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High-energy (Regge) limit of QCD
Let us introduce the problem of High-Energy (Regge) limit of QCD
on a particular example of a process — production of Mueller-Navelet
dijets at hadron collider (X =anything):

p(P1) +p(P2) = jet(kyi) + X + jet(ks2),
where M;J = (le + kJQ)Q > |kJ1|2 or |kJ2|2 > A(QQCD (bold*

L -vectors!).
» do = PDFi ®PDFJ ® da'” 5
1 ban 1 SN————— ~~
“non-perturbative”  perturbative

» Fixed-order: dé known up to NNLO in ay,
> Regge limit: Y = In ——4LL__ > 1, the d&

v kaillkoz]

recieves corrections ~ (a,Y)", which should
be resummed.

» The Balitsky-Fadin-Kuraev-Lipatov (BFKL)
equation allows to rigirously resum them in
the LLA (3 (asY)™) and NLLA

Q;aJQQ%n)

Figure from [hep-ph/1302.7012] .
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BFKL equation

» Up to NLLA, the partonic cross-section is:
déij = /d2k1d2k2 Ci(k1)G(Y, k1,k2)C; (ka),
where C;(k) — impact-factors, G — BFKL
Green’s functon. From now on: [ d’k; — |

k

» The latter satisfies the BFKL equation:

0
_G(YyklakQ) :/K(klyq)G(YachQ)a
q

oYy

Gluons in t-channel are Reggeised.

The BFKL kernel is computed perturbatively:
as ()N,
Kk a) = % (Ko@) + i)+ )

where a; = a,/(47). The Ky is known since [srxr 76, 78], the K is

also known in QCD [Fadin, Lipatov, ‘98] and N =4 SYM [Kotikov, Lipatov, 2000]

. The KQ is known in ./\/ =4 SYM [Caron-Huot, Herranen, 2016] and is being
computed now in QCD [Gardi, Del Duca, Fadin, Papa, Caola, Falcioni, Byme,Fucma,.;)I 27



Characteristic functon

A useful mathematical tool is the BFKL characteristic function:

/K(k, q)<q2)'yein¢q — MX(n,’Y)(k2)76in¢k,

™

where x(n,7) = xo(n,7) + as(k*)x1(1,7) + ...
v
Then G(Y, ki, ko) < Y [exp [YO‘SNCX(n, 7)] (t—ﬁ) eine,
n vy 2

™

Re x0 (0, v) in ~v-plane:
10

x(0,1/2 + iv), dashed line — LO, dash-dotted line

— NLO, solid line — a version of resummation for
leading collinear poles:
¥

- @

Figure from [Chernyshev,MN,Saleev, 2025]

Corrections to X”arel'o large and mostly come from poles at
y=01! 4/27



Let’s “rise the sea level” *

Scattering amplitude of a gluon on a dense target (e.g. a nucleus A):
ga(k) + A — go(K') + A,

in the Regge limit (k™ — o00) is described in the eikonal
approximation, the S-matrix is:

a b 400
= S.(x) = exp [z'g [t reaz@tomx)

— 00

ab

A-

If the projectile gluon is boosted (kT — €Y k™) then the radiative

correction includes:

2 |
ags0Y X

Which leads to the JIMWLK-evolution for the projectile O.
*A. Grothendieck, “Recoltes et Semailles”
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JIMWLK equation

The operator of the projectile evolves with rapidity as:

0
8_YO Hiyrmwri O,
W}}ere: o
Hyrmwrx = ;7‘(’2 / K(x,y,z) [JL(x)JL(y) + Jr(x)JR(y)
X,y,z

—5%(z ) (J7(x VIR (y) + JE(y) TR (x N

with K(x,y,2) = (x —2) - (y — 2)/[(x — 2)*(y
0
Y

If the target is not dense, the JIMWLK picture reduces to BFKL and
Wilson lines S% can be expanded in the Reggeized gluon fields a®(x)

[Lipatov ’95;...;Kovner, Lublinsky, 2005;...;Caron-Huot 2012;...] &

§%(x) = exp [igT ac(x)] ", (i9)J¢, gy = [F(£iT " (x))]*"

with F(z) =z/(1 — e 7).

0
dab(x)’
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(anti-)Collinear resummation in JIMWLK (gluons)

In [Kovner,Lublinsky,skokov 2023] the method to resum large corrections to
JIMWLK Hamiltonian, arising when Q1 > Qp was derived. One evolves

the “bare” Wilson lines (S°?) at the scale Q7 down to the scale Qp
(=S,):

a%cpsab(xz Q) = _agab(x7 Q)

1 27

a d¢ . B .
_%O/dgo/%[QNCpgg(é-)Dab (x+(1—f)Q ng,x —&£Q n¢7Q>
+2Trnrpe (E)D,) (x+ (1 - )Q 'y, x — £Q "0y, Q) |,

where a = a0/ (47), Dap(x,y, Q) = tr [TQS(X, QTS (y, Q)} /N,
D (x,y, Q) = 2tr [taV(x, Q)tV' (v, Q)]

dln Q?
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(anti-)Collinear resummation in JIMWLK (quarks)

In [Kovner,Lublinsky,skokov 2023] the method to resum large corrections to
JIMWLK Hamiltonian, arising when Q7 > Qp was derived. One evolves

the “bare” Wilson lines (V) at the scale Qr down to the scale Qp
(= Vg,):

9 _3Cr 2a
T Vi (0 Q) =~ 5 2V (x.Q)
./dﬁ/“w O (x+ (1 - Q 'ng, x — €071y, Q).

where a = a.fo/(47), DYV (x,y, Q) = [taV(y, Q)ts],; Sab(x, Q)

Jln Q?
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Resummed JIMWLK Hamiltonian

Oés

At = 225 / K (x,y,2) [T () + T ()

_gg(z) (JEx)TR() + T2 () Th(x)]

With the Scale—ChOice [Kovner, Lublinsky, Skokov 2023] .

Q* = max((x —2) % (y —2) 7%, Q})

The task: linearize H§ Ie&)w LicQa(X)aq(y), obtain the resummed

BFKL equation, do the Fourier transform to momentum space and
compute the cherecteristic function.
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Fixed-coupling approximation

10/ 27



Linearising the resummed JIMWLK

Write an ansatz for S and V in terms of Reggeon fields (a(x)):

Sab(2, Q) = bap + igT} / R (2 — 21) e, (21)

z1
. N2
1 c C: p
+%(T YT o / Rg’]>(z—zl,z—zz)acl(zl)aCQ(zz)—F...,
z129

Other possible colour structures at O(g?) do not contribute when contracted
with ¢, ¢,. Expand the resummed JIMWLK Hamiltonian up to O(a?):

fino=py | flmblfcz]“bz[—m” ()a(y) — Ko (21)0 (22)

272

X,¥2(1,2)
+K) (a“ (2)a(y) + a® (x)a @)} m
+Cad (x = y)[Ka' (x) = K} a"(2)] aaf<x> }

where KS)(x,y,z) = _fK(x,y,Z)RS)(i —z),

Kg)(X,y,zl,zQ) = 2fK(x,y,z)Rg’l)(z — 21,7 — 72). " / o



Resummed BFKL kernel
The scale-choice [Kovner, Lublinsky, Skokov, 2023]
Q> = max((x —2) %, (y —2) >, Q0) | Act Hiin_gae(x)a

the Fourier-transform:

<(y) and do

2

Ne k4
Kgcs.)(ky q = dsNe _{ N a _
272 qt k2(k + @)

K-kt T a2 RS @ (k| ktal) 1 Fa@? orRS V(@ L2 (e
o ()0 (52) 4 T ()
A na @

KEk+a@)? J, Q2 9InQ2 Q Q
Q@ 0

- dg? (\k\)

—Jo | — }

0
a2 q

2

o0

2
1 ® a2 oRG) @1 K\ 9 de?  [le+al 1 Ik + al
3 ] S e (5 [ e (M) o (B5)
20 (@2)3/2 9mQ? lik| Q/ Y q Ik + al Q

0
2
1 P aQ? 8R(Q2'1)(q) Q dq2 ||
/ () [ &
0

o L (@32 amQ?
Qp
oo 2aR(l)(q) Q% o
s _<1) no Q7 7% @ dam (kI
s afi- s - T2 Fac, (1)
Q3
2,1 ; _
f Ré? )(Zl,Zg)elq(zl ZQ).

Z1,2

| RG (), RS (a) =

z

where RS )(q) =
12 /27



Resummed BFKL kernel

The scale-choice [kovner, Lublinsky, Skokov, 2023] :
Q? = max((x — z)*2, (y — z)*2, Q(Q)) . Act ﬁlin,7Qac(X)ac(y) and do
the Fourier-transform:

agNe k4 { q2

2 gt k2 (k + @)%

ngs'>(k,q) =

Kokt T a2 RS @ (k| Ik + al 1 Fag? orS V@ , (1
Lrtey Fao o ) e 17 e o )

K2 (k + q)2 Q2 omQ2 Q Q K2 Q2 oamq@2 °
Q3 Q3

oo 2 (1) Q% , Q%

17 dQ? O9Rp ()1 k| ~ dq |k + al 1 |k +al - dg k|
__/ ﬁ—[_‘]l <_> / _J0< )+ Jl( ) / _J0<_>}
2/ (@2)3/2 a1mQ2 Lk Q q2 q [k + al Q q2 q
Q3 0 0

2
L 7" aQ2 6R8'1>(q) ( ) 7 ag® | (\k\)
2 ) @232 amqz ! 2
Q3 0

oo 2 8R(1)(q) Q% o .
e ¢S _ aQ a [k]
=0 (k+q)[(l RQo ) (In2 = 7p) = /2Q2 TomQ2 0/q2 Jo {7 H
QO

where RS (q) = [ RS (2)e'®, RSV (a) = [ RYV (21, z)e’al %),

z Z1,2
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Resummed BFKL kernel, #-approximation

Let‘s substitute Jo(z) = 6(1 — z), J1(z) = (/2)0(1 — z).

2

4

q (res., 0) asNe q
d i K q) = -
oD =0 { k2(k+aq)7

_2k'(k+<1) (1- (1)

1 2.1)
2 (k T q)2 Rmax(Qg,k2,(k+q)2) (q)) +F (1 T (@2 k) (q))
7 2 9RW 2 2
(@Q*)? 0lnQ? (k+q)? k?

max(Q3,k2,(k+q)?)

/°° Q> abzg’”(q)1 Q?

1
4

@) omQ® K

max(Qg k2)

!
4

2 9RY 2
—r (et @)(1- R@) (m2—np) - [ LT DR ]

max(Q3,k?)
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Linearised evolution for Sg and V: RM and rM)

The quark S-matrix is expanded in a similar way:

z1
. N2
+(Zg) (t61t62)ij T(QQJ)(
Then the evolu(ti)on for 2122
RY o) .
Rg)(p) = & (P) is:
Lifa) (p)
0 RM _ II R
SRS () =~ (pl/QRY ().
Loy, () 25wy (p)
I _ 3 Mg 3 Tag
1(p) ( —%Ncﬂgq(p) %NLcﬂgq(p)

with ;5 (p)

Tij(p) =

T
[ dEpi (&)
0

1
({dfpij (&) Jo(pE)

1
[ dEpi; (&)
0

_17

1
({dfmj(l—f) Jo (p€)

)7,,

Vij(2) = dap + igt;] /TS)(Z — Z1) e, (21)

Z — 71,2 — Z2)0c, (Z1)0c, (Z2) + . . .,

m

6 11
Tae(p) = 1 <lnp— G —ln2+’YE> s
4 3
Tgq(p) = 3 <lnp 1 ln2+’YE) )
Tgq(p) = meg(p) = —1.
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Sudakov suppression for R

Without quarks, the LLA solution for R™) looks as follows:

2
RS (p) = (Q>|1:>|)+0(QT>|p|>Q)exp[_2_Tl 2(%”
+ wm>Qn@mL§$ngglwgﬁl

The numerical effect of quarks is small:

R1(p)
20

— as=0.3, Q=0.5, nF=0
1op— —
as=0.3, Q=0.5, nF=3
s
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Linearised evolution for Sg and V: RV and &1

9 ey _ @ (2.1) p|
51DQ2RQ21 (p) = _E{HQRQ?I (p) + Jo (Q ) PqQ (P)},
o () = ( FNLRY (0) + 335 11y (0] )
)

)

3N R(l)( )r (1)(

11 4ac
oz e )

H =
2 —3N., 0

We approximate JO( ) = 0(1 — z) and then we need only that
RO (Ip| < Q) = rM(|p| < Q) = 1. This way we obtain the LLA
solution for the Rg 1 (for Qr — o0):

R@“@%—%“‘“Ng—ﬂNrﬁN%+(mwmfm%>%x
0 () =

ANZO — A, o T4 oA,

2
where )‘:I: = & — —N + \/(% — 1—31Np) — 4CFTLF.
1727



LLA-resummed BKFL kernel

Only one of the terms contribute in the LLA:

(res., LLA) _achk_4 _ q2 _ p2)
KD (kvq)  or2 q4 k2(k+ )2 +k2 (1 Rmax(Qo,k2)( )) ’

with Q3 = k2. The LLA solution for the Rg’l):

RSV (p) =

380 — 11N? — 11N, — 3N2\, (max(Q2, p’

A
NI — A1) g ) e

2
where Ay = B—QO — %Nc + \/(% — 1—31Nc) —4CFnF.

/ Kk, q)(q?)endn — 2N ) gy,
s
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LLA-resummed characteristic function

' 1 Ne(v—1) — ?aSCpnF
XU (1) = x0(1,9)+6n,0 S (=1~

— 1_NC [('y —1)2 —as(y— 1)(%Nc — 50) + 4a§C’FnF]

L » The anti-collinear pole is
removed. Nothing happens
to the collinear pole

—x0 » The y-value at the saddle

T xres, as02n=0hint (Pomeron intercept) is
decreased, which is good for
of phenomenology

— x-res, as=0.2, nF=3

0.0 0z oa o6 os 0! > The eﬁeCt Of qua’rks 1S

numerically small
Expanding in a5 we obtain:

asN: 114 2np/

N2 9
< 571 )
s p e toe

XU (y,m) = xo(v)

1927



Cheat-sheet on asymmetric schemes in BKFL

projectile: p™ —

N kfr ~ er 2 2
. s=p'p, k= L gy = A1z,
1 T ar N P g
|
— Li=ti —wm S GIMWLK)
| k3 a7
! ks s
| L_:ln—i:ln—, (DIS)
Imw h a7,
1 Tars + i
! Y:llnk_l__llnk_?_:m%.(BFKL)
kg ~pm 2 k2 Kk Vari19rs
target: p— —
as

X=(7,1) = xo(v,n) F ——=2x4(7,n)x0(7, n) + O(a?),

4

So in (+) scheme the 1/(1 — v)3-pole cancels and in the
(—)-scheme the 1/7%-pole cancels.
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Comparison with NLO BKFL

Pole structure of the NLO characteristic function from (ketikov, Lipatov,
2000 (symmetric scheme!):

2
X(n,7) = xo(n, 1) + 25D 5n, ),
2 Suo (11 2 1) —(n+1
5(n,7)=—m—7—£(§+3%>+2¢( )(75}5:;2 )
¢ 3
- 2 b0 <£ 2np) +—%+§}§j+2(w(1)—¢(n+1))
(1—y+2)° @=72\3  3N¢ (1—vy+2)?
+...

The 1/(1 — v+ n/2)3 pole cancels in the (+)-scheme. The §,, o-term is
reproduced by the resummation. The highlighted term is related with

the running-coupling effects.
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Cross-check: Bjorken limit of the target
We can cross-check the result by considering the high-energy limit of

the v*(Qp) + v*(Qr)-scattering amplitude in the limit Q7 > Qp.
[
!

b, Q% — | » In the BFKL approach, the amplitude
7 (W)
o [ (&) (g—z’) , where 27 = Q2./s
w T

I+ I+ and the anomalous dimansion +, is
! determined by the equation:

J- 0008 J -
| AN (0.1 -1 w) = w.
™
: » The LO solution of this equation:
B P = 2[R (2 - Lyt 2 ce) o)+
ar Q1 — i agrees with the expectation from DGLAP.

. 3 4 C .
0 < fo(w. n2) ):Er( fo (e n2) ) r=( %‘J’(%Q_%NC) =5 —snror >+o<u>,

dlnpu2 \ fqlw. p fq(w, n?) 0
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Running-coupling effects
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Isolating Sy-terms in the linearized equation

Let’s start with the gluon and quark dipole terms of the NLO
JIMWLK Hamiltonian:

B = [ I00[Ksss TS @IS )
X,y ,%z,2’

+2np Koq tr[VI(2)t°V (2)t]] T4 (y),

and subtract from it the real-emission term of the resummation:

Ay (dip.-res. Ay (dip. Qg _ a ab/= ab /=
Hyyo ™™ = B~ / Kro(x,y,2)2J"(x) (85 (2) -5 (2)) J"(y),

XY,z

at the NLO in «.
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Isolating Sy-terms in the linearized equation
After linearization we obtain:

“r(dip.-res.
(Ao e (X)ae(y) =

n a2 11 2n
—N? / <KJSSJ_N_ZK‘1‘7+ . {g—F F]KSUb')<aC(Z)a0(Zl)>

47t 3N3

z,z’

ozg 11N, 2ngp
+Nc/ [/ <NCKJSSJ —nFqu‘F m[ 3 - T:| Ksub.>:|

x ({ae(x)ae(2)) + (ee(y)ae(2))),

where (in £ = 1/2-approximation):

: 202 (X—Z). (Y-Z
Ky = [ LSOO,
J Z (X =22 -%)
For | Q% > max(X 2 Y ?)|
int. XY 1 _
Kiuﬁ,)(x7y7Z) ZWW[— - +p+ I+ In(p?Qz%) + 0(e) |-
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Bo-structure at “large-"Q?

The virtual term of the NLO JIMWLK, combined with the virtual
term of the resummation gives:

(NLO) _ af X-Y By
IS 473 X2Y?2 2

{m(x%) +In(Y?p?) —In Q—z]

we obtain for the action on a “dipole” ((a(x) — a(y))2>:

25 X-Y 2 Y2 _X2 Q2

which agrees with the structure of Sp-terms in [Baiitsky, chirini, 20077 . In
the limit X2 > Y2 (or X2 < Y?) this structure can be simplified as:

In (u2 min(X?, Y2)),

which suggests the scale for running coupling: p? = max(X ~2,Y ~2).
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Conclusions and outlook

» The (anti-)collinear resummation for the JIMWLK Hamiltonian
[Kovner, Lublinsky, Skokov, 2023] has implications for BFKL evolution.

» The effect for the characteristic function is asymmetric, only
anti-collinear pole is affected. The agreement with known NLO
BFKL results and with the Bjorken limit of the target, known
from DGLAP, has been checked.

» The Pomeron intercept is decreased, the effect of quarks is
numerically small

» The symmetrization of this resummation and inclusion of
as-running effects is needed for phenomenology. Work in
progress...

Thank you for your attention!
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Backup: Phenomenology of Mueller-Navelet dijets

[Chernyshev, MN, Saleev, 2025]

10" 10! b) 10!
—— HEF @ . DO'% —— HEF ©® . DO'9% —— HEF © e DO'%
VS = 1.8Tev VS =1.8Tev SR HEF + NLO BFI VS = 1.8Tev
100 05<Y <15 _ 10 25<Y<35 15<Y <55

Vodo/das
1/odo]das

(© —— HEF
=+ HEF + NLO BFKL

< 10" <
< <
= =
= =
s )
= 0 =
s [y
= =
= =
107

A

Ad A



	

