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My first encounter with lan

If you are going to work with us, you need to know...

His first lesson

m He had to ask me twice not call him Professor anymore

lan’s style to answer questions

Do not explain him in words why you think your result is correct
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lan, Happy Birthday!
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Story of a Diagram
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LO Impact Factor: lan’s PhD thesis (1978)
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LO Impact Factor: lan’s PhD thesis (1978)

LO v*~* scattering

2.2.2
oy = 0 ) + - = 3Pt 0}

1 sinh? v (9 + 4v?)? ;
F = — Ex(0,v)+iky
l(’ia 5) 78 / 1/1/2 cosh? mv (1 + VZ)Z e

1 sinh? 7v (1 +402)? ;
F _ Ex(2,v)+iky
21, ¢) 8 / 02 costt® 7w (1+v2)! ¢

x(n,v) =R {1/)(1) — (v + ‘”‘TH)], andk =1n g—g

LO BFKL formalism in full glory
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Factorization at NLO

v+ NLOIF

+

Y :
«/w@vvw / /\/\< >\f»fw

= NLO BFKL: o, (wn L) Fadin-Lipatov (1997)

m NLO Impact factor contains contributions prop. to a; In é which can be
included in the LLA.

m NLO IF from standard QCD: very difficult (see Bartels and collaborators)
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Road map towards the NLO: it started from far away

DGLAP original derivation: Leading log resummation

m Modern view: DGLAP corresponds to a renomalization group equation
m lan may tell you offline the story of Politzer visiting PNPI in Gatchina

BFKL original derivation: Leading log resummation

m lan motivation was to get BFKL from an opratorial point of view

m = Operator expansion for high-energy scattering
(more than 2000 citations)

m Idea: semi-classical approach: quantum particles propagates in the
background of classical fields

m Similar to Wilsonian renomalization group: but not quite the same
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non-local Operator Product Expansion Balitsky-Braun (1988)

W { ] Coeff. Funct.

ot )

Gauge Link

AN

T4 ()i ()} = Ce(x,y) V)77 % [0 () + O((x — ¥)?)

m C¢(x,y) is the coefficient function calculable in pQCD

m 0 (x)7,757[x, y]1(y) is the non local operator
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DGLAP evolution equation
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m What lan had in mind was to use a similar idea of the non-local
OPE and apply it to the small-x regime

m Background field method: now field are not separated in
transverse momenta but in longitudinal Sudakov component

m Motivation: Get BFKL from an operator point of view in a gauge
invariant way

m Result: Wilson-line/shock wave formalism
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The shock-wave: The red band strip and the dotted lines

Y
Y
<
2]

m Solid line: needed for scattering of a quark in the background of a
Lorentz contracted gluon field.

m Dotted line: Wilson line (just the operator) in the background of a
Lorentz contracted gluon field.
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High-energy Operator Product Expansion

Y <n

factorization scale: rapidity n

Rapidity Y > n - coefficient function (“impact factor”)

o
U! = Pexp {ig/ dx+AZ_(x+,xl)]

— 00
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High-energy Operator Product Expansion

The high-energy operator product expansion is

T4, ()i ()} = /d221d2Z2I (21,22, %, ) Te{ U2 U1}

+ / dud’ad’ss T, (21, 22, 23,%,y) e{ UL U e U2 U8} — Newe{ U7 U1

G. A. Chirilli (University of Salento & INFN) High-energy QCD Benasque - 05 Aug 2025 14/73



DIS at Leading Log Approximation at high-energy

T{.;[L(x).;ll ()’)} = /d2Z1d2Z2 Ibg(zl,szv y)TI'{UZ szn}
= Calculate LO Imapct factor: Z50(z1, 22, x, y)

= Calculate evolution of matrix element Tr{U U/7}: BK/JIMWLK equation
m Solve the evolution equation with initial condition: GBW/MV model

m Convolute the solution of the evolution equation with the impact factor
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Evolution Equation

d . . d, - -
%tr{UxU;f} = d—n(tr{UxU)T,D

To get the evolution equation, consider the dipole with the rapidies up to ; and
integrate over the gluons with rapidity n; > n > n,. This integral gives the kernel
of the evolution equation (multiplied by the dipole(s) with rapidity up to 7).

In the frame || to n; the gluons with n < 1, are seen as pancake.

aS(nl - 772)Kevol ®

_or
_ULL

Particles with different rapidity perceive each other as Wilson lines.
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Evolution Equation

ax(nl - 772)Kev01 ®

m Separate fields in quantum and classical according to low and large rapidity.
Formally we may write:

<B|0771 |B> — <OUI >A — <0”72 ® Olm>A

m Integrate over the quantum fields and get one-loop rapidity evolution of the
operator O

<Om>A = 04:(7]1 - 772)Kevo] ® <Om2>A

m Where in principle O and O’ are different operators.
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Non-linear evolution equation

as(n] - nZ)Kevol ®

m Linearcase O™ = a;An Keyoy @ O™
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Non-linear evolution equation

as(n] - nZ)Kevol ®

m Linearcase O™ = a;An Koy @ O™
m Non-linearcase O™ = a;An Keyg ® {O"0O™}
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Non-linear evolution equation

U(ry) = 1 - 3wl U0 (1))

d
dn

o,N, d*z (x —y)?

Uewy) = 9 [ o=y

{te.2) +U(y) ~Uy) - UG |

m LLA for DIS in pQCD = BFKL
m (LLA: oy < 1, ayn ~ 1): Ladder type of diagrams: proliferation of gluons.

m LLA for DIS in semi-classical-QCD = BK/JIMWLK eqn
m background field method: describes recombination process.
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Non-linear evolution equation at NLO

d
N —
%Tr{UXUy} =

2 X — )2
/ ;—7; (a(x(z)zé)y)z + 2Kno(x,y, z)> (Tr{UUI}Tr{U.U{} — N.Tr{U.UJ}] +

o? /dzzdzz’ (K4(x, v, 2,2 Uy, Uj,, U., Ui} + Ko (x,,2,2 ){Ux, UZT,, Uy, U, Uj, Uj,})

m Conformal composite operator = Preserve SL(2, C) invariance;
m = allows book-keeping procedure for higher order calculation;

NLO BKin QCD  Balitsky and G.A.C. (2007)
NLO BK in A'=4 SYM  Balitsky and G.A.C. (2009)

NLO Balitsky-JIMWLK  Balitsky and G.A.C (2013); Kovner, Lublinsky, Mulian (2013)
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Non-linear evolution equation at NLO: sample diagrams

) i i - ) - v
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m NLO BKin N'=4. It was a necessary step

m Understand the terms in the running coupling not prop to by
m = Composite conformal operators

m Composite conformal operator where motivated by the NLO
Impact factor
m First done in N'=4
m thenin QCD
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LO and NLO Impact Factor

T{ju(x)jn ()} = /dzzldzzz 1921, 22, %, y) T{ U2 UL}

+ /d221d222d223 IO (z1,22,23,%,) [tr{fJZ’, UJ}”}tr{fJg @;’} - thr{UZ OZTZ"}]

pv

LO Impact Factor diagram: /"°
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NLO Photon Impact Factor

4 4 LO d2Z1d222 LA
(T4, (050 Ha] = / — I0(x, y5 21, 22) (e { U2 UM}

~ ~ d2 d2 ng v
TG0 D)™ = [z (1, 222) 4 1,20 2)
12

<[ir{U,, UL Jur{U, UL} — Nete (U, UL )]

where 15" (z1, 22, z3) is finite and conformal, while

2 +oo
o5 10 < do  sa
Ifw(21,zz,z3)—_ 0_t12 / Pt
0

24w 3 2
2m 213423

is rapidity divergent.
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How to get the NLO Impact factor

4 4 dzZldzZz LO 7 7rin
(T{ju(x)jp () })a = T Ly (%, yi 21, 22) (e {UZ UL })a

d’z1d%z,
+ /szzz IO, vs 21, 20, 23 [e{ U, UL ee{ UL, UL} — Netr{ U, US M + . ..
12

=

2 2
(T )1 a] 0 = / % 150 (x, y; 21, 22) [(ee{ U7 U7} 4120
12

4 pv

d’z1d*z
= /Z7d2z3 INO(x,y; 21, 20, 235 m) [t{ U, U;g}tr{Uz3 ng} — Ntr{U;, U;rz}]
12

2 el

PP O 27y N N + ¢ dc
[<t1‘{(/}’] (/:’:”}),\}L() _ ;:2 -~ 1:1 [tr{U,, UL }tr{U, U} — Netr{U U }] / ao
721323 :
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How to get the NLO Impact factor

d*z1dz
/ —— "5 (v 21,20, 735 [0{ U, UL Yo {UL, UL Y = Newe{ U, UL}

212
n
Lud’z , oz a4 1o b T da ifez, < da
= T d (21722,23)4'2 51— — T -
ap) m Q383 -J0 @ 0o @

x[tr{U, UL Hr{U, U;rz} — Ntr{U,, Uzz 3

+00 e’ :
{/ d—aei%z‘—/ d—a}—>—ln§Z3—E+C
0 Jo 4 2

where o = ¢ and C is the Euler constant

-z OG-zl

23 o yr

Z3 is not conformal invariant in the transverse 2-d coordinate space, but QCD at
tree level has to be conformal invariant.
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NLO Impact Factor

(=) -z
=ttt
NLO Lo ¢ Z%% os
s J
Lo (x5 yi21,22,235m) = — Ly, % 2w 2,2, In2-25 + contf.

The NLO impact factor is not Mébius invariant = the color dipole with the
cutoff n = In o is not invariant.
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Conformal Composite Operator

Define a composite operator
A~ A f A A~
[Tr{Uz" UI"}]“’“ = Te{U1 UL}

2
4az
122 +0(OZY

d*z 12
02 5727
13423

2
4 Z13 23

2-[ew{ U7 UIMr{ U2 U1} — N Tr{ U7 US7}] In

(a - analog of =2 for usual OPE)
the impact factor becomes conformal at the NLO.
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Conformal Composite Operator

Define a composite operator

PN £ PN
[TT{UZ" UZT”}]COH = Te{U1 UL}
4a Z%z

4 > | &Pz 2 [ { U2 U { U2 U1} — N.Te{ U2 U7} In Nt + 0(a?
Z13 % S 2132
(a - analog of =2 for usual OPE)
the impact factor becomes conformal at the NLO.
Fm frinyconf Fm 4azj 2
[Te{ U7 U™ = Te{U} U} + BKioln || —= + O(a3)
0~ 8 213353
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Conformal Composite Operator

Define a composite operator

A A~ f A A
[Te{ U7 UI1}]*" = Te{ U2 Ui}

2 2

a z A~ A A~ A A 4az
+—= [ &% 2 ref O Il O UMY — NTH O UV In ——212 1 0 a%
4 2/ 3 Z%3Z%3[ { uYz } { zY2% } c { 2V }] o2 s Z%3Z%3 ( !

(a - analog of =2 for usual OPE)
the impact factor becomes conformal at the NLO.

. A 4az
[Te{ U2 O3} = Te(U2 O3} + BKioln | 52 + O(a?)
0% 821323
a 12
12
2 2
<1323
da

A~ A~ f A A~
[TI'{UZ U;rz" ]con — TI‘{U?1 Ug]} + BKio / E + O(Oé?)
0

05 Aug 2025 27173
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Conformal Composite Operator

[TI' { UZ] }] conf

a,m
2 A 4q Z2
= Te{U? UM} +3 / d*z3 52 [w{ U2 Uy { UL U1} — NTe{ U2 U1} In ———12-
223, g7 8 213423
choose a rapidity-dependent constant a — ae=27 = [Tr{ {7 U7 }]°™ does not
depend on n = In o and all the rapidity dependence is encoded into
a-dependence:

7T f
[Te{0:, UL}

4az12

2

~A A [e% N N
= T{UL U} + 1 / d*z3 zl3 3 S 2 [ { U2 Uy { U2 U1} — NTe{ U2 U173 In P
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Conformal Composite Operator

Using the leading-order evolution equation
dT im gt — Y[ 2 Z%Z [ {7in [7n {7 T U7 Ui
% r{UZ|UZZ} = 2—71_2 3 @[tr{l]mljz3 }tl'{Uz}Uzz}—NC I'{[leljZz H

= L[Te{0, UL} = 0 (with 0(a2) accuracy).

d PN £ o 72 PN PR PR
2a—-[Te{U, UL} = 55 / @2 7 o[l U U UL 0T} — NeTr{ 03 021
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Operator expansion in conformal dipoles

T ()} = / P2 150 (a1, 3,y {07 DT

I P A
+ [ @andada DO, a2z (el O30 0101 - (03017

21

agN, 2 2, eMas?

I}jll;o — Ibl(,) '2 ]22 Z3 + conf.
ZHZB anzz

The new NLO impact factor is conformally invariant.

In conformal A/ = 4 SYM theory one can construct the composite conformal
dipole operator order by order in perturbation theory.
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NLO evolution of composite “conformal” dipoles in QCD

d r n rr 7 rr 7 rror n
20 {0 UL = %5 [ ({0 01 Jw{ 0, 0L} - Nae{ 0, UL )™

2 2
Z]z Z23 13 67 s
X > [ 4 (blnzlzu +b71 T+?—?)
21333 7T h 923

2 2.2 on 22 2 2 2.2
d 24 _9 + <14 <23 + <24 <13 — 44]24.34 hl <14 <23
47T2 4 2(- 2,2 .22 o 252
234 2147233 — 224°713) 247213

x ({0, UL Yo { U, UL ye{ U, UL} — {0, UL U, U U, UL} — (24 — 23)]

2 2 2 2 2.2
+ Z12234 21n Z12134 +(1+ 212734 In 213224
2 2 2 2 2 2 22 2.2
214223 213204 — 214423 2147223

773224
X [tr{f]«'] Ujg }tr{UZ3 UL}tr{UM sz} - tr{ UZI l/\]i; 023 sz 034 UL} - (Z4 — Z3)] }

b=1UN.—2n I. Balitsky and G.A.C (2007&2009)

KnLo Bk = Running coupling part + Conformal "non-analytic" (in j) part
+ Conformal analytic (A = 4) part

Linearized Knio Bk reproduces the known result for the forward NLO BFKL
kernel Fadin and Lipatov (1998).
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2-gluon approx. and BFKL pomeron in DIS

e

ILOZ/A{(XJ_vyJ_)
INLO{a(x, 2) +U(z,y) —Ulx, y)}

where U/(x,y) = | — &-tr{U,U] } and we neglected the non-linear term

A~

U(x,2)U(z,y)
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NLO DIS in the k; factorization form

k

fke) MR o LEFR(KE) K Gk kL)
B V() =772U(2)
—

_ agNe d2 / [ZVQ(Z/) _ ZZVa(Z)
e N Ik

s 2
Jate QI G O = 5 [T fulak Ve lh)
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NLO DIS in the k; factorization form

NLO Evolution of the unintegrated gluon distribution

d asN, ValK)  (k,K)Va(k)
2a— = — dzk’ ——
G / k K2 K2k — k/)z}

asb MZ N, 61 72 10n bas
<1+ 4—[1 R 9Nf)]> s
WK) k=K V) (k—K)?
X [( 1)z In &2 _k’z(k—k/)zln 2 }
o n2 (k2 72
;:C [_ l(k(f ifc)Z) + F(k’ k/) + (I)(k7 k,)] Va(k/)}
a’N?
+35 5B

. Balitsky and G.A.C. (2013)
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Unintegrated Dipole Gluon Distribution

472x
VXB(ZJ_HU) = N BOZS(M)D(XB’ZJJ/J)
C
where
dz* 2
D(xp,21, ) = (pITr{ [oop1 + 21, Zzap1 + 24

S2

2 2
F.g(EZ*Pl +z1) [;x*m + 21, —oop1 + z1][—oop1, 0]F 5(0)[0, copy ] } [p) ="

> 'y >
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form |. Balitsky and G.A.C. (2013)
1" (q,kL)
N. [dv sinh v ki 3—iv 9 2 o aN,
G B (AN Z S SslVe pHv
32 7TV(1+y2)Cosh27ry(Q2) {[(4+V)(1+ T + 27 ]:l(y)) 1
11 5 ay  agN, "
+(7 +3v )(1 2 fz(u))P2 ]

J’_

1 2

itV o N, = WD AT
7 1 s stie ) P;wkz Pm/k2 }
23 (145 + 5070 [PR + PR

Y2 " qudv
Pl — gl -

q
PMV — i( ;L7p5q2)< uipng)
2 = 5\4 q -

q q-D2 q-D2
DUV . q 1 - V2 v q
pHv — gulilguzipll gz —ig”> —p

( s (1)
DUV . 7 Z] 1 - V2 v é
P = (g +ig" —ph——)(g"' +ig” —p

( f ) )
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Photon Impact Factor for BFKL pomeron in momentum space

kr-factorization form |. Balitsky and G.A.C. (2013)

Fiy®) = ®ia0) + 600 AE) = F0)+ (v - =) ¥0)

U(v) = (7)) + 202 —7) = 2¢(4 = 27) = ¥(2 +),
1

2C 2 2 I+xy =5
F6('7):F('7)_7__1__2_—_2_277’W
Fy oA +37
3x 25 11 7 10
D1(v) = F(y)+ —L-+1+ + - oo +
1) @ 2+ 75y 182—7) 2y 2y 18(1+7) 3(1+7)?
3 1 7 143
(I)2(V):F(’7)+2Li 1 _ Xy Xl 77)7
+ A 2%y 2(243%y) 1+7v 2 4+ 37y
272 272 Xy — 2
Fly) = &= — — 20Xy + ~2
) 3 sin? 7y X vy

where y = 1 +iv

No symmetry v — 1 — ~
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Comparing with NLO BFKL

two gluons in the dipole ¢/ (k) come with extra g factor =

1
L(k) = p k)V(k)
d N
2 . _ 21/
93a*e®) /d ¢{ k k’
(kk’ﬁak” (6_7_7r_2_ IOnf)]
k’2 k — k)2 9 3 9N
)

[ (k’ kZL‘, (k) ]m (k —k')?
(k—K)2 K2k — k)2

CYch Z(kZ/kIZ)

47 [_ (k — k)2
2 2
3803 L)

Eigenvalues (LO eigenfunctions) coincide with NLO BFKL eq.

k2

+ F(kK) + Bk, k’)} [,a(k’)}
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“evolution” of an operator

Ulrny) = 1= 4 Te{UGrs,00)

U(x,y) = U (x,y) = V(x,y) — L(x,y)
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BFKL equation in the A'=4 SYM case

m In V' = 4 SYM theory the coupling constant does not run.

= (kz)‘%“” are eigenfunctions at any order.

K(q,k) = asymK (g, k) + agymK""C(q,k) + . ..
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BFKL equation in the A'=4 SYM case

m In V' = 4 SYM theory the coupling constant does not run.

= (kz)‘%“” are eigenfunctions at any order.

K(q,k) = asymK (g, k) + agymK""C(q,k) + . ..

/dqu(Q7 k) ()72 = [asymxo(v) + odynx1 (v) ... ] (K2) "2+

dv 2 k2 v
/ o2 V)+a V)...
Gk K, T) = /W’f[ e ) (k’2>
m The eigenvalues &, xo(v) + @/2, ™M (v) + ... are real and symmetric for

V&> —U.

m NLO Impact Factor in N'=4 is symmetric for v +» —v.
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~v*v* scattering cross-section at L
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~*v* scattering cross-section at LO

large
rapidity
gap

G PO o 157 (% ys 21, 22) I Y5 2], 20)
®<tr{ UZ] UJZ}YA tI'{ UZa U;f4}YB>
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~*v* scattering cross-section at LO

5 V)YV )

G PO o 157 (% ys 21, 22) I Y52, 20)
®(tr{ U, U;rz } Y )a(tr{ Uz, UL} s )A

G. A. Chirilli (Universit alento & INFN) High-energy QCD Benasque - 05 Aug 2025 39/73



~*v* scattering cross-section at LO

+o0
U, = Pexp ig/ dtA™(xT +x)
—00

AP (g1, qn) o i /dul”’g( ) IPA () (Q2> o X0) (Ya=Y3)
’ 010> Lo 02
1 S 1 s 5
Ya=3n 02’ Y = ’Sth_f s=(q1 +q2)"
- 1 “~ 2

In >

B pA o a? of oA 0? v & xo(v)
AP @) < ig o5 /d VIS () IS (v )<@> e a0;
2
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~*v* scattering cross-section at LO

—00

“+o0o
U, = Pexp{ig/ dxtA™ (xt + xl)}

Q2> S x0(0) (Ya—Ti)

AP (g1 qn) o i

1 y 1 S
Y4 = —111; Yp = 73111%, s = (qi +c/2)2
- 2

2 Q2

Q2 v
_1> eauXO(V)ln@

B (g, dv IS (V) I (
AYP(q1,q2) o QQ/ Lo o () 02
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First “evolution” of the diagram

v

1
LO Impact Factor A\

y*

2
’\/\/\/\,‘ LO Impact Factor }f\/\/\ .




What about NLO?

m Can we repit the steps performed at LO also at NLO?

m Problems to be solved:
m Solve NLO BFKL equation G.A.C and Yu. Kovchegov (2013)

m Calculate NLO Impact Factor |. Balitsky and G.A.C. (2011 &
2012)

m NLO Impact Factor has to be conformal invariant;

m = Energy dependence of NLO Impact Factor needs to be
eliminated;

m = Composite Wilson line operators |. Balisky and G.A.C. (2009)
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BFKL equation at NLO in QCD

KOOk g) = 6, KO (k,q) + a3, KOk, )

_ B B ) ~ _
/ g K"O™NO (k,q) 72 = {au Xo(7) =@, B2 xo(7) 75 +a, —(4 )} K2
N, 1IN, 2N,
== =Ty
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BFKL equation at NLO in QCD

KOOk g) = 6, KO (k,q) + a3, KOk, )

K2 5 _
[ ar O™ g) ¢ = [ o) -ak o valo) 4 P

11N, — 2N,
W="r PETN

n _@ﬁ B2 xo(7) In i— 1-loop running coupling.
mo(y) =-2Bx(v)+4xi(y) Fadin-Lipatov (1998)
= yi(y) Realand symmetriciny <> 1 —~ 7 =1 +in.

= Lx0(7) = x() imaginary and NOT symmetric in v <> 1 — .
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

o) =5 1y (e 5 (00 )

m NLO eigenvalues  A(v) = ay xo(v) + a2 x1(v)
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Solution of NLO BFKL equation

m NLO eigenfunctions: perturbation around the conformal LO eigenfunctions

o) =5 1y (e 5 (00 )

m NLO eigenvalues  A(v) = ay xo(v) + a2 x1(v)

Solution of NLO BFKL equation G.A.C. and Yu. Kovchegov

00
d _ _
G(k7 kl7 Y) = / 2_7:_/2 e[au XO(V)+HI€ XI(V)] YH%-HU(k) |: —Hv(kl)]

—00

m The perturbative expansion is in both the exponent and in the
eigenfunctions (contrary to DGLAP case and A'=4 BFKL).
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u-independence of the NLO solution

m The H, (k) eigenfunctions diagonalize the LO+NLO BFKL kernel

1

_ _ dy "
KO (kq) + a2 K(kg) = [ ST A, W)
1 .
E—IOO

= LO+NLO BFKL kernel is u-independent up to O(a)) =

m So is its diagonalization through H., (k) eigenfunctions.
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u-independence of the NLO solution

[e o]

dv a v)+a? v *
Gl k1) = / 22 kK el i I ()3 ()

—00

©0 .
dv = Nta? y k2 v - K
= / T elan xo)+ai ()] ¥ (172) <1 — aiﬁzXO(V)Y In ?>

—00

m = G(k,k',Y) is p-independent up to order (’)(ai).
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u-independence of the NLO solution

[e o]

dv a v)+a? v *
/ o BN ()

—00

0 .
dr RN w
/ K elan xo)+ai ()] ¥ (sz) <1 — ai B2 xo(v) Y In ?>

—00

Gk, k', Y)

m = G(k,k',Y) is p-independent up to order (’)(az).

m At NLO we may write the solution as (the structure is the same as NLO /=4
SYM)

o0 .
LAV ) er@eamly ()
Gk K)Y) = / me[@( ) Xo(v)+a2 (kK') x1 ()] 7

m At this order the scale o (k) a(K?)a! 2 (k') (for real A) works as well.
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~v*v* scattering cross-section at NLO
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~v*~v* scattering cross-section at NLO

BB i i YA
S
Yg<YeYy
R A e
Ve >¥v\/vv\/

Using high-energy Operator Product Expansion in composite Wilson line
operators we get NLO Impact Factor that does not scale with energy.
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~v*v* scattering cross-section at NLO

I _-Ya
Yg<Y<Yp
=
X D
Composite Wilson line operators I. Balitsky and G.A.C.

~ ~ f A~ A~
(e {U7 U™ = {07 UM

2 2
Q Z PNUIEA PNIRDN PANRDN az
+ 1 / d*z3 2 [r{ U2 UIhe{ U2 UI1} — Nete{ U2 UI} In =2 + O(e3)
213223 13223
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Factorization of scattering amplitude at NLO in \'=4

l. Balitsky and G.A.C.

Impact Factor
LO + NLO

evolution

Lo+NLo//

dipole - dipole | - Inpact Factar T
scattering LONO =T
LO+NLO

dple - dipole
evolution ‘seatiering =
|

N LO+NLO

Lo+HLO
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LO evolution |

-2

Q,

LO Impact Factor

y*

A Impact Factar "™\ A AL
LO +NLO

=

" evalution
LO +NLO

g

¢

dipole - dipole
scattering
LO +NLO

seattering
evu\uﬂon\\ TorNg e
LO + NLO

- /

9

Impact Factor I
LO +NLO

que
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~v*v* scattering cross-section at NLO G.A.C. and Yu. Kovchegov

D s
v e e
- . . ch o Q2 . QZ
ReoT) =5 3 2e (@)l @)= (an)edn(an) Moy L V(@)
)\1 A== N 0102
0o Q2 s @(0102) xo(V)+a3(Q102)x: (v) i
o X
/dV(Q) (Qle) Foineolan G ineo(g2: —v)
2

x |1+ a5(0102)Re[F(v))]

Re[F(v)] is the NLO dipole-dipole scattering projected on the LO eigenfunctions.
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~v*v* scattering cross-section at NLO

1 as(QZ)as(Q2>

o o4neo(TT) =17 Z 320 (q1)es! (a1)e) (a2)ey (61)
A Wsvat®

QZ s as(0102) xo(v)+a2(0102)x1(v)
dv
/ ( 03 ) (Ql 0)) >

1+ ay(Q102)Re[F(v)]

010>

><ilfloUJerLo(q 1 V)j]lj%)?NLO(QZa ~v)

m NLO Impact factor is not symmetriciny — 1 —~
BUT the full amplitude is!

G.A.C. and Yu. Kovchegov (2014)
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Light-ray operator

m NLO BFKL: predicted the small-x asymptotic of the NNLO
anomalous dimension of leading-twist operator

m It is mysterious procedure = Light-ray operator

m Analytic continuation of twist-2 operator to non physical point j = 1

2 TR2—j) [T, b
GEOVIFLE )| == TR 0D, un]®® F € (un)
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Extend High-energy OPE up to sub-eikonal corrections

m Calculate the quark and gluon propagator up to sub-eikonal
corrections

m Apply the High-energy OPE to the T-product of two
electromagnetic currents

m Isolate the impact factor(s) from the resulting operators
m Calculate the evolution of the new operators
G.A.C. JHEP 01 (2019) 118 arXiv: 1807.11435 [hep-ph]
G.A.C. JHEP 06 (2021) 096 arXiv: 2101.12744 [hep-ph]
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Quark propagator with sub-eikonal corrections

I + i

Quark propagator for g; structure function
_ 1 &z 2
M50 s~ 5z |5 b 1)

RURN
im0 + 5 (G e + o)} Gr+ )

05 Aug 2025 54/73
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OPE with sub-eikonal corrections

Z Zy

T{ () (D) b)Y ()}
/ddez (z1L,2215%,) [Tr{fJZI Ui+ % (Tr{ Q1o } + Tr{ U, lez )}
+§ /d2Z1d212I§W(Z1LZu;x7 y) [Tr{(QSZZ +F,) UL} + Tr{(Q;2 +F1)0, }}

+0(ay) + O(A7?)
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Sub-eikonal Impact Factors

z 1 0" (x,y;21,22)
M (x,y;21,20) = —I1'0 = Lo
1 eyiann) = S Am0x4y4 (21 + ie]3[ 2, + ie]?
1 I (x,¥;21,22)
TR . = — DR
s Xi262) =~ e T T P8 1 i

1 0? )2
1 (xyi21,22) = 50007 <zl z, 2 G >

0x,,0y,,

I8 (x,yi21,22) = (608 = P5) (v:0) = p5) (V1 x V2)X1-Xa — (X1 x X) Y11
Xt=2eph +XE X =X - i=1.2
XXy

= elxy;
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Symmetry of the sub-eikonal Impact Factors

Sub-eikonal Impact Factors are electromagnetic gauge invariant

Ou T (x,y;21,22) =0
Ou T (x,y;21,22) =0

and SL(2, C) Mobius invariant (inv. x* — ;)

/ dPod I (xy71,2) = / d*2d’ 2 I (x,y,21, 22)

/dzzzdzzzfﬁu(x,y;11,zz) = /dzzzdzzzfgy(xvy;11,zz)

G. A. Chirilli (Univy

High-ener;

Benasque - 05 Aug 2025



High-Energy OPE with sub-eikonal corrections

T{ () D@D D)}
/dzldzgffo 201,2213% ) [Tr{UZ1 L)+ f<Tr{ lez} —I—Tr{UZlQ122 )}

. /d2 1d ZZI” (211,221, y)[Tr{(QAsz2 —I—]:'ZZ)UL}—I—Tr{(Q;Z +]—"‘L) }}

+0(a) + O(A7?)

2,
PARR
............................ N— ij o1
+ Y i
i
z10 x2n
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Fierz identity

=

Y

4

2o, :
1 2
2N,
Z4 n

L

Z1J_




Fierz identity

1 %20

Z1L
1 AR A 1
Tr{leU } = E { }UX}QIX 2N Tr{U QL\}
1 PPN S
Tr{QstU = 3 Tr{ ;UX}QSX - ﬁTr{UIQS.\T}
#
2z Z21
. i ; 7 7
ST R
Z, 2y

5 3 oo 7t B ,

Qujx1) =¢* \/%/ dz+/ ™ ([oopr, 2 latr{9 (e, x )P x0) iy M, —oopi])
3 p+oo 7t

Osi(x1) = gz\/%/ dz*/ d* ([oopr, 2 latr{W (27 x ) x ) ¥y T, —oopi])




High-Energy OPE with sub-eikonal corrections

T{ () Y (X)) D ()}
= /d21dZ2 To(zi1,2215%,) [Tr{w. Ut}
L2 (o0, 0.) 0, + TH{O, UL}0], — - T{01, 010} — - TH{(D, O]
5 76 ({08 0} 01, + {0, 01301, — 1 {01,015} — - Tr{ 02,01}
1 Y AP A
+- / dud’ I (211, 2215%,y) [Tr{UL U.,}0s., + Te{ U, U1, } O
1 N 2 N 1 . 2 ~
o Te{U} (05, — 2NFo)} — N Te{U., (0L, — 2N.F}) }]
+0(as) + O(A7?)
Eikonal term of the high-energy OPE:
Sub-eikonal terms of the high-energy OPE: G.A.C. (2021)

G. A. Chirilli (University of Salento & INFN) High-energy QCD
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Sub-eikonal corrections for gluon propagator: F~' components

m T. Altinoluk, N. Armesto, G. Beuf, M. Martinez and C. A. Salgado (2014)
m T. Altinoluk,a N. Armesto,a G. Beuff and A. Moscoso (2015)

m Study rapidity evolution of gluon transverse momentum dependent
distribution (TMD) changes from nonlinear evolution at small xz < 1 to
linear evolution at moderate xz ~ 1.

m |. Balitsky and A. Tarasov (2015-2016)
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Sub-eikonal corrections for gluon propagator: F~' components

Light-cone gauge

+OodLa 0 dp'i‘ P _
A% (x)A? = |- Tt —yt ZE gyt — xT)| e T 7)
Ao = |- [ TGeeet 0+ [ S0t a6

52 =2
P+ n np i 2Lyt o 2pn2
X(xple »F (52 - p—fl?5> Oa(x™,y") (ggu - Pg#)elzﬁy )™ + l(ﬂ#mab

xt

lg i _
Ou(xt iy = T yT+ Zp—“‘ /+ dw™ ({p T wT Wt F (w0 [w+,y+]}
y

Sa
2 .
+g/ d= W't (wh — ) T W W W] F [w+7y+])
wt S
I. Balitsky and A. Tarasov (2015-2016)

In the background-Feynamn gauge see paper G.A.C. 2019
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Sub-eikonal corrections for gluon propagator

tda 0 gpt o
(AL ()AL ()4 = [_/o Ee(ﬁ —y+)+/ %B(ﬁ —x+)] e T y)
My g
2 )t

22 ~2
2t ny n i 2L+ .
x(x e v (55* #l’{) Oa(ﬁ,y*)(ggwpgp%)e'”” In>“"+t<Xij

+ood» + 0 a + . -ﬁi

p + 7t p + _ | ot —y) i
+—/—x—y +/—0y—x}ep Y xile @

|: 0 2p+ ( ) 7002p+ ( ) < |

x [@5”b (T yTipL) + 68, (T yTipL) + 6% (T yTipL) + 65, (x+~,)’+;pL)]

+

Lpv

ii)ﬂr )
xe |y ) +0(A77)

Ou(xt,yt)y = [yt + g /i dw™ ({pi, K wtlwt Fi — (W) wt, ']}

x+
+g/ dw”" (w+ o w/+)[x+,w/+]Fi_ [w/-&-’w-&-] Fi - [w+,y+]>

Benasque - 05 Aug 2025 63/73

G. A. Chirilli (Univy



Sub-eikonal corrections for gluon propagator

o
gn2p,”2l/ +
N N AP F;
luu( )Y apJ_) 4(}7+)3 /):+ W |:p[X w } [ Y ]PI
x+ . . ab
+ig/ dw't (W —wh) X, W T)iD'F; _[w'+,w+]iD’Fj _[w+,y+]] ,
w!'+
g « ab
5 (T yip1) = p+5L5’ Lt (BT TRl YT
¥

W(»umr-%%ﬂ@m+&m)/w:mcwmﬂw+ﬂV7

yt

B, (v 1) = W,/mg/m%&mhw]w[%+W[J]

ab
+& n2u[x+ W F W', +]Fl_[w+,y+])
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Gluon propagator in the background of quark fields

X X

EREEEREREREE

+ood- 0 d_ + ) B ~
b ;= + p + o] it —y
W= [ [ 5o -y [ et et
+ 52
4 1 P+ n
2 + + =2 N3 2p ¢
o [ [0 g 5 ()

<2
n nay i 2yt
Xb’(ZT)ng’Y e It s Jﬂh?/}(@)(giu*pipj)e'”” 1)
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Evolution equation of sub-eikonal corrections

<TI‘{ U;.Ll UZz }lez >

2

z;{ """ e }z*.zzL

Z1,

Diagrams at one loop: quantum quark field
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Evolution equation of sub-eikonal corrections

(Tr{U} U.,}012,)

d o Tr{UIU,} 1 .
T _ s 2 yYx
an Tr{UyU;}Q1x = 2 /d Z (x— z)i Tr{UiUz} 0. — NCTT{UIQIZ}
and
d a T{U U}
T Ut _ % 2 yYx
s = s 4 (=21

x {Tr{U;f U.}QOs. — NiTr{U; (0s. — 2chz)}}

Sanity check: operators of different parity do not mix
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Evolution equation of sub-eikonal corrections

5 172
i Z1L
Diagrams with F;; quantum
»”y]yy
a) b)
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Evolution equation of sub-eikonal corrections

Ej Z21

Z1L

Diagrams with F;; quantum
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Evolution equation of sub-eikonal corrections

Diagrams with F;; quantum

Ao iy %o 1 Hx(E-3) ot
AUl = — B T U U }/d2 [( ey (Q -l )

e ) ()

—4r / a q( i(gy—2) _ef<q”“1))‘5(2)(z—X>f5’“
ql |

Z1x _
Q% (7, —g/ le*/ A2 (214, 21) V1 (2065 00p1 ] 1°U, £ [—00p1, 204); (224, 21 )

Z1x
9 (z1) —g/ le*/ A2 (21, 20 ) i1 (216, 00P1 ] U, £ [—00p, 204)0 ¥ (224, 21
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Evolution equation of sub-eikonal corrections
Diagrams with F;; quantum

«
s d2

272 / .

2 (x— Z)J_()’ - Z)J_

d
%Tr{]:x U;} =

1 . . . .
+ﬁ (Tr{UxU;[leU;f }+ Tr{UlUU1 01} — Te{U U UL0] ) — Tr{U] UXQLUZ})

= Tr{U U }(Q le)] - % [(x(xz)g(ZyyZ))i + (x lz)i]

X [Tr{ U (0s: — 2F)yTr{UIU,} + Tr{U,(QL, — 2F1) yTe{UfU.}

N

1 _ _ _ _
- ﬁ (Tr{UUfU-0L} + TH{U]UQL U} + TH{U U 05U} + Te{U] U105}

N2 Tr{UjU }(Qsz + QSZ)] }
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Evolution equation of sub-eikonal corrections

Z + P = i b e
i {

Z1y : * 241

Diagrams with F;; or 0, (and Qs) classical: BK-type diagrams

+ self-energy diagrams
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Evolution equation of sub-eikonal corrections

Diagrams with F;; or 0, (and QOs) classical: BK-type diagrams
2 (x— y)i
(k=230 —2)7
x| TH{U101} THUT U} — N Tr{Uf O}

d ~ o
T yh = %
dn {Ou Uy} 22

d_. - Qg (x —y)?
%Tr{QSX U;} = —/dzz( L

272 x—2)3(y—23
< [ TH{U105.} TH{U] UL} — N Te{U]0s1)]

oo “da Y)i

(x—2?%(—2>%
X {Tr{Ujfx} Tr{U]U.} — N, Tr{U;]-'x}}

(Tr{F. Uf}) = 271'2
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Evolution equation of sub-eikonal corrections

22,

Z1,

quark-to-gluon diagrams
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Evolution equation of sub-eikonal corrections

22,
z., { ----- aseces }Z* ’ZZJ_
Z1,
quark-to-gluon diagrams
™
yo
a) b)
c) d)
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Evolution equation of sub-eikonal corrections

\w“ \%

d o > 1 +
%Tr{UxU}T}QIX: ﬁ/d z{(x_ [Tr{UU Uv.xl}

1 _
+Te{U Ul U]} + A Tr{UxUJ}(Hm + HL)} +

2%
(x—z,z2—Y)L

-2ik—27%

b+ I%Tr{UxU;}@-l;Z + Hffu)}

lxz

X {Tr{UxU;U L+ Tr{vUiuf

X—-7)x (-7
B iyttt ()
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Evolution equation of sub-eikonal corrections

yL
o b
9 )
iTr{UxUT}st: _a_sz/dZZ 1 . [Tr{UXUJfUZXSJr }
dn ¥ A (x—2)? ¥ 2

1 B (x—z,z2—Y)

T el y L

+Te{UUfU XS} — N—Tr{UJ U} (HSM + H;)} LTSy
c 1 1

1 _
| UL + T (U0 - ) (M )|
c

-9 x(F-2)

g UL - ) ) (- 74)| } |
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Evolution equation of sub-eikonal corrections

2

Z, * {Z* +
Zq,
quark-to-gluon diagrams
Pl Zs Xy X Zx Z:
W *
W Zy Wy, 2y
Yo Y1
a) b)
X, X1 zZk Zx zs Zx
W Y
Wy, Z) W, 2y
Yo Xa, Y1
c) d)
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Evolution equation of sub-eikonal corrections

WerZy W, Zy
%
N Vi
a) b)
Xo, Xy 2z z. 2i 2z
M ¥
W, Zy1 W,z
Vi Xy
<) d)

d A Qg " 2
%TF{U;QM} = *47r2/ d*z

x { ﬁ {Tr {v.uj} (H;;Z + Hl‘u) - Nlc Te {Uf (X + Xizx) }}

(xr—zz-y) _ 1
A T{U.U} (i, + i) — N U (e + )}

LG99

OEr i) {Tr{UzUj } (”H;u - H;;Z) n ]%Tr{ Ul (X5 — Xsze) }} }
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Evolution equation of sub-eikonal corrections

WerZy W, Zy
%
N Vi
a) b)
Xo, Xy 2z z. 2i 2z
M ¥
W, Zy1 W,z
Vi Xy
<) d)

d ) a [
%TT{U;QSX}=74 2/dz

T
1 _ 1
X { - [Tr {v.Ul} (’Hggz + ’HSU) N Tr { U] X5z + Xszx) }}

+% {Tr{UZU‘T}(H;Z + H;u) - iTr{U; (szz + X })}
F-Hx(F-2

) {Tr{UzU;f i — M) + in{u}t (X — Y1) }} }
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Xi(x1,y1) = \/7/ dztdw (2, y1 ) [t —oopilyivT [oony, wt i (wt, X))
X (xp,y.) = gz\/%/ dz"dw™ P(wt,x ) wh, conyliy™ [—oony, 2 ]yp(t, 1)

3 ptoo _
Xs(xi,y1) = —gz\/%/ dztdwt Pz, y1 )2, —oopi]y vy [oony,wtwp(w?,x L)

s3 +o0 _ B
X;(XJ_7YJ_):_82\/§/ dztdwP(wt,x ) wt, oom ] vy [—ooni, 2 )y (2T, v 1)
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T{UlX.}  or  Tr{U]Xs.}

X1
Seesepecscccca

z

poesccecPescacse

feeccscoqeeccan

pecccPeacee

cecesccscccssccsssssqeosscscraccccccscsas
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S3 +oo B o
Hi(xi,y) = —82\/ g/ dztdwt P(wt,y ) wt, com]y iy~ [oont, 2t (2T, x1)

—00

s3 +00o _ B _
H(xp,y1) = —gz\/ §/ dztdwt P(wh,y1)[w™, coni]y Y’y [oony, 2t |p(z T, x L)

—00

_ [s3 [+ - .
H] (xJ_vyJ_) = _g2 g/ dz+dw+ ¢(W+7)’L)[W+v _Oonl]y y [_Oonl,Z+]x1/)(Z+,XJ_)

[oe]

_ $3 [T . _
My (xyn) = =\ [ et BTyl —oom], 4%y [oom, (et )

—00

TMD operators that usually appear in SIDIS and Drell-Yan processes.
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Ej:ig/l (1 —2> /d2Z1d2Z2 [K1(Qlz12))]?

Z

1 1
( N QSzluzlzz + N (\1’52112 ZNc]:mzz) +NL MZZZIQ;I N (\I}gmm 2N f;hzz))

where we defined

Us.,., = Tr{Qs., (U, —UL)} Wl =mr{0l (U, -U.,)}
Fon =Te{F, UL}y F. =Te{FlU,}

and Q = zz0?

Notice that for z; — z, we have g — 0

c.f. Yu. Kovchegov et al.
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Upcoming event

Workshop at ECT* Trento, Italy

Bridging TMD Frameworks: Intersections, Tensions, and Applications

09 - 13 March 2026

Organizers:

Aleksandra Lelek (University of Antwerp)
Pia Zurita (Universidad Complutense de Madrid)
Alexey Vladimirov (Universidad Complutense de Madrid)

Giovanni A. Chirilli  (University of Salento, Lecce)
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n-th moment of the structure function

The Q% behavior of DIS structure function is obtained from the anomalous
dimension of twist-two operators

d _ _
MﬁFgm; 2FLE = (o, n)FE VRS
Dipole DIS cross-section can be written as

1, .
2 §+ll/

o) = [ ar)5 " (%)
- =0>>P,ands= (P+q)* > Q°
R(+) BFKL pomeron intercept.
The n-th moment of the structure function is

1 X J+ioco F(y) 02\’

dxg X5 0V P (x5, O :/ d’yiry (—)
/0 o b, &) e n—1=R(y) \ P2

Integrating over ~-parameter we get the anomalous dimensions of the leading
and higher twist operators at the unphysical point n = 1.
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Analytic continuation

1 %—l—ioo F( 2\ 7
R v (@

b o000 = [0 PO ()

/0 ? Lise W= R(y) \P?

= Residues w = X(v); expand R(~) for small v and solve for ~

asNe

0\
0@, Fe.0)~ (%)

N,

Taww) = 2

Thus, we get the analytic continuation of anomalous dimension at the
unphysical point j — 1 of twist-2 gluon operator F¢ +V*1F§”’+
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Light-ray operator

Analytic continuation of light-ray operators atj = 1

2 a rR2—j [+~ _
¢ OV PFL S (x) T (27”_ ) /0 du u' I FE(0)[0, un)* F%,* (un)

OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov
(2013-2018))

2-point function in triple Regge limit (Balitsky 2018)

A lot of activity on light-ray operators in CFT (e.g. Kravchuk,
Simmons-Duffin (2018))
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Light-ray operator

Analytic continuation of light-ray operators atj = 1

2 a rR2—j [+~ _
¢ OV PFL S (x) T (27”_ ) /0 du u' I FE(0)[0, un)* F%,* (un)

OPE in light-ray operators in QCD (Balitsky, Braun (1989))

2-point function in BFKL limit (Balitsky; Balitsky, Kazakov, Sobkov
(2013-2018))

2-point function in triple Regge limit (Balitsky 2018)

A lot of activity on light-ray operators in CFT (e.g. Kravchuk,
Simmons-Duffin (2018))
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Super-multiplet of local operators in N'=4 SYM

O(x1) = / du $5 VB upy + x1)
(’)’/'\(xl) = /dui;\ff\Vj:I/\X(upl +x1)
Ol(x1) = / du Fo N F i (upy 4 x )

Multiplicatively renormalizable operators

11
S, =0l — o+ I*1 o,

T
o 2 G+
S0 oA g %

with anomalous dimensions
. s, s s
A=A - ) 4]+ 0ed), =y, A =l

A. V. Belitsky, et al (2004)
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Analytical continuation of the local super-multiplet

F(xl):/ duul_j]:(upl—l—xj_),
. Om .
Nixyp) = / duuw A(upy +x1),
0

D(x)) = /Oooduuflfj@(upl +x1)
with
Flupy,x1) = /dvFafﬂ(upl +vpr +x1)[u+v, v])‘szbf"(vpl +x1),
A(upy,x1) = %/dv( — X (upy +vpy + x2)[u+ v, v[%o N (vpr 4+ x1)
+XG(vp1 + x 1) [V, u + V%o N5 (upy + vpy +xl)) ,

D(u,x) = /dvqﬁ‘;(upl +vpr +xp)[u+v, v]?b(i)?(vpl +x1)

|. Balitsky, V. Kazakov, and E. Sobko (2013)
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multiplicatively renorm. light-ray operators

Forward matrix elements

. ) i—1 . 1
SF;P+J4 N —j(i—1)5®

_m_ J(/J6r )@7
j ~ j+2 G+ +2)
Sy=F - N - 5 P/

Notice the different coefficients between the S-operators and the S-operators.

Correlation function in CFT at high-energy, j — 1

j/) C(ij)sJ;l -2

(FE)F G = (S E)S o) = 86 =)=

A canonical dimension d plus anomalous dim.
w: normalization point.
C(A,j): unknown structure constant. Calculate it in the BFKL limit.
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Wilson frame vs quasi-pdf frame

In the BFKL limit the two-point correlation function is UV divergent.

Regularization: point splitting =

m Wilson frame Balitsky (2013, 2019), Balitsky, Kazhakov, Sobko
(20013-2018)
m Motivation: Give an example of actual calculation of correlation
function;
m quasi-pdf frame G.A.C. Quark and Gluon quasi-pdf at low-x (in
preparation)
m Motivation: check of the calculation comparing with expected CFT
general result;

X+ . v
“Wilson frame X )
“‘quasi-pdf-frame’’

m——————

D G
<
)
—
>
|
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