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Warm-up: conformal BK equation at
Wilson-Fisher point
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Motivation: pQCD as a “nearly conformal” theory

QCD is a far cry from being a conformal theory.

But pQCD is not that far cry...
1 From N = 4 SYM

Leading-order evolutions are conformally invariant (SL(2R) for
DGLAP evolution and SL(2C) for the BFKL one)
The “most transcendental” part of NNLO anomalous dimensions of
twist-two operators is the same as in N = 4 SYM
Same is true for NLO BFKL pomeron intercept

2 From Wilson-Fisher point at d = 4− ε∗
Anomalous dimensions of operators in MS are the same
Evolution kernels for light-ray operators are almost SL(2,R) invariant
⇒ 3 loops for PDFs→ 3 loops for GPDs (Braun el al)

Goal: with NNLO BFKL in sights, what can we learn about NLO
BFKL in QCD from d = 4− 2ε∗ analysis?
(see “High-energy evolution in planar QCD to three loops: the
non-conformal contribution” in today’s arXiv submission)
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Wilson-Fisher point(s)

BZ
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Conformal invariance of the LO BK equation

Formally, a light-like Wilson line

[∞p1 + x⊥,−∞p1 + x⊥] = Pexp
{

ig
∫ ∞

−∞
dx+ A+(x+, x⊥)

}

is invariant under inversion (with respect to the point with x− = 0).

Indeed,
(x+, x⊥)2 = −x2

⊥ ⇒ after the inversion x⊥ → x⊥/x2
⊥ and x+ → x+/x2

⊥

⇒

[∞p1+x⊥,−∞p1+x⊥] → Pexp
{

ig
∫ ∞

−∞
d

x+

x2
⊥

A+(
x+

x2
⊥
,

x⊥
x2
⊥
)
}

= [∞p1+
x⊥
x2
⊥
,−∞p1+

x⊥
x2
⊥
]

⇒The dipole kernel is invariant under the inversion V(x⊥) = U(x⊥/x2
⊥)

d
dη

Tr{VxV†
y} =

αs

2π2

∫
d2z
̸z4

(x− y)2 ̸z4

(x− z)2(z− y)2 [Tr{VxV†
z }Tr{VzV†

y} − NcTr{VxV†
y}]
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BFKL/BK equation at d ̸= 4

Leading-order calculation yields

d
dη
U(x, y) =

αsNcµ
−2ϵ

2π2−2ϵ Γ2(1− ϵ)
∫

d2−2ϵz⊥
[ Xi

(X2)1−ϵ −
Yi

(Y2)1−ϵ

][ Xi

(X2)1−ϵ −
Yi

(Y2)1−ϵ

]

×
[
U(x, z) + U(z, y)− U(x, y)− U(x, z)U(z, y)

]
X ≡ x⊥ − z⊥, Y ≡ y⊥ − z⊥

Common wisdom:
The solutions of BFKL equation at d⊥ = 2− 2ϵ are not known.
⇒ BFKL/BK equation at d ̸= 4 is useless.

But

Solutions at d⊥ = 2− 2ε∗ with ε∗ ≃ −αs
4πb1 − α2

s
16π2 b1 such that β(αs) = 0 are again

powers due to conformal invariance!
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NLO BK equation at Wilson-Fisher point d = 4− ε∗

d
dη
U(x, y)

NLO
=

αsNcµ
−2ϵ

2π2−2ε∗
Γ2(1− ε∗)

∫
d2−2ε∗z⊥

[ Xi

(X2)1−ε∗ −
Yi

(Y2)1−ε∗

][ Xi

(X2)1−ε∗ −
Yi

(Y2)1−ε∗

]

+ b0
αs

4π

((x− y)2

X2Y2 ln(x− y)2µ2 − X2 − Y2

X2Y2 ln
X2

Y2

)

×
[
U(x, z) + U(z, y)− U(x, y)− U(x, z)U(z, y)

]]
+

( αs

4π2

)2{conformal part}

=
αsNc

2π2−ε∗ Γ(1− ε∗)
∫

d2−2ε∗z⊥
((x− y)2

⊥
X2Y2

)1−ε∗[U(x, z) + U(z, y)− U(x, y)− U(x, z)U(z, y)
]

+
α2

s

16π4 {conformal part}

For now, this “{conformal part}” is known only at d = 4.
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NLO evolution of “composite dipoles” in QCD

I. B. and G. Chirilli

a
d
da

[tr{Uz1U†
z2
}]comp

a =
αs

2π2

∫
d2z3

(
[tr{Uz1U†

z3
}tr{Uz3U†

z2
} − Nctr{Uz1U†

z2
}]comp

a

× z2
12

z2
13z2

23

[
1 +

αsNc

4π
(
b ln z2

12µ
2 + b

z2
13 − z2

23

z2
13z2

23
ln

z2
13

z2
23

+
67
9
− π2

3
)]

+
αs

4π2

∫
d2z4

z4
34

{[
− 2 +

z2
14z2

23 + z2
24z2

13 − 4z2
12z2

34

2(z2
14z2

23 − z2
24z2

13)
ln

z2
14z2

23

z2
24z2

13

]

× [tr{Uz1U†
z3
}tr{Uz3U†

z4
}{Uz4U†

z2
} − tr{Uz1U†

z3
Uz4U†

z2
Uz3U†

z4
} − (z4 → z3)]

+
z2

12z2
34

z2
13z2

24

[
2 ln

z2
12z2

34

z2
23z2

14
+
(

1 +
z2

12z2
34

z2
13z2

24 − z2
23z2

14

)
ln

z2
13z2

24

z2
23z2

14

]

× [tr{Uz1U†
z3
}tr{Uz3U†

z4
}tr{Uz4U†

z2
} − tr{Uz1U†

z4
Uz3U†

z2
Uz4U†

z3
} − (z4 → z3)]

}

b = 11
3 Nc − 2

3 nf

KNLO BK = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (N = 4) part
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Pomeron intercept at d = 4− 2ε∗

Linear BFKL evolution of “forward” dipole U(x, y) = U(x− y)

d
dη
U(x) =

αsNc

2π2−ε∗ Γ(1− ε∗)
∫

d2−2ε∗z
( x2

(x− z)2z2

)1−ε∗[U(x− z) + U(z)− U(x)
]

Eigenvalues of BFKL eqn

Γ(d/2)
2πd/2

∫
ddz

[
2(z2)

d
4+iν − (x2)

d
4+iν] = ψ

(d
2
)
− ψ

(d
4
+ iν

)
− ψ

(d
4
− iν

)
− γE

Pomeron contribution to the evolution of Uη(x)

Uη1(x) =
Γ(d/2)
πd/2

∫
ddz

∫
dν
2π

(x2)
d
4+iν(z2)−

3d
4 −iνUη2(z) eℵ(ν)(η1−η2)

where ℵ(αs, ν, ε∗) is the pomeron intercept

ℵ(αs, ν, ε∗) =
αsNc

π

[
ψ(1− ε∗)−ψ

(1
2
− ε∗

2
+ iν

)
−ψ

(1
2
− ε∗

2
− iν

)
− γE

]
+ O(α2

s )

Pomeron intercept is different but the corresponding anomalous dimensions are
the same (G.A. Chirilli and I.B., last year)
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Part 2: Rapidity-only TMD factorization and power
corrections
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TMD factorization

TMD factorization formula for particle production in hadron-hadron scattering
looks like

dσ
dηd2q⊥

=
∑

flavors

e2
f

∫
d2k⊥Df/A(xA, k⊥)Df/B(xB, q⊥ − k⊥)C(q, k⊥)

+ power corrections + “Y− terms′′

Df/A(xA, k⊥) is the TMD density of a parton f in hadron A with fraction of
momentum xA and transverse momentum k⊥,
Df/B(x, q⊥ − k⊥) is a similar quantity for hadron B,
Ci(q, k) are determined by the cross section σ(ff → µ+µ−) of production of
DY pair of invariant mass q2 in the scattering of two partons.

Examples: Drell-Yan process with Q being the mass of DY pair and Higgs
production by gluon-gluon fusion

TMD approach is relevant when the transverse momentum q⊥ ≪ Q
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Long-term project: TMD factorization valid at small and moderate x

dσ
dηd2q⊥

=
∑

flavors

e2
f

∫
d2k⊥Df/A(xA, k⊥)Df/B(xB, q⊥ − k⊥)C(q, k⊥)

+ power corrections + “Y− terms′′

The quantities Df/A(xA, k⊥), Df/B(xB, q⊥ − k⊥), and C(q, k⊥) are defined with
cutoffs. The dependence on the cutoffs cancels in their product order by order in
αs.
At moderate xA, xB: CSS/SCET approach. The TMDs Df/A(xA, k⊥) are defined
with a combination of UV and rapidity cutoffs.
At xA, xB ≪ 1: kT -factorization approach. The TMDs are defined with rapidity-only
cutoffs.

It is impossible to extend CSS to small x. (Recently: LO BFKL from SCET)

It is possible to study TMD factorization at moderate x using small-x methods
(rapidity-only factorization etc.) (A. Tarasov, G. Chirilli, I.B, 2015-2023)

Example: full list of power corrections ∼ 1
Q2 for DY hadronic tensor.

They are not obtained (yet?) by CSS or SCET

I. Balitsky (JLAB & ODU) Rapidity factorization USM seminar 13 / 42



Classical example: DY hadronic tensor

DY cross section is given by the product of leptonic tensor and hadronic tensor.
The hadronic tensor Wµν is defined as

Wµν(pA, pB, q) =
1

(2π)4

∫
d4x e−iqx⟨pA, pB|Jµ(x)Jν(0)|pA, pB⟩

pA
<latexit sha1_base64="Nw2G7bOqy8fN5/NIBN3jAQDwus0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNb1IvHiK4JJEuYnUySIbMPZmaFsOQTvHhQ8eofefNvnE1WUNGChqKqm+4uPxZcaYw/rMLS8srqWnG9tLG5tb1T3t27U1EiKXNpJCLZ8YligofM1VwL1oklI4EvWNufXGZ++55JxaPwVk9j5gVkFPIhp0Qb6Sbun/fLFWzjORC2qzXcqGekhp3GqYOc3KpAjla//N4bRDQJWKipIEp1HRxrLyVScyrYrNRLFIsJnZAR6xoakoApL52fOkNHRhmgYSRNhRrN1e8TKQmUmga+6QyIHqvfXib+5XUTPax7KQ/jRLOQLhYNE4F0hLK/0YBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja9PKs2LPI0iHMAhHIMDZ9CEK2iBCxRG8ABP8GwJ69F6sV4XrQUrn9mHH7DePgHGw42p</latexit><latexit sha1_base64="Nw2G7bOqy8fN5/NIBN3jAQDwus0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNb1IvHiK4JJEuYnUySIbMPZmaFsOQTvHhQ8eofefNvnE1WUNGChqKqm+4uPxZcaYw/rMLS8srqWnG9tLG5tb1T3t27U1EiKXNpJCLZ8YligofM1VwL1oklI4EvWNufXGZ++55JxaPwVk9j5gVkFPIhp0Qb6Sbun/fLFWzjORC2qzXcqGekhp3GqYOc3KpAjla//N4bRDQJWKipIEp1HRxrLyVScyrYrNRLFIsJnZAR6xoakoApL52fOkNHRhmgYSRNhRrN1e8TKQmUmga+6QyIHqvfXib+5XUTPax7KQ/jRLOQLhYNE4F0hLK/0YBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja9PKs2LPI0iHMAhHIMDZ9CEK2iBCxRG8ABP8GwJ69F6sV4XrQUrn9mHH7DePgHGw42p</latexit><latexit sha1_base64="Nw2G7bOqy8fN5/NIBN3jAQDwus0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNb1IvHiK4JJEuYnUySIbMPZmaFsOQTvHhQ8eofefNvnE1WUNGChqKqm+4uPxZcaYw/rMLS8srqWnG9tLG5tb1T3t27U1EiKXNpJCLZ8YligofM1VwL1oklI4EvWNufXGZ++55JxaPwVk9j5gVkFPIhp0Qb6Sbun/fLFWzjORC2qzXcqGekhp3GqYOc3KpAjla//N4bRDQJWKipIEp1HRxrLyVScyrYrNRLFIsJnZAR6xoakoApL52fOkNHRhmgYSRNhRrN1e8TKQmUmga+6QyIHqvfXib+5XUTPax7KQ/jRLOQLhYNE4F0hLK/0YBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja9PKs2LPI0iHMAhHIMDZ9CEK2iBCxRG8ABP8GwJ69F6sV4XrQUrn9mHH7DePgHGw42p</latexit>

pB
<latexit sha1_base64="isVwXxE8uHhkYZp9dpoMjy7Y1O0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNbiBePEV0TSJYwO5lNhsw+mJkVQsgnePGg4tU/8ubfOJusoKIFDUVVN91dfiK40hh/WIWV1bX1jeJmaWt7Z3evvH9wp+JUUubSWMSy6xPFBI+Yq7kWrJtIRkJfsI4/ucz8zj2TisfRrZ4mzAvJKOIBp0Qb6SYZtAblCrbxAgjb1Rpu1DNSw07j3EFOblUgR3tQfu8PY5qGLNJUEKV6Dk60NyNScyrYvNRPFUsInZAR6xkakZApb7Y4dY5OjDJEQSxNRRot1O8TMxIqNQ190xkSPVa/vUz8y+ulOqh7Mx4lqWYRXS4KUoF0jLK/0ZBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja/PKs1WnkYRjuAYTsGBC2jCFbTBBQojeIAneLaE9Wi9WK/L1oKVzxzCD1hvn8hGjao=</latexit><latexit sha1_base64="isVwXxE8uHhkYZp9dpoMjy7Y1O0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNbiBePEV0TSJYwO5lNhsw+mJkVQsgnePGg4tU/8ubfOJusoKIFDUVVN91dfiK40hh/WIWV1bX1jeJmaWt7Z3evvH9wp+JUUubSWMSy6xPFBI+Yq7kWrJtIRkJfsI4/ucz8zj2TisfRrZ4mzAvJKOIBp0Qb6SYZtAblCrbxAgjb1Rpu1DNSw07j3EFOblUgR3tQfu8PY5qGLNJUEKV6Dk60NyNScyrYvNRPFUsInZAR6xkakZApb7Y4dY5OjDJEQSxNRRot1O8TMxIqNQ190xkSPVa/vUz8y+ulOqh7Mx4lqWYRXS4KUoF0jLK/0ZBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja/PKs1WnkYRjuAYTsGBC2jCFbTBBQojeIAneLaE9Wi9WK/L1oKVzxzCD1hvn8hGjao=</latexit><latexit sha1_base64="isVwXxE8uHhkYZp9dpoMjy7Y1O0=">AAAB6XicdVDLSgNBEOyNrxhfUY9eBoPgaZkNRpNbiBePEV0TSJYwO5lNhsw+mJkVQsgnePGg4tU/8ubfOJusoKIFDUVVN91dfiK40hh/WIWV1bX1jeJmaWt7Z3evvH9wp+JUUubSWMSy6xPFBI+Yq7kWrJtIRkJfsI4/ucz8zj2TisfRrZ4mzAvJKOIBp0Qb6SYZtAblCrbxAgjb1Rpu1DNSw07j3EFOblUgR3tQfu8PY5qGLNJUEKV6Dk60NyNScyrYvNRPFUsInZAR6xkakZApb7Y4dY5OjDJEQSxNRRot1O8TMxIqNQ190xkSPVa/vUz8y+ulOqh7Mx4lqWYRXS4KUoF0jLK/0ZBLRrWYGkKo5OZWRMdEEqpNOiUTwten6H/iVu2Gja/PKs1WnkYRjuAYTsGBC2jCFbTBBQojeIAneLaE9Wi9WK/L1oKVzxzCD1hvn8hGjao=</latexit>

µ
<latexit sha1_base64="Q77MhR15TOh+T2H32EwzCghihYU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbSfOupUqdvEUCLun2Kudeehb8QpShQKNbuWj00toFjNpqCBatz2cmiAnynAq2LjcyTRLCR2SPmtbKknMdJBPTx2jQ6v0UJQoW9KgqfpzIiex1qM4tJ0xMQM9703E/7x2ZqKLIOcyzQyTdLYoygQyCZr8jXpcMWrEyBJCFbe3IjogilBj0ynbELz5l/8S/9itufjmpFq/LNIowT4cwBF4cA51uIYG+EChD4/wDC+OcJ6cV+dt1rrgFDN78AvO+xfqWY2/</latexit><latexit sha1_base64="Q77MhR15TOh+T2H32EwzCghihYU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbSfOupUqdvEUCLun2Kudeehb8QpShQKNbuWj00toFjNpqCBatz2cmiAnynAq2LjcyTRLCR2SPmtbKknMdJBPTx2jQ6v0UJQoW9KgqfpzIiex1qM4tJ0xMQM9703E/7x2ZqKLIOcyzQyTdLYoygQyCZr8jXpcMWrEyBJCFbe3IjogilBj0ynbELz5l/8S/9itufjmpFq/LNIowT4cwBF4cA51uIYG+EChD4/wDC+OcJ6cV+dt1rrgFDN78AvO+xfqWY2/</latexit><latexit sha1_base64="Q77MhR15TOh+T2H32EwzCghihYU=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbSfOupUqdvEUCLun2Kudeehb8QpShQKNbuWj00toFjNpqCBatz2cmiAnynAq2LjcyTRLCR2SPmtbKknMdJBPTx2jQ6v0UJQoW9KgqfpzIiex1qM4tJ0xMQM9703E/7x2ZqKLIOcyzQyTdLYoygQyCZr8jXpcMWrEyBJCFbe3IjogilBj0ynbELz5l/8S/9itufjmpFq/LNIowT4cwBF4cA51uIYG+EChD4/wDC+OcJ6cV+dt1rrgFDN78AvO+xfqWY2/</latexit>

⌫
<latexit sha1_base64="bUKuOLRpL0PNZkF8hMD6vQd2Scs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbUdm3UoVu3gKhN1T7NXOPPSteAWpQoFGt/LR6SU0i5k0VBCt2x5OTZATZTgVbFzuZJqlhA5Jn7UtlSRmOsinp47RoVV6KEqULWnQVP05kZNY61Ec2s6YmIGe9ybif147M9FFkHOZZoZJOlsUZQKZBE3+Rj2uGDViZAmhittbER0QRaix6ZRtCN78y3+Jf+zWXHxzUq1fFmmUYB8O4Ag8OIc6XEMDfKDQh0d4hhdHOE/Oq/M2a11wipk9+AXn/Qvr3Y3A</latexit><latexit sha1_base64="bUKuOLRpL0PNZkF8hMD6vQd2Scs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbUdm3UoVu3gKhN1T7NXOPPSteAWpQoFGt/LR6SU0i5k0VBCt2x5OTZATZTgVbFzuZJqlhA5Jn7UtlSRmOsinp47RoVV6KEqULWnQVP05kZNY61Ec2s6YmIGe9ybif147M9FFkHOZZoZJOlsUZQKZBE3+Rj2uGDViZAmhittbER0QRaix6ZRtCN78y3+Jf+zWXHxzUq1fFmmUYB8O4Ag8OIc6XEMDfKDQh0d4hhdHOE/Oq/M2a11wipk9+AXn/Qvr3Y3A</latexit><latexit sha1_base64="bUKuOLRpL0PNZkF8hMD6vQd2Scs=">AAAB6XicbVBNS8NAEJ34WetX1aOXxSJ4Chvxq7eiF48VjS20oWy2m3bpZhN2N0IJ/QlePKh49R9589+4bYNo9cHA470ZZuaFqeDaYPzpLCwuLa+sltbK6xubW9uVnd17nWSKMp8mIlGtkGgmuGS+4UawVqoYiUPBmuHwauI3H5jSPJF3ZpSyICZ9ySNOibHSbUdm3UoVu3gKhN1T7NXOPPSteAWpQoFGt/LR6SU0i5k0VBCt2x5OTZATZTgVbFzuZJqlhA5Jn7UtlSRmOsinp47RoVV6KEqULWnQVP05kZNY61Ec2s6YmIGe9ybif147M9FFkHOZZoZJOlsUZQKZBE3+Rj2uGDViZAmhittbER0QRaix6ZRtCN78y3+Jf+zWXHxzUq1fFmmUYB8O4Ag8OIc6XEMDfKDQh0d4hhdHOE/Oq/M2a11wipk9+AXn/Qvr3Y3A</latexit>

q
<latexit sha1_base64="q+admRgqYaouSUcMm+dMWgSsG+Y=">AAAB53icbVBNTwIxEJ3FL8Qv1KOXRmLiaVMMiXgjevEIiSsksCHd0oVKt7u2XROy4Rd48aDGq3/Jm//GLnAQ8SWTvLw3k5l5QSK4Nhh/O4W19Y3NreJ2aWd3b/+gfHh0r+NUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY3+R++4kpzWN5ZyYJ8yMylDzklBgrtR775Qp26zgHwm5tTqouXiYVWKDZL3/1BjFNIyYNFUTrbhUnxs+IMpwKNi31Us0SQsdkyLqWShIx7WezQ6fozCoDFMbKljRopv6eyEik9SQKbGdEzEj/9XLxP6+bmrDuZ1wmqWGSzheFqUAmRvnXaMAVo0ZMLCFUcXsroiOiCDU2m5INYeXlVeJduFcubtUqjetFGkU4gVM4hypcQgNuoQkeUGDwDK/w5jw4L8678zFvLTiLmWNYgvP5A1zdjNU=</latexit><latexit sha1_base64="q+admRgqYaouSUcMm+dMWgSsG+Y=">AAAB53icbVBNTwIxEJ3FL8Qv1KOXRmLiaVMMiXgjevEIiSsksCHd0oVKt7u2XROy4Rd48aDGq3/Jm//GLnAQ8SWTvLw3k5l5QSK4Nhh/O4W19Y3NreJ2aWd3b/+gfHh0r+NUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY3+R++4kpzWN5ZyYJ8yMylDzklBgrtR775Qp26zgHwm5tTqouXiYVWKDZL3/1BjFNIyYNFUTrbhUnxs+IMpwKNi31Us0SQsdkyLqWShIx7WezQ6fozCoDFMbKljRopv6eyEik9SQKbGdEzEj/9XLxP6+bmrDuZ1wmqWGSzheFqUAmRvnXaMAVo0ZMLCFUcXsroiOiCDU2m5INYeXlVeJduFcubtUqjetFGkU4gVM4hypcQgNuoQkeUGDwDK/w5jw4L8678zFvLTiLmWNYgvP5A1zdjNU=</latexit><latexit sha1_base64="q+admRgqYaouSUcMm+dMWgSsG+Y=">AAAB53icbVBNTwIxEJ3FL8Qv1KOXRmLiaVMMiXgjevEIiSsksCHd0oVKt7u2XROy4Rd48aDGq3/Jm//GLnAQ8SWTvLw3k5l5QSK4Nhh/O4W19Y3NreJ2aWd3b/+gfHh0r+NUUebRWMSqExDNBJfMM9wI1kkUI1EgWDsY3+R++4kpzWN5ZyYJ8yMylDzklBgrtR775Qp26zgHwm5tTqouXiYVWKDZL3/1BjFNIyYNFUTrbhUnxs+IMpwKNi31Us0SQsdkyLqWShIx7WezQ6fozCoDFMbKljRopv6eyEik9SQKbGdEzEj/9XLxP6+bmrDuZ1wmqWGSzheFqUAmRvnXaMAVo0ZMLCFUcXsroiOiCDU2m5INYeXlVeJduFcubtUqjetFGkU4gVM4hypcQgNuoQkeUGDwDK/w5jw4L8678zFvLTiLmWNYgvP5A1zdjNU=</latexit>

pA, pB = hadron momenta, q = the momentum of DY pair, and Jµ is the
electromagnetic or Z-boson current.

There are four tensor structures WT , WL, W∆, W∆∆
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TMD factorization from rapidity factorization (A. Tarasov and I.B.)

Sudakov variables:

p = αp1 + βp2 + p⊥, p1 ≃ pA, p2 ≃ pB, p2
1 = p2

2 = 0

“Central” fields
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

“Projectile00 fields : |�| < �p
<latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit><latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit><latexit sha1_base64="vD/0s3t0P1MCVQLzhWfzdUfcIjI="></latexit>

pA
<latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit><latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit><latexit sha1_base64="BRXJdiTPeuslgx0HclWElXlA4kM=">AAAB6XicbVBNTwIxEJ3iF+IX6tFLIzHxRHaNX9xQLx4xukICG9ItXWjodjdt14Rs+AlePKjx6j/y5r+xwB4QfckkL+/NZGZekAiujeN8o8LS8srqWnG9tLG5tb1T3t171HGqKPNoLGLVCohmgkvmGW4EayWKkSgQrBkMbyZ+84kpzWP5YEYJ8yPSlzzklBgr3Sfdq2654lTPHLd27uI54kyB3ZxUIEejW/7q9GKaRkwaKojWbddJjJ8RZTgVbFzqpJolhA5Jn7UtlSRi2s+mp47xkVV6OIyVLWnwVJ2fyEik9SgKbGdEzEAvehPxP6+dmvDSz7hMUsMknS0KU4FNjCd/4x5XjBoxsoRQxe2tmA6IItTYdEo2BHfx5b/EO6nWqs7daaV+nadRhAM4hGNw4QLqcAsN8IBCH57hFd6QQC/oHX3MWgson9mHX0CfP8Vtjac=</latexit>

pB
<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit> “Target” fields : |↵| < �t

<latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit><latexit sha1_base64="(null)">(null)</latexit>

The result of the integration over “central” fields in the background of projectile
and target fields is a series of TMD operators made from projectile (or target)
fields multiplied by powers of 1

Q2 ⇒ power corrections
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TMD representation for Wi

The hadronic tensor in the Sudakov region q2 ≡ Q2 ≫ q2
⊥ can be studied by

TMD factorization. For example, functions WT and W∆∆ can be represented as

Wi =
∑

flavors

e2
f

∫
d2k⊥D(i)

f/A(xA, k⊥)D(i)
f/B(xB, q⊥ − k⊥)Ci(q, k⊥)

+ power corrections + Y− terms

There is, however, a problem with this equation for the functions WL and W∆.

WT and W∆∆ are determined by leading-twist quark TMDs,
but W∆ and WL start from terms ∼ q⊥

Q and ∼ q2
⊥

Q2 determined by
quark-quark-gluon TMDs.

The power corrections ∼ q⊥
Q were found more than two decades ago but there

was no calculation of power corrections ∼ q2
⊥

Q2 until recently.
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Goal: TMD factorization formula

TMD factorization formula structure :

⟨p′A, p′B|J(x1)J(x2)|pA, pB⟩ =
∑

TMD operators

∫
dz−1 dz−2 dw+

1 dw+
2 Ci(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨p′A|Ô
σp
i (z−2 , x2⊥ ; z−1 , x1⊥)|pB⟩⟨p′B|Ôσt

i (z+2 , x2⊥ ; z+1 , x1⊥)|p′B⟩

q2
⊥ ≪ Q2 ⇒ no dynamics in the transverse space (to be demonstrated below)

Ôσp
i - “projectile” TMD operators with β < σp cutoff, e.g

O(z1−, z1⊥ , z2−, z2⊥) ≡ ψ̄(z1−, z1⊥)[z1−,−∞]z1⊥
Γ[−∞, z2+]z2ψ(z2+, z2⊥)

Ôσp
i - “target” TMD operators with α < σt cutoff, e.g

O(z1+, z1⊥ , z2+, z2⊥) ≡ ψ̄(z1+, z1⊥)[z1+,−∞]z1⊥
Γ[−∞, z2+]z2⊥

ψ(z2+, z2⊥).

Standard notation for straight-line gauge link

[x, y] ≡ Peig
∫ 1

0 du (x−y)µAµ(ux+(1−u)y) − gauge link

Convenient notations

[x+, y+]z⊥ ≡ [x+, 0−, z⊥; y+, 0−, z⊥], [x−, y−]z⊥ ≡ [x−, 0+, z⊥; y−, 0+, z⊥]
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Means: “double operator expansion”

Intermediate step: double operator expansion

Ĵ(x1)Ĵ(x2) =
∑

I,J

∫
dz−1 dz−2 dw+

1 dw+
2 CIJ(x1, x2; z−i ,w

+
i ;σp, σt)

× Ôσp
I (z−2 , x2⊥ ; z−1 , x1⊥)Ôσt

J (z+2 , x2⊥ ; z+1 , x1⊥)

To find relevant operators and coefficients, it is convenient to consider “matrix”
elements of the l.h.s. and r.h.s. in suitable background field

Suitable field A: solution of classical YM equations with boundary condition that
at the remote past the field is a sum of projectile and target fields

⟨Ĵ(x1)Ĵ(x2)⟩A =
∑

I,J

∫
dz−1 dz−2 dw+

1 dw+
2 CIJ(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨Ôσp
I (z−2 , x2⊥ ; z−1 , x1⊥)Ôσt

J (z+2 , x2⊥ ; z+1 , x1⊥)⟩A

Method of solution:

Start with Ψtrial = ψA + ψB and Atrial = Āµ + B̄µ in the gauge A+ = 0, A− = 0
Correct by computing Feynman diagrams (with retarded propagators) with
sources ( ̸P + m)(ψA + ψB) and Jν = DµFµν(A + B)

I. Balitsky (JLAB & ODU) Rapidity factorization USM seminar 18 / 42



ψC in the tree approximation

It is convenient to choose projectile/target fields as
Projectile fields: β = 0⇒ A(x−, x⊥), ψA(x−, x⊥)
Target fields: α = 0⇒ B(x+, x⊥), ψB(x−, x⊥)

Classical background fields: Ψ , Aµ
ψC = sum of tree diagrams in external A, ψA and B, ψB fields
with sources
Jψ = (̸P + m)(ψA + ψB), Jν = DµFµν(A + B)
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Classical fields in the leading order in p2
⊥/p2

∥ ∼ q2
⊥/Q2

The solution of such YM equations in general case is yet unsolved problem
(goes under the name “glasma”⇔ scattering of two “color glass condensates”).

Fortunately, for our case of particle production with q⊥
Q ≪ 1 we can use this small

parameter and construct the approximate solution.

At the tree level transverse momenta are ∼ q2
⊥ and longitudinal are ∼ Q2 ⇒

Ψ,A = series in
q⊥
Q

: Ψ = ψ(0) + ψ(1) + ..., A = A(0) + A(1) + ...

NB: After the expansion

1
p2 + iϵp0

=
1

p2
∥ − p2

⊥ + iϵp0
=

1
p2
∥
− 1

p2
∥ + iϵp0

p2
⊥

1
p2
∥ + iϵp0

+ ...

the dynamics in transverse space is trivial.

Fields are either at the point x⊥ or at the point 0⊥ ⇒ TMDs
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Leading-Nc power corrections

Power corrections are ∼ leading twist ×
(

q⊥
Q or q2

⊥
Q2

)
×
(
1 + 1

Nc
+ 1

N2
c

)
.

NB: almost all q̄Gq TMDs not suppressed by 1
Nc

are determined by the q̄q TMDs
due to QCD equations of motion

Leading twist (for the projectile nucleon): ϱ ≡
√

s/2

1
8π3s

∫
dx−d2x⊥ e−iαϱx−+i(k,x)⊥ ⟨N| ˆ̄ψ(x−, x⊥) ̸p2ψ̂(0)|N⟩ = f1(α, k2

⊥)

Power correction:

1
8π3s

∫
dx−dx⊥ e−iαϱx−+i(k,x)⊥

× ⟨N| ˆ̄ψ(x−, x⊥) /̂A(x−, x⊥)/p2γiψ̂(0)|N⟩

= kif1(α, k⊥)− αki
[
f⊥(α, k⊥) + ig⊥(α, k⊥)

]
,

(Mulders & Tangerman, 1996)
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Application: angular coefficients of Z-boson production

In CMS and ATLAS experiments s = 8 TeV, Q = 80− 100 GeV and Q⊥
varies from 0 to 120 GeV.

Our analysis is valid at Q⊥ = 10− 30 GeV and Y ≃ 0 (xA ∼ xB ∼ 0.1) so that
power corrections are small but sizable.

Angular distribution of DY leptons in the Collins-Soper frame (cϕ ≡ cosϕ,
sϕ ≡ sinϕ etc.)

dσ
dQ2dydΩl

=
3

16π
dσ

dQ2dy

[
(1 + c2

θ) +
A0

2
(1− 3c2

θ) + A1s2θcϕ +
A2

2
s2
θc2ϕ

+ A3sθcϕ + A4cθ + A5s2
θs2ϕ + A6s2θsϕ + A7sθsϕ

]

Back-of-the envelope estimation: take only f1 contribution at large Nc, use
“factorization hypothesis” for TMD f1(x, k⊥) ≃ f (x)g(k⊥) and calculate integrals
over k⊥ in the leading log approximation using f1(x, k2

⊥) ≃
f (x)
k2
⊥
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Comparison of A0 with LHC results

Logarithmic estimate of A0 (mz - Z-boson mass, m - proton mass)

A0 =
Q2
⊥

m2
z

1 + 2 lnm2
z/Q2

⊥
lnQ2

⊥/m2

1 +
Q2
⊥

m2
z

lnm2
z/Q2

⊥
lnQ2

⊥/m2

(∗)

10 15 20 25 30 35

0.05

0.10

0.15

0.20

Q⊥

Figure: Comparison of prediction (∗) with lines depicting angular coefficient A0
in bins of Q⊥ and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Comparison of A2 with LHC results

Logarithmic estimate of A2

A2 =
Q2
⊥

m2
z

1

1 +
Q2
⊥

m2
z

lnm2
z/Q2

⊥
lnQ2

⊥/m2

(∗∗)

10 15 20 25 30 35

0.02

0.04

0.06

0.08

0.10

0.12

Q⊥

Figure: Comparison of prediction (∗∗) with lines depicting angular coefficient
A2 in bins of Q⊥ and Y < 1 from CMS (arXiv:1504.03512) and ATLAS
(arXiv1606.00689)
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Result of estimation

Result of the estimation: A0 and A2 in agreement with data, rest of
Ai = 0.
Experimentally, at q⊥ ≤ 1

4 mz other Ai are an order of magnitude smaller
that A0 ∼ A2
⇒ it looks like f1 is numerically the most important TMD for unpolarized
DY cross sections.
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Application: unpolarized SIDIS

Result for power corrections in SIDIS: PCSIDIS(q) = PCDY(−q) with
replacements f1(−αq,−q⊥ − k⊥)→ D̄1

(
z = 1

αq
, q⊥ + k⊥

)
,

h⊥1 (−αq,−q⊥ − k⊥)→ −H̄⊥
1

(
z = 1

αq
, q⊥ + k⊥

)
etc.

Hopefully, our analysis is valid for EIC kinematics at Q ≥ 10 GeV and
Q⊥ ∼ 3GeV so that power corrections are small but sizable.

The unpolarized cross section is parametrized by four functions
FUU,T ,FUU,L,F

cosϕh
UU ,Fcos 2ϕh

UU,T

Estimation: similarly to the DY case, take only f1 and D1 contribution at large Nc,

FUU,T = xz
∫

dk⊥
(

1− 2(q, k)⊥
Q2

)
Φ(q, k⊥)

FUU,L = x
∫

dk⊥
4k2

⊥
Q2 Φ(q, k⊥)

Fcosϕh
UU = x

∫
dk⊥

2(q, k)⊥
Qq⊥

Φ(q, k⊥)

Fcos 2ϕh
UU = −x

∫
dk⊥

2(q, k)⊥
Q2 Φ(q, k⊥) ⇒ Fcos 2ϕh

UU = −q⊥
Q

Fcosϕh
UU

Φ(q, k⊥) ≡ D1(z, q⊥ + k⊥)f1(x, k⊥) + D̄1(z, q⊥ + k⊥)f̄1(x, k⊥)
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Back-of-the-envelope estimation

To understand the magnitude of power corrections, define

RUU,T =
FUU,T

Fl.t.
UU,T

− 1, RUU,L =
FUU,L

Fl.t.
UU,T

, Rcosϕh
UU =

Fcosϕh
UU

Fl.t.
UU,T

, Rcos 2ϕh
UU =

Fcos 2ϕh
UU

Fl.t.
UU,T

Back-of-the envelope estimation: similarly to the DY case, take only f1 and D1
contribution at large Nc, use “factorization hypothesis” for TMD PDFs and FFs
ϕ(x, k⊥) ≃ ϕ(x)ψ(k⊥) and calculate integrals over k⊥ in the leading log
approximation using f1(x, k2

⊥) ≃
f (x)
k2
⊥

and D1(z, k2
⊥) ≃

D(z)
k2
⊥

Result:

RUU,T = Rcos 2ϕh
UU =

q2
⊥

Q2 , Rcosϕh
UU = −q⊥

Q

RUU,L = 2
q2
⊥

Q2 +

∫
dk⊥4(k, q + k)⊥Φ(q, k)

Q2
∫

dk⊥Φ(q, k)
≃ 2

q2
⊥

Q2

ln Q2

m2

ln
q2
⊥

m2

This estimate does not depend on z and x.
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Part 3: Rapidity factorization and rapidity evolution of
TMDs
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Rapidity-only cutoffs and matching of logs
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Matching: lnσp

in the projectile
TMDs and lnσt

in the target
TMDs should
cancel with lnσp

and lnσt in
the coefficient
functions.

A ∩ B, k⊥ ∼ m⊥:
Glauber gluons
A ∩ B, k⊥ ≪ m⊥:
soft gluons

A ∩ B gluons ≡
soft/Glauber (sG)
gluons cancel out
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Rapidity-only cutoff

Typical diagram in the background
field Ψ(βB, pB⊥) = ϱ

∫
dz+dz⊥ Ψ(z+, z⊥)eiϱβBz+−i(pB,z)⊥

⟨[x+,−∞]xΓψ(y+, y⊥)⟩Ψ = g2cF

∫
d−βBd−pB⊥e−ipByΓΨ(βB, pB⊥)

×
∫ ∞

0
d−α

∫
d−p⊥
p2
⊥

βBse−i
p2
⊥
αs ϱ∆

++i(p,∆)

αβBs + (p− pB)2
⊥ + iϵ

← divergent as α→∞

⟨[x+,−∞]xΓψ(y+, y⊥,−δ−)⟩Ψ = g2cF

∫
d−βBd−pB⊥e−ipByΓΨ(βB, pB⊥) σ ≡ 1

ϱδ−

×
∫ ∞

0
d−α

∫
d−p⊥
p2
⊥

βBse−i
p2
⊥
αs ϱ∆

++i(p,x−y)⊥

αβBs + (p− pB)2
⊥ + iϵ

e−i ασ ← convergent as α→∞

y

x

Figure: Point-splitting visualization of “smooth” rapidity-only cutoff.
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Rapidity-only cutoff vs UV+rapidity regularization

Typical divergent integral (ε = d
2 − 2, d−np ≡ dnp

(2π)n )

−iµ−2ε
∫

d−αd−βd−p⊥
1

β − iϵ
1

αβs− p2
⊥ + iϵ

s(β − βB)

α(β − βB)s− p2
⊥ + iϵ

(
1− ei(p,x)⊥

)

= µ−2ε
∫

d−p⊥
p2
⊥

(
1− ei(p,x)⊥

)∫ βB

0

d−β
βB

βB − β
β − iϵ

= − 1
8π2

Γ(ε)

(x2
⊥µ

2)ε

∫ βB

0

dβ
βB

βB − β
β − iϵ

Regularization with A−(z+)→ A−(z+)e±δz+

− 1
8π2

Γ(ε)

(x2
⊥µ

2)ε

∫ βB

0

dβ
βB

βB − β
β − iδ

≃ 1
8π2

(
− 1
ε
+ lnµ2 x2

⊥
4

+ γE

)(
ln

βB

−iδ
− 1

)

Rapidity-only cutoff

−i
∫

d−αd−βd−p⊥
1

β − iϵ
e−iα

σ

αβs− p2
⊥ + iϵ

s(β − βB)

α(β − βB)s− p2
⊥ + iϵ

(
1− ei(p,x)⊥

)

=

∫
d−p⊥
p2
⊥

(
1− ei(p,x)⊥

)∫ ∞

0
d−α

βBs
αβBs + p2

⊥
e−iα

σ =
1

16π2 ln2 (− iβBσs
x2
⊥
4

eγE
)
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Rapidity evolution of TMDs

Quark TMD operator

O(z1+, z1⊥ , z2+, z2⊥) ≡ ψ̄(z1+, z1⊥)[z1+,−∞]z1Γ[−∞, z2+]z2ψ(z2+, z2⊥)

Sudakov regime: Q2 ≫ Q2
⊥ ⇔ z12+z12− ≪ z2

12⊥

a)

y

x

b)

d)

g) h)

e)

i)

f )

c)

Figure: Diagrams for leading-order rapidity evolution of quark TMD in the Sudakov
regime.
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Conformally invariant evolution at the LO (G.A. Chirilli & I.B.,2019)

Evolution equation (λ ≡ σ(x− y)2
⊥

s
4 )

λ
d

dλ
O(x+, y+;λ)

=

[∫ ∞

x+
dx′+

1
x′+ − y+

e
i λ

√
2/s

x′+−y+O(x+, y+;λ) −
∫ ∞

y+
dy′+
O(x+, y+;λ)−O(x+t, y′+;λ)

y′+ − y+

+

∫ ∞

y+
dy′+

1
y′+ − x+

e
i λ

√
2/s

y′+−x+O(x+, y+;λ) −
∫ ∞

x+
dx′+
O(x+, y+;λ)−O(x′+, y+;λ)

x′+ − x+

]

If we use rapidity cutoff at σ = 8ς
|x−y|⊥

√
s ⇔ λ = ς|x− y|√s,

the solution

O(x+, y+;σ) = e
− α̃s

2

(
ln2 2(x−y)2

⊥ς2

x+y+
−ln2 2(x−y)2

⊥ς2
0

x+y+

)
e4α̃sψ(1) ln ς

ς0

∫
dx′+dy′+ O(x′+, y′+;σ0)

× (x+y+)
−α̃s ln

ς
ς0

[ iΓ
(
1− α̃s ln

ς
ς0

)

(x+ − x′+ + iϵ)1−α̃s ln
ς
ς0

−
iΓ
(
1− α̃s ln

ς
ς0

)

(x+ − x′+ − iϵ)1−α̃s ln
ς
ς0

]

×
[ iΓ

(
1− α̃s ln

ς
ς0

)

(y+ − y′+ + iϵ)1−α̃s ln
ς
ς0

−
iΓ
(
1− α̃s ln

ς
ς0

)

(y+ − y′+ − iϵ)1−α̃s ln
ς
ς0

]

is obviously invariant under the inversion x+ → x+
x2
⊥

, y+ → y+
y2
⊥

.
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Argument of coupling constant by BLM/renormalon method

A problem with leading-order rapidity evolution: what is the argument of coupling
constant?
In CSS approach - no problem, argument is defined by renormgroup

With rapidity-only evolution (BFKL, BK and the like) - argument of αs may be
obtained from the NLO calculations. BLM approach: calculate the small part of
the NLO result, namely quark loop contribution to gluon propagator, and
promote −2

3 nf to the full b = 11
3 Nc − 2

3 nf .

c) d)

b)a)

x

Figure: Quark loop correction to quark TMD evolution

Result: BLM optimal scale is logarithmically halfway between transverse
momentum (b−1/2

⊥ ) and energy (σβBs) of TMD both for quarks and gluons
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Coefficient function for TMD factorization at one loop

Particle production by gluon fusion

p

p

q

A

B

<latexit sha1_base64="P4zgzM6+QUTHMTaRIyxZzxgy3a8="></latexit>

s & Q2 � Q2
? & m2

q2 ⌘ Q2 = M2
�, Q2

? ⌘ q2
?

<latexit sha1_base64="ifSPWhIRFqUCnhxM6rl8/v1z/6w=">AAAB63icbVBNS8NAEJ3Ur1q/qh69LBbBU0lE1GPRi8cI9gPaUDbbTbN0dxN2N0IJ/QtePCji1T/kzX/jps1BWx8MPN6bYWZemHKmjet+O5W19Y3Nrep2bWd3b/+gfnjU0UmmCG2ThCeqF2JNOZO0bZjhtJcqikXIaTec3BV+94kqzRL5aKYpDQQeSxYxgk0hDfyYDesNt+nOgVaJV5IGlPCH9a/BKCGZoNIQjrXue25qghwrwwins9og0zTFZILHtG+pxILqIJ/fOkNnVhmhKFG2pEFz9fdEjoXWUxHaToFNrJe9QvzP62cmuglyJtPMUEkWi6KMI5Og4nE0YooSw6eWYKKYvRWRGCtMjI2nZkPwll9eJZ2LpnfV9B4uG63bMo4qnMApnIMH19CCe/ChDQRieIZXeHOE8+K8Ox+L1opTzhzDHzifP+SxjiU=</latexit>

�

Goal: one-loop TMD factorization formula for hadronic tensor.

Result of calculations:

W(pA, pB; q) =

∫
db⊥ ei(q,b)⊥Dg/A(xA, b⊥;σa)Dg/B(xB, b⊥;σb)

× exp
{αsNc

2π

[
ln2 b2

⊥sσpσt

4
− 2

(
ln

xA

σt
+ γ

)(
ln

xB

σp
+ γ

)
+
π2

2

]}

+ NLO terms ∼ O
(
α2

s ) + power corrections
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One-loop coefficient function

Calculation of coefficient function C1 in the background field A = Ā + B̄ + C̄
∫

dz−2 dz2⊥dz−1 dz1⊥dw+
1 dw1⊥dw+

2 dw2⊥
αsNc

2π
C1(x1, x2; z−i , zi⊥ ,w

+
i ,wi⊥ ;σp, σt)

× F−i,a(z+2 , z2⊥)F
−j,a(z+1 , z1⊥)F

+i,a(z−2 , z2⊥)F
+j,a(z−1 , z1⊥)

=
N2

c − 1
16

g4⟨F̃a
µν F̃aµν(x2)Fb

λρFbλρ(x1)⟩A = Ā+B̄

− ⟨Ôij,σp(x−2 , x2⊥ ; x−1 , x1⊥)Ôij;σt(x+2 , x2⊥ ; x+1 , x1⊥)⟩A = Ā+B̄

(for the purpose of calculating leading-twist coefficient function the “correction
field” C can be neglected: A = Ā + B̄)
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Diagrams for ⟨F̃a
µν F̃aµν(x2)Fb

λρFbλρ(x1)⟩A in background fields

“Virtual” diagrams

(b) (c) (d)(a)

x1x 2

k b

k a

“Real” diagrams

(a)

x1x 2

z 1

z 2

(b) (c)

k ’a k a

k ’b k b
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Diagrams for subtracted TMD matrix elements

“Projectile” TMD matrix elements.

The e−i β
σp regularization is depicted by point splitting: positions of F′s are separated from

the beginnings of gauge links. (Violations of gauge invariance are power corrections).

(a) (b) (d)(c)

x ’1

x ’2x1
p

x2
p

“Target” TMD matrix elements. The e−i α
σt regularization is depicted by point splitting.

(a) (b) (c) (d)

x ’1

x ’2

x1
t

x2
t
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Result for the coefficient function

1
16

(N2
c − 1)⟨p′

A, p
′
B|g2Fa

µνFaµν(x2)g2Fb
λρFbλρ(x1)|pA, pB⟩

= ⟨p′A|Ô
σp
ij (x

−
2 , x2⊥ ; x−1 , x1⊥)|pA⟩⟨p′

B|Ôij;σt(x+2 , x2⊥ ; x+1 , x1⊥)|pB⟩

+

∫
dz−1 dz−2 dw+

1 dw+
2
αsNc

2π
C1(x1, x2; z−i ,w

+
i ;σp, σt)

× ⟨p′A|Ô
σp
ij (z

−
2 , x2⊥ ; z−1 , x1⊥)|pA⟩⟨p′B|Ôij;σt(z+2 , x2⊥ ; z+1 , x1⊥)|pB⟩

C1(α
′
a, αa, β

′
b, βb; x1, x2;σp, σt)

= ln2 x2
12⊥sσpσt

4
− ln

(−iα′
a)e

γE

σt
ln

(−iβ′
b)e

γE

σp
− ln

(−iαa)eγE

σt
ln

(−iβb)eγE

σp
+ π2

The solution of TMD evolution equations compatible with this first-order result is

C(x1⊥ , x2⊥ ;α
′
a, αa, β

′
b, βb;σp, σt) = e

αsNc
2π C1(x12⊥ ,α′

a,αa,β
′
b,βb;σp,σt)

⇒ hadronic tensor is

W(α′
a, αa, β

′
b, βb, x1⊥ , x2⊥) =

∫
d−α′

ad−αad−β′
bd−βb e

αsNc
2π C1(x12⊥ ,α′

a,αa,β
′
b,βb;σp,σt)

× ⟨p′A|Ô
σp
ij (α

′
a, αa, x2⊥ , x1⊥)|pA⟩⟨p′

B|Ôij;σt(β′
b, βb, x2⊥ , x1⊥)|pB⟩ + ...
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Forward case (≡ particle production by gluon fusion)

Recall αq ≡ xA, βq ≡ xB.

W(pA, pB; q) =

∫
db⊥ ei(q,b)⊥W(pA, pB;αq, βq, b⊥),

W(pA, pB;αq, βq, b⊥) =
π2

2
Q2Gσp

ij (αq, b⊥; pA)G ij;σt(βq, b⊥; pB)

× exp
{αsNc

2π

[
ln2 b2

⊥sσpσt

4
− 2

(
ln
αq

σt
+ γ

)(
ln
βq

σp
+ γ

)
+
π2

2

]}

+ NLO terms ∼ O
(
α2

s ) + power corrections (1)

where Gσp
ij ,Gσt

ij are gluon TMDs:

⟨pA|Ôσp
ij (z

−, 0−, b⊥)|pA⟩ = −g2ϱ2
∫ 1

0
du uGσp

ij (u, b⊥) cos uϱz−,

⟨pB|Ôσt
ij (z

−, 0−, b⊥)|pB⟩ = −g2ϱ2
∫ 1

0
du uGσt

ij (u, b⊥) cos uϱz−.
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Matching of coefficient function and TMDs

The r.h.s. of this evolution formula (1) does not depend on cutoffs σp and σt as long as

σp ≥ σ̃p =
4b−2

⊥
xAs and σt ≥ σ̃t ≡ 4b−2

⊥
xBs . Thus, the result of double-log Sudakov evolution

reads

W(pA, pB; xA, xB, b⊥) =
π2

2
Q2G σ̃p

ij (xA, b⊥; pA)G ij;σ̃t(xB, b⊥; pB)

× exp
{
− αsNc

2π

[(
ln

Q2b2
⊥

4
+ 2γ

)2 − 2γ2 − π2

2

]}
+ O

(
α2

s ) terms + power corrections

This result is universal for moderate x and small-x hadronic tensor. The difference lies in
the continuation of the evolution beyond Sudakov region.

Double-log Sudakov evolution should stop at xBσ̃ps ≃ b−2
⊥ . After that:

If xB ∼ 1 - DGLAP-type evolution from σ̃t =
b−2
⊥

xBs to σfin =
m2

N
s :

summation of
(
αs ln

b−2
⊥

m2
N

)n

If xB ≪ 1 - BFKL-type evolution from σ̃t =
b−2
⊥

xBs to σfin =
b−2
⊥
s : summation of

(
αs ln xB

)n
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Conclusions

1 The rapidity-only factorization is the most convenient tool for
high-energy QCD.

Current status of the BFKL/BK evolution: NLO evolution and NLO
impact factors. (For N = 4 SYM - NNLO)
Impact factors for various processes from shock-wave approach:
LO and NLO
“Hybrid factorization” - phenomenological mix of DGLAP and BK
evolutions

2 Rapidity-only TMD factorization works:
Full list of 1

Q2 power corrections for DY and SIDIS.
Back-of-the-envelope estimates of power corrections seems to
agree with exp. data.
Rapidity-only evolution with BLM prescription for running coupling
gives the same universal formula for Sudakov double logs at both
small and moderate x for both quark and gluon TMDs.
Rapidity factorization at the one-loop level gives Sudakov-type
double logs for both small and intermediate xB

Thank you for attention!
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