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QCD in the chiral limit

QCD close to N¢ = 2 chiral limit (m, 4 — 0)

U(2)LXU(2)R = SU(2)LXSU(2)RJ X U(].)A XU(].)V

—SU(2)y @low T anomalous

Open questions:
© nature of finite-temperature transition?
@ fate of anomalous U(1)4 in the symmetric phase?

Standard lore [Pisarski, Wilczek (1984)]: first order for Ny > 2, for Ny = 2
U(1)a broken = 2nd order, O(4) class
U(1)a restored = 1st order, or

2nd order, % class [Pelissetto, Vicari (2013)]

Yet unconfirmed; alternative scenarios:
[Cuteri, Philipsen, Sciarra (2021), Fejés (2022), Bernhardt, Fischer (2023),
Fejés, Hatsuda (2024), Pisarski, Rennecke (2024), Giacosa et al. (2024)]

Eigenmodes of [} encode quark dynamics, good place to look for clues
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Chiral symmetry restoration and the Dirac spectrum

SU(2)A broken if p(0+; 0) 7& 0 [Banks, Casher (1980)]

_ 00 2
) = [ Aol

pOim) = im (50 0600 A)

@ low T: (9))m_0 # 0, expect p(0t; m) #0
(actually log divergence [Osborn, Toublan, Verbaarschot (1999)])

@ high T:  (9))m—0 = 0, expect p(0*; m) =0
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Chiral symmetry restoration and the Dirac spectrum

SU(2)A broken if p(0+; 0) 7& 0 [Banks, Casher (1980)]

_ 00 2
) = [ Aol

pOim) = im (50 0600 A)

@ low T: (9))m_0 # 0, expect p(0t; m) #0
(actually log divergence [Osborn, Toublan, Verbaarschot (1999)])

@ high T:  (9))m—0 = 0, expect p(0*; m) =0

...instead singular peak, fate as m — 0 unclear
[Edwards et al. (1992), Cossu et al. (2013), Alexandru, Horvath (2015), Dick et al. (2015),
Brandt et al. (2016), Tomiya et al. (2017), Ding et al. (2019), Aoki et al. (2021),
Vig, Kovdcs (2021), Kaczmarek et al. (2021), Meng et al. (2023), Alexandru et al. (2024)]

@ How does a singular peak fit with chiral symmetry restoration?
@ What does it do to U(1)a?
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Chiral symmetry restoration and the fate of U(1)4

How does SU(2)4 restoration affect U(1)a?

assumptions conclusions

L 2 . .
@ observables analytic in m* | S1J(2) 4 restoration = U(1), restoration

p power series near A = 0 [Cohen (1996,1998), Aoki, Fukaya, Taniguchi (2012),
(OF ~ A o > 0) Kanazawa, Yamamoto (2016)]

@ thermodynamic and chiral | SU(2)4 restoration =+ U(1) 4 restoration,
limit commute U(1)a broken by topological effects
[Evans, Hsu, Schwetz (1996), Lee, Hatsuda (1996)]

2

@ observables analytic in m* | SU(2)a restoration = U(1)4 restoration,

thermodynamic and chiral unless p ~ m?3(X)
limit commute [Azcoiti (2023)]

What are the correct assumptions?
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Symmetry restoration condition(

0. Local field theory: symmetry restored

= correlators of local operators related by symmetry become equal

1. No massless excitations, finite corr. length expected in restored phase

= susceptibilities related by symmetry become equal
Does not apply at T for continuous transitions

Symmetry may be manifest at the level of susceptibilities without
being restored at the level of correlators, but that seems unlikely

2. Gauge fields unaffected by chiral transformations

= susceptibilities involving arbitrary functionals of gauge fields only
(e.g., spectral density) become equal if related by symmetry

Reasonable, but an additional assumption nonetheless
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Ginsparg-Wilson fermions

Ginsparg-Wilson Dirac operator D obeys [Ginsparg, Wilson (1982)]
{D,7s} = 2DvsRD

Exact SU(2), x SU(2)g chiral symmetry [Lischer (1998)]

Scalar and pseudoscalar bilinears

S =19(1- DR P =d(1 — DR)ysv
P=¢(1—-DR)Gysy)  S=1d(1—DR)FY

iP
Ov = <55’> and Oy = <i§) irreducible under chiral transformations

Ovw — RTOyw R e€SO(4)
SO(4) doubly covered by SU(2); x SU(2)g
Corresponding susceptibilities expressible in terms of the spectrum of D
What constraints result from symmetry restoration?
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Generating function of scalar/pseudoscalar susceptibilities

Include source terms for bilinears in the partition function
Z(V,W;m) = / DU e— S (V) / D1,Z}D1Z e—qZD,,,(U)qﬁ—K(v,W,U;V,W)
St = gauge + massive-fermion contributions
Dy =D+ m(1 — DR)

K=jsS+ijp-P+ijpP—Js-S V=<£5) w;(ﬁ’)
~~ ~ ~~ - P Js
V~OV W'OW

Generating function of scalar and pseudoscalar susceptibilities

W(V,W;m) = lim %In Z(V,W; m)

Voo

Formal power series in the sources, treat as a polynomial of arbitrary order
= can exchange derivatives wrt sources with thermo/chiral limit, 9p,, etc.
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Symmetry restoration in the scalar/pseudoscalar sector

Under a chiral transformation
WV, W;m) - W(RV,RW;m)
Symmetry restoration condition (at the level of susceptibilities):
rljgno W(RV,RW;m) = ,Ligwo W(V,W;m) VYR € SO(4)
= W depends only on SO(4) invariants in the chiral limit

Z function of js 4+ m only, exactly massless theory is chirally symmetric =

Z(V,W;m) = Z(V,W;0) = Z(RV,RW;0) V= <15]3L m)
P

= W is an SO(4) invariant function of V and W
WV, Wi m) = WV, W22V - W)
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Symmetry restoration in the scalar/pseudoscalar sector |l

u w i

n —_—tN —
=W(m? + 2mjs + V2, W? ,2(mjp + V - W))
o0

ny Nw N
utw i A, n~(m2)
Z nytnytng!

Nu,Nw,n5=0

{An,n,n; } €quivalent to a subset of Pand S susceptibilities

chiral symmetry restored
g
Anynng(m?) finite (non-divergent) in the chiral limit

Proof:
— yhw™ " — (V2)”"(W2)”W(2V- W)na

expl ~ > ..
= 0" W = 0= mo,W — 0= OmAn,n,n(m*) = 0= As,n,n,(0) finite
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Symmetry restoration in the scalar/pseudoscalar sector Ill

Mass-squared derivative

Om2 Anynung (mz) = Ap,+1 nwna(mz)

chiral symmetry restored
<~
Anpynwn;(m?) infinitely differentiable at zero
<~

even susceptibilities infinitely differentiable in m?

even susceptibilities = even number of isosinglet bilinears

If we assume xSR also for nonlocal gauge functionals

(or xSR for local operators in partially quenched theory)

p(\; m) infinitely differentiable in m?
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Spectrum of GW Dirac operator

Restrict to

R=1 Di=yDy = D+ Df = DDf

domain-wall [Kaplan (1992)]
overlap [Neuberger (1997)]
Spectrum of D on a circle

@ pairs of complex conjugate modes p, # iy, spectral density

p(A; m) <Z(5 (A=2An) > An = |pin| sgn(Impu,)

e N chiral zero-modes 1, = 0, N chiral “doubler” modes p, = 2,
topological charge Q = N, — N_=N_ - N\ = —%tr%D

Density of zero modes limy_ M = 0 in the thermo limit, but

higher cumulants, correlations with complex modes do not
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Generating function from the Dirac spectrum

W(V, W; m)—W(0,0; m)

anx*n2 n n2 N
_ Z | Z Z (n, ki)s(na, ko) /(;1) X X]

n1|n2'n3 0 ko

Stlrlmg numbers
of the first kind

u—w+ii
XOE—z
m

X(\) =2 (f()\; m)u + FO\; m)w) +FOm)? ((u— w)? + )

: h(A) v N ey, 260y 2
f(\; m) T mh(y f(;m)=f(\;m)—2m*f(\; m)
2
h()\)El—)\I
k 2 .
/(kszz (g1, 80 = ll_{ d)\igio\i)‘| PEV%N?C(/\lw-.,/\k;m)

connected eigenvalue correlation function
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First-order constraints

W even in i due to CP symmetry

_ X7 X6 I [(Xe—Xs Xt .2

Ixs| < X, requirements from chiral symmetry restoration reduce to

2 .
lim X% = fim 1D[f] = lim / d\ p(A; m)h(A) e
4 m—0 m—0 Jq

m—0 )\2+m2h()\)
Xm— X5 _ 2(1)g27 _ Xt 2
S =2m I )[f]—ﬁ+0(m)

U(1)a order parameter

A= lim X0 i X
m—0 m—0 m

Not new, but all the direct constraints on p:
higher-order coefficients involve higher-point eigenvalue correlators
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Fate of U(1)a |

SU(2) 4 restoration and U(1)a breaking compatible at this stage,
need further assumptions on p to make progress

1. p(A; m) admitting power-series expansion

pserles )\ m zpn )

@ if pg oc |m| then U(1)4 is broken
e if pis C® in m? U(1)4 restored (A = 0) if SU(2)4 restored
Agrees with [Aoki, Fukaya, Taniguchi (2012), Kanazawa, Yamamoto (2016)]
and po = O(m), 123 = O(2), paa = O(m®) = p(A,0) = O(NY)
Disagrees with [Aoki, Fukaya, Taniguchi (2012)]
Matteo Giordano (ELTE)
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Fate of U(1)a Il

2. Possibly singular power-law behaviour
Z Ci(m)AY (™) 4 5(\; m), aj(m) > —1form+#0

with —1 < a1(0) < a2(0) < ... < as(0) < 1 and p = O(A1FC)
@ SU(2)4 restoration at the level of susceptibilities requires only

Ci(m) = 2 cos (a;j(m)%) |m|*=*OC;(m)  |Ci(0)] < o0

A=) 1- @;(0)]€;(0), symmetry broken if some C;(0) # 0

Cs(m) = if as(0) =1, no U(1)4 breaking

(m)
'n(2/\M\)

e if pis C>(m?) then a;, C; are C*, only possibility to break U(1)4
Ckl(O) =-1
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Singular peak

Singular peak compatible with xSR and U(1)4 breaking if

o(m )]m’v( m)

A

5+ v>0, y=0(m?)

Close relation with topology, U(1)4 broken if Npeak X m? in the chiral limit

ljm_[Tpoak

2 2 Xt
lim — dA Am)=A= lim &5
m—0 m?2 m|—>0 m? /0 Ppeak( ' ) m|—>0 m?
Singular peak compatible with commutativity of thermo and chiral limits!
Necessary condition for commutativity [Azcoiti (2023)] satisfied by ppeax

lim pllmizim) = Ad(z) ze[-1,1]
m—0 |m]
Under general conditions, U(1)a breaking requires p effectively developing
~ m?§()) in the chiral limit, a peak of some sort is required
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Second-order constraints — two-point function

More constraints from second-order coefficients in the expansion of W
Two constraints involving the two-point function

PPN m) = lim $(<Zn;ﬁn’ IA = An)d(A = Awr))

V—ooo
= (0000 = A (i 6N = An)))

Vooo V. m?
1G)F,f] = O(m°)

am?1P)[f, f] = [_ lim I<NO>2] +0(m?)

2 2
191, 2] = / d\ / dX g1 (N)g2(N)pP (A, X' m)
0 0
F(\; m) = F(X; m) — m?F(X; m)?
Assume ,o(cz) ordinary function (no 0s)
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Two-point function finite at the origin

If PP (X, N; m) finite at the origin
PP\, N m) = A(m) + B(\, X; m)

IBOL N m)| < B2 + M2)3 with § < 1

2
: 2,(2) 2y e i (V0D
P11, 1) = A0 =1 i, )

lim (4m)?1@)[f, f] = 72A(0) = 0
m—0

= measure of —M_ concentrated in zero in thermo and chiral limit

mvVV
Xt

= lim 2L =0
m—0 m

= A=0

No U(1)a-breaking topological effects if p(cz)()\, N'; m) finite at zero
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Localised near-zero modes

Above T, modes localised below “mobility edge” A, obey Poisson
statistics [MG, Kovécs (2021)]

Purely Poisson spectrum: p(c2)()\, Ao p(AN)p(N') [Kanazawa, Yamamoto (2016)]
EXpeCt p£:2)()\1007 )\dBIOC)/[p(Aloc)p()\deloc)] ~ 0(1) (and negative)
If near-zero modes are localised, expect

|pc NN m) < Cp(h; m)p(N;m)  if AN <Acor A< A< X

(NoY>  _ s 2/(2) _
If Ac mé00:>’11|iﬁovllm VT rymoélml [f,f]=0

U(1)a-breaking topological effects require
@ either \c = 0asm—20

@ or another \. < A, close to zero

Non-Poissonian repulsion [Ding et al. (2019)]
Near-zero modes delocalised, second mobility edge? [Meng et al. (2023)]

Matteo Giordano (ELTE) Dirac spectrum in the symmetric phase of QCD
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Second-order constraints — topology

One constraint on topological-charge distribution

bos — X
"X = o(m)

First nontrivial cumulant

bot = lim (@) - 3(@)°
Q= V—o0 V/T
bg: = xt + O(m*), same as gas of non-interacting (anti)instantons
_xe 1 o/xe\"
Q =nj—n, Pp(n) = Pn,(n) =e" 2 — <—)
nl \ 2
Generalises to all cumulants (see also [Kanazawa, Yamamoto (2015)])
= expect early onset of dilute-gas behaviour for physical masses,
as in pure gauge [Bonati et al. (2013)]
= does not necessarily mean there is an actual gas of actual instantons
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Instanton-gas picture

U(1)a breaking in symmetric phase possible but requires specific features
e singular spectral density p — A~! (if power-like near zero)
@ singular two-point function, delocalised near-zero modes
® Yt x m?
Natural features if an ideal instanton gas-like component is present
@ satisfies ideal gas-like behaviour requirement
@ mixing of localised instanton zero-modes can give near-zero peak of
delocalised modes: exp. small matrix elements = small eigenvalues,
(nearly) degenerate = mixing easy
@ instanton gas model provides singular peak p XM (Kovacs (2023)]
» a — —1 as disorder (here ~ 1/n;,4) increases in a similar cond-mat
model [Evangelou and Katsanos (2003)]
> delocalised near-zero modes, mobility edge found in another similar
cond-mat model [Garcia-Garcia, Cuevas (2006)]
» separation of topological modes (peak) from the bulk provided by the
Polyakov-loop driven mobility edge = y;: o m?
Viable mechanism for U(1)4 breaking — is it the correct one?
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Summary and outlook

@ Chiral symmetry is restored in the scalar/pseudoscalar sector in the
Nf = 2 massless limit if and only if all susceptibilities are non-divergent
(= C property)
@ SU(2)4 restoration compatible with singular p at A =0 for m # 0
@ U(1)a breaking compatible with SU(2)4 restoration but requires
» singular near-zero spectral density p ~ O(m*)/X as m — 0

» singular two-point function
» near-zero modes not localised (near-zero mobility edge?)

o Features required for U(1)a breaking occur naturally if gauge field
topology includes ideal instanton gas contribution

Open issues:
@ other sectors
o larger N¢

@ test against numerical results
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