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The BFKL Equation |

/ \\
d
1

« All of our high-energy QCD field originated from the BFKL equation (1977-78).

T,

The Pomeranchuk singularity in nonabelian gauge theories The Pomeranchuk singularity in quantum chromodynamics
E. A. Kuraev, L. N. Lipatov, and V. S. Fadin Ya. Ya. Balitskil and L. N. Lipatov
Institute Nuclear Physics, Siberian Division, USSR Acad -iences, N: irsk
(;:b’n::wf:’m:: ;'a;ws})'s e rian Dlvision. cademy of Sciences, Novosibirs -Leningrad Nuclear Physics Institute, Academy of Sciences of the USSR
Zh. Eksp. Teor. Fiz. 72, 377-389 (February 1977) _(Submitted 2 August 1978)
Yad. Fiz. 28, 1597-1611 (December 1978)
An integral equation is derived for the t-channel partial wave amplitudes in the investigation of the multi-
Regge form of the 2—2+n amplitude. For a t-channel state with isospin T =1 the solution of this The high-energy asymptotic form of the scattering amplitude of colorless particles in quantum
chromodynamics is obtained in the leading logarithmic approximation. It is argued that such a calculation

equation is a Regge pole. The analytic properties of the isospin T =0, 2 partial wave amplitudes are
: . is justified for the amplitudes of scattering in which charmed quarks participate. The cross section for

near the threshold for the ion of two or three particles. It is shown that in the j-plane
there are moving poles and cuts. For the T =0 vacuum channel it was found that the partial wave formation of two pairs of charmed quarks in yy collisions is found in explicit form.
amplitude has a fixed square-root type branch point to the right of j = 1. 3
PACS numbers: 12.40.Bb

PACS numbers: 12.40.Mm, 11.80.Et

« Each paper has about 4,000 citations. Y ) ,
| | | oG (IL,11,Y) zasé\fc/ &g [G(@,fi,y)—l—ga(ﬁ,ij)]
* This was lan’s PhD thesis. oY ™ ) (—qu)? 241




Collaboration with Volodya Braun

In late 1980s and in the 1990s,
lan collaborated with Volodya Braun.

This was a productive collaboration,
with many interesting and
important results.

Those include works on instanton
conftributions to high energy
scattering and on instanton valleys.




Collaboration with Volodya Braun

Nuclear Physics B311 (1988 /89) 541-584
North-Holland, Amsterdam

» Together, lan and Volodya
were the first to derive DGLAP
evolution equation by running

.I_he eVO|UTi0n from .I.he projecﬂle EVOLUTION EQUATIONS FOR QCD STRING OPERATORS
using the background field L1 BALITSKY and V.M. BRAUN
me'I'hOd . Leningrad Nuclear Physics Institute, Gatchina, Leningrad 188350, USR

Received 6 January 1988

° Thls pO per hcs Close TO 700 ClTGTlonS It is shown that all of the usual programs for the operator expansion can be performed
. . . in terms of string operators on the light cone; namely, the separation of contributions from
and is becoming very topical these

large and small distances, the study of higher twist corrections and the renormalization

dOys Wl.l.h .I.he Curren.l. pUSh .I.o Uﬂlfy group analysis. Evolution equations for the leading-twist QCD string operators such as

\;(x)chp(igf(;A“dx“)\p(O) are studied in the coordinate space, which has an advantage of
SmO”' Ond |Clrge-X evoluﬂon preserving explicitly the Lorentz and (in one-l()(?p) conformal inva..riancc of the theory. The
: solution is found, relating the two string operators in different normalization points. Its short-dis-
tance expansion reproduces conventional results for the summation of leading logs in deep
inelastic scattering and evolution of hadron wave functions. The light-cone expansion of string
operators provides an effective covariant technique for a separation of higher twist effects. As an
illustration we calculate the twist-three and twist-four corrections for the deep inelastic scattering
and confirm in this way the recent results on the renormalization of twist-three operators.



The BK

« In 1996, lan derived a high-energy
evolution equation for Wilson lines.

« Buried deep inside the 57-page
paper, the equation went initially
unnoticed.

« In 1998, I invited lan to give
a seminar at the U. of Minnesofta.
His operator language was so alien
to me, | did not understand the main
result.

Equation

MIT-CTP-2470
hep-ph/9509348

September1995
OPERATOR EXPANSION FOR HIGH-ENERGY SCATTERING

LBALITSKY"
Center for Theoretical Physics, Laboratory for Nuclear Science
Department of Physics, MIT, Cambridge 02139

ABSTRACT

I demonstrate that the leading logarithms for high-energy scattering can be ob-
tained as a result of evolution of the nonlocal operators - straight-line ordered
gauge factors - with respect to the slope of the straight line.



The BK Equation

* | derived the same equation in 1999, using a diagrammatic
approach. | did not know it was the same equation until Alex
pointed it out in lan’s paper some months later.

« lan’s paper now has over 2,000 citations.
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rcBK

Running coupling corrections to BK evolution were
independently calculated by lan and by
Heribert Weigert and myself in 2006.

There was an issue of extracting
the UV-divergent part of the right-most
s T diagram. lan and Heribert&me did
( this in two different ways. Hence,
b ], we obtained two different rcBK
. prescriptions.
O, jer S, lan’s approach turned out to be

more accurate, in the sense of better
capturing the conftribution of the
entire diagram in the rc subtraction
procedure.
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The NLO BK Equation

* |an and Giovanni Chirilli calculated NLO BK equation in 2007.
 This is a very hard calculation. The result is the state-of-the-art in the field.

» The paper has over 400 citations.

d =P [ N, X -V X 67 X? y?
VY = f‘ﬂ X°y? { 4 [3 R W e b TR By AR ‘“(x—y)ZH
Diagrams with 2 gluons interaction X [N(x,z) + N(z,y) — N(x,y) — N(x, z)N(z,y)]
2N2 d2 dZ 2 XZy/2 + Xl2y2 — 4(x — )')2(2 — ZI)Z N (x — )’)4
f Z { 0% [ (z — 2)*(X2Y? — X2Y?) X2Y2(X2Y™ — X2Y?)

—v)2 2
+ le(;z(zy_) z:)z}lﬂiayz}[N(z. ') = N(x,2)N(z,z) = N(z, Z)N(Z, y) = N(x, 2)N(z', y) + N(x, 2)N(z,y)

+ N(x,2)N(z, Z)N(Z', y)). (136)

JLAB-THY-07-741

NLO evolution of color dipoles

lan Balitsky and Giovanni A. Chirilli
Physics Dept., ODU, Norfolk VA 23529,
and
Theory Group, Jlab, 12000 Jefferson Ave,
Newport News, VA 23606@
(Dated: October 24, 2018)

The small-z deep inelastic scattering in the saturation region is governed by the non-linear evo-
lution of Wilson-line operators. In the leading logarithmic approximation it is given by the BK
equation for the evolution of color dipoles. In the next-to-leading order the BK equation gets con-
tributions from quark and gluon loops as well as from the tree gluon diagrams with quadratic and
cubic nonlinearities. We calculate the gluon contribution to small-x evolution of Wilson lines (the
quark part was obtained earlier).

PACS numbers: 12.38.Bx, 12.38.Cy




Unifying small- and large-x evolution

In 2015, together with Andrey Tarasov,
lan formulated a new evolution equation,
unifying DGLAP, CSS and small-x evolution.

This is a hot topic these days in many meetings,
including this one.

arXiv:1505.02151v2 [hep-ph] 29 Sep 2015

PREPARED FOR SUBMISSION TO JHEP JLAB-THY-15-2040

Rapidity evolution of gluon TMD from low to
moderate =

1. Balitsky* and A. Tarasov'
* Physics Dept., Old Dominion University, Norfolk VA 23529,USA and Theory Group, JLAB,
12000 Jefferson Ave, Newport News, VA 23606, USA
t Theory Group, JLAB, 12000 Jefferson Ave, Newport News, VA 23606, USA

E-mail: balitsky@jlab.org, atarasov@jlab.org
ABSTRACT: We study how the rapidity evolution of gluon tr

distribution changes from nonlinear evolution at small z < 1 to linear evolution at moderate
z~1.

(See also 1905.09144 [hep-ph] and
2205.03119 [hep-ph] with Giovanni.)



Operator tfreatment

While | never directly collaborated with lan, he has greatly influenced my work
over the last 25+ years.

| even took up scuba diving, in part being inspired by his example.

Over the last 10+ years, my group and | have been working on sub-eikonal small-x
evolution, particularly for helicity (see my talk later).

| first tfried doing it using the diagrammatic (LCPT) approach. For the first 3-4 years,
lan would ask me every time he would see me: “what are the corresponding
operatorse”

In the end, lan was right, and it turned out easier to tackle the problem in the
operator formalism. It helped me find an earlier mistake in our approach. We now
refer to the blend of LCPT and the background field method that lan uses as the
Light-Cone Operator Treatment (LCOT).
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Probing small-x
nelicity distributions in
oarficle production
at RHIC and EIC

YURI KOVCHEGOV —
THE OHIO STATE UNIVERSITY i



Credits

» Based on work done with Dan Pitonyak and Matt Sievert (2015-2018,
2021-present), Florian Cougoulic (2019-present), Gabe Santiago
(2020-present), Josh Tawabutr (2020-present), Andrey Tarasov (2021-
present), Daniel Adamiak, Wally Melnitchouk, Nobuo Sato (2021-
present), Jeremy Borden (2023-present), Ming Li (2023-present),
Brandon Manley (2023-present), Nick Baldonado (2022-present),
Zardo Becker (2024-present).



Qutline: helicity-dependent observables
as RHIC and EIC af small x

« Sub-eikonal operators.

* DIS: Helicity PDFs and g, structure function at small x.

» Helicity evolution at small x.

« SIDIS: g," structure function.

« Polarized p+p collisions: gluon production at mid-rapidity.
« OAM distributions at small x.

« Elastic dijet production in polarized e+p collisions.



Sub-Eikonal Operators



Dipole picture of DIS

X x*

W= o [ e (Pl )P N

2
o= a0 _7 0
Large g - large x- separation 1 (261_ 4 L)
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iq-x z;’;_:c +1q zT

aka the “shock wave”



Polarized Dipole: non-eikonal small-x physics

« All flavor-singlet small-x helicity observables depend on “polarized dipole

amplitudes’:
T _1-z To )
+
r == - L1 > |
Gio(2) = 2]1\[ Re <<Ttr [VgiozT] + Ttr [VfOlVQq >>(z)

/ I

unpolarized quark polarized quark: eikonal propagation,
non-eikonal spin-dependent interaction

ig / dz= AT(0", 27, )

— 00

« Double brackets denote an object with energy suppression scaled out:

(o)== (0)c) :

Ve = Pexp




Polarized fundamental “*Wilson line”™

To complete the definition of the polarized dipole amplitude, we need to
construct the definition of the polarized “Wilson line” Vre!, which is the leading
helicity-dependent contribution for the quark scatftering amplitude on a
longitudinally-polarized target proton.

P2tk D2
g

NERENEERE

At the leading order we can either exchange one non-eikonal f-channel gluon
(with quark-gluon vertices denoted by blobs above) to transfer polarization
between the projectile and the target, or two t-channel quarks, as shown above.

We employ a blend of Brodsky & Lepage’s LCPT and background field method-
inspired operator freatment. We refer to the latter as the light-cone operator
treatment (LCOT).




Notation

« Fundamental light-cone Wilson line:
Velb™,a™] Pexp{ig/dx A*(az,x)}
« Adjoint light-cone Wilson line:

Ug[b~,a" ] = Pexp

-
ig/dx_ At (zt = O,x,g)]

* They sum multiple eikonal re-scatterings to all orders.



Eikonality

- One can classify various quantities (e.g., TMDs) by their small-x asymptotics.

1
- Eikonal behavior corresponds to (up to ~as corrections in the power)  f(z, k7) ~ -

Examples: unpolarized TMDs, Sivers function.

0
- Sub-eikonal behavior correspondsto  g(z, k%) ~ <l> — const

Example: helicity TMDs. v

« Sub-sub-eikonal behavior is h(z, k3) ~
Examples: transversity, Boer-Mulder function.

- We've been calling the leading power of x “eikonality”.




Sub-eikonal quark S-matrix in background
gluon and quork fields

TTI9TT T1(TTT

» The full sub-eikonal S-matrix for massless quarks is (Balitsky&Tarasov ‘15; KPS *17; YK,
Sievert, *18; Chirilli '18; Altinoluk et al, '20; YK, Santiago ‘21)

o os2 “helicity “helicity - B=—4.B. = . F2
Vayioro = Ve d (2 —Y) b0 independent” dependent” 7 Wy B, = 1,

0.0}

'p+ 7 .
+ ! / dz=d?*z V, [00, 27] 52@ —2) [—50’0/ B D'+ g0, F12 (27, 2) Vylz™, —o0] 52(y —2)
S z Y Y
i ) (g—g)/dzl/ dzy Vy[00, 25 ]t Ya(zy, )U 2y , 21 ][50,0/7"' — 05070/7"'7 } Bwa(zl , )t Vylzy, —0o0]
—oo - “helicity “helicity

independent” dependent”



Longitudinal momentum fransfer

In addition to the above, there is x+ dependence in the regular Wilson line, which is usually
neglected in the eikonal approximation. If we expand in x+, we get a sub-eikonal correction
/ det e~ iy —pi) 2™ Vo(at) = / det e~y —pi) 2™ [V£(0+) + 2t oV (0h) + .. ]
= 25— p ) Va(07) —2mi | 2 5(r —pi)| 24/pr b VS

where we have intfroduced another *helicity-independent” sub-eikonal operator
(Altinoluk et al, '20; c.f. Chirilli, *18)

. P—"_ o0
VxG[?’] _ Y9 / dx™ Voo, x| F+_(37_a£) Vylz™, —oo].
L S - -

This operator does not contribute to small-x helicity evolution at the leading order (DLA).



Helicity Distributions and
g, Structure Function at Small x



Dipole Gluon Helicity TMD

« We start with the definition of the gluon dipole helicity TMD, corresponding to the

Jaffe-Manohar PDF AG,

xz Pt

k3 = ot [ BT et e (e o [ 0) Ul 0,6 i, 0] 1)

(2m)°

« Here U*l and UM are future and past-pointing
Wilson line staples (hence the name
‘dipole’ TMD, F. Dominguez et al’11 —looks

like a dipole scattering on a proton):

UAL+] j ;

£+=0

proton

24



Gluon Helicity

92N, 1 Q2
. A calculation gives ( ) am? 2\ Q2 x

Ne

G dip k2 —
gL (337 T) 04827'('4

QQ
d2$10 6—1E~£10 G2 <gj%07 28 — ?>

« Here we defined a new dipole amplitude G, (cf. Hatta et al, 2016; KPS 2017)

+ - ' g |
/d2 <x1 2 xo) Gio(2s) = (z10)", G1($%Oa2’5) + €7 (210)), G2($%0’z8)

. . . t N
G (25) = - {VT vicr (VJ G[Q]) V} What is this D-D operatorg Turns
10(25) 2N, << oL + ° >> out it is related to the DD operator
0o , from before.
%8 = En dz= V00,27 ] |D'"(27,2)— D (27 ,2)| Va[z~, —o0]
z < z z

— 00
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Quark Helicity PDF and TMD

v

* The flavor-singlet quark helicity PDF and TMD are

Az(g;,gf):LfQ@( 10 — ! Q2)

Qg T Q2 x

1

4
4o

o5 (2, 2) = / PargeE0 (a2, Q [a)

« We have defined another operator:

Qualo <<16 N [ar [ ) (3779°) b ol Viloe, s ()
) o0

#im ) (3779°) Vel ol Viloo s 10 e ) ) o)

26



g, structure function

» g, structure function is obtained similarly, using DIS in the dipole picture:

Ty

N D>M —+ et D>VW
o’ o’

Zg Zg
mind —1~ -1
N Z2 1 d QQ’AQ d 5
° c z T
Onegels @y =-S5 [ F [ S0 Qe + 2Ga(ahz9)
i z 1o
A2/s z—ls

G, was defined before. This is the gluon admixture to quark helicity distributions.

The dipole amplitude Q is due to F'? & axial current.

The contribution of G, comes from the DD operator in the quark S-matrix.
27



Amplitude Q Qa9 = [ & (P55 Quis

« The amplitude Q is defined by

_ pol[1] 1 pol[1]  +
Quolzs) = g3 Re (o v 4 e [Py |
with  ypollll — Gl y7all] , where
. _|__ o0
Vf[” = ng / dx™ Vy[oo, z7] FlQ(x_,g) Velz™, —o0]

qu[l] —

[dar [y viloe,a1 0 valer 2 UL e 7] [0 g dalar )8 Valor, o)

— 00

2s

Ty

« U = adjoint light-cone Wilson line.

28



Helicity Evolution



Evolution for Polarized Quark Dipole

One can construct an evolution equation for the polarized dipole:

Spin- dependent (non eikonal) vertex
+ I - 1 + é:!: + ! :
similar to the 0 /
unpolarized = —I— @ —|— ! —I— !
BK evolution ! box =
0 target shock
-+ @ — ! + !/ wave (proton)

polarized
particle

30



« At large-N. the equations close (Q =2 G).

« Everything with 2 in the subscript (e.g., G, and I'y) is new
I—O rge N (CTT+K) compored to the KPS (*15-'18) papers.

10,x§1,z s) + 3G(x31,7's)

SN
G(x%()vZS)ZG(O)(%OvZS = /dz /dxm

C321
Szlo
2 / 2 2 /
2/ min [m?o,mglj—;] )
ag N, dz" dx
D(afo, 231, 2's) = GO (ao, 2's) + =5 = / Z / 2> | Do, 235, 2"s) +3 G a5y, "s)
T ) =z J T3
31’%0 Z//S
+2Go(23,,2"s) + 2T (23, T3, z”s)] ,
. min ﬁx%o,ﬁ
0 ag N, dz' dx?
Go(z3y, 28) = Gg )(mfo,zs) + sﬂ < / — / 33221 [G(23,,7's) +2Ga(23,,2's)]
21
AiSQ max[xlo,z/g]
z/% min ,/,1‘31,[\%
0 o N, dz" dx?
To(x3y, 251,7's) = G( )(9510»75 s)+ — / x232 [G(:U?)Q,z"s) + QGQ(@%Q’ZHS)}
32
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Initial Conditions

« The initial conditions are given by the Born-level graphs

Lo

{0040

Crln 29 In(zs z3,)

a?C’
G(O)(x%()a z) = ——Lr [ A2

Ne

F(O) (x%m mgl? Z) = G(O)(CE%W Z)

« Similar Born-level calculation is done for G, and T,.
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“Neighbor” dipole

* There is a new object in the evolution equation — the neighbor dipole amplitude.

* This is specific for the DLA evolution. Gluon emission may happen in one dipole,
but, due to lifetime ordering, may ‘know’ about another dipole:

+ ...

2 / 2 /!

« We denote the evolution in the neighbor dipole 02 by FQQ’ 21 (z/)

33



Helicity Evolution Ingredients

» Unlike the unpolarized evolution, in one step of helicity evolution
we may emit a soft gluon or a soft quark (all in A-=0 LC gauge of
the projectile):

0—1 0-2
a a
A A
z

AI )\2
00000 I 700000
; \ / b
k k
o o

z

« When emitting gluons, one emission is eikonal, while another one is
soft, but non-eikonal, as is needed to transfer polarization down
the cascade/ladder.

34



Helicity Evolution: Ladders

« To get an idea of how the helicity evolution works let us try

iterating the splitting kernels by considering ladder diagrams
(circles denote non-eikonal gluon vertices):

» To get the leading-energy asymptotics we need to order the
longitudinal momentum fractions of the quarks and gluons (just
like in the unpolarized evolutioncase) 1> 21 > 29 > 23> ...

—N—oz n3 s
23 8 S

obtaining a nested integral / dz, / dzs / dz3 1

35



Helicity Evolution: Ladders

lifetime =

« However, these are not all the logs of energy one can get here. Transverse
momentum (or distance) integrals have UV and IR divergences, which lead to logs

of energy as well.
o oky  2ky _ 2ky

« If we order gluon/quark lifetimes as (Sudakov-p ordering) 12 > 12 > 12 >
—_ L - - v v 3
then (z =k7/p). ;2 ;2 12 and

22 B SLTTS xS 23> ...
21 Z2 <3
2
. . xn—l,J_Zn—l/Zn 9 .
we would get integrals like / dz? | also generating logs of energy.
2
xn,J_

1/(zn s)
36



Helicity Evolution: Ladders

« To summarize, the above ladder diagrams are parametrically
of the order 1

~a21n’s
S

* Note two features:
* 1/s suppression due to non-eikonal exchange
+ two logs of energy per each power of the coupling!

37



Resummation Parameter

For helicity evolution the leading resummation parameter is different from BFKL,
BK or JIMWLK, which resum powers of leading logarithms (LLA)

as In(1/x)

Helicity evolution resummation parameter is double-logarithmic (DLA):
o 1
O{S lﬂ -
X

The second logarithm of x arises due to fransverse momentum (or fransverse
coordinate) integration being logarithmic both in the UV and IR.

This was known before: Kirschner and Lipatov '83; Kirschner '84; Bartels,
Ermolaev, Ryskin ‘95, '96; Griffiths and Ross '99; Itakura et al '03; Bartels and
Lublinsky ‘03.



Large-N.&N; Evolution

 Helicity evolution equations also close in the large-N.&N; (Veneziano) limit.
» To derive those, need to add the fransition diagrams (J. Borden, YK, M. Li, ‘24):
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Evolution Equations

Initial version by YK, D. Pitonyak, M. Sievert
'15-"18 (KPS), modifications with subscript 2 due

to YK, F. Cougoulic, A. Tarasov, Y. Tawabutr '22.

Beyond large-N_, one needs to add the
quark-to-gluon and gluon-to-quark transitions
(G. Chirilli, 2101.12744 [hep-ph];

J. Borden, YK, M. Li, 2406.11647 [hep-ph]):

i Y 4 £

=
o]
o)
oo

1.9 AN %]
4 4

i ] B B

This results in the large-N.&N; evolution
equations given here (transition terms are
in blue). Agrees with DGLAP anomalous
dimensions to 3 loops.

asN, [* dz’ ) dx21
21 Jijsaz, 2 Jiyes 73

+ Q(a3y,2's) — T(a3y, 73y, 2's) + 2 T2 (230, 23,, 2's) + 2 Ga (a3, 2's)]

Q(a3y, z5) = Q) (2%, 25) + [2 G(}1,2's) + 2T (23, 31, 2's) (762)

dz' min{z?,z/z’ 1/A2}d
i/ 121 [Q(xzb #'s) +2Ga(z3,2's)] ,
A2/s % J1/z's
o N, 2 dz" mm{zm z2,2' /2" }d
T(22), 721, 2's) = QO (22, 2's) + & / = = [2G(x32,z 5) (76b)
2m 1/sz3, % 1/2"s 13

+ 2T(ady, 235, 2"5) + Q(ady, 2's) — T(a2y, 35, 2"5) + 2Ta(ay, 23y, 2'5) + 2 Ga(3,, ZNS)]

OZSN M min{z3,2'/2",1/A%} dz2
/ / 32 [Q(zsz,z”s) +2Ga(23, 2’ s)}
A2/s % 1/z"s

asN, di/ o dz3,

6(1%0725) G(O)(zm z8) + —— o k4

[3 G(x3,,2's) + F(zfo,zgl,z's) (76c)

2
1/sx?, 1/2's %21

Ny Ny N; ~
+ 2G’2(1'§172 )+ (2 - W) 1"2(1‘10,1'21,z s) — W I‘(zw,zm,z 8)— 2—]66 Q(Iglvzls):|

CZSN 2P min{z?,z/2’,1/A? }dZ
S T Rk, 79 +2Ga(eh, 73],

max{x?,,1/2's}
a.N, o di” mm{gv:10 z2,2' /2" }dZ32 [

1"
21 Jijsaz, 2 J1jans )

f(zfo,mgl,z’s) )(zm,z )+ —— 3G(z 2, 2"8) (76d)

Ny Ny N: ~
+ T(ady, oo, ') + 2 Ga(232, 2"'8) + (2 - W) Ta(zly, 235, 2"s) — W D(2%0, 255, 2 5)‘% Q(z3,, ZHS):|
C(st /z 121/110 dz" /rmm{z.nz /2" ,1/A? }d17§2 9 " ) "
e — —= [Q(35,2"5) + 2Ga(x3,,2"5)],
8 A2/ 2N max{a2y, 1/2"s} 152 [ 32 ) 32 ]
z & min{f,zfo,l/Az}d )
N, =
GQ(Z%WZS) = Ggm (1%07 ZS) + % / Z_Z; / % [G(I%h 2,3) + 2 GZ(Iglr Z/S)] ) (768)
21
ma.x[zfo,i]
/231 P
% min{%zgl,l/A2}
dZ”
Z”
A max[z}o,ﬁ}

FZ(x%m w%h Z,S) =

dx32 [G(z32 2"s) + 2 Go(z2,, z”s)] (76f)
23

mm{, o25,1/A%)

as N, dz’ dz?
= — [Q(a3y,2's) + 2Ga(a3,,2's)]. (76g)

!
27 z T35,

@(z%o, ZS) = Q(O) (I%O’Z'S) -




Small-x Asymptotics



Solution of the Large-N. Equations

100
In|Gis10, o)

100

1 Q>
= - nwln;—l—lnp
? , i A The large-N. equations for G and G, can be solved
s10 ~ In = numerically (and, possibly, analytically).

A2 42



Small-x Asymptotics

* Fitting the slope of the log plots of G and G, vs e we can read off the small-x
intercept (the power of x):

In|G(0, n)l In|G2(0, n)|

100+ 100}

50’ 50,

~ 10 20 30 40

F. Cougoulic, YK, A. Tarasov, Y. Tawabutr, 2022
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Small-x Asymptotics for Helicity Distributions

« The resulting small-x asymptotics for helicity PDFs and the g; structure function at large
N is
as Ne

1 36655
AS (2, Q%) ~ AG(w, Q) ~ g1 (2, Q2) ~ (—)

X

« This power (aka the intercept) is in complete agreement with the work by J. Bartels, B.
Ermolaev, and M. Ryskin (BER, 1996) using infrared evolution equations (with the
analytic intercept constructed by KPS in 2016):

17+ V97 |as N, s N,
— ~ 3.664
=N TV an 3.0644/ =

« “Peace in the valley.”
« Right?




Analytic Solution of the Large-N. Equations

z T10
. N, de [ da2
G(z3y, 2s) = G (23, 28) + a27r / _Z’ / ;21 [Hﬁmxél’z,s)+3G(m§172/8>
21
« We want to solve
these equations:
9 £ 2Gy(h, 2's) + 2Ta(an s, #5) |,
5 min[az%o,wglj—,l,]
. N, dz" da2
F(ﬁoyl’%p Z's) = G\ (33%0’ 2's) + 0427T zZ// / ;;32 [F(x%mxgm 2"s) + 3G(5C:232> 2"s)
] 1 32
SZ%O Z//S

+2Ga(23,, 2"s) + 2Ta (23, 23, ZNS)] ;

N, [de da?
a /Z—Z; / 21 [G(x%l,z's) +2G2(x§1,z's)] ,
A2

2 _ (0), 2
G (219, 28) = Gy ' (219, 28) + 2
T x5
r max[:rlo 7=
2
’ T /
z % min %azgl,l\%
1 2
2 2 N _ 0 2 as Ne dz dx3, 2 _n 2 n
Lo(27g, 731, 2's) = Gy (w19, 2's) + - i 72 [G(x32,z s) +2Ga(r39, 2 3)}
32
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Analytic Solution of the Large-N. Equations

» The strategy is to use the double Laplace transform, as N,

gj 23 / / wln(zsxlo)—l—fyln< 1 )G
10 211 | 2mi 2

« One gets the expressions for all the other dipole amplitudes this way, for instance

wln(zsziy)+vIn <332—11\2>
G (2o, 25) 10
2mi 277@

(GM ngjv) 9 GM]

2 Ol

« Neighbor amplitudes involve several different double Laplace transforms:

wln(z’'sz3; )+~ 1n xg% 0 wlin(z'sziy)+v1n 2;2 0
Iy 5131075521725 /2#2/272 [ ( roft ) (G2w’y Géw)7> € i ( o >Géw)7



Analytic Solution of the Large-N. Equations

* In the end, all the amplitudes in the double-Laplace space can be expressed in
terms of the initial conditions/inhomogeneous terms, e.g.,

_ ~(0) Qs (0) (0) (0) (0)
Gauwy = Gouy + — (v=15) (v =) [2 (y=45) (Géiw i 2G26iw) —2(00 - %) (Gé;tvi i 2G26$v$>

(A0 _ A0
4847 (Gm _ sz) ]
16 as 1a,
1i\/1 1 w2‘

* More details in J. Borden, YK, 2304.06161 [hep-ph].

with

0 =

w

14+4/1—

N[ &




Small-x Asymptotics for Helicity Distributions

e Let's fake a closer look at the anomalous dimension:

A(;(%Q%:/d_w(l)w <%§)A7GG(W) AGL(A2)

2w, \ x

* In the pure-glue case, Bartels, Ermolaev and Ryskin's (BER) anomalous dimension
can be found analytically. It reads (KPS ‘16)

BER 1 ) ~ 1_3wo_;s _ L as NC
MEE W) = 5 |w—y[w? 168, ——& % T Ton
w2

» Our evolution’s anomalous dimension can be found analytically at large-N.
(J. Borden, YK, 2304.06161 [hep-ph]):

1 4ag
Afyz’fG(w):§ [w\/w216a8 1— a‘

w2



A Tale of Two Anomalous Dimensions

* The two anomalous dimensions look similar enough but are not the same function.
BER 1 9 15 1 4 ag
Avaa ()—5 w—fw” — 16 ag Ay}ﬁg(w)zﬁ w—{jw?—=16as1/1— —
w

-2
» Their expansions in ag start out the same, then differ at four (1) loops (the first 3
terms agree with the existing finite-order calculations, the four-loop result is

unknown):

4a, 8a2 bS6ad 50dal

A BER — S S
a6 W) W + w3 + w? + W’
s 4a, 8a2 b6ad  496al

W w3 wd w’
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A Tale of Two Intercepts

AG(:U,QQ):/ dw (l)w (%)A%}G(w) AGL(A?)

2m \ @
1 [ 4o,
Avde(w) = 3 !w — \/w2 —16as1/1 — wO; ‘

* The intercept (largest power Re[w]) is given by the right-most singularity (lbranch
point) of the anomalous dimension.

. _JUTHNOT fauNe o fas N
« For BER this gives  &n = 5 5 3.66 o
4 S NC S Nc
. Forus an = —=1/Re {(—9+z’\/111)1/3} JEe 36614/ 2
31/3 21 21

1 1 — 384s
AVEBER(w) = 5 [w — \/w2 — 166, =

_ Qs
w2




A Tale of Two Intercepts

G)
1 L
The power a,, is known as the intercept.

BER: 17+ 97 [a, N, a. N,
2 27 2T
Ah = 31/3 © ‘ V o2 7 V. 2r

Our numerical solution also gave the intercept of 3.660 or 3.661, but we believed we
had larger error bars.

We (still) disagree with BER. Albeit in the 3@ decimal point...

AX(z, QY|  ~AG(z,Q%)

rK1




Analyfic Solution of the Large-N.&N; Equations

» The same double inverse Laplace
transform technique allowed us
to solve the large-N.&N; evolution
equations.

» See J. Borden, YK, 2508.00195
for details.

We have the exact analytic solution
(in terms of w- and y-integrals).

We also have all 4 anomalous
dimensions resumed to all orders in

s
w2

N, [* dz' Ty dz2
Qaty, 28) = Q(D)(x%mzs) + Zete z Za

= [2G(a}1, #5) + 2T(alo, 731, 2's) (76a)

1saz, 2 J1jzs T
+ Q(zzu 2s) — f(5”10a 121, 2's) + 21“2(130’ x%l’ 2's)+2 Gz(zgl,z’s)}
e N, [* dz min{z3y7/7 1/A%} g2
= 21 @ Q(a3,,2's) + 2 Ga(z3,, Z's)],
Am yeps 2 Jiyes 31
asN, 2! dZ” min{z},,23,2' /2" } dx§2

2
21 Jisazy 2" Jijans 3y

F(a, a1, 2s) = QO (e, #'s) + [2G(at,,2"'5) (76b)

+ 2D(a%y, 255, 2"s) + Q(ady, 2"s) — T(alo, a3y, 2"s) + 2Ta(ato, 3y, 2"5) +2 Ga(ady, 2”3)]

2z i pmin{z?, 2’ /2" 1/A%}
el dz / dzsz [Q(TSQ 2"s) +2Ga(ady, 2 5)]

A Jpzps 27 Jijens s
>
~ asN, dz' [0 dad) 1~ =
G(z%n,zs) G(O)(Ima 28) + ——= 9 *,/ % [3 G(I%IVZ/S) + F(z%l)sx%h Z/S) (76¢)
T Ji/sa2y % J1/2/s T21

2N, 4N, 2N,

%N dy (min{edes/z /A gu2
upef 31 [Q(ay, #5) +2Gala, )]
A2/s 1

max{z3y, 1/2/s}

Ny N, Ny
+ 2G2(z§1,z's) + (2 - _) FZ(zlmxzhz s) — =L INCE s)*_ Q(le Z s)]

N, [7  dgt [ein{eloshs /=" }dm32

7
2 Jiysaz, 2 Jiyans 735

+ D(aly, 235, 2'5) +2 Ga(ady, 2"s) + (2 - ZNTf) Ty(efy, 23, 2"5) — g\f T(2fy, 232, 2 5)*N7 Q(a3s, 2 S)J

T(ay, 01, 2's) = GO (a2, 2's) + [3 5(30%2, 2"s) (76d)

o min{ad,s! /o 1/A%)
ast/ 21/T10 Jyt {5:2"/2",1/ dz3, s s
= — —= [Q(x3y,2"3) + 2Ga(x5,,2"s)] ,
81 Jaz/s 2" Jmax{a2,, 1/2"s} 23, (@G5 2 ]
s min(Ealo/A)
N, [d dody [
Galolonz0) = GP(aly,20) + e [ 22 B0 [8(e, #5) +2Galeh, 7)) (76e)
21
ey
N =2, . min(ﬁz%l,l/Az}d )
Daelyrhors =l e [ G [ R (G + 26ueh #9)] (16D
a2 AT
z min{ 5 23,,1/A%} ,
~ = as N, dz dzx
Qo) =00 - %0 [T [ T [0k + 26 7). (108)
™ z x%
2 e
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Small-x asymptotics of helicity PDFs at large-N &N

* Now, the eigenvalues of the matrix of anomalous dimensions are
;iz—[w—\/aﬂ—l—sl So(w)

» To find the intercept, we need to find the right-most singularity of those
eigenvalues in w—plane: J. Borden, YK, 2508.00195
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Small-x asymptotics of helicity PDFs at large-N &N

L™ s Ne
S(0.@%) ~ MG Q) ~ n(w. @) ~ (1) win =N

» To find the intercept, one has to solve the following algebraic equation:

wb + 51 (wp) \/52 (wp) —0|

with S1(w) = 94 2(8—=3n) (0, +o,7)+8V4—2n (6, =4 Jr)
: w(2—n)
11

so(w) = 2P F{uﬂ (2 —n)* (49 — 16n) — 64 (2 —n) (8 — 3n) + 8w (657 +6,71) (8+11n — 7n?)

+ 16w (0, " — 657) V4 —2n (2 + 5n — 2n?) + 8nd, ~6, " (16 — Tn) }

where
g =1 w:l:\/w2:l:4 1—n n = /
w 2 2 _ZVC
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Small-x asymptotics of helicity PDFs at large-N.&N;

ach

A(.Q%) ~ MG @) ~ (e, @)~ (1) win o=/ %5 0

27

Solving the above algebraic equation numerically (and analytically for Ni= 2 N.),

we get (for N.=3)

Nf wl()uS) wéBER) wl()BER) _ wl()uS)
2 | 3.54523 [3.54816| 0.00293
3 | 3.47910 |3.48182|  0.00272
4 | 3.40514 [3.40757|  0.00243
5 | 3.32036 [3.32237|  0.00201
6 13.21930™) [3.22062|  0.00132
7 | 3.08946 |3.08943| -0.00003
8 | 2.88228 [2.87704| -0.00524

J. Borden, YK, 2508.00195
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Small-x asymptotics of helicity PDFs at large-N.&N:;

« Asymptotic expressions for hPDFs can be obtained by either integrating around
the leading branch cut or by using the saddle point method. The latter gives

w w wQC’(l)(w) 2
anty = S Ve S OO s

y3/2 043871'5/2 Sl(wb) _‘_wg Wy )
w w WZC(l)(w) 2 2

AG(y.1) — egby N, A B T b % wb\/C(l)(wg) s1(wp) + wj e

y3/2 o gdmb/? s1(wp) + wy W b
with

s Ne s N,
y=/——=I(l/a), t=4/5"m(Q*/A?)
T

« Note the diffusion term, similar to that in the BFKL solution.



Asymptoftic ratios of helicity PDFs

« One can also calculate the ratios of helicity PDFs at very small x , but still outside
the saturation region (cf. Y. Hatta et al, 1612.02445, 1802.02716; R. Boussarie et al,

1904.02693):

Ni| wo |(AG/AD)E™P)
2 [3.5452 47871
3 13.4791 -3.0731
4 (3.4051 -2.2075
5 13.3204 -1.6786
6 [3.2193 -1.3143
7 3.0895 -1.0364
8 |2.8823 L0.7872

J. Borden, YK, 2508.00195

. BER formalism gives AG(y,t) =~ —2.29 A3(y,t) , R. Boussarie et al, 1904.02693
(Ni=4, N.=3, not large N.&N; limit). We still disagree.

57



Polarized SIDIS
+ data analysis

D. Adamiak, N. Baldonado, YK, W. Melnitchouk, D. Pitonyak,
N. Safo, M. Sievert, A. Tarasov, Y. Tawabutr, = JAMsmallx,
2308.07461 [hep-ph], 2503.21006 [hep-ph]



Polarized DIS and SIDIS data

We can use the large-N.&N; version of the
evolution to fit all the existing world
polarized DIS and SIDIS data.

Why not large-N.2 Have to distinguish a

true quark dipole from the subset of the

gluon one. Need to extract all helicity PDFs for
light quark flavors, in addition to the gluon
helicity PDF.

Hence, the quark amplitudes Q, come with
the flavor index q.

Drawback: many dipole amplitudes,
hard to constrain all.

LO intercept is large: had to include running
coupling (not shown) into the evolution.

. - ‘,Nf : dy [hoda? [~ , = -
Qe 28) = QO (aly, 28) + 22 = / T2 [2G(ek,, 2's) + 2T (2,231, #) (76a)
1/.

o,
1/s22, % 2's T21

+Q(z2] 2's) — T(23y, 23, 2's) + 2T2(a3y, 23, 2's) + 2 G2(23,, 2's)]
in{zfoz/2',1/A% )d
ale [ © / = [Q( #s) +2Ga(eh, 7s)]
azs 2 Jy

__ N. [¥  dz" M- Y da2, .~
(22,22, 7's) = QO (22, /'s) + —/ de %52 [9G(22,, 2"s) (76b)
s 2 21 Jyjsaz, 2" Jijans 5 [ =

+28(a}o, 255, 2") + Q(23, 2"s) — T(ahy, a3y, 2's) + 2T (ad, 232, 2"'s) +2(}’2(1§2,z"s)]

a.N. [= dz" in{zd,2'/2",1/A%} g2
+ T /2 7 . '2[Q11229)+2('(z‘ zs)]
A 1
N. dz’ [To do2 1 ~ -
G(a2,, 28) = GO (a2, z8) + ‘1,7/ —,—/ S8 [3G(a,, #s) + Tk, 781, #9) (76c)
2m 1/s22, 2 Ji/2's T21
v Ny Al Ny O
+2Ga(23,2's) + 2—2\ T'a (a0, 231, ZG)‘WI(IWIN-ZS)*_Q(-I 31,2's)
_asN /A% g2
l/\/ 2 / ax{x?),1/2's} 121 Qe5,2'8) +2Galag, #9)]»
z
N [# do [rinteleshiz/="} go2
B(22,, 22,, 7's) = GO (22, 2's s / L/ 1‘32[3(} 2 76d
(210, 221,2'8) (230, 2's) + 2 frfest, 2 Jiyana 2, (232, 2"s) (76d)
NeNp.(2 .2 Ny Ny
+I(Im 235, 2"8) + 2Ga(x3,, 2"s) + T 9N, La(afp, ¢35, 2"'s) — an, T(230, 2%, 2 s)*z\ Q(l "s)

a.N 223, /27, dz" min{z3,2"/2" 1/A%} 2
— = / e —2 [Q(23,,2"5) + 2Ga(a3y, 2"5)]
A2 2"s T3z

8w 2
2 ©0)/.2 a,N, [d 23 (A2 2
Ga(z7p, 28) = G5 (279, 28) + = | 7 T [G(Izl» z's) +2Gy(z3, 2 3)] s (76e)
z 21
at max(z3o, 7]
2
=g {Zr22,,1/A%}
; oV i dr2, r~
T (30, T, 2'5) = G (23, 2's) + T / = / S22 [G(a, ") +2Galedy, 's)], (766)
w 2 Z32
L

=/ 2 = 2 Oy \ o dl‘f; N 2 ' ~ 2 RN |
Q(z3y, 25) = QU (23, 25) — / — / Tl [Q(23,,2's) + 2 Ga(23,, 2's)]. (76g)
. 21



Polarized SIDIS at small x

Consider (anti-)quark production in the current
fragmentation region in the polarized e+p
scattering at small x.

The process is similar fo the g, structure
function calculation.

A straightforward calculation yields the SIDIS
structure function (D, = fragmentation function)

1
g1 (2,2,Q°) = 5 D er Aq(z,Q*) Dy/*(2, Q?)
2.9
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JAMsmallx: Adamiak, Baldonado, YK, Melnitchouk, Pitonyak, Sato, Sievert, Tarasov, Tawabutr,

2N, = 1.03 The analysis | . cev - 0 < 10.4 GoV?

. . 1
Initial conditions: Q® (22, zs) ~ G (2%, 28) ~ a In 2= + b In ——— + ¢
A EPILY

0.20
o015 COMPASS 015 COMPASS 0.20{COMPASS  } COMPASS EMC 0.2/SMC 0.2 ISMC HERMES | ot HERMES HERMES
.15 2 2
0.10 0.10 p—sh* p—sh- 02F ,posmt psm 0.2F p—sh*
0.10 olo 0.10 % At} LA } A Al Al
P P P P 0.0 0.05
oosp Alf Ay ALl 000 000 Ay o } 01 F ’
0.10 ; - : 0.1
[HERMES E| 0.15 HERMES J .10 SHACEL) 0.30 [SLAC(EL43) o SEACELSD) | HERMES COMPASS 015 [coMPASS COMPAS ,olcOMPASS
0.08 : - 0.2 sy 02 K - K
| 0.10 0.20 0.05 ﬁﬁw o010} A} h 010f APT Al K AP +K
0.05 4 P } 0081 AP p 11 p 01 . 0.1 0.0
’ AH 0.05 AII A” 0.10 A 0.03 A” | 0.05
SLAC(E155) SMC | )15 1SMC 0.05 COMPASS HERMES 0.05 02 0.10
0.20 0.20 015 : 0.05 o SMC } SMC 005 HERMES .05 [HERMES HERMES
0.10 ! d—sht d—)h [ pd—mt Y| qd—ne d—sh*
AP Lﬂ M AP| 005 AP Ad H Al A A 0.05 Ay
010 7 0.00 1 1| 000 0.00p 2l 00 00 0.00
5 0.00
_|[HERMES 003 [SLAC(E143) .10 |SLAC(E143) SLAC(E 55} SLAC(E155) . H s
005 : 0.05 } 0.20 0.050 HERMES 2 [HERMES HERMES ’[HERMES 0.05 [COMPASS
0.00 0.00 . Adah’ Ad‘)K' 0.0 AdﬂK’ 0.10 A"—’K ‘‘‘‘‘ Ad‘*ﬂ*
0.00 A\cli | Aﬁ l Aii\ | 000 Aﬁ 0.00 Aﬁ hT’ i 01 ! !
0:20 . 0.10 . . 001 005 0.000 —0.1 0.05 0.00
SMC SMC | o010 SLAC(E154) 0025 |SLAC(E154) - ) 0
- ‘ 2
000 rrm 0.05 [COMPASS COMPASS I 005rcomPASS !fconmpass l COMPASS
0.000
0.00 —0.015 a3 : d—m— 0.05F 4d—sh* d—h~
He He A A A _t“
o Af} Af A —oosp Ay ) 1 1 { o o :
YT 200 0.01 200 0.01 2005 0.01 200 0.00 000 0.00 } Axlt—»K"' Axlt—»K*
' = = -0.2 -
0.00 'THERMES 005 HERMES 0.01 0.05 0.01 0.05 0.01 0.05
SHe—h't - SHe—h z x x
\l/ﬂ J— Tﬂ g Al 0.00 A
—0.05
o o - J1
1 ~ T 0.01 0.05 0.01 0.05

A . .
= ol 5 ot Fy

Ay A D= kinematic factor (known)
|~ D Ay Running-coupling large-N_.&N; evolution, 226 polarized

Double-spin asymmetries for p, d, and 3He  DIS and SIDIS data points.

61



Proton g, stfructure function

JAM-smallx
100 T T T T T T T —T T TTTT 800 T T T
- Q2 = 10 GeV? i ool Q? = 10GeV?2 |
50 | . 400 F -
& 25p ] ~ 20F ]
0: 0 C e T
8 & b . =
N QT.: -
Qb"-‘ —25 & > 200} > _
_50F = JAMsmallx i " /,:f//"// JAMsmallz
/ asymptotically Positive gf A +EIC high g,
bl s 1 , : P —600 ,/’/ +EIC mid g1
00 7 , I asy mptotlcalll}, Negative g; i LEIC low g,
B (O 10~ 103 =2 (=1 ~8005 = = T T
T T
g,P extracted from the existing data EIC impact

+ JAM s based on a Bayesian Monte-Carlo: it uses replicas.
* Due to the lack of constraints, the spread is large.
« On the right, extraction using EIC pseudo-data (3 thin bands = 3 possible EIC data sets).
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Helicity PDFs:

JAM-smallx

Uncertainties at small x seem to be driven

Aq+ = Aq+ Ag Ag~ = Aq— Ag by ogrinobili’ry to coqs’rroin The dipole
amplitude G, and Gfilde using the current data.
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JAMsmallx: Adamiak, Baldonado, YK, Melnitchouk, Pitonyak, Sato, Sievert, Tarasov, Tawabutr 2023

How much spin is there at small xe

Q%) = 7dm (%AEH—AG) (,0),

Zmin

(%A2+AG)

Q? = 10 GeV?

[Zmin]

gmm@%;/mmwwwwﬂﬁmym

ZTmin

-0.2

as[l‘min](Q2) = / dz [Au+(xv Qz) + Ad+(:l,‘7 QZ) - 2A5+(:Ca Qz)]

Zmin

AY + AG)[,m.x]
|

G

2\ e 1 2
@)= /dx <§AE+AG) (2,02,
10-5

Tmax

Ao (@) = / dr [Aut (2, Q%) — Ad*(x, Q%))
10-5

s (@) = / dr [Aut (2, Q%) + Ad* (1, Q%) — 2 A5 (2, Q?)]

10-5

(a5 80)

[Zmax

0.1 Negative
1 .
/ dz ( ZAS + AG ) (z) = —0.64+0.60| Nl spinal
2 small x!
10-5

Potentially a lot of spin at small x. However, the
uncertaintfies are large. Need a way to
constrain the initial conditions. To do so, we will

107° 1071 10°* 1072 107! 10-° 10°1 10°* 1072 107! 64

- Tuin include the polarized p+p data from RHIC.




Parficle production
INn polarized p+p collisions

YK, M. Li, 2403.06959 [hep-ph]



Gluon production at mid-rc:pidi’ry

= (kre? /2, kre Y /2, kr)

 We want to calculate gluon production glifiﬁ

Cross section in polarized p+p collisions
at mid-rapidity, where the gluon is
small-x in both proton’s wave functions.

7 A

proton, pj proton, py 66



Gluon production in polarized p+p collisions

Working in the shock wave picture, we first
need to sum up the following diagrams
(emission inside shock wave is suppressed
by alog):

The result is shown below, and is cross-checked
against the existing lowest-order calculations.

L —N=CN, | PedPyd?he ity § = = .
Chrdy  1ls / rayane

1 adj — adi _ adi _
-3 (Gﬁ(% pY) + Gyl 2k p) ) — 2G P (2K pf))
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Including small-x evolution

« We need to include small-x evolution on the projectile and target sides.
 This is simple on the target side, less so on the projectile side:

J‘»
OJoJeTeLeeJoJON

« We symmetrize the above expression with respect to target—projectile
interchange, after which we can include the evolution on the projectile side as
well.

[ & g1

@g%%
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Gluon production in polarized p+p
collisions at mid-rapidity: the final result

* In the end we get the following expression for the cross section (at large N.),

where the dipole amplitudes Q and G, evolve via the above evolution equations
(YK, M. Li, 2024):

do Cr 1 2 ik
_ A2z ek
Pkrdy  asmt sk / ve

4 2G 2 oo kre Y %gj_-ﬁl <V_J_2+<V_J_-§J‘ 4Qr 2 V20t kre
X ( @p 2P) (0, V2py kre™) ﬁi_l_(v_ v, 0 2 Glor (1, V2py kre’);
L

« Equivalently, in momentum space we obtain the following factorized expression in
terms of TMDs (AHj3; is a twist-3 helicity-flip TMD):

do __327T4a5 1 / d?q
krdy N. skZ ) (2m)?

. . k (k—q) ¢k 3L kr
< (amier i) (i i) ( ) ( (-0 )
2 .

B
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Polarized p+p collisions: small-x phenomenology

- The above result can be applied STARJTE: ) b <po0s |y sTAR v
to RHIC data M STAR Data 1o }
(D. Adamiak, N. Baldonado, et al, St ] | ii} : I
2503.21006 [hep-ph]): oont | N |

 Note that the calculation was for oy STAR 2015 vl a,0s) | T sTAR 0 e o0 ]
gluons only, quarks need to be ol }:
included (in progress). Hence, T B | gl |
comparison with the data is o 1 R
a proof-of-concept at this point. et

« Only large-N. evolution (+external quarks) is employed.
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Longitudinal Spin: Small-x Evolution

100 @

. 0.05 T T T
Q* = 10GeV? Il DIS-+SIDIS large-N &Ny Q% =10GeV?

Small-x evolution can predict S\ T STDTS arge
helicity distributions at small x. | 15 SIDIS pp large- N /

But: hard to fix initial conditions
given the existing data (note: not
all polarized p+p data has been
analyzed yet).

g{'(a:, QZ)
z g7 (2, Q%)

B=== median + 68% CI
asymptotically g} > 0

asymptotically g7 < 0 |

L
10-3 1072 1071

End result: also a spread of i
predictions for EIC.
EIC will provide constraints: @ = 10cev: ] e it 0
6000 o0 = = JAM-DGLAP + EIC |
Plots are from JAMsmallx, & - oasft T

- O

D. Adamiak, N. Baldonado, =l
et al, 2503.21006 [hep-ph]

—4000

6000 |-

1 0.10F e 1
JAMsmallx ".
BN | EIC positive g; | 0.05 7
B +EIC all ¢4 1

H |+ EIC negative g; |

—8000 |

. 1 1 1 = Yl i L ! !
1077 10-¢ 10-° 10-4 10-* 10~ 107! 1077 10-¢ 1077 104 10-# 1072 107!
xr xr



. . 02 68;% CL | | Q% = 10l GeV?
New constfraints coming S
from polarized p+p data: = \
DY) e e
Féc\l
* Including more data constrains the initial 2L 1
X H H — DIS+SIDIS large-N+4¢
condifions for the dipole amplifudes o] DIS 1 SIDIS s e N |
involved, resulting in more precise EIC e A
predictions for the profon g, structure oL da Ag(z, Q2)
function and estimates of spin at low x:
:v:::yes% cL ' Q2'=10GeV"I’ g “E es%CL
g 0.04 é Q2210G0V2
. é 0.02F 2’
D. Adamiak, N. Baldonado, 4 | U | +
et al, 2503.21006 [hep-ph] 5 o 1
;éimu} BN JAMsmallx 'g
" ool mem +JAM-DGLAP g, | == JAM-DGLAP
matching | c‘,?‘ 04 -I .]Al\/[?rna]lxI I
0.6 0.4 l‘l()()l_(;dw Agl&;’ Q2) 0.2 0.4 X .05 .13.005 dw(r%AE J_'_ A[;)y (w’ 8;) 0.35 0.40
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Inclusive dijet production in
polarized e+p collisions

YK, M. Li, 2504.12979 [hep-ph]
see Ming’s talk



Inclusive dijet production in polarized e+p collisions

[]
[]
[]

[]

DG ND " ¢ DT

e il

[]

( e

[]

[]

[]

Consider double spin asymmetry (DSA) in inclusive dijet production in e+p collisions. In the b2b limit
(or ~ Q >>A; ~Agcp) the cross section probes the WW gluon helicity TMD (cf. F. Dominguez, B.-W. Xiao,
and F. Yuan, 2010; F. Dominguez, C. Marquet, B.-W. Xiao, and F. Yuan, 2011, for unpolarized TMDs):

doV p—aaX N p% L g
Az(1 — A ~ — L 7 2 2 1— 2 —f GWW ~ PT AQ
)\—Zjﬂ A=) d*pd?Adz 21 s (eZy) [Z +(1-2) } (p7 + a?)Q 9iL T s °T

. . . . G di
Since, in the linear regime, the two TMDs are the same, 912" " (z,k3) ~ ¢77"" (z, k%) , we can use the

future dijet data at EIC to further constrain gluon helicity distribution. a3 =Q*2(1—2) +m?
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Quark and Gluon OAM
at Small x

YK, B. Manley, 2310.18404 [hep-ph]; B. Manley, 2401.05508 [hep-ph];
YK, B. Manley, 2410.21260 [hep-ph].



OAM Distributions

« We begin by writing the (Jaffe-Manohar) quark and gluon OAM in terms of the
Wigner distribution as
/ d?b, db~ d*k | dk™
L =
(2m)3

(b x k). W(k,b)

« After much algebra, we arrive at the quark and gluon OAM distributions at small x :

AZ(CB,QQ) Nf Q (-’510 = 1 s = Q—2> ,

a37r2

2
AG(J;,QQ) — G2 <$10 = %, = %) .
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OAM Distributions and Moment Amplitudes

2Ny ~ 1 Q2
LQ+¢7<£7Q2):_ J;I(.’L’%O:@,S:—) )

QT T

2N 1 Q2

« We now have the impact parameter moments of dipole amplitudes/operators:

LG(x7Q2) =
~ ~ T -~ T 1 -z o
/d2x1 1 Quo(s) = =iy I(z1g, 5) + €™ aly J (210, 5) | +

/ 2127 Q1o(s) = a5 I3(230, 8) + €™ 2] J3(23, 5),

/d%l a7 Gio(s) = €™ atoLu(zly, s) + €™ afxl o Is 21y, 8) + 82t Ju(23y, 8) + 2oz I5 (23, 8).



Evolution for Moment Dipole Amplitudes

Evolution equations for
the moment amplitudes
in DLA and at large N,
are derived in

YK, B. Manley,
2310.18404 [hep-ph].

They can be solved
numerically (same ref)

and analytically (B. Manley,

2401.05508 [hep-ph])

(

(0) z2
I3 13 Z ;R0 o 203 —4Ty + 215 — 219
<IN, d d
14) (x%o,zs) = Iio) (JJ%O,ZS) + a / 72, / 55221 0 (a:%o,xgl,z’s)
1

4 L21
I 19 oL ’
10
; min[ % 23, 2] ) 4 —4 2 —4 —6 Z
Ne [ de d
+ 0‘4 i, / 1;21 0 4 2 -2 -3 I5 | (23;,%'s)
T J z i 4 Tor \ 2 2 -1 4 7 G
i G
Iy 1"
Ly | (239, 23,,2's) = Iio) (0, 2'5)
T I
2 ominlelosd ) sop 4 49T, —aT,
pote [T 0 (072, "5
4 " 2 7 7
T J z / L32 0
22,
s
z 22, min[Z; x§1 ﬁ} 4 4 2 4 6 I
N L d - -4 - 4
+ a47r ZZu / ;232 0 4 2 =2 3| || (x32"s)
/ ‘ ) 32 2 2 -1 4 7 G
A max[z7,, 7]



Small-x asymptotics of OAM distributions

« Solving the above evolution equations numerically, we arrive at

| 3.664/ 25c
Lq+q($,Q2> ~ LG($7Q2> ~ (_)

Consistent with Boussarie,
Hatfta, Yuan, 2019 (based on
BER IREE from 1996) within
the numerical precision

X

In|Lyiq(Y, Q% = 10 GeV?)| In|Lg(Y,Q* = 10 GeV?)|
. 70¢
60; 603
50% 505
40; 405
30, 30
20, 200
10} o
: : Y

| ‘10‘ - ‘20‘ - ‘30‘ - ‘40‘ - ‘50‘ -
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Two intercepts, again

The evolution equations for moment dipole amplitudes have been solved
analyfically by B. Manley in 2401.056508 [hep-ph]. The solution was constructed
using the double Laplace transform, similar to the solution for the impact-
parameter integrated amplitudes.

The resulting small-x OAM asymptotics at large N. is the same as for helicity PDFs,
1\ ™"
Lgyq(z,Q%) ~ Lg(z,Q%) ~ (—)

x
with the m’rercep’r

an = 31/3 Re |(~9+ i VIT1)!/3 \/O‘S ~ 3.661 O‘S

This slightly disagrees with the work of Boussarie, Hatta, and Yuan (2019), which

resulted in the same intercept as BER /17 + F oo as




OAM Distribution to hPDF Ratios

» Following Boussarie et al (2019), we consider the ratios of OAM distributions to
helicity PDFs at small x.

» For these ratios, Boussarie et al, predict, inspired by the Wandzura-Wilczek
approximation:

Lovq@, @) _ Lo(2,@) _
AY(z, Q?) AG(z, Q%)
23| ~86w@)|  ~ (1) Lewa@QY) ~ Le(@.Q) ~ (3)
r1 r1 T x
» Pure WW approximation predicts:
LQ-H?(:E?QZ) 1 LG(x7Q2) 2

AY(z,Q?) 1+ AG(z,Q?) 1+ ap



OAM Distribution to hPDF Ratios

t
1 2 3 4 5
~02
Analyftic solution from B. Manley, oal
2401.05508 [hep-ph], gives T e T e e R R 23(1()“)
-0-6? """"""""""""""""""""""""""""""""""" RYY (1) + R(t)
as N, Q2 -08
t — lIl :
27 A2 “10
as = 0.25 A =1 GeV T T BT
-0.5+
Compares well with Boussarie etal: o
SR S A S #10)
Lq+(i(x7Q2) ~ 1 Lg(z,@Q?) ~ 9 3 — Z}V‘:’(tHRg(w
AX(z,Q?) AG(z, Q%) -1.5 | |
-2.0




Elastic dijet production in
polarized e+p collisions

YK, B. Manley, 2410.21260 [hep-ph]



Elastic dijet production in e+p collisions

K. o
The process is similar to the one above, i I
. . , O )
except now the proton remains intact. > H H——
One considers two observables, double spin q; A

P2,02

«<

asymmetry (DSA) and single spin asymmetry (SSA):

1
JoDSA — 7 Z 0. Spdo(oe, St), \

Ue;SL
1 P, Sy P Sy
dO‘SSA = Z Z St dO‘(O‘e,SL)

O'e,SL

Hafta et al, 2016; S. Bhattacharya,

R. Boussarie and Y. Hatta, 2022 & 2024;

S. Bhattacharya, D. Zheng and J. Zhou, 2023;
YK, B. Manley, 2410.21260 [hep-ph]



Measuring OAM distributions
In elastic e+p collisions

* In the small-t limit (oT, Q >> Agep > A
with t = —A%) the elastic dijet DSA
measures moments of dipole
amplitudes I, I, and |5, thus allowing
(in principle) to measure OAM
distributions!

- Cf. Hatta et al, 2016; S. Bhattacharya,
R. Boussarie and Y. Hatta, 2022 & 2024;
S. Bhattacharya, D. Zheng and J. Zhou,
2023.

« Feasibility study in progress
(G.Z. Becker, J. Borden, B. Manley, YK).

do Paar’

1 symm. AA 2 —i -
1-2) 5 Y SpA5> =- d*z1p d’zyiy e~ @2—212) N(zd,,, s 107:
Al =4) 25 ,\11SL d2pd2Adz (2m)52(1 —z)s/ ARG TS N (@i 8) (107a)
Ly

X { [ (1 -2 +iA 21 (P +(1-2)%) - %A “Zyy (1= 22)2> Q(aty, 8) — il - 215 I3(21s, 8)
. 1
— A X 13 J3(32, S)] (b'[r’]r(‘1121 Ty, 2)

+ [i(1—22) (Ajfjizfzf‘l(x%zy 8) + A X T15 T1oI5(2ls, 5) + A’ 23 Ja(zls, 5) + A - 212 230 T5 (21, S))

- [1+ia-22)4 (2 - B2)| (*ohrGa(a, 9) + 20aGi (o, s))]

2 (ai - ipi) q’[rzlr@u: Zyrgr, 3)} +0(A%),

¥ p—qqp’

1 . do X 2iv/2 .
1-2) = Sy |eir¢ —Symm e | =——— [ Pz dPayy e B E2"22) (107
My [ Pp@ad: T | T a1 - 7s ) C T2 aom)

X N (23,5, 5){ [ <l —22+iA -z, (22 +(1- 2)2) — %é “Zyg (1= 22)2) Q(22,,8) —iA -z, (225, 8)
—_iA Ja(z2,. s ’A“‘Elz ol _ ’;‘21'2' o
1A X T15 J3(275, 5) L (Z12: Ty, 2) L@y T2, 2)
T12 Ty
+ |:1,(1 —22) (Ajeji 22, Iy(22,,8) + A x 21, 78, I5(22,, 8) + At 22, Jy(225,8) + A - 24, 78, J5 (2, .s))

- [1 +i(1-22)A- (212 - %)] (eikz'szg(zfz,s) + z%,G1 (2, s))]

i i E X I ié X Zyro
x (0} - ") [ﬁ@ﬂ(zlz,gl,z,, )+ R @ 2, z)} } +0(A2),
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OAM measurement with elastic dijets:
feasiblility study (very preliminary!)

Vertical axis — COSs ¢a,r

harmonic in elastic dijets A;.

pT = jets b2b momentum

A = momentum transfer
assumed int. luminosity = 100 flo-!

0.006

0.004

0.002

0.000

—0.002

—0.004

—0.006

—0.008

d?{cos ga,)/dp.dt
T T T T
L DIS+SIDIS+pp -
DIS+SIDIS+pp (constrained OAM)
L T  Absolute error .
_—i-a:—-:E—E--}-E--I—-I-{——}—I-{[——}-{--}—{--{.-}-}-- —
Integrated luminosity: 100 fb™ !
T V/s=95GeV ]
t =0.04 GeV?
Q? € [16,100] GeV?
~ y € [0.05,0.95] 7
2 € [0.2,0.5]
| | | | |
2 4 6 8 10

p1 [GeV]

JAMsmallx (Brandon Manley) — preliminary!



Conclusions

« The small-x helicity formalism in the double logarithmic approximation (DLA) +
running coupling allows to do successful polarized DIS + SIDIS phenomenology
based on the existing small-x data.

« However, the multitude of different dipole amplitudes in the formalism prevents
precise EIC predictions: there are too many initial conditions to fix using the
existing data.

« Polarized p+p data on A, from RHIC, if properly included, may help. The first step
in this direction was presented above.

 When EIC comes online, DSA in inclusive dijet production will help constrain gluon
helicity distributions.

« Elastic dijets at EIC may help us measure the OAM distributions as well (and
compare their x-dependence to theory).



