA 1117—&-0_\ In|1+ 72 +ﬁ0+3CF_2CA>:|
ar € q M

10
——nr+F, s (arp/M?)
9 58

Cross-check against the Regge limit of one-loop amplitude (7 = g% /M?):

(8]

g+g->'S+g @ 1L, siM?=10°

200

—_~
~  isof
N
= 100 b
[ce] 2
X o o 1PIM?=0.1
(,) 50 4
— KM=
LE:D wof 1 o 1AIMP=10
-100
0.001 0.010 0.100 1 10 100
T
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Result: Rg — c¢ [35?}} @ 1 loop

ViL x Lo(qr)—(On-shell mass CT)
Result (v, 2024) for 2R [ CRICTICTD) ]

w2 € Ca 2
5 |:—7 + - (CA 1117—&-0_\ In|1+ 72 +ﬁ0+3CF_2CA>:|
ar € q M

10
= o+ Fy g (a7 /M?)
1

Cross-check against the Regge limit of one-loop amplitude (7 = g% /M?):

g+g->3SPg @ 1L, sSIM2=10°

100
o PIMP=0.1
1PIMP=1

Z00f 1 e 1AIM?=10

Forl2SP(1)

-200 &

0.001 0.010 0.100 1 10 100
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Relation to the QCD 1-loop amplitude

In the following combination of EFT results, the In r-divergence cancels:

MEgpT = - @ + i = /\/lg(%_) + O(s/t).
|

In BFKL approach the one-Reggeon-exchange part of M((QSCA]{) is expressed

o (=) (=)
(Ba-) _ Sp s\ -\ ;
MQCD 1 gRQ |:(g0) + <_50 ) gRg>

the I'yrg and wy(—t) are known up to NLO in a,, which allows one to
extract I'gro up to NLO. The explicit formula for the one-loop correction

to the IF is:

1 asCa (p*\* P+
IFyro =ReC]...+R — ...]—iﬂf]t)n_RD(—t)—F o (—_t Inr—2In ek
where Hf}?ﬂ_RD(—t) =% (‘i—i) [£(Bo —2Ca) — £Ca + B0 + O(e)].
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Real-emission corrections
to S-wave quarkonium impact-factors
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Real-emission corrections

We will extract the IR and collinear divergences from the real-emission
part, using a subtractive approach:

v (NLO, ﬁnite)( as(pr) z|Pr| h(Q,LO)(pQT)
2 g

qr, Pr, 2) = 9

a5 (ar,pr, 2) (sub.),Q
i ) B _ sub.), , 2= 0 ,
z2(1—2z)g% e (@, pr 7 )

X
where Q = 15’([)1], 15’([)8] or 3S£8]. The subtraction term j}(;i“b‘)’g should
remove the non-integrable singularities from the “exact matrix element”
Hl(a?) (ar, pr, ). The latter is given by all Feynman diagrams for the

process: -
g+R-—QQ[Q]+g,

as, e.g. for 15([)1]:

Ca (M2 +p%)2
21202 (M2 — 5)° (M2 — t + 11) 2 (M2 — u)?

Z (1= 2)"wn(s,t,u),

n=-—1

finy =

where t; = g% and s, t and u are expressed through pr, qr, M and z.
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Diagrams for Hg,
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Subtraction terms

Subtraction term for colour-singlet QQ-state:

sub.), 2Cx 1—2z
j}({g )1: k2 [ K2 +Z(1_Z)
t L1 -224 05k
T

+

)

2. 2 2 _ 2 2 2
k7 pr _ (IZTPT) <Z + 2¢(1 - 2) + 0(62)) . 3KTpT _ 2(QkTPT)
k7.p7 z z k7.p7

where kr = qr — pr, and for the colour-octet final state:

Flub)s _ (sub.),1+20A (krpr)[(kr — (1 — 2)pr)* + (1 — 2)2M?] — (1 — 2) M°k7
fto B zk7. (k7 — (1 = 2)pr)? + (1 — 2)2M?]? '

They reproduce the non-integrable singularities of the exact ME in the
limits:

» Initial-state collinear limit kp — 0,

» Regge limit: z — 1, kr-finite

» Soft limit: 1 — z ~ A\, kr ~ Apr, A — 0.

Final-state collinear singularity is regulated by the mass of a heavy quark
mq = M/2. The new final-state soft divergence appears in the octet
case, due to emission of a soft gluon from (QQ)s.
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Isolating the divergences
Expand the r-dependence in a distributional sense:
S (L S

(1—2)2+ ,,,:_zT (1—2)+ P
T

And do another add-subtract trick:

+ O(r).

sub. avs z sub.
VRO (g, 2) = Qo) BT 010) (5 ) 70002 (g7, 2,
N— —————

VLo
Qg od —2e sub. —z€
- —éff")vLo / & 2k T8 % (ar, ar — kr, 2,7)8% %) (ar — pr — kr)

_ asgl;er) VLO f d2725ij1(%siub.),Q(qT’ qr — kT, z, 7“)

5 V.(NLO, sub. 1)
X {5(2726) (ar —pr —kr) — 2= 5> (qr — pr) ’

+

éﬂR) 00®7* (pr — ar)

2
/d2 25k j(sub) Q(qT,qT _ kT,Z ’f') Pr — ‘/i(NLO, sub. 2)
p7 + k%
The square-bracket makes kr-integration safe:

2 2

PT
—5 5 G(Pr).
P + k%
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Isolating the divergences

The IR /collinear-finite piece for the colour-singlet QQ

sub. As CA
Vg(NLO b 1)’1(qT,pT,Z) _ %Zhﬁlhég’ Lo)(p?r)
A’k 2 p7 1
5@ (ar — ko — ) — —PT s (o L
) [ (ar —kr — pr) ) (ar —pr) a=as +2(1—2)
LoKrPT — (krpr)®  3kipr — 2krpr)® g g1y ﬁ]
zk2.p% k7p7 20 pi 7

and for colour-octet QQ:

su su S C
Vg(NLO b.1),8 _ Vg(NLO b. 1),1 + e’ (M:) Az|pT|th’ Lo)(pQT)

d*kr p2
W |:5(2) (qT - kT - pT) - ﬁée) (qT - pT):|
y [m (kepr)l(kr — (1 = 2)pr)? + (1 — 2)° M%) — (1 — z)M?kQT]
zk2, [(kr — (1 —2)pr)? + (1 — 2)2M?2]? '
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The IR /collinear divergent part
For the colour-singlet QQ:

(NLO sub. 2),1 as(p)
Vo ( 2m

ar,z,pr) = zlpr|h{® M (931637 (ar — pr)

X (g_jy {_%pgg(z) +0(1—2) [—+%;+—1 r;’—T — %2 A] +O(€2)}’

T +
and colour-octet QQ:

Vg(NLO sub. 2),8 _ Vg(NLO sub. 2),1 +‘ (NLO sub. 2),8-fin
— 2 €
,» LO - as(UR w
Telprlh{® H) (0306272 (ap — pr) 2R ( o2 )
2w PT

M2 2 M2 £p2 M2 4 p2
Joa—n[A(1-n MEEPEN oy (L (P ) _ g M2 PR ME R
€ M? M?2 pZ M?2

M2 4 p?
__ 204 [1 “In ﬂ} +O(e)}.
z2(1—2)4 M?

,(NLO sub. 2),8-fin as(Ur , LO
‘,,W“ 8-f ——#ﬂpﬂhgg )(p%)tsa)(qT—pT)

{ 2C4 ](/anT (k1 - pr)l(kr — pr)® + M?] — M?k7.
z(1—2) 7 [k3 +p7/(1 = 2)?][(kr — pr)? + M2]?
The VWO sube 20800 4 teoral is finite and smooth at z — 1.
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Transition to BFKL scheme

When yy € yg5 (2 — 1), the real-emission part of the IF simplifies as:

e, (s} a,s z
/N0, Rz aslian) ABTI 10100 (52 7 (),

qr,z,pr) = T (2m)i-2 9

where the squared Lipatov’s vertex is:

1 2Ca

Tnnlk) = T2 ko

In the TWL approach the pole 1/k™ is regularised as 1/(k™ 4 rk ™), while
in the BFKL approach, the rapidity of a gluon is restricted as yg > yo with

+ s .. .
Yo = In 5—5_0. The scheme-transition term is just a difference of two
regularisation prescriptions:

R - IR ) = U= (1 < Bl
k2 [(1—2)2+ rp—QT] 0
.

We should do the same transformations with this expression as in the
previous slide.
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Transition to BFKL scheme, UV-renormalization

Putting the result of the previous slide together with the
scheme-transformation terms for the virtual correction, we get:

V(BFKL sch.) _ ;(M) | |h(Q LO)(p )5(1 _ z)
2 €
AN oL 0. _ 2515229 (g, —
X{ <P2T) [ % (Bo —2Ca) + 3CA 650}5 (ar — pr)

d’kr (2) PT (2) 1 rkT v/So
+2 —_— —kr — _—— — —1In +In
CA/ ) {5 (ar T — Ppr) K2 2T5 (ar — pr) 3 |] p
The UV counter-terms to include:

» The MS renormalisation of as (hf,g’ LO) L a?):

:(-2):
2€

» Wave function renormalisation for 2 external heavy quarks in the

on-shell scheme:
2
2|36 o, <2+_1 )}
2¢ me,

39 /42



Result, ! S([)l]—statc

The full NLO correction to IF consists of the analytic and numerical pieces:

(1) 1001 o . 1¢[1]
g(NLO, 15‘0 , analyt.) _ Vg(NLO, Sy, finite) + Vg(NLO, Sy s analyt).

Where the explicit analytic piece is:

NLO, 15U, analyt. as(ur)Ca o
Vg( 0 Y )(QT,PT,Z) = %Zh}r‘hég’[‘ )(p%—v)
A’k p2
x 5 — ko — 5 _
/ i, { (ar —kr —pr) — P2 +IC (ar — pr)

x 1 + Z(l ) + 2kTpT (kTpT)2 _ 3k%’pT - 2(kTpT)2 + 5(1 _ Z) In (\/%)
-2 p K02

2
Qg H
+ ;V‘R) Z‘pT|h§Q’LO) (p%)(g(?) (qT — pT) {— In —gpgg(z)
T P

w2 4 5 3. p% 9 o
+5(1—Z) —ch-i-ch—f,B()—QCF 24+ —1In—+ +,8 1H7+ ) m(pT/M) .
6 3 6 2 m So
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Result, colour-octet QQ

1gl1] inite
For the CO states (15'([)8] and 3SF]) one has to replace: Vg(NLO’ S0, finite)

and F) Sl by the functions for the corresponding states and add new terms:
0

Qs
AVNEO®) (g b ) = Mﬂpﬂhfﬁ’ LO) (p2.)

d?k 2
X / —ﬂkQTT [6(2)((1T —kr —pr) — p%r%k%&@)((m - pT)}
[2CA (krpr)[(kr — (1 = 2)pr)® + (1 = 2)°M?] — (1 - Z)MQk%":|
zk2T [(kr — (1 = 2)pr)? + (1 — 2)2M?2]?

as(pr)
27
2 M2 2 M2 2 20 M2 2
X{CAé(l—z) {Lig <—p—T> i P, +pT} - A [1—111&”.

M? pZ M2 z2(1—2)4 M?2

+ + zlprlh§® ¥ (02)6P (ar — pr)

Os
= ) 12 10 (926 (ar — pr)

X [ — } /koT (kr - pp)l(kr — p7)* + M?] — Mk%,
z(1—2) T [k3 +p%/(1 - 2)?|[(kr — pr)? + M2’
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Conclusions and outlook

» The complete NLO impact factors in (symmetric) BFKL scheme
for the g + R — QQ[* S([Jl], 15([)8], 3S£8]] processes are computed,
including one-loop and real-emission corrections. The results in
asymmetric BFKL schemes are also known.

> The computation for other NRQCD-factorisation intermediate states:
QQ[BP}I’S]] are in progress. The QQ[‘Q’SP]] at NLO is more challenging.

» The result in the “shockwave” scheme, corresponding to the cut in
“projectile” light-cone component (k') is easy to obtain. However this
is 1R-exchange only.

> The same computaion technology can be applied to the central
production vertices RR — QQ[n].

Thank you for your attention!
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Signature of induced vertices

In the LLA the Reggeized gluon has negative signature w.r.t. s — —s :

wiM (1) wiM (1)
aca s s g —s\ ¢
Mur(99 = 99) o< [ fageasy <j> + <j> 012208504

we want to keep this property to all orders in the EFT.
Signature p+ — —p+ :

P+ — ) .
........... 0 2 Simple graph-theoretic arguments show that

the signature of Rg...g vertex with n-gluons
(O(g2Y)) is (—1)" .

This property should be respected by
ie-prescriptions for Eikonal poles.

P+ —

Signature of QCD part is
(_1)(# 3g vert.)

The vertices from Hermitian version of the EFT satisfy the
signature property.
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The sgn(e) independence

The induced vertices come from QCD diagrams like:

P+ — P+ —

Y T ... T
(I +ie/k )T+ 1 +ig/ko) ...

perms.

ko — ko —

factorisation requires independence on the sign of k_ < sign of ¢.
This property is automatically satisfied by the EFT vertices:

17}
Srg D —/d XT/dl‘ tr{ )(T)aT8 [W( 0o )[A+] W(T—oo,,z,)[A'*‘]]}
s /dQXTtF {R—(x1)07 [W(-oo_ o0 ) [A4] = Witoo —o )[A4]]}-
Additionally in [Hentschinski, '11] the mazimal anti-symmetry of the colour

factor in the induced vertices had been imposed. The physical motivation
for this choice is less clear for me.
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3-point function

o abe 2 [ dk”
_&_ =4gsf""pr =k
/ \
Two interpretations:
> Put integral [ ‘[i:—__] = 0 = all even-odd transitions are forbidden
(Gribov’s signature conservation rule).
» Put this vertex into RFT with the opposite sign, as the subtraction
term for ill-defined light-cone momentum integrals [Hentchinski PhD thesis;

M.N. 2019] .

“+oo 1
1 1
f‘“’c/dl_ 5 — + 5 —— .
- +15/Py —ie  1-+ (2lrary —13.)/Py +ie |- —ic |- +ic

—o0



4-point function, BFKL equation

Lead to the rapidity-divergent
COntributiOn [Bartels, Lipatov, Vacca, 2012] :

(RS (pr1)RY (Pr2) R™ (kr1)R™ (k12))
AR = —iosn[fU 202 Ky 4 (b > bo, ket ¢ Kro)]
P i S y Ko — Ki2Phy K0Pt o
R s = R N K2 ,

e e ) | B where kr = kr1 — pr1,

ar = kr2 — k1.
Together with the disconnected part form Regge trajectory, we get the

BFKL equation for 2R Green’s function, e.g. for 1 pair [Brkr, ‘7] :

Connected diagrams:

P o S S S

L
B

b

0 <C o
WGY(pThpTQ) =2 - A /d2 K12 [Ko(pT1,pTz,kT1,kT2)GY(kT1,sz)

+(wi (pr1) + Wi (pr2))Gy (P11, PT2) |,

For the 1 RR-pair the IR divergence at k — 0 cancels within the kernel.
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