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NLO evolution equations:

® NLO evolution equations available: Ve ™~
=»> NLO BK (0/710.4330, 1309.7644). “Q”‘ ]M W@ m)“\”
= NLO JIMWLK (1310.0378, 1610.03453).
® Instabilities appeared (akin to those in NLO BFKL, late 90%):
=?» Kinematic constrains (1401.0313, 1902.06637).
=» Collinear improvements (1502.05642,1507.03651). 1502.02400
T rham—1 - Gua/Aam - 19
e Good fits to HERA data (~ reBK - LO impact factor) (1507.07120). ] — ™+ — *
® Recent discussions on scales (several choices possible): E_ -
=¥ Large transverse logs (from typical momenta of projectile to target) - R\
assigned to DGLAP instead of running coupling (2308.15545). | / |
=» No general Langevin implementation for NLO JIMWLK (2310.10738). Y i

L . aaaal N P R S L
11 102 102 10~! 10°
rAaco

® Burst of activity on unifying IMWLK with CSS/DGLAP (NLO DIS dijet
papers; 2406.04238, 2407.15960, 2412.05085, 2412.05097,2412.10160).
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NLO JIMWLK:

® For the projectile probability of a color ensemble W,[§], at LO:

d
dY

LO
HivwiLK

Wp [S] = HymMwLK [S J] Wp [S]

Qs / (x—2)-(y —2)

272 Y, Z (X o 2)2(y o 2)2

. :Jf(X) Ji(y) + Ja(x) J&(y) — 2J7(x) S*(2) J’g(”:

with § the eikonal scattering matrix of a projectile gluon (Wilson line in the adjoint
representation) and J; p, left (right) color rotation operators.

® [he target correlation length, QT_l, is smaller than that of the projectile Q]Zl.

MR = | Kosi(xy.2) [JE(0J2(9) + TR0 JR(Y) — 20705 (2) ()
J XY,z

e At NLO:

D*(21.22) = Tr[T?S(21) T*S™ (22)]
DE (21, 22) = Ta[7?V(21) 7"V (22)]

+ / Kyssi(x,y,2,2") | J7(x)D?(2,2') JR(y)

/ KQﬁ(X? Y, <, Z/)

terms without [,

e a0 () + )]

297(x) DE(2.2) Jh(y) — 5 LR(JAO) + )R]
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NLO JIMWLK:

~ @ Several types of large logarithms in K¢, K;qq, K,

|. UV logarithms.

2. Logarithms associated with two partons emitted at the same transverse position.
3. Others.

® The first two types are usually treated in the running coupling: divergence subtracted from
K55y K,z and introduced into Kg; which leads to the running of the coupling in the LO.

e Different prescriptions: Balitsky, Kovchegov-VWVeigert,...

® 2308.15545: express Hypy  in terms of dressed gluon states (S, resolution 0~!) and

introduce the second type of logs into the LO with naive, parent parton scale choice in the r.c,,
g = g(|x—1z|)g(|y —z|). At O(a,) and LL, DGLAP-like expression (only g — gg)
asBE 2, ovs 38 d27
4 I 2]5 () 42N, / 72
Z|<Q~1

D% (21,2,) = Tr[T*S(21) T*S* (22) SP(z) = [14 —D*®(z+Z/2,2— Z)2)
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DGLAP resummation:

- @ After resummation of these large logs (i.e., independence of Q), KLSZ get a DGLAP equation
excluding the pole contribution already contained in JIMWLK:

)8 (21, 29) = Tr[T"Sq(21) TS} (22), § — ¢ e, = unit radial vector from z

® This state should be evolved and then substituted into JIMWLK.
® Solved analytically in the dilute and dense regimes:

T2 < QT W o asfly Q° - 1 142558
SQ(X) =1+ aQ(x) —’ ap(z) = <@> a(z) + / d“x 1 — <Q2( )2>

, A T
1/Qr<|x—2|<1/Q

as 80
'Q2 1 “4x
Sq(z) = Q—g 5(2)

e This work: one step beyond the dilute limit (which requires numerics).
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General equations for SU(2):

® We take the simplified setup of SU(2):

S%(z) = A(2)6" + A (2)e™° — 2B(z)

with A, 1%, B scalar, vector and traceless rank-2 tensor, respectively.

e Using ¢ _, . identities,
Tr [Ea‘ebec] — ¢ — €p .,
[Ga'éb]ef _ 5Q~f5€b - 5a.b5€f.

we get (A; = A(z,), etc.)

Tr [T°S,T'S}) = 5

2

2

+ [ATAS +ATAG — S0

4

A2

— 5a'b5fd50€ — 5aﬂ'b5f€50d _ 5a.d5fb5ce + 50.‘d5f650b L 5a.65fd(')‘cb 4 50.,650.65fb5c:d

[BlBQ] -+ E'Zb [Al/\f) + Ag/\i —_ 2(/\1 ° BQ)S — 2(/\2 ° Bl)s]

+2A,B3" +2A,Bf* + 4

(B1B)™ + (ByBy)™

2 _
— 3 Tr(BiBy)
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General equations for SU(2):

® We get the following set of coupled non-linear integro-differential equations:

9, a B | 1 [do
Ag(z) = =201 4 > [ 5o (= 240(z)A
Thgite® = —5 | Agla) + 5 [ 52( — 240(z) Ae(m)
2 4 RN
— SN (21)Ng(22) + 5 BY (21) BY (2) ) |

o .. asy | .. 1 [ do c C
o e ? = Ty [Nl Ty / o (Aa(20Xg(22) + Ny(21) Ag(22)

—2AY (21) B (25) — Qng(zl)/\g(zg))]

0 cd 0338 — cd 1 do v .
0111Q’B (Z) T Ax _BQ (Z)+§/2“ (AQ(Zl)B (z2) + BQ (1) Ao (z2)
I
FAG(21)AG(22) — 50eaXgy(21) NG (22)

4

+2ng(Z1)BgC(Z2) + QBép(Zl)Bgl(ZQ) — g(schgq(Zl)ngp(Z‘Z))
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Second-order expressions:

@ Close to unitarity (dilute limit), the only equation is that of 4, all other terms are of higher
order. Here we work at ©(1?) but still A o a, < I:

S™ = Abup, + N€ape — 2B Ag =1+ Ao A, B x \?
() 07'8‘89
Tmoz el = - [1+A¢(2)

v5 [ 5 (-2 280(a) - 280(2) - Sola)¥y(2) ) |

. ) o088 | .. 1 [do ., c -
c)an”/\ ol®) =~y _AQ(Z) 2/2/( (Ao(m) +2 (Zl))-'

0 cd o Xg 38 cd
e =~y (B3
1 (lIC) cd cd C d 1" a a -
5 [ 5o By (z2) + By, (Z1)+/\Q(Zl)/\Q(Z2)_gocd/\Q(Zl)/\Q(ZQ) '

® In this way, the equation for 4 decouples, and 4 acts as a source term for the decoupled
equations for A, B.
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Solutions:

® Transforming to momentum space, solutions can be written: S® = Abup + Xeape — 2B
_ QT dQ/‘) ) 0836] - P . Ag =1+ Ag
Ao (P) = exp _— . 0" R(p. Q') Aor(P) R(p,Q) = i _JO (QQ) — 1_

e / (dﬂk Jo(QT k)G (P/2 + k) AG (p/2 — k)

12/( 2/1)
| asfy | D )
Ra(p, Q) = o _2']0 (2Q> 1_
v 38 d’k
o - 6(p.Q) = — 320 [ S IQ ) [Ny(p/2 + KN (p/2 — K)
B3p) = exp |~ | 55 Ru(p. Q)| Bg.(p) e e -
- _ _ ——()d/\a( /Q‘I’k)/\a( /Q—k) :
QT dQIQ Q' dQ//) . , 3 |
I G I MG Te Rp(p,Q")| G“(p, Q") o [ _
(V| D
' ' lip(p. Q) = 47r0 J <2Q> .
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Initial condition:

® As initial condition at ) = (J;, we take a dipole with legs at x; and X,

N (p) oc %P0 — Py Ny (p) = A sin(pX)  forx = =%y =
o At O = Q, unitarity is fulfilled at ©(1?):
S™ = Abay + Neqpe — 2B Ag =1+ Ag So. (2)Sg,(z) = 5% + O(\?)
leading to Dar(z) = —3 X (8)Ng ().

a 1 a 1"(1. c c
BQl;(z) = = (/\QT(Z))‘IZQT(Z) — §() bAQT(Z))\QT(Z)>

1 d’k ) .
AQT(p) — _5/ (QW)Q/\QT(k))\QT(p_k)‘

ok 1 °k ; L d°k .
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Deviation from unitarity:

® For our initial condition, for any (J ‘) o 53 B2(p) = Bo(p) (5a35b3 B %5@)

Bar(®) = =1 [ {5mi3¥er (10X, (0~ K)

o If unitarity were fulfilled at O(1?) at any O, we would have:

v L[ Pk + L[k o wr ]
A — A A — U T a a o
A= [ iy 2P~ " By = 1 [ 0N -k
® We define quantities sensitive to evolution and to the deviation from unitarity during
evolution: A ( )—A ( ) A ( ) 1—AU( )/A( )
Qr\P Q\P) _ Q\P _ \P)/ 2P
M) Bgp) P T TR )R,
Bor(p) — Bo(p) . Ba(p) _ 1=B,(p)/Bq(p)
Bord)  Barlp) Re(QP) = 125 (p)/Boy (p)

e If deviation from unitarity is small while evolution is sizeable, % , 5 ~ 0; if deviation from
unitarity is of the same order of evolution, | £, 5| ~ 1.
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Numerical results: A, B

® Modest
deviation from
the initial
condition,
smaller for

smaller p.

S® — A5, + Xep. — 2B

Ap =1+ Ag

a,=0.1, p = p,x = n/2

0.0 0.2 0.4 0.6 0.8 1.0
Q/Qr
1.20 — p= Q7r/10
. - p= Qr/2
S
Q
=110

0.8

1.0

1.100

-
p—— i
-——-
—
’———
-
e NS s

9 1 6 ] 10
p/ Qr

Exploring DGLAP into IMWLK: 3. Numerical results.

13

N.Armesto, | 1.08.2025




Numerical results: A

® Modest deviation from 1.05
|.C.. ,a 1.00 4
® Source tames evolution. E;
e Same qualitative picture "
. = — p=Qr/10
independent of angle. 0900 —mm o Op2
S™ — A§., + Aeup. — 2B == P Qr
08970 0.2 0.4 0.6 0.8 1.0 0-950 2 A 6 ] 10
AQ =1+ AQ Q/Qr p/ Qr

a,=0.1, p = p,x = n/2

< 0.90- —  With source
=== Without source 0.85 | | | | . | | . .
0.850 - o " o o o 0.0 0.2 0.4 0.6 0.8 1.0 0.0 0.2 0.4 0.6 0.8 1.0
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Numerical results: unitarity for A

()
51 &

® Deviation from 52 Z
unitarity similar to S 3 3
evolution (order 1) for g . &
p < Q7 and for not too , | | |
large evolution 0.0 0.2 0.4 Q,-"Q-;Oﬁ 0.8 1.0
Q> 0;/3.

4 — 1, .00
e Small deviation from , ) 3;2

unitarity for large p.

® [ndependence of a..

0.2 0.4 0.6 0.8 1.0
Q/ Qr
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Numerical results: unitarity for A

® Deviation from unitarity similar to evolution (order |) for p < (O, and for not too large
evolution Q > Q;,/3.

® Small deviation from unitarity for large p.

® |[ndependence of ..

0.2 0.4 0.6 0.8 1.0
Q/ Qr
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Numerical results: unitarity for B

® Deviation from
unitarity for small
and relatively large

P-

® [ hese deviations
are somewhat
complementary to

those of A.

e Not so good
independence of a..

0.02
. ().()()J'%___n-:;-,_—_-.-’-—— —
— ,/'/'
= -0.02- e
- .
, /
1 20.044 A
Q: .
S 0.06 i —— a,=0.05
Q " ;

0o d —— @:=010

' 1 —_—— a,=0.20
-0.10 : . . ,
0.2 0.4 0.6 0.8 1.0
Q/Qr

L7 — a.=0.05
. ——— a.=0.10
= 0.9 \ — a.=0.20
Q) .
!
Q,
o
.
=

0.2

0.8 1.0

Rp(Q=Qr/5,p)

— a,=0.05

0.44) ——— a,=0.10
—_—— .= .20
0.3
().2-
0.1
0.0 T T |
6 bo) 10
p/ Qr
(.8
— .= ).05
().6 - === a.=0.10
—— a.=0.20
().4 1
().2 -
0.0 ¥
-().2 v T |
6 b 10
p/Qr
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Numerical results: unitarity for B

® Deviation from unitarity for small and relatively large p.

® These deviations are somewhat complementary to those of A.

® Not so good independence of ..

= 0.5,
=
|

0.0

)

&

o,
=
& 0.5-

(.2 0.4

Q/Qr |

0.6

(.8

1.0

1.5

2,p)

-

1

0.0 -

— a,=0.05
~—= a,=0.10
—-— a,=0.20

Rp(Q=Q

0.5 -

- 1 .U ! I T
2 1 6

p/Qr

8 10
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Independence of a.:

0.00{ £ =
$\$\_\-\t_ M S —— Q= Q¢/10 +/f
+\4\-’:-+%+ "i‘“--ln“f“ +5+._ " - N e Q rrrrr QT ; _), /_./
— s ~~4 o o /" /+
S -0.02- \*\\ +"‘+‘-+.-_+ S 0.049 s Q= Qp/2 Py )
= "\ h = | A At
® We plot humerator and <& N T S AT
| T | e
d : : 8. -0.04- N T, o A T
enominator versus @ & -0, 0 0u10 . £ 0.02- T
Z - \\ S A gt
-t — )/ Fk /.- o=t
Q QI." 2 . /+ +_/+ o e +,.{—‘
N2 (p) 0wl = §-a, “. Pz ceests
/ A - - _'__*_.. -
Q 0.00{ ¥
RA (Q p) — DA ( p) 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
Q a, a,
: : 0.00-
® Both linear with o up to *hy b
SE Y O e
. S 0.00 - f\;t-:l.’.+-+ ——
large values of o, and quite Tt g e
—~ -0.01- N I P— %
. » SN +. ~ -0.02 o
large evolution. < 1 < "
| Y TN ~. | ~
2 ‘*\:\J\\ T by 2 -0.04- M
1> -0.02- — . 1> o “*
< —— Q= Qp/10 " +1\+\, [ 1ol — @=Qr/10 S
|- S \"'-\ “ e ’ -
0.031 —F Q@=Qr/2 Th, -0.081 — Q= Qr/2 S
0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
s s
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Independence of a.:

0.00 1
?\iit::* Fobby —— Q=Q/10 //4./*
| \+\:;+‘*"-+.*, N ++“+~'“+~i~+ B —F—= Q=Qr/5 / g
5 -0.02 *‘\+\+\ Feh, & 00—+ Q= Q2 P ot
™ "k ™ o
® We plot numerator and } N TR ;l e
: 2 _0.04 N - & AT
denominator versus a.: & Q= Q10 ~ T o raves
\) Sk At o} e
—+— Q=Qr/5 N /+’/:-—+"+‘ N gt
-0.061 . Q= Qp/2 . 14-- et
Né (p) — | | ™ 0.0 FFT | | |
RA (Q p) — 5 A( ) 0.00 0.05 0.10 0.15 0.20 0.00 0.05 0.10 0.15 0.20
" s s
o\P
e Both linear with a_ up to .
s 0.0frasg v, 0.3 -
. N T —
large values of a_. and quite _ N e o
\) ~ -0.11 Sh o o
large evolution. 2 R
g‘|> -0.2 \ e
£ .03 \\ |
%0' —— Q= Qr/10
0.4] T @=Qr/5
—+— Q= Qr/2
0.0 0.2 0.4 0.6 0.8 1.0
a,
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Summary and outlook:

® VWe have examined numerically the impact of the DGLAP resummation of large transverse
logarithms in [IMWLK (2308.15545) on the scattering matrix of a dressed gluon state:

=» We have restricted ourselves to the SU(2) pure gauge theory.

=» We have taken the weak field limit but at second order, larger than previously.

=» We take a single dipole as initial condition.

® We have focused on the deviations from unitarity, and found them significant, as large as the
effects of evolution from the initial condition in most of the studied kinematic range.

07

=» Their dependence of a, is quite weak, even when o, In — ~ 1.

QZ

e Qutlook:

=» Extension to SU(3).
=» Extension beyond the weak field limit.
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Summary and outlook:

® VWe have examined numerically the impact of the DGLAP resummation of large transverse
logarithms in [IMWLK (2308.15545) on the scattering matrix of a dressed gluon state:

=» We have restricted ourselves to the SU(2) pure gauge theory.

=» We have taken the weak field limit but at second order, larger than previously.

=» We take a single dipole as initial condition.

® We have focused on the deviations from unitarity, and found them significant, as large as the
effects of evolution from the initial condition in most of the studied kinematic range.

07

=» Their dependence of a, is quite weak, even when o, In — ~ 1.

QZ

e Qutlook:

=» Extension to SU(3).
=¥ Extension beyond the weak field limit.

Thank you very much to you all for your attention!!!
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Backup
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Small x:

e Standard fixed-order perturbation theory (DGLAP, linear evolution) must eventually fail:

=» Large logs, e.g., . In 1/x ~ 1: resummation (BFKL,CCFM,ABFECCSS).
=» High density = linear evolution cannot hold: saturation, either perturbative (CGC) or

- i rG a7, Q3) 2 1/3,.~—0.3
non-perturbative. RO ~ 1= Q% x A3z
e Non-linear effects driven by density = 2-pronged approach: I x/TA.
x [ DENSE | [fixed Q]
; @ REGION
B DENSE

REGION

- BK/JIMWLK

DILUTE

g : REGION @

7K DILUTE
. REGION

DGLAP

: In A
IN Agcp In Q n

ep

non-perturbative region
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The CGC:

® The CGC is the effective
field theory that describes

high-energy scattering in
QCD in the Regge-Gribov
limit (fixed 0%, x — 0), at
weak coupling but non-
perturbatively.

® Independence of the physical observables on the cut-off separating fast and slow modes leads
to an RG-type equation which, considering scattering of a dilute projectile on a dense target, is
JIMWLK, and for ensembles of Wilson lines describing the target results in Balitsky’s hierarchy,

BK for dipoles at large V..
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