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Isospin-breaking corrections to weak decays 
Current status and future prospects
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Indirect searches of new physics  >  high precision  >  isospin-breaking corrections

Motivations

Inclusive  decaysτ

HVP muon g-2

CP violation parameters

(semi)leptonic decays
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Flavour physics offers opportunities to test the Standard Model and probe new physics effects

in the Standard Model:
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Flavour physics

3 mixing angles + 1 CPV phase

Matrix elements can be extracted e.g. from leptonic and semileptonic decays of hadrons
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Experimental and theoretical control of these quantities 
is of crucial importance to solve the issue

Different tensions in the            plane:
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Vus-Vud

FLAG Review 2024, [arXiv:2411.04268]

The Cabibbo anomaly

M.Moulson, PoS CKM2016 (2017) 
PDG, PTET 2022 (2022)
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         and            determined from  
lattice QCD with sub percent precision!
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Lattice QCD inputs



Current level of precision requires the inclusion of isospin-breaking  
corrections due to 

strong effects 

electromagnetic effects

QED and isospin-breaking effects
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↵ 6= 0

‣ results currently quoted in the PDG come from 𝜒PT                            

‣ fully non-perturbative (structure dependent) quantities 

‣ first-principle lattice calculations are possible!
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V.Cirigliano & H.Neufeld, PLB 700 (2011)
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Computing QED corrections on a finite-sized lattice is challenging:

‣ long-range interactions don't like finite volumes with periodic 
boundary conditions

‣ finite-volume effects can be sizeable and power-like

‣ logarithmic infrared divergences arise in virtual/real decay rates

M.Hayakawa & S.Uno, PTP 120 (2008) / Z.Davoudi & M.Savage, PRD 90 (2014) / S.Borsanyi et al., Science 347 (2015)

V.Lubicz et al., PRD 95 (2017)

There are also recent proposals to compute radiative corrections as convolutions 
of hadronic correlators with infinite-volume QED kernels

N.Asmussen et al., [1609.08454] / T.Blum et al., PRD 96 (2017) / X.Feng & L.Jin, PRD 100 (2019) / N.Christ et al., [2304.08026] / J.Parrino et al., [2501.03192] 

Lattice QCD + QED

https://arxiv.org/abs/2501.03192


8

Charged states in a finite box
Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

<latexit sha1_base64="oQALwZP6v/ST1E8TNElqBWbrNnk="></latexit>

Q =

Z
d3x j0(t,x) =

Z
d3x r ·E(t,x) = 0
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p.b.c.
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⌦3 = 2⇡Z3/L

QEDL

M.Hayakawa & S.Uno, PTP 120 (2008)

remove spatial zero-mode 
of the photon field

Possible solutions currently employed:

<latexit sha1_base64="R+h8oyLCQRXXhXr23gKmQb7CAwU="></latexit>

⌦0
3 = (2Z3 + n̄)⇡/L

<latexit sha1_base64="J5C5pvs6NmUQ3w5o8poX0IdXjJM="></latexit>

⌦3 = 2⇡Z3/L

QEDC*

employ C* boundary  
conditions

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) 
B.Lucini et al., JHEP 02 (2016)

use massive photon <latexit sha1_base64="2hqfUdXLxtnt9jE4cPM4hB+6PAk=">AAAB/nicdVBPS8MwHE3nvzn/VcWTl+AQPJV2m9Xdhl48TnCbsJaSptkWlrQlSYVRBn4VLx4U8ern8Oa3Md0mqOiDkMd7vx95eWHKqFS2/WGUlpZXVtfK65WNza3tHXN3ryuTTGDSwQlLxG2IJGE0Jh1FFSO3qSCIh4z0wvFl4ffuiJA0iW/UJCU+R8OYDihGSkuBeeCFCYvkhOsr54E3RJyjaWBWbavu2HXHgbblus1Tp6ZJzW42Gi50LHuGKligHZjvXpTgjJNYYYak7Dt2qvwcCUUxI9OKl0mSIjxGQ9LXNEacSD+fxZ/CY61EcJAIfWIFZ+r3jRxxWSTUkxypkfztFeJfXj9Tg3M/p3GaKRLj+UODjEGVwKILGFFBsGITTRAWVGeFeIQEwko3VtElfP0U/k+6Nctxrfp1o9q6WNRRBofgCJwAB5yBFrgCbdABGOTgATyBZ+PeeDRejNf5aMlY7OyDHzDePgF03JZ6</latexit>m�

M.G.Endres et al., [1507.08916]

<latexit sha1_base64="aY/bE0ckDhZn8mvw0iJJotQPBLQ="></latexit>

⌦4 = 2⇡{Z3/L,Z/T}

QEDm QED∞

infinite-volume 
reconstruction

X.Feng & L.Jin, PRD 100 (2019) 

N.Christ et al., [2304.08026]

<latexit sha1_base64="IQz3cTT3o2/L/BAxXL6XfSbJ0/I=">AAACAHicdVDLSgMxFM3UV62vqgsXboJFcDUkddrahVB0484q9gFtLZk0bUMzD5KMUIZu/BU3LhRx62e482/MtBVU9MCFwzn3cu89bii40gh9WKmFxaXllfRqZm19Y3Mru71TV0EkKavRQASy6RLFBPdZTXMtWDOUjHiuYA13dJ74jTsmFQ/8Gz0OWccjA5/3OSXaSN3sXvvSYwPSdeApbHtED103vp7cOt1sDtklVC5gBJGNy9hB2JA8dkqFIsQ2miIH5qh2s+/tXkAjj/maCqJUC6NQd2IiNaeCTTLtSLGQ0BEZsJahPvGY6sTTBybw0Cg92A+kKV/Dqfp9IiaeUmPPNZ3Jjeq3l4h/ea1I9086MffDSDOfzhb1IwF1AJM0YI9LRrUYG0Ko5OZWSIdEEqpNZhkTwten8H9Sz9u4aB9fObnK2TyONNgHB+AIYFACFXABqqAGKJiAB/AEnq1769F6sV5nrSlrPrMLfsB6+wSjdJXT</latexit>

⌦4 = R4
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<latexit sha1_base64="eQdPw4Mc5YL/IMTVmXKtmd53KFU=">AAACAnicbVDLSsNAFJ34rPUVdSVuBovgqiQq6kYounFZwT6gCWUymbRDJzNhZiKUENz4K25cKOLWr3Dn3zhps9DWC8MczrmXe+4JEkaVdpxva2FxaXlltbJWXd/Y3Nq2d3bbSqQSkxYWTMhugBRhlJOWppqRbiIJigNGOsHoptA7D0QqKvi9HifEj9GA04hipA3Vt/e9GOlhEGWj/MoLBAvVODZf5uR9u+bUnUnBeeCWoAbKavbtLy8UOI0J15ghpXquk2g/Q1JTzEhe9VJFEoRHaEB6BnIUE+VnkxNyeGSYEEZCmsc1nLC/JzIUq8Ka6SwMq1mtIP/TeqmOLv2M8iTVhOPpoihlUAtY5AFDKgnWbGwAwpIarxAPkURYm9SqJgR39uR50D6pu+f107uzWuO6jKMCDsAhOAYuuAANcAuaoAUweATP4BW8WU/Wi/VufUxbF6xyZg/8KevzBwRdl9Y=</latexit>

k = 0

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>) <latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)

The spatial zero mode is not removed but redistributed over the neighbouring modes on a 

shell of radius 

Special case of "IR-improvement"

Z.Davoudi et al., PRD 99 (2019) 

MDC, PoS LATTICE2023 (2024) [2401.07666] 

MDC et al., [2501.07936]

<latexit sha1_base64="JWknS/rz/PuGLjJfhiW0KCTDwR0="></latexit>

|p| = 2⇡
L |r| (r 2 Z3)

<latexit sha1_base64="R4LiJw9BitlGaXtPg7p1Z/NiMuE=">AAACAXicbVC7TsMwFHXKq5RXgAWJxaJCYqoSQMBYwcJYEH1ITVQ5jtNadezIdkBVVBZ+hYUBhFj5Czb+BqfNAC1Hsnx0zr26954gYVRpx/m2SguLS8sr5dXK2vrG5pa9vdNSIpWYNLFgQnYCpAijnDQ11Yx0EklQHDDSDoZXud++J1JRwe/0KCF+jPqcRhQjbaSevecFgoVqFJsv825pf6CRlOJh3LOrTs2ZAM4TtyBVUKDRs7+8UOA0JlxjhpTquk6i/QxJTTEj44qXKpIgPER90jWUo5goP5tcMIaHRglhJKR5XMOJ+rsjQ7HKlzSVMdIDNevl4n9eN9XRhZ9RnqSacDwdFKUMagHzOGBIJcGajQxBWFKzK8QDJBHWJrSKCcGdPXmetI5r7lnt5Oa0Wr8s4iiDfXAAjoALzkEdXIMGaAIMHsEzeAVv1pP1Yr1bH9PSklX07II/sD5/ALEzl7M=</latexit>)
<latexit sha1_base64="RpFdIRrFp3TAwt4JKLcuvRcrPVI="></latexit>

Dµ⌫
p (k0,k) = �µ⌫

1� �k,0
k20 + k2

+
�k2,p2

n(p2)

�µ⌫

k20 + p2

<latexit sha1_base64="uI8A74771jLdS5RrirZY/HIbRIk="></latexit>

Dµ⌫
L (k0,k) = �µ⌫

1� �k,0
k20 + k2QEDL : QEDr :
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P+

�

`+

⌫`

q1

q2

real photon emission 
leptonic decays

P+

`0+
`0�

`+

⌫`

q1

q2

virtual photon emission 
leptonic decays

P+

`+

⌫`

q1

q2

leptonic decays

N.Carrasco et al., PRD 91 (2015) 
V.Lubicz et al., PRD 95 (2017) 
N.Tantalo et al., [1612.00199v2] 
D.Giusti et al., PRL 120 (2018) 
MDC et al., PRD 100 (2019) 
MDC et al., PRD 105 (2022) 
P.Boyle, MDC et al., JHEP 02 (2023) 
N.Christ et al., [2304.08026]

G.M.de Divitiis et al., [1908.10160] 
C.Kane et al., [1907.00279 & 2110.13196] 
R.Frezzotti et al., PRD 103 (2021) 
A.Desiderio et al., PRD 102 (2021) 
D.Giusti et al., [2302.01298] 
R.Frezzotti et al., [2306.05904]

G.Gagliardi et al., Phys. Rev. D 105 (2022) 
R.Frezzotti et al., [2306.07228]

K0 ⇡�

`+

⌫`

semileptonic decays

C.Sachrajda et al., [1910.07342] 
N.Christ et al., PRD 108 (2023) 
N.Christ et al., [2402.08915]

K ⇡

⇡

hadronic decays

R.Abbott et al., PRD 102 (2020) 
Z.Bai et al., PRL 115 (2015) 
N.Christ et al., PRD 106 (2022) 
N.Christ & X.Feng, EPJ Web Conf. 175 (2018) 
Y.Cai & Z.Davoudi, [1812.11015]

rare FCNC decays

R.Frezzotti et al., [2402.03262]

Weak decays — some recent works



<latexit sha1_base64="ZPAI19Jo1MaApKJieWop7HKCUJ8=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDIz1FF3RTddVrAPmA4lk6ZtaCYZkoxQhn6JG3/FjQtFBFf6N2baCtp6IORw7rk3NyeMGVXatr+s3Mrq2vpGfrOwtb2zu1fcP2gqkUhMGlgwIdshUoRRThqaakbasSQoChlphaObrN66J1JRwe/0OCZBhAac9ilG2kjd4nlnOsOXgzBI7bJXcV3XO7PL9hQZ8a68ijfphIL11DgyV1qbdIulHwtcJs6clMAc9W7xo9MTOIkI15ghpXzHjnWQIqkpZmRS6CSKxAiP0ID4hnIUERWk09Um8MQoPdgX0hyu4VT93ZGiSGWrGWeE9FAt1jLxv5qf6P5lkFIeJ5pwPHuonzCoBcyygj0qCdZsbAjCkppdIR4iibA2iRZMCM7il5dJ0y07Xtm7rZSq1/M48uAIHINT4IALUAU1UAcNgMEDeAIv4NV6tJ6tN+t9Zs1Z855D8AfW5zd1xJ8I</latexit>

H

<latexit sha1_base64="9qgcihVhJW2s3tWQvVaAeYYPDr0=">AAACIXicbVDLSsNAFJ34rPUVdekmWAQXEpKm9rErunFZwT6gCWUynbRDJw9mJkIJ+RU3/oobF4p0J/6MkzQLbb0w3MM5986cOW5ECReG8aVsbG5t7+yW9sr7B4dHx+rJaY+HMUO4i0IasoELOaYkwF1BBMWDiGHouxT33dldpvefMOMkDB7FPMKODycB8QiCQlIjtWnndwzZxHUSQzcsq1o3rw1dthuzJkGr1bSsRmq7IR3zuS9bYmNK05FakeN5aevALEAFFNUZqQt7HKLYx4FAFHI+NI1IOAlkgiCK07IdcxxBNIMTPJQwgD7mTpK7S7VLyYw1L2TyBELL2d8bCfR55k5O+lBM+aqWkf9pw1h4TSchQRQLHKDlQ15MNRFqWVzamDCMBJ1LABEj0quGppBBJGSoZRmCufrlddCr6mZdrz/UKu3bIo4SOAcX4AqYoAHa4B50QBcg8AxewTv4UF6UN+VTWSxHN5Ri5wz8KeX7BzpzoI0=</latexit>

`

<latexit sha1_base64="UuXcZOR+TUvZtdBO0r9pFtY0InQ="></latexit>⌫`

Leptonic decays of hadrons



Leptonic decays of hadrons

<latexit sha1_base64="RsGWdqJiXpARu5z3pqAAOnLzLgo=">AAACInicbVDLSsNAFJ34rPVVdekmWAQXJSSlRLsruhHcVLAPSEKZTKbt0EkmzEyEEvItbvwVNy4UdSX4MU7aCNp6YJjDuefeuXP8mBIhTfNTW1ldW9/YLG2Vt3d29/YrB4ddwRKOcAcxynjfhwJTEuGOJJLifswxDH2Ke/7kKq/37jEXhEV3chpjL4SjiAwJglJJg0rTnc1w+Mj3UtOwG/V63a6ZhjlDTuym3bAz12c0ENNQXakbk9pNNqhUf2z6MrEKUgUF2oPKuxswlIQ4kohCIRzLjKWXQi4Jojgru4nAMUQTOMKOohEMsfDS2XqZfqqUQB8yrk4k9Zn6uyOFocjXU84QyrFYrOXifzUnkcMLLyVRnEgcoflDw4Tqkul5XnpAOEaSThWBiBO1q47GkEMkVaplFYK1+OVl0q0blm3Yt41q67KIowSOwQk4AxY4By1wDdqgAxB4AE/gBbxqj9qz9qZ9zK0rWtFzBP5A+/oGakeglA==</latexit>

⇡,K

<latexit sha1_base64="+mnAYObyXwJM0yR8nlAzD6z5YFg=">AAACIHicbVC7TsMwFHV4lvIKMLJEVEgMqEqa0sdWwcJYJPqQmqhyHKe16jxkO0hVlE9h4VdYGEAINvganDQDtFzJukfn3GsfHyeihAtd/1LW1jc2t7ZLO+Xdvf2DQ/XouM/DmCHcQyEN2dCBHFMS4J4gguJhxDD0HYoHzuwm0wcPmHESBvdiHmHbh5OAeARBIamx2rTyO0Zs4tiJXtVNs9YwLvWqbFdGXYJ2u2WazdRyQuryuS9bYvlxOlYrcjovbRUYBaiAorpj9dNyQxT7OBCIQs5Hhh4JO4FMEERxWrZijiOIZnCCRxIG0MfcTnJzqXYuGVfzQiZPILSc/b2RQJ9n5uSkD8WUL2sZ+Z82ioXXshMSRLHAAVo85MVUE6GWpaW5hGEk6FwCiBiRXjU0hQwiITMtyxCM5S+vgn6tajSqjbt6pXNdxFECp+AMXAADNEEH3IIu6AEEHsEzeAVvypPyorwrH4vRNaXYOQF/Svn+AXn4oCg=</latexit>µ

<latexit sha1_base64="GPlcav1jniAPoXjRlu+c6izlayw="></latexit>⌫µ



Leptonic decays of pseudoscalar mesons
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<latexit sha1_base64="3bePRvPmT0VbFKcGf/z8jAN65I8="></latexit>

1/a ⌧ mW

Can be studied in an effective Fermi theory with the W-boson 
integrated out and the local interaction described by

<latexit sha1_base64="ioDoJi6GQsEyIAENPc9NjbS2t9s="></latexit>

He↵ =
GF
p
2
V ⇤
q1q2

⇥
q̄2 �µ(1� �5) q1

⇤⇥
⌫̄` �

µ(1� �5) `
⇤

<latexit sha1_base64="6zf+MyA9Wmq2JvR+8UuHQxjMQWs="></latexit>

�tree
P =

G2
F

8⇡
m2

`

✓
1� m2

`

m2
P

◆2

mP

⇥
fP,0

⇤2
= K |L|2

|L0|2

✓
mP

mP,0

◆2

|M0|2

In the PDG convention, the tree-level decay rate takes the form

with the non-perturbative dynamic encoded in the decay constant
<latexit sha1_base64="+TWcaaLB2Fkzyid2t1G/VFeD7Mw="></latexit>

Z0h0|q̄2 �0�5 q1|P,0i(0) = imP,0 fP,0
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IR divergences appear in intermediate steps of the calculation 
 
 
 

UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

F. Bloch & A. Nordsieck, PR 52 (1937) 54 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

A.Sirlin, NPB 196 (1982) 

E.Braaten & C.S.Li, PRD 42 (1990)

• perturbative @ 2 loops in QCD+QED

• non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)

The decay constant   becomes an ambiguous and unphysical quantityfP,0



15

F. Bloch & A. Nordsieck, PR 52 (1937) 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

N. Carrasco et al., PRD 91 (2015) 
       D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

The RM123+Soton approach

Leptonic decay rate at 
<latexit sha1_base64="3+cu1yyokes4niCOhTFPrS/11No="></latexit>

O(↵)
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F. Bloch & A. Nordsieck, PR 52 (1937) 

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR divergent IR divergentIR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

� <latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite

<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite IR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

� <latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite

<latexit sha1_base64="07plWzllOwhXobnoBle67Q17eK8="></latexit>�
<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)

�

IR finite IR finite

N. Carrasco et al., PRD 91 (2015) 
       D. Giusti et al., PRL 120 (2018) 

     MDC et al., PRD 100 (2019) 
P.Boyle, MDC et al., JHEP 02 (2023)

IR finite

<latexit sha1_base64="jZBzUp+GOxeUOZQv7HeQvimrc08="></latexit>

�(P`2) = lim
⇤IR!0

⇢
�0(⇤IR) + �1(⇤IR)
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Current calculations have been performed in the electro-quenched approximation (sea quarks electrically neutral). 
 

Work in progress to compute the remaining diagrams by different collaborations.
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• Good evidence that          can be computed from first 
principles non-perturbatively on the lattice! 

• RBC-UKQCD error dominated by a large systematic 
uncertainty related to finite-volume effects (!) 
Work in progress to improve the result.  

• Errors on  from theoretical inputs could 
become comparable with those from experiments
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QED finite-volume effects
Hadron masses
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mP = m(0)

P +
i e2

4mP

Z
d4k

(2⇡)4
Tµ⌫(k0,k)gµ⌫

k20 � k2 + i✏
1. Cottingham formula:

<latexit sha1_base64="obSUW7ERxhi1RhVQlYziceNC39I="></latexit>

Tµ
µ(k0,k) = i

Z
d4x eikx hP (0)|T

�
Jµ(x)J

µ(0)
 
|P (0)i

c

2.  .

t > 0t < 0
<latexit sha1_base64="4YTf5O+9fd+HaufxkLgs6x8g4j0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiUl0W3bgRKtgHNDFMppN2yEwSZiZCCVm58VfcuFDErd/gzr9x0nah1QMzHM65l3vv8RNGpbKsL6O0sLi0vFJeraytb2xumds7HRmnApM2jlksej6ShNGItBVVjPQSQRD3Gen64WXhd++JkDSObtU4IS5Hw4gGFCOlJc/cz649h6f5XVb8tdCzjh2O1MgPsjA/8syqVbcmgH+JPSNVMEPLMz+dQYxTTiKFGZKyb1uJcjMkFMWM5BUnlSRBOERD0tc0QpxIN5uckcNDrQxgEAv9IgUn6s+ODHEpx9zXlcWKct4rxP+8fqqCczejUZIqEuHpoCBlUMWwyAQOqCBYsbEmCAuqd4V4hATCSidX0SHY8yf/JZ2Tut2oN25Oq82LWRxlsAcOQA3Y4Aw0wRVogTbA4AE8gRfwajwaz8ab8T4tLRmznl3wC8bHNzKLmPY=</latexit>

Mµ
µ(k0,k)

<latexit sha1_base64="i7YZ51LyYuXUgSgr8XJrHxis5og=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgi2JSHVZdONGqGAf0MQwmU7aIZMHMxOhhCzd+CtuXCji1k9w5984abPQ6oEZDufcy733uDGjQhrGl1ZaWFxaXimvVtbWNza39O2drogSjkkHRyzifRcJwmhIOpJKRvoxJyhwGem5/mXu9+4JFzQKb+UkJnaARiH1KEZSSY6+n147VpBkd2n+1+q+YxzXrQDJseulfnbk6FWjYUwB/xKzIFVQoO3on9YwwklAQokZEmJgGrG0U8QlxYxkFSsRJEbYRyMyUDREARF2Oj0kg4dKGUIv4uqFEk7Vnx0pCoSYBK6qzFcU814u/ucNEumd2ykN40SSEM8GeQmDMoJ5KnBIOcGSTRRBmFO1K8RjxBGWKruKCsGcP/kv6Z40zGajeXNabV0UcZTBHjgANWCCM9ACV6ANOgCDB/AEXsCr9qg9a2/a+6y0pBU9u+AXtI9vFpuZZA==</latexit>

Mµ
µ(�k0,�k)

multi-particle

single-particle

hadronic
photon

using the notation of 
B.Lucini et al., JHEP 1602 (2016)
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QED finite-volume effects
Hadron masses

<latexit sha1_base64="2r95vts75urnVGvUo4v+1mln7Cg="></latexit>

mP = m(0)

P +
i e2

4mP

Z
d4k

(2⇡)4
Tµ⌫(k0,k)gµ⌫

k20 � k2 + i✏
1. Cottingham formula:

<latexit sha1_base64="obSUW7ERxhi1RhVQlYziceNC39I="></latexit>

Tµ
µ(k0,k) = i

Z
d4x eikx hP (0)|T

�
Jµ(x)J

µ(0)
 
|P (0)i

c

2.  .

t > 0t < 0
<latexit sha1_base64="4YTf5O+9fd+HaufxkLgs6x8g4j0=">AAACBnicbVDLSsNAFJ3UV62vqEsRBotQQUoiUl0W3bgRKtgHNDFMppN2yEwSZiZCCVm58VfcuFDErd/gzr9x0nah1QMzHM65l3vv8RNGpbKsL6O0sLi0vFJeraytb2xumds7HRmnApM2jlksej6ShNGItBVVjPQSQRD3Gen64WXhd++JkDSObtU4IS5Hw4gGFCOlJc/cz649h6f5XVb8tdCzjh2O1MgPsjA/8syqVbcmgH+JPSNVMEPLMz+dQYxTTiKFGZKyb1uJcjMkFMWM5BUnlSRBOERD0tc0QpxIN5uckcNDrQxgEAv9IgUn6s+ODHEpx9zXlcWKct4rxP+8fqqCczejUZIqEuHpoCBlUMWwyAQOqCBYsbEmCAuqd4V4hATCSidX0SHY8yf/JZ2Tut2oN25Oq82LWRxlsAcOQA3Y4Aw0wRVogTbA4AE8gRfwajwaz8ab8T4tLRmznl3wC8bHNzKLmPY=</latexit>

Mµ
µ(k0,k)

<latexit sha1_base64="i7YZ51LyYuXUgSgr8XJrHxis5og=">AAACCHicbVDLSsNAFJ3UV62vqEsXDhahgi2JSHVZdONGqGAf0MQwmU7aIZMHMxOhhCzd+CtuXCji1k9w5984abPQ6oEZDufcy733uDGjQhrGl1ZaWFxaXimvVtbWNza39O2drogSjkkHRyzifRcJwmhIOpJKRvoxJyhwGem5/mXu9+4JFzQKb+UkJnaARiH1KEZSSY6+n147VpBkd2n+1+q+YxzXrQDJseulfnbk6FWjYUwB/xKzIFVQoO3on9YwwklAQokZEmJgGrG0U8QlxYxkFSsRJEbYRyMyUDREARF2Oj0kg4dKGUIv4uqFEk7Vnx0pCoSYBK6qzFcU814u/ucNEumd2ykN40SSEM8GeQmDMoJ5KnBIOcGSTRRBmFO1K8RjxBGWKruKCsGcP/kv6Z40zGajeXNabV0UcZTBHjgANWCCM9ACV6ANOgCDB/AEXsCr9qg9a2/a+6y0pBU9u+AXtI9vFpuZZA==</latexit>

Mµ
µ(�k0,�k)

multi-particle

single-particle

hadronic
photon

using the notation of 
B.Lucini et al., JHEP 1602 (2016)
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Hadron masses

QED finite-volume effects

3.  .

<latexit sha1_base64="HOGXGQ8srWF6MyXkdjZy60NKLOw="></latexit>

Mµ
µ(�|k|,k) = Z1P(0)

|k| +M(|k|)

<latexit sha1_base64="8kmMF3jzE9tzziFXj1T6dnolu3g="></latexit>

�mP (L) = mP (L)�mP (1) =
e2

4mP


1

L3

X

k2⇧✓

�
Z

d3k

(2⇡)3

�
Mµ

µ(�|k|,k)
|k|
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Hadron masses

<latexit sha1_base64="MI9enfsDob/aRRL9S87+qb9Fwbo="></latexit>

�mP (L) =
e2

4mP


c2(✓)

Z1P(0)

4⇡2L
+ c1(✓)

M(0)

2⇡L2
+ c0(✓)

M0(0)

L3
+

1X

`=0

(2⇡)`+1

L4+`

c�1�`(✓)

(`+ 2)!
M(`+2)(0)

�

<latexit sha1_base64="h8bv1FgwfSvgPih4Tois1wZkB90="></latexit>

cs(✓) =

✓ X

n2⌦✓

�
Z

d3n

◆
1

|n|s

universal terms fixed by Ward identities structure + multi-particle dependence

QED finite-volume effects

3.  .

<latexit sha1_base64="HOGXGQ8srWF6MyXkdjZy60NKLOw="></latexit>

Mµ
µ(�|k|,k) = Z1P(0)

|k| +M(|k|)

<latexit sha1_base64="8kmMF3jzE9tzziFXj1T6dnolu3g="></latexit>

�mP (L) = mP (L)�mP (1) =
e2

4mP


1

L3

X

k2⇧✓

�
Z

d3k

(2⇡)3

�
Mµ

µ(�|k|,k)
|k|

<latexit sha1_base64="wrUXySWI/TY2LOL55ddK23hfcPA="></latexit>

k =
2⇡

L
n
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Hadron masses
<latexit sha1_base64="MI9enfsDob/aRRL9S87+qb9Fwbo="></latexit>

�mP (L) =
e2

4mP


c2(✓)

Z1P(0)

4⇡2L
+ c1(✓)

M(0)

2⇡L2
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M0(0)

L3
+

1X

`=0

(2⇡)`+1

L4+`
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QED finite-volume effects
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Hadron masses
<latexit sha1_base64="MI9enfsDob/aRRL9S87+qb9Fwbo="></latexit>

�mP (L) =
e2

4mP


c2(✓)

Z1P(0)

4⇡2L
+ c1(✓)

M(0)

2⇡L2
+ c0(✓)

M0(0)

L3
+

1X

`=0

(2⇡)`+1

L4+`

c�1�`(✓)

(`+ 2)!
M(`+2)(0)

�

QED finite-volume effects

However… this series is potentially divergent and should rather be interpreted as an asymptotic series!

In QEDL or QEDC, the series can be rewritten as

<latexit sha1_base64="tcjwgn+UvdBCSv4kAqlmIZOQKCI="></latexit>

�mP (L) =
e2

4mP


c2(✓)

Z1P(0)

4⇡2L
+ c0(✓)

M0(0)

L3
+

1

L2

1X

`=0

b`
1

(mPL)2`

�

with and

<latexit sha1_base64="S/q6WhhsENZnXAX+Fns8YdRBlWI="></latexit>

Tµ
µ(|k|,k) =

1X

`=0

a`
�
|k|/mP

�2`<latexit sha1_base64="3YGB506lcKUPR25k4c3LlL7rgbU="></latexit>

|b`| / |(2`)! c̄2+2`(✓) a`|



24

Asymptotic series: an instructive example

QED finite-volume effects

However, when truncated it can give a good approximation of                :

This series is divergent, due to the  
term     growing fast.

<latexit sha1_base64="Um7nwoprQEwFFuMIibGQy7PPONw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69rBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuyjEaa9ccavuHGSVeDmpQI5Gr/zV7Scsi1EaJqjWHc9NTTChynAmcFrqZhpTykZ0gB1LJY1RB5P5sVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+TmegmmHCZZgYlWyyKMkFMQmafkz5XyIwYW0KZ4vZWwoZUUWZsPiUbgrf88ippXla9WrX2cFWp3+ZxFOEEzuACPLiGOtxDA3xgwOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AaX+OcQ==</latexit>

`!

<latexit sha1_base64="j4cDt0qkwyjROtFyJns4c1W972k=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI1JdFkVwWcE+oB1LJk3b0CQzJBmhHWfhr7hxoYhbf8Odf2OmnYVWDwQO59zLPTl+yKjSjvNl5RYWl5ZX8quFtfWNzS17e6ehgkhiUscBC2TLR4owKkhdU81IK5QEcZ+Rpj+6TP3mPZGKBuJWj0PicTQQtE8x0kbq2nsdjvRQ8viKJqXJESR38fEkmXTtolN2poB/iZuRIshQ69qfnV6AI06Exgwp1XadUHsxkppiRpJCJ1IkRHiEBqRtqECcKC+e5k/goVF6sB9I84SGU/XnRoy4UmPum8k0rZr3UvE/rx3p/rkXUxFGmgg8O9SPGNQBTMuAPSoJ1mxsCMKSmqwQD5FEWJvKCqYEd/7Lf0njpOxWypWb02L1IqsjD/bBASgBF5yBKrgGNVAHGDyAJ/ACXq1H69l6s95nozkr29kFv2B9fAOqf5Xk</latexit>

Ei(z)e�zz

<latexit sha1_base64="bSVTJiaHVdOmzFLhDd71/OMgfTU="></latexit>

Ei(z) =

Z z

�1

et

t
dt =

ez

z


1 +

1

z
+

2

z2
+

6

z3
+ . . .

�
⇡ ez

z

1X

`=0

`!

z`

<latexit sha1_base64="s2YFcsjSxd5DJwvjb2xKmVhnXIg="></latexit>

�z(n) =

����Ei(z)e
�zz �

nX

`=0

`!

z`

����

<latexit sha1_base64="j0zUlt8hVjwvJDYyw+qwONzfkQ8=">AAAB83icbVDLSgNBEJyNrxhfUY9eBoMQL2FXJHoMevEYwTwgu4TZSScZMju7zPQKMeQ3vHhQxKs/482/cZLsQRMLGoqqbrq7wkQKg6777eTW1jc2t/LbhZ3dvf2D4uFR08Sp5tDgsYx1O2QGpFDQQIES2okGFoUSWuHodua3HkEbEasHHCcQRGygRF9whlby/R5IZN2nsjqn3WLJrbhz0FXiZaREMtS7xS+/F/M0AoVcMmM6nptgMGEaBZcwLfipgYTxERtAx1LFIjDBZH7zlJ5ZpUf7sbalkM7V3xMTFhkzjkLbGTEcmmVvJv7ndVLsXwcToZIUQfHFon4qKcZ0FgDtCQ0c5dgSxrWwt1I+ZJpxtDEVbAje8surpHlR8aqV6v1lqXaTxZEnJ+SUlIlHrkiN3JE6aRBOEvJMXsmbkzovzrvzsWjNOdnMMfkD5/MHIZCRGw==</latexit>

�z(n)

<latexit sha1_base64="ruc0yoJEn1Z5ruVAc/AQXfccAEU=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqyH6p7FbcOcgq8XJShhz1fumrN4hZGqE0TFCtu56bGD+jynAmcFrspRoTysZ0iF1LJY1Q+9n80Ck5t8qAhLGyJQ2Zq78nMhppPYkC2xlRM9LL3kz8z+umJrzxMy6T1KBki0VhKoiJyexrMuAKmRETSyhT3N5K2IgqyozNpmhD8JZfXiWty4pXrVQbV+XabR5HAU7hDC7Ag2uowT3UoQkMEJ7hFd6cR+fFeXc+Fq1rTj5zAn/gfP4A2qOM/Q==</latexit>n

<latexit sha1_base64="2vG/dPByfKDiiT1iL7T/u+4GYvQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseiF48V7Ac0sWy2m3bpZhN2N4Wa9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDvzWyMqFYvFgx4n1I9wX7CQEayN1LVt8egpjSXyFIvQ5GnStctOxZkDrRI3J2XIUe/aX14vJmlEhSYcK9VxnUT7GZaaEU6nJS9VNMFkiPu0Y6jAEVV+Nr98is6M0kNhLE0Jjebq74kMR0qNo8B0RlgP1LI3E//zOqkOr/2MiSTVVJDFojDlSMdoFgPqMUmJ5mNDMJHM3IrIAEtMtAmrZEJwl19eJc2LilutVO8vy7WbPI4inMApnIMLV1CDO6hDAwiM4Ble4c3KrBfr3fpYtBasfOYY/sD6/AFzPJOP</latexit>

n? ⇠ |z|

There exist an optimal truncation:

<latexit sha1_base64="bH0DyxIm9aym4/zUdZ0mpvZspWg=">AAACFHicdVBJSwMxGM3Urdat6tFLsAiCMky6exCKXjxWsAtMh5JJ0zY0s5BkhDr0R3jxr3jxoIhXD978N6bLgIo+CDzee1/y5bkhZ1JZ1qeRWlpeWV1Lr2c2Nre2d7K7e00ZRILQBgl4INoulpQznzYUU5y2Q0Gx53LackeXU791S4VkgX+jxiF1PDzwWZ8RrLTUzZ50ZnfYYuA6sWXmz8rVEjq1zGK+WkAFTcollEeVyd05srrZXJKASQImCYhMa4YcWKDezX50egGJPOorwrGUNrJC5cRYKEY4nWQ6kaQhJiM8oLamPvaodOLZQhN4pJUe7AdCH1/Bmfp9IsaelGPP1UkPq6H87U3Fvzw7Uv2qEzM/jBT1yfyhfsShCuC0IdhjghLFx5pgIpjeFZIhFpgo3WNGl5D8FP5PmnkTlc3ydTFXu1jUkQYH4BAcAwQqoAauQB00AAH34BE8gxfjwXgyXo23eTRlLGb2wQ8Y71/V6ppI</latexit>

z = 10
<latexit sha1_base64="ziqeoZ0I5TUP8SibuOp5hPg6YMg=">AAACFHicdVBLSwMxGMzWV62vVY9egkUQlGW3bh8XoejFYwX7gO1SsmnahmYfJFmhLv0RXvwrXjwo4tWDN/+N6bYLKjoQGGbmS76MFzEqpGl+arml5ZXVtfx6YWNza3tH391riTDmmDRxyELe8ZAgjAakKalkpBNxgnyPkbY3vpz57VvCBQ2DGzmJiOujYUAHFCOppJ5+0k3vcPjQcxPTqNlntl07NY2yXbZsWxHLsiql6vTuvGT29GKWgFkCZgloGWaKIlig0dM/uv0Qxz4JJGZICMcyI+kmiEuKGZkWurEgEcJjNCSOogHyiXCTdKEpPFJKHw5Crk4gYap+n0iQL8TE91TSR3Ikfnsz8S/PieWg5iY0iGJJAjx/aBAzKEM4awj2KSdYsokiCHOqdoV4hDjCUvVYUCVkP4X/k1bJsCpG5dou1i8WdeTBATgEx8ACVVAHV6ABmgCDe/AInsGL9qA9aa/a2zya0xYz++AHtPcv0WmaRQ==</latexit>

z = 20
<latexit sha1_base64="mkm0OeKvQno4Q1cNaecNCog1I/c=">AAACFHicdVDLSgMxFM34rPU16tJNsAiCMmTaYbQLoejGZQX7gHYomTRtQzMPkoxQh36EG3/FjQtF3Lpw59+YPgZU9IbA4Zxzb26OH3MmFUKfxsLi0vLKam4tv76xubVt7uzWZZQIQmsk4pFo+lhSzkJaU0xx2owFxYHPacMfXk70xi0VkkXhjRrF1AtwP2Q9RrDSVMc8bk9ntETf91JkOWV93BNkuU6x5JQ0sJ0yKqPx3XkJdcxC5oCZA2YOaFtoWgUwr2rH/Gh3I5IENFSEYylbNoqVl2KhGOF0nG8nksaYDHGftjQMcUCll04XGsNDzXRhLxL6hgpO2e8dKQ6kHAW+dgZYDeRvbUL+pbUS1TvzUhbGiaIhmT3USzhUEZwkBLtMUKL4SANMBNO7QjLAAhOlc8zrELKfwv9BvWjZruVeO4XKxTyOHNgHB+AI2OAUVMAVqIIaIOAePIJn8GI8GE/Gq/E2sy4Y85498KOM9y/uWJpY</latexit>

z = 30

<latexit sha1_base64="cETWzPZK5X1MbienjpuF9C416sI=">AAACHHicbVC7TgMxEPTxDOEVoKSxiJCgINwFBJQIGkqQSEDKhcjnbMCKz3ex95DC5T6Ehl+hoQAhGgok/gbnUfAayfJ4ZlfrnSCWwqDrfjpj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+jJgBqRQUEGBEi5jDSwMJFwE7eO+f3EL2ohInWM3hnrIrpVoCc7QSo3Cjt8Eiaxxt6GufINMb/oSOtQ3HY1p2Y9F1rvrXaVb3nY5A3vbV9YoFN2SOwD9S7wRKZIRThuFd78Z8SQEhVwyY2qeG2M9ZRoFl5Dl/cRAzHibXUPNUsVCMPV0sFxG163SpK1I26OQDtTvHSkLjemGga0MGd6Y315f/M+rJdg6qKdCxQmC4sNBrURSjGg/KdoUGjjKriWMa2H/SvkN04yjzTNvQ/B+r/yXVMslb6+0d7ZbPDwaxZEjq2SNbBCP7JNDckJOSYVwck8eyTN5cR6cJ+fVeRuWjjmjnhXyA87HF4c+oko=</latexit>

�z(n
?) 

p
2⇡|z|�1/2e�|z|
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Asymptotic series: an instructive example

QED finite-volume effects

However, when truncated it can give a good approximation of                :

This series is divergent, due to the  
term     growing fast.

<latexit sha1_base64="Um7nwoprQEwFFuMIibGQy7PPONw=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69rBbBU0lEqseiF48VTFtoQ9lsJ+3SzSbsboRS+hu8eFDEqz/Im//GbZuDtj4YeLw3w8y8MBVcG9f9dgpr6xubW8Xt0s7u3v5B+fCoqZNMMfRZIhLVDqlGwSX6hhuB7VQhjUOBrXB0N/NbT6g0T+SjGacYxHQgecQZNVbyuyjEaa9ccavuHGSVeDmpQI5Gr/zV7Scsi1EaJqjWHc9NTTChynAmcFrqZhpTykZ0gB1LJY1RB5P5sVNybpU+iRJlSxoyV39PTGis9TgObWdMzVAvezPxP6+TmegmmHCZZgYlWyyKMkFMQmafkz5XyIwYW0KZ4vZWwoZUUWZsPiUbgrf88ippXla9WrX2cFWp3+ZxFOEEzuACPLiGOtxDA3xgwOEZXuHNkc6L8+58LFoLTj5zDH/gfP4AaX+OcQ==</latexit>

`!

<latexit sha1_base64="j4cDt0qkwyjROtFyJns4c1W972k=">AAAB/3icbVDLSgMxFM3UV62vUcGNm2AR6sIyI1JdFkVwWcE+oB1LJk3b0CQzJBmhHWfhr7hxoYhbf8Odf2OmnYVWDwQO59zLPTl+yKjSjvNl5RYWl5ZX8quFtfWNzS17e6ehgkhiUscBC2TLR4owKkhdU81IK5QEcZ+Rpj+6TP3mPZGKBuJWj0PicTQQtE8x0kbq2nsdjvRQ8viKJqXJESR38fEkmXTtolN2poB/iZuRIshQ69qfnV6AI06Exgwp1XadUHsxkppiRpJCJ1IkRHiEBqRtqECcKC+e5k/goVF6sB9I84SGU/XnRoy4UmPum8k0rZr3UvE/rx3p/rkXUxFGmgg8O9SPGNQBTMuAPSoJ1mxsCMKSmqwQD5FEWJvKCqYEd/7Lf0njpOxWypWb02L1IqsjD/bBASgBF5yBKrgGNVAHGDyAJ/ACXq1H69l6s95nozkr29kFv2B9fAOqf5Xk</latexit>

Ei(z)e�zz

<latexit sha1_base64="bSVTJiaHVdOmzFLhDd71/OMgfTU="></latexit>

Ei(z) =

Z z

�1

et

t
dt =

ez

z


1 +

1

z
+

2

z2
+

6

z3
+ . . .

�
⇡ ez

z

1X

`=0

`!

z`

<latexit sha1_base64="s2YFcsjSxd5DJwvjb2xKmVhnXIg="></latexit>

�z(n) =

����Ei(z)e
�zz �

nX

`=0

`!

z`

����

<latexit sha1_base64="2vG/dPByfKDiiT1iL7T/u+4GYvQ=">AAAB+XicbVBNS8NAEJ3Ur1q/oh69LBbBU0lEqseiF48V7Ac0sWy2m3bpZhN2N4Wa9p948aCIV/+JN/+N2zYHbX0w8Hhvhpl5QcKZ0o7zbRXW1jc2t4rbpZ3dvf0D+/CoqeJUEtogMY9lO8CKciZoQzPNaTuRFEcBp61geDvzWyMqFYvFgx4n1I9wX7CQEayN1LVt8egpjSXyFIvQ5GnStctOxZkDrRI3J2XIUe/aX14vJmlEhSYcK9VxnUT7GZaaEU6nJS9VNMFkiPu0Y6jAEVV+Nr98is6M0kNhLE0Jjebq74kMR0qNo8B0RlgP1LI3E//zOqkOr/2MiSTVVJDFojDlSMdoFgPqMUmJ5mNDMJHM3IrIAEtMtAmrZEJwl19eJc2LilutVO8vy7WbPI4inMApnIMLV1CDO6hDAwiM4Ble4c3KrBfr3fpYtBasfOYY/sD6/AFzPJOP</latexit>

n? ⇠ |z|

There exist an optimal truncation:

<latexit sha1_base64="bH0DyxIm9aym4/zUdZ0mpvZspWg=">AAACFHicdVBJSwMxGM3Urdat6tFLsAiCMky6exCKXjxWsAtMh5JJ0zY0s5BkhDr0R3jxr3jxoIhXD978N6bLgIo+CDzee1/y5bkhZ1JZ1qeRWlpeWV1Lr2c2Nre2d7K7e00ZRILQBgl4INoulpQznzYUU5y2Q0Gx53LackeXU791S4VkgX+jxiF1PDzwWZ8RrLTUzZ50ZnfYYuA6sWXmz8rVEjq1zGK+WkAFTcollEeVyd05srrZXJKASQImCYhMa4YcWKDezX50egGJPOorwrGUNrJC5cRYKEY4nWQ6kaQhJiM8oLamPvaodOLZQhN4pJUe7AdCH1/Bmfp9IsaelGPP1UkPq6H87U3Fvzw7Uv2qEzM/jBT1yfyhfsShCuC0IdhjghLFx5pgIpjeFZIhFpgo3WNGl5D8FP5PmnkTlc3ydTFXu1jUkQYH4BAcAwQqoAauQB00AAH34BE8gxfjwXgyXo23eTRlLGb2wQ8Y71/V6ppI</latexit>

z = 10
<latexit sha1_base64="ziqeoZ0I5TUP8SibuOp5hPg6YMg=">AAACFHicdVBLSwMxGMzWV62vVY9egkUQlGW3bh8XoejFYwX7gO1SsmnahmYfJFmhLv0RXvwrXjwo4tWDN/+N6bYLKjoQGGbmS76MFzEqpGl+arml5ZXVtfx6YWNza3tH391riTDmmDRxyELe8ZAgjAakKalkpBNxgnyPkbY3vpz57VvCBQ2DGzmJiOujYUAHFCOppJ5+0k3vcPjQcxPTqNlntl07NY2yXbZsWxHLsiql6vTuvGT29GKWgFkCZgloGWaKIlig0dM/uv0Qxz4JJGZICMcyI+kmiEuKGZkWurEgEcJjNCSOogHyiXCTdKEpPFJKHw5Crk4gYap+n0iQL8TE91TSR3Ikfnsz8S/PieWg5iY0iGJJAjx/aBAzKEM4awj2KSdYsokiCHOqdoV4hDjCUvVYUCVkP4X/k1bJsCpG5dou1i8WdeTBATgEx8ACVVAHV6ABmgCDe/AInsGL9qA9aa/a2zya0xYz++AHtPcv0WmaRQ==</latexit>

z = 20
<latexit sha1_base64="mkm0OeKvQno4Q1cNaecNCog1I/c=">AAACFHicdVDLSgMxFM34rPU16tJNsAiCMmTaYbQLoejGZQX7gHYomTRtQzMPkoxQh36EG3/FjQtF3Lpw59+YPgZU9IbA4Zxzb26OH3MmFUKfxsLi0vLKam4tv76xubVt7uzWZZQIQmsk4pFo+lhSzkJaU0xx2owFxYHPacMfXk70xi0VkkXhjRrF1AtwP2Q9RrDSVMc8bk9ntETf91JkOWV93BNkuU6x5JQ0sJ0yKqPx3XkJdcxC5oCZA2YOaFtoWgUwr2rH/Gh3I5IENFSEYylbNoqVl2KhGOF0nG8nksaYDHGftjQMcUCll04XGsNDzXRhLxL6hgpO2e8dKQ6kHAW+dgZYDeRvbUL+pbUS1TvzUhbGiaIhmT3USzhUEZwkBLtMUKL4SANMBNO7QjLAAhOlc8zrELKfwv9BvWjZruVeO4XKxTyOHNgHB+AI2OAUVMAVqIIaIOAePIJn8GI8GE/Gq/E2sy4Y85498KOM9y/uWJpY</latexit>

z = 30

<latexit sha1_base64="cETWzPZK5X1MbienjpuF9C416sI=">AAACHHicbVC7TgMxEPTxDOEVoKSxiJCgINwFBJQIGkqQSEDKhcjnbMCKz3ex95DC5T6Ehl+hoQAhGgok/gbnUfAayfJ4ZlfrnSCWwqDrfjpj4xOTU9O5mfzs3PzCYmFpuWqiRHOo8EhG+jJgBqRQUEGBEi5jDSwMJFwE7eO+f3EL2ohInWM3hnrIrpVoCc7QSo3Cjt8Eiaxxt6GufINMb/oSOtQ3HY1p2Y9F1rvrXaVb3nY5A3vbV9YoFN2SOwD9S7wRKZIRThuFd78Z8SQEhVwyY2qeG2M9ZRoFl5Dl/cRAzHibXUPNUsVCMPV0sFxG163SpK1I26OQDtTvHSkLjemGga0MGd6Y315f/M+rJdg6qKdCxQmC4sNBrURSjGg/KdoUGjjKriWMa2H/SvkN04yjzTNvQ/B+r/yXVMslb6+0d7ZbPDwaxZEjq2SNbBCP7JNDckJOSYVwck8eyTN5cR6cJ+fVeRuWjjmjnhXyA87HF4c+oko=</latexit>

�z(n
?) 

p
2⇡|z|�1/2e�|z|

0 20 40 60 80 100

10-10

1

1010

1020

<latexit sha1_base64="DIp8TqALc7+gOIC3JDUVlJc70Y4=">AAAB+XicbZC7TsMwFIZPyq2UW4CRxVAhMZUEocJYwcJYJHqR2lA5rtNadZzIdiqVKG/CwgBCrLwJG2+D03aAll+y9Ok/5+gc/37MmdKO820VVlbX1jeKm6Wt7Z3dPXv/oKmiRBLaIBGPZNvHinImaEMzzWk7lhSHPqctf3Sb11tjKhWLxIOexNQL8UCwgBGsjdWz7bRLOT/OztOnx5yynl12Ks5UaBncOZRhrnrP/ur2I5KEVGjCsVId14m1l2KpGeE0K3UTRWNMRnhAOwYFDqny0unlGTo1Th8FkTRPaDR1f0+kOFRqEvqmM8R6qBZruflfrZPo4NpLmYgTTQWZLQoSjnSE8hhQn0lKNJ8YwEQycysiQywx0SaskgnBXfzyMjQvKm61Ur2/LNdu5nEU4QhO4AxcuIIa3EEdGkBgDM/wCm9War1Y79bHrLVgzWcO4Y+szx+M9JOg</latexit>

`!/z`

<latexit sha1_base64="MD8mDJJ8yBvJpeXLwTJAdz6PfEk=">AAAB63icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gPaUDbbSbt0dxN2N0IJ/QtePCji1T/kzX/jps1Bqw8GHu/NMDMvTDjTxvO+nNLa+sbmVnm7srO7t39QPTzq6DhVFNs05rHqhUQjZxLbhhmOvUQhESHHbji9zf3uIyrNYvlgZgkGgowlixglJpcGyPmwWvPq3gLuX+IXpAYFWsPq52AU01SgNJQTrfu+l5ggI8owynFeGaQaE0KnZIx9SyURqINscevcPbPKyI1iZUsad6H+nMiI0HomQtspiJnoVS8X//P6qYmug4zJJDUo6XJRlHLXxG7+uDtiCqnhM0sIVcze6tIJUYQaG0/FhuCvvvyXdC7qfqPeuL+sNW+KOMpwAqdwDj5cQRPuoAVtoDCBJ3iBV0c4z86b875sLTnFzDH8gvPxDRD4jkY=</latexit>

`
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Hadron masses

QED finite-volume effects

<latexit sha1_base64="tcjwgn+UvdBCSv4kAqlmIZOQKCI="></latexit>

�mP (L) =
e2

4mP


c2(✓)

Z1P(0)

4⇡2L
+ c0(✓)

M0(0)

L3
+

1

L2

1X

`=0

b`
1

(mPL)2`

� …is there an optimal truncation here?

Possible scenarios:

👍
👎

Ongoing study in QEDL, QEDC & QEDr

<latexit sha1_base64="3YGB506lcKUPR25k4c3LlL7rgbU="></latexit>

|b`| / |(2`)! c̄2+2`(✓) a`|
<latexit sha1_base64="FtqSE/9QyrvtO/QS9c8AsaFY+5M="></latexit>

n? ?⇠ (mPL)/2
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QED finite-volume effects
Leptonic decays

<latexit sha1_base64="FdAiNYxO4zrHoF6a5WrD1G1HjWc="></latexit>

�P = KP f2
P (1 + e2 �Rvirt

P + e2 �Rreal
P )

<latexit sha1_base64="JGqSnZb7Gg8ZvQpYaN2y8ibtcOQ="></latexit>

�Rvirt
P (L) =

Y (L)

8⇡2

<latexit sha1_base64="/UjSad25fuSXTcjufCHr7gdwagU="></latexit>

Y (L) = lim
"!0

Y"(L) ⌘ lim
"!0

n
Y"(1) +�Y"(L)

o
= Y sd(1) + lim

"!0

n
Y uni
" (1) +�Y"(L)

o

target of our lattice calculation

point-like decay rate with massive photon

sum-integral differences at finite photon mass

Finite-volume calculation more tricky due to appearance of infrared divergences & dependence 

on external lepton momentum pℓ

{finite-volume effects
<latexit sha1_base64="g8uiWWpAOyTvmHHx8jZ2DZbJy/E="></latexit>

�Y (L)

V. Lubicz et al., PRD 95 (2017) 
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V. Lubicz et al., PRD 95 (2017) 

N. Tantalo et al., [1612.00199v2]

<latexit sha1_base64="YTo09naljXEzjC0az1zJU7Xsui0="></latexit>

cs(v`) =

✓X

n 6=0

�
Z

d3n

◆
1

|n|s (1� v` · n̂)

QED finite-volume effects

<latexit sha1_base64="fqAt0p0xIozoso0dBJr2fJDpZyU="></latexit>

C(2)
` =

<latexit sha1_base64="tipzhVxOWDcVEqxHSSsGUdeZV8I="></latexit>

�Y (L) =
3

4
+ 4 log

✓
m`

mW

◆
+ 2 log

✓
mWL

4⇡

◆
� 2A1(v`)


log

mPL

2⇡
+ log

m`L

4⇡
� 1

�
+

c3 � 2(c3(v`)�B1(v`))

2⇡

� 1

mPL


(1 + r2` )

2 c2 � 4r2` c2(v`)

1� r4`

�

+
1

(mPL)2


�FA(0)

fP

4⇡mP [(1 + r`)2 c1 � 4r2` c1(v`)]

1� r4`
+

8⇡[(1 + r2` )c1 � 2c1(v`)]

(1� r4` )

�

+
1

(mPL)3


32⇡2c0 (2 + r2` )

(1 + r2` )
3

+ c0 C
(1)
` + c0(v`)C

(2)
`

�

+ · · ·

Leptonic decays

with new finite-volume coefficients

MDC et al., PRD 105 (2022) 

MDC et al., [2310.13358] 

MDC et al., [2501.07936]

<latexit sha1_base64="sQFrfNv00tnjfWvSRCJP5SmTHZk=">AAAB+nicbVDLSgMxFM3UV62vVpduBovgqs6IVDdC0Y3LCvYB7TBk0jttaJIZkoxSxn6KGxeKuPVL3Pk3ptNZaOuBkMM555KbE8SMKu0431ZhZXVtfaO4Wdra3tndK1f22ypKJIEWiVgkuwFWwKiAlqaaQTeWgHnAoBOMb2Z+5wGkopG415MYPI6HgoaUYG0kv1yRfh8Yu+LZdcr9pl+uOjUng71M3JxUUQ6T/+oPIpJwEJowrFTPdWLtpVhqShhMS/1EQYzJGA+hZ6jAHJSXZqtP7WOjDOwwkuYIbWfq74kUc6UmPDBJjvVILXoz8T+vl+jw0kupiBMNgswfChNm68ie9WAPqASi2cQQTCQ1u9pkhCUm2rRVMiW4i19eJu2zmluv1e/Oq43rvI4iOkRH6AS56AI10C1qohYi6BE9o1f0Zj1ZL9a79TGPFqx85gD9gfX5A8vPk7c=</latexit>

r` = m`/mP
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Collinear divergences

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.999|v| = 0.95

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

|v| = 0.40

<latexit sha1_base64="9mp3drbbd/Et54jKUlQQI/RVibo=">AAACBHicdVDLSsNAFJ34rPUVddnNYBHqpqQq6kYounFZwT6gCWEynbRDZyZhZlIoIQs3/oobF4q49SPc+TdO2gr1deDC4Zx7ufeeIGZUacf5sBYWl5ZXVgtrxfWNza1te2e3paJEYtLEEYtkJ0CKMCpIU1PNSCeWBPGAkXYwvMr99ohIRSNxq8cx8TjqCxpSjLSRfLvkciqgGyCZ4sx3Ki5HehCE6Sg7vPDtcq3qTACdX+TLKoMZGr797vYinHAiNGZIqW7NibWXIqkpZiQruokiMcJD1CddQwXiRHnp5IkMHhilB8NImhIaTtT5iRRxpcY8MJ35jeqnl4t/ed1Eh+deSkWcaCLwdFGYMKgjmCcCe1QSrNnYEIQlNbdCPEASYW1yK86H8D9pHVVrp9Xjm5Ny/XIWRwGUwD6ogBo4A3VwDRqgCTC4Aw/gCTxb99aj9WK9TlsXrNnMHvgG6+0TIvSXxw==</latexit>

min c̄0(v) =

<latexit sha1_base64="Yiq0DyOwWM+S1y0UjgRNELjuwvw=">AAACBHicdVDLSsNAFJ3UV62vqMtuBotQNyXRUu1CKLpxWcE+oAlhMp20QycPZibFErJw46+4caGIWz/CnX/jpI2gogcGzpxzL/fe40aMCmkYH1phaXllda24XtrY3Nre0Xf3uiKMOSYdHLKQ910kCKMB6UgqGelHnCDfZaTnTi4zvzclXNAwuJGziNg+GgXUoxhJJTl62fLRLbRcxBOcOkZVfeXY9ZJpenTu6BWjZjSahtmAisyhSLNZr5smNHOlAnK0Hf3dGoY49kkgMUNCDEwjknaCuKSYkbRkxYJECE/QiAwUDZBPhJ3Mj0jhoVKG0Au5eoGEc/V7R4J8IWa+qyqzHcVvLxP/8gax9M7shAZRLEmAF4O8mEEZwiwROKScYMlmiiDMqdoV4jHiCEuVW0mF8HUp/J90j2tmo3ZyXa+0LvI4iqAMDkAVmOAUtMAVaIMOwOAOPIAn8Kzda4/ai/a6KC1oec8++AHt7RNs5pf6</latexit>

max c̄0(v) =

In infinite volume they appear as                  , arising from photons parallel to the lepton
<latexit sha1_base64="nw5XQd9JnZNr49gWvDgGv3qy60w=">AAAB+nicbVDLSsNAFJ34rPWV6tLNYBHqpiYi1WXRjcsK9gFNCJPptB06jzAzUUrsp7hxoYhbv8Sdf+O0zUJbD1w4nHMv994TJ4xq43nfzsrq2vrGZmGruL2zu7fvlg5aWqYKkyaWTKpOjDRhVJCmoYaRTqII4jEj7Xh0M/XbD0RpKsW9GSck5GggaJ9iZKwUuaWAyQGs8CggjJ3xqHEauWWv6s0Al4mfkzLI0Yjcr6AnccqJMJghrbu+l5gwQ8pQzMikGKSaJAiP0IB0LRWIEx1ms9Mn8MQqPdiXypYwcKb+nsgQ13rMY9vJkRnqRW8q/ud1U9O/CjMqktQQgeeL+imDRsJpDrBHFcGGjS1BWFF7K8RDpBA2Nq2iDcFffHmZtM6rfq1au7so16/zOArgCByDCvDBJaiDW9AATYDBI3gGr+DNeXJenHfnY9664uQzh+APnM8f4LmTHw==</latexit>

log(m`/mP )

In finite volume they also appear, but rotational symmetry breaking induces a dependence on
<latexit sha1_base64="RKS/52jGXx+K/UDpyVC2n/Bu908=">AAAB+XicbVDLSsNAFL2pr1pfUZduBovgqiQq6rLoxmUF+4AmlMl00g6dTMLMpFBC/sSNC0Xc+ifu/BsnbRbaemDgcM693DMnSDhT2nG+rcra+sbmVnW7trO7t39gHx51VJxKQtsk5rHsBVhRzgRta6Y57SWS4ijgtBtM7gu/O6VSsVg86VlC/QiPBAsZwdpIA9v2xlhnXoT1OAizaZ4P7LrTcOZAq8QtSR1KtAb2lzeMSRpRoQnHSvVdJ9F+hqVmhNO85qWKJphM8Ij2DRU4osrP5slzdGaUIQpjaZ7QaK7+3shwpNQsCsxkEVEte4X4n9dPdXjrZ0wkqaaCLA6FKUc6RkUNaMgkJZrPDMFEMpMVkTGWmGhTVs2U4C5/eZV0LhrudePy8arevCvrqMIJnMI5uHADTXiAFrSBwBSe4RXerMx6sd6tj8VoxSp3juEPrM8fVZWUIA==</latexit>

v̂

<latexit sha1_base64="SB7UwkZDumsQ2RbOWTWNdiHJBGM=">AAACBnicbVBNS8NAEJ3Ur1q/oh5FCBbBU0lU1GPRi8cK9gOaUDbbTbt0swm7m0IJOXnxr3jxoIhXf4M3/42bNoK2Phh4vDfDzDw/ZlQq2/4ySkvLK6tr5fXKxubW9o65u9eSUSIwaeKIRaLjI0kY5aSpqGKkEwuCQp+Rtj+6yf32mAhJI36vJjHxQjTgNKAYKS31zEM3RGroB+k4c2MkEGOE/UijrGdW7Zo9hbVInIJUoUCjZ366/QgnIeEKMyRl17Fj5aVIKIoZySpuIkmM8AgNSFdTjkIivXT6RmYda6VvBZHQxZU1VX9PpCiUchL6ujO/UM57ufif101UcOWllMeJIhzPFgUJs1Rk5ZlYfSoIVmyiCcKC6lstPNRhYKWTq+gQnPmXF0nrtOZc1M7uzqv16yKOMhzAEZyAA5dQh1toQBMwPMATvMCr8Wg8G2/G+6y1ZBQz+/AHxsc3ssuZ6w==</latexit>

v k k
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c̄0(v) = c̄0 = 0
same volumes

<latexit sha1_base64="V5gbYrQakX/fDGNA7K/X8wJVzVI=">AAACHnicbVDLSsNAFJ34rPVVdekmWIS6KYlatQuh6MZlBfuAJoTJZNIOnWTSmUmxpPkSN/6KGxeKCK70b5w+QG09cOFwzr3ce48bUSKkYXxpC4tLyyurmbXs+sbm1nZuZ7cuWMwRriFGGW+6UGBKQlyTRFLcjDiGgUtxw+1ej/xGH3NBWHgnBxG2A9gOiU8QlEpyciXLZffYSywX8gSljlGwAig7rp/00yOr14uhN/xRhpdGsVwupU4ubxSNMfR5Yk5JHkxRdXIflsdQHOBQIgqFaJlGJO0EckkQxWnWigWOIOrCNm4pGsIACzsZv5fqh0rxdJ9xVaHUx+rviQQGQgwCV3WOLhWz3kj8z2vF0r+wExJGscQhmizyY6pLpo+y0j3CMZJ0oAhEnKhbddSBHCKpEs2qEMzZl+dJ/bhonhVPbk/zlatpHBmwDw5AAZjgHFTADaiCGkDgATyBF/CqPWrP2pv2Pmld0KYze+APtM9vNuGjIQ==</latexit>

c̄0(v) |v| = 0.995for
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Out[!]=

Number of random directions

<latexit sha1_base64="C8Z0VeEWv7iKAx9wF2830JBy3/c=">AAACF3icZVDJSgNBEO2JW4xb1KOXwSBECGFGXHIMePEYwSyQCUNNpyZp0rPQ3RMIw3yH+DHiLXoTj/6NnQXRpKDox6suXr3nxZxJZVnfRm5jc2t7J79b2Ns/ODwqHp+0ZJQIik0a8Uh0PJDIWYhNxRTHTiwQAo9j2xvdz+btMQrJovBJTWLsBTAImc8oKE25RdvxBIxQpY4HIqWZa5WdANTQ89Nxdpm5qTMEPfylsswtlqyqNS9zHdhLUCLLarjFT6cf0STAUFEOUnZtK1a9FIRilGNWcBKJMdARDLCrYQgByl46t5aZF5rpm34kdIfKnLN/N1II5Oy4in7lJPAqCzsVqZWG2K/MZkL6ckVG+bVeysI4URjShYqfcFNF5iwks88EUsUnGgAVTB9q0iEIoEpHWdAJ2Kt+10HrqmrfVm8er0v12jKLPDkj56RMbHJH6uSBNEiTUPJMXsmUvBsvxpsxNT4WX3PGcueU/Cvj6wfGcKG2</latexit>

hc̄0(v)iv̂

"magic angles" Stochastic direction average

<latexit sha1_base64="QjZsxRzWxCTFeHeaufxG599EICw="></latexit>

1

4⇡

Z
d⌦v Pl(v̂ · n̂) = �l,0 ) 1

4⇡

Z
d⌦v c̄0(v) = 0

<latexit sha1_base64="7EVF/p/QlT8DZ9Ww2ZzNqS8dexE=">AAAB+HicbVDLSsNAFL2pr1ofrbp0M1gEVyVRUTdC0Y3LCvYBbSiTyaQdOpmEmYlQQ77EjQtF3Pop7vwbp2kW2nrgwuGce+fOPV7MmdK2/W2VVlbX1jfKm5Wt7Z3dam1vv6OiRBLaJhGPZM/DinImaFszzWkvlhSHHqddb3I787uPVCoWiQc9jakb4pFgASNYG2lYq16ng/yVVFI/s7NhrW437BxomTgFqUOB1rD2NfAjkoRUaMKxUn3HjrWbYqkZ4TSrDBJFY0wmeET7hgocUuWm+coMHRvFR0EkTQmNcvX3RIpDpaahZzpDrMdq0ZuJ/3n9RAdXbspEnGgqyHxRkHCkIzRLAflMUqL51BBMJDN/RWSMJSbaZFUxITiLJy+TzmnDuWic3Z/XmzdFHGU4hCM4AQcuoQl30II2EEjgGV7hzXqyXqx362PeWrKKmQP4A+vzBw88k1w=</latexit>

= 0

A.Portelli, Lattice 2023

Velocity-dependent coefficients in QEDr MDC et al., [2501.07936]



<latexit sha1_base64="ZPAI19Jo1MaApKJieWop7HKCUJ8=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDIz1FF3RTddVrAPmA4lk6ZtaCYZkoxQhn6JG3/FjQtFBFf6N2baCtp6IORw7rk3NyeMGVXatr+s3Mrq2vpGfrOwtb2zu1fcP2gqkUhMGlgwIdshUoRRThqaakbasSQoChlphaObrN66J1JRwe/0OCZBhAac9ilG2kjd4nlnOsOXgzBI7bJXcV3XO7PL9hQZ8a68ijfphIL11DgyV1qbdIulHwtcJs6clMAc9W7xo9MTOIkI15ghpXzHjnWQIqkpZmRS6CSKxAiP0ID4hnIUERWk09Um8MQoPdgX0hyu4VT93ZGiSGWrGWeE9FAt1jLxv5qf6P5lkFIeJ5pwPHuonzCoBcyygj0qCdZsbAjCkppdIR4iibA2iRZMCM7il5dJ0y07Xtm7rZSq1/M48uAIHINT4IALUAU1UAcNgMEDeAIv4NV6tJ6tN+t9Zs1Z855D8AfW5zd1xJ8I</latexit>

H
<latexit sha1_base64="9qgcihVhJW2s3tWQvVaAeYYPDr0=">AAACIXicbVDLSsNAFJ34rPUVdekmWAQXEpKm9rErunFZwT6gCWUynbRDJw9mJkIJ+RU3/oobF4p0J/6MkzQLbb0w3MM5986cOW5ECReG8aVsbG5t7+yW9sr7B4dHx+rJaY+HMUO4i0IasoELOaYkwF1BBMWDiGHouxT33dldpvefMOMkDB7FPMKODycB8QiCQlIjtWnndwzZxHUSQzcsq1o3rw1dthuzJkGr1bSsRmq7IR3zuS9bYmNK05FakeN5aevALEAFFNUZqQt7HKLYx4FAFHI+NI1IOAlkgiCK07IdcxxBNIMTPJQwgD7mTpK7S7VLyYw1L2TyBELL2d8bCfR55k5O+lBM+aqWkf9pw1h4TSchQRQLHKDlQ15MNRFqWVzamDCMBJ1LABEj0quGppBBJGSoZRmCufrlddCr6mZdrz/UKu3bIo4SOAcX4AqYoAHa4B50QBcg8AxewTv4UF6UN+VTWSxHN5Ri5wz8KeX7BzpzoI0=</latexit>

`

<latexit sha1_base64="UuXcZOR+TUvZtdBO0r9pFtY0InQ="></latexit>⌫`

Hadronic decays of leptons



<latexit sha1_base64="ZPAI19Jo1MaApKJieWop7HKCUJ8=">AAACHnicbVDLSgMxFM3UV62vqks3wSK4kDIz1FF3RTddVrAPmA4lk6ZtaCYZkoxQhn6JG3/FjQtFBFf6N2baCtp6IORw7rk3NyeMGVXatr+s3Mrq2vpGfrOwtb2zu1fcP2gqkUhMGlgwIdshUoRRThqaakbasSQoChlphaObrN66J1JRwe/0OCZBhAac9ilG2kjd4nlnOsOXgzBI7bJXcV3XO7PL9hQZ8a68ijfphIL11DgyV1qbdIulHwtcJs6clMAc9W7xo9MTOIkI15ghpXzHjnWQIqkpZmRS6CSKxAiP0ID4hnIUERWk09Um8MQoPdgX0hyu4VT93ZGiSGWrGWeE9FAt1jLxv5qf6P5lkFIeJ5pwPHuonzCoBcyygj0qCdZsbAjCkppdIR4iibA2iRZMCM7il5dJ0y07Xtm7rZSq1/M48uAIHINT4IALUAU1UAcNgMEDeAIv4NV6tJ6tN+t9Zs1Z855D8AfW5zd1xJ8I</latexit>

H

Hadronic decays of leptons

<latexit sha1_base64="tnUoqOyxlYr3nBbMQzfGm8BX9j4=">AAACIXicbVDLSsNAFJ34rPUVdekmWAQXEpKm9rErunFZwT6gCWUynbRDJw9mJkIJ+RU3/oobF4p0J/6MkzQLbb0w3MM5986cOW5ECReG8aVsbG5t7+yW9sr7B4dHx+rJaY+HMUO4i0IasoELOaYkwF1BBMWDiGHouxT33dldpvefMOMkDB7FPMKODycB8QiCQlIjtWnndwzZxHUSQzcsq1o3rw1dthuzJkGr1bSsRmq7IR3zuS9bYgsYpyO1Isfz0taBWYAKKKozUhf2OESxjwOBKOR8aBqRcBLIBEEUp2U75jiCaAYneChhAH3MnSR3l2qXkhlrXsjkCYSWs783EujzzJ2c9KGY8lUtI//ThrHwmk5CgigWOEDLh7yYaiLUsri0MWEYCTqXACJGpFcNTSGDSMhQyzIEc/XL66BX1c26Xn+oVdq3RRwlcA4uwBUwQQO0wT3ogC5A4Bm8gnfwobwob8qnsliObijFzhn4U8r3D05HoJo=</latexit>⌧

<latexit sha1_base64="NdCEmDXrmepjcRVrDPPoNkLbU7k="></latexit>⌫⌧



• Yet another puzzle: lower value of  

• Inclusive                    result in HFLAV plot obtained 
using truncated OPE 

• Exclusive channels give results larger than  
but smaller than that obtained imposing CKM unitarity

|Vus |τ−incl.

|Vus |τ−incl.

Inclusive hadronic  decaysτ

34

Alternative determinations of  can be obtained from inclusive hadronic  decays|Vus | τ

<latexit sha1_base64="8YunbShpJ6TXzVno/ycxrP3H5gg=">AAACAHicbVC7SgNBFL3rM8ZX1MLCZjAIVmFXJFoGbSwjmAdkl2V2MpsMmZ1d5iGEZRt/xcZCEVs/w86/cfIoNPHAwOGce7lzTpRxprTrfjsrq2vrG5ulrfL2zu7efuXgsK1SIwltkZSnshthRTkTtKWZ5rSbSYqTiNNONLqd+J1HKhVLxYMeZzRI8ECwmBGsrRRWjn2NDfJ1irphblThCxNOpLBSdWvuFGiZeHNShTmaYeXL76fEJFRowrFSPc/NdJBjqRnhtCj7RtEMkxEe0J6lAidUBfk0QIHOrNJHcSrtExpN1d8bOU6UGieRnUywHqpFbyL+5/WMjq+DnInMaCrI7FBsOLJ5J22gPpOUaD62BBPJ7F8RGWKJibadlW0J3mLkZdK+qHn1Wv3+stq4mddRghM4hXPw4AoacAdNaAGBAp7hFd6cJ+fFeXc+ZqMrznznCP7A+fwB3n2WnA==</latexit>

⌧ ! Xus⌫⌧

3.7 σ

2.1 σ

2.6 σ

2.5 σ

3.5 σ

<latexit sha1_base64="Sy4LswzG7SFiAqDj6aE7Djtl8HE=">AAAB7XicbVDLSgNBEOyNrxhfUY9eBoPgxbArEj0GvXiMYB6QrGF2MpuMmZ1dZnqFsOQfvHhQxKv/482/cfI4aGJBQ1HVTXdXkEhh0HW/ndzK6tr6Rn6zsLW9s7tX3D9omDjVjNdZLGPdCqjhUiheR4GStxLNaRRI3gyGNxO/+cS1EbG6x1HC/Yj2lQgFo2ilRgdp+nDWLZbcsjsFWSbenJRgjlq3+NXpxSyNuEImqTFtz03Qz6hGwSQfFzqp4QllQ9rnbUsVjbjxs+m1Y3JilR4JY21LIZmqvycyGhkzigLbGVEcmEVvIv7ntVMMr/xMqCRFrthsUZhKgjGZvE56QnOGcmQJZVrYWwkbUE0Z2oAKNgRv8eVl0jgve5Vy5e6iVL2ex5GHIziGU/DgEqpwCzWoA4NHeIZXeHNi58V5dz5mrTlnPnMIf+B8/gBE+o7y</latexit>

⌧�

<latexit sha1_base64="7w6jB6dsQF9yQsV1fi1Bcs7l7ko=">AAAB73icbVBNS8NAEJ3Ur1q/qh69BIvgqSQi1WPRi8cK9gOaUDbbTbt0s4m7s0Ip/RNePCji1b/jzX/jts1BWx8MPN6bYWZelAmu0fO+ncLa+sbmVnG7tLO7t39QPjxq6dQoypo0FanqREQzwSVrIkfBOpliJIkEa0ej25nffmJK81Q+4DhjYUIGksecErRSJ5CmFyAxvXLFq3pzuKvEz0kFcjR65a+gn1KTMIlUEK27vpdhOCEKORVsWgqMZhmhIzJgXUslSZgOJ/N7p+6ZVfpunCpbEt25+ntiQhKtx0lkOxOCQ73szcT/vK7B+DqccJkZZJIuFsVGuJi6s+fdPleMohhbQqji9laXDokiFG1EJRuCv/zyKmldVP1atXZ/Wanf5HEU4QRO4Rx8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w809ZAZ</latexit>⌫⌧
<latexit sha1_base64="8BERiCjb1FMJxnw1/1S5KmUQXsk=">AAAB6nicbVDLSgNBEOz1GeMr6tHLYBC8GHZFosegF8FLRPOAZA2zk9lkyOzsMtMrhCWf4MWDIl79Im/+jZPHQRMLGoqqbrq7gkQKg6777Swtr6yurec28ptb2zu7hb39uolTzXiNxTLWzYAaLoXiNRQoeTPRnEaB5I1gcD32G09cGxGrBxwm3I9oT4lQMIpWur99PO0Uim7JnYAsEm9GijBDtVP4andjlkZcIZPUmJbnJuhnVKNgko/y7dTwhLIB7fGWpYpG3PjZ5NQRObZKl4SxtqWQTNTfExmNjBlGge2MKPbNvDcW//NaKYaXfiZUkiJXbLooTCXBmIz/Jl2hOUM5tIQyLeythPWppgxtOnkbgjf/8iKpn5W8cql8d16sXM3iyMEhHMEJeHABFbiBKtSAQQ+e4RXeHOm8OO/Ox7R1yZnNHMAfOJ8/wxCNeQ==</latexit>

K�
<latexit sha1_base64="+ancwB/Za5voXPNs/hYX6OHIUEE=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBi2VXpHosehG8VLAf0G5LNs22oUl2TbJCWfonvHhQxKt/x5v/xrTdg7Y+GHi8N8PMvCDmTBvX/XZyK6tr6xv5zcLW9s7uXnH/oKGjRBFaJxGPVCvAmnImad0ww2krVhSLgNNmMLqZ+s0nqjSL5IMZx9QXeCBZyAg2Vmrddc86Meu6vWLJLbszoGXiZaQEGWq94lenH5FEUGkIx1q3PTc2foqVYYTTSaGTaBpjMsID2rZUYkG1n87unaATq/RRGClb0qCZ+nsixULrsQhsp8BmqBe9qfif105MeOWnTMaJoZLMF4UJRyZC0+dRnylKDB9bgoli9lZEhlhhYmxEBRuCt/jyMmmcl71KuXJ/UapeZ3Hk4QiO4RQ8uIQq3EIN6kCAwzO8wpvz6Lw4787HvDXnZDOH8AfO5w8vko9u</latexit>

K�⇡0

<latexit sha1_base64="ivqI6VjrEArPpU1T1Y0rsxFyT44=">AAAB9HicbVDLSgMxFL1TX7W+qi7dBIvgxjIjpbosuhHcVLAPaKclk2ba0ExmTDKFMvQ73LhQxK0f486/MZ3OQlsP3MvhnHvJzfEizpS27W8rt7a+sbmV3y7s7O7tHxQPj5oqjCWhDRLyULY9rChngjY005y2I0lx4HHa8sa3c781oVKxUDzqaUTdAA8F8xnB2kjufe+iG7GenbZ+sWSX7RRolTgZKUGGer/41R2EJA6o0IRjpTqOHWk3wVIzwums0I0VjTAZ4yHtGCpwQJWbpEfP0JlRBsgPpSmhUar+3khwoNQ08MxkgPVILXtz8T+vE2v/2k2YiGJNBVk85Mcc6RDNE0ADJinRfGoIJpKZWxEZYYmJNjkVTAjO8pdXSfOy7FTL1YdKqXaTxZGHEziFc3DgCmpwB3VoAIEneIZXeLMm1ov1bn0sRnNWtnMMf2B9/gClBpFj</latexit>

K�⇡0⇡0

<latexit sha1_base64="xseO2nFB41OLNR+Ssz/TtGn1d9Y=">AAAB/HicbVDLSgMxFM34rPU12qWbYBHcWGZEqsuiG8FNBfuAzrRk0kwbmkmGJCMMQ/0VNy4UceuHuPNvzLSz0NYDgcM593BvThAzqrTjfFsrq2vrG5ulrfL2zu7evn1w2FYikZi0sGBCdgOkCKOctDTVjHRjSVAUMNIJJje533kkUlHBH3QaEz9CI05DipE20sCueMLYeTq7m/YdL6b9s4FddWrODHCZuAWpggLNgf3lDQVOIsI1ZkipnuvE2s+Q1BQzMi17iSIxwhM0Ij1DOYqI8rPZ8VN4YpQhDIU0j2s4U38nMhQplUaBmYyQHqtFLxf/83qJDq/8jPI40YTj+aIwYVALmDcBh1QSrFlqCMKSmlshHiOJsDZ9lU0J7uKXl0n7vObWa/X7i2rjuqijBI7AMTgFLrgEDXALmqAFMEjBM3gFb9aT9WK9Wx/z0RWryFTAH1ifP6KIlMU=</latexit>

K
0
⇡�

<latexit sha1_base64="9W50iEn8qsFFA8QZcNnOwXpLdZI=">AAAB6nicbVBNS8NAEJ3Ur1q/qh69LBbBU0hEqseiF48V7Qe0oWy2k3bpZhN2N0Ip/QlePCji1V/kzX/jts1BWx8MPN6bYWZemAqujed9O4W19Y3NreJ2aWd3b/+gfHjU1EmmGDZYIhLVDqlGwSU2DDcC26lCGocCW+Hodua3nlBpnshHM04xiOlA8ogzaqz04Lpur1zxXG8Oskr8nFQgR71X/ur2E5bFKA0TVOuO76UmmFBlOBM4LXUzjSllIzrAjqWSxqiDyfzUKTmzSp9EibIlDZmrvycmNNZ6HIe2M6ZmqJe9mfif18lMdB1MuEwzg5ItFkWZICYhs79JnytkRowtoUxxeythQ6ooMzadkg3BX355lTQvXL/qVu8vK7WbPI4inMApnIMPV1CDO6hDAxgM4Ble4c0Rzovz7nwsWgtOPnMMf+B8/gBPdo0t</latexit>...

<latexit sha1_base64="vKnQ+yFqgG/LBEG1O8qTgnrSk9w=">AAAB73icbVBNTwIxEJ3iF+IX6tFLIzHxItk1Bj0SvXjERGATWEm3dKGh213brgnZ8Ce8eNAYr/4db/4bC+xBwZdM8vLeTGbmBYng2jjONyqsrK6tbxQ3S1vbO7t75f2Dlo5TRVmTxiJWXkA0E1yypuFGMC9RjESBYO1gdDP1209MaR7LezNOmB+RgeQhp8RYyfMeznpZqie9csWpOjPgZeLmpAI5Gr3yV7cf0zRi0lBBtO64TmL8jCjDqWCTUjfVLCF0RAasY6kkEdN+Nrt3gk+s0sdhrGxJg2fq74mMRFqPo8B2RsQM9aI3Ff/zOqkJr/yMyyQ1TNL5ojAV2MR4+jzuc8WoEWNLCFXc3orpkChCjY2oZENwF19eJq3zqlur1u4uKvXrPI4iHMExnIILl1CHW2hAEygIeIZXeEOP6AW9o495awHlM4fwB+jzB//rj/c=</latexit>

X�
us<latexit sha1_base64="WV4mJuvOXdhQ3zTxvR/vEllyiQg=">AAACF3icbZDLSgMxFIYz9VbrrerSTbAILqRkSm3rrujGZQV7gelQMmnahmYyQ5IRyjBv4cZXceNCEbe6821Mp7PQ1gOBj/8/Jzn5vZAzpRH6tnJr6xubW/ntws7u3v5B8fCoo4JIEtomAQ9kz8OKciZoWzPNaS+UFPsep11vejP3uw9UKhaIez0LqevjsWAjRrA20qBY7qd3OHLsuTEqVxsVZFcuUBldNq4atgG7ZtcrKIGdQRypZFAsGS8tuAp2BiWQVWtQ/OoPAxL5VGjCsVKOjULtxlhqRjhNCv1I0RCTKR5Tx6DAPlVunO6UwDOjDOEokOYIDVP190SMfaVmvmc6fawnatmbi/95TqRHDTdmIow0FWTx0CjiUAdwHhIcMkmJ5jMDmEhmdoVkgiUm2kRZMCHYy19ehU7FZFeu3VVLzessjjw4AafgHNigDprgFrRAGxDwCJ7BK3iznqwX6936WLTmrGzmGPwp6/MHYhmbsA==</latexit>

Vus



Inclusive hadronic  decaysτ

35

Recent calculation obtains inclusive decay rate using smeared spectral densities reconstructed from 

finite-volume Euclidean lattice correlators

C.Alexandrou et al. (ETMC), PRL 132 (2024)

A.Evangelista et al. (ETMC), PRD 108 (2023)
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M.Hansen, A.Lupo & N.Tantalo, PRD 99 (2019)

Result confirms  tension between -inclusive and purely hadronic determinations 

…underestimated exp. uncertainties?      …missing isospin-breaking effects?

∼3σ τ

rel. error 0.9 %

Isosymmetric QCD
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https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.132.261901
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074513
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Now we can consider the rate in full QCD+QED

with  being inclusive in hadrons + photons:Xus

separately infrared finite 

computable to all orders in αem
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‣ current-current correlators already computed in other projects 

‣ same       as in       : similar non-perturbative QCD+QED renormalization

Building on previous works:

Isospin breaking effects
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Huge theoretical and computational progress in the recent years.

Spectral reconstruction methods applied to a variety of processes: 

R-ratio, inclusive heavy meson decay rates, radiative leptonic decays, properties of quark-

gluon plasma, scattering amplitudes, etc…   

see A.Patella's talk on Friday
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Huge theoretical and computational progress in the recent years.

Spectral reconstruction methods applied to a variety of processes: 

R-ratio, inclusive heavy meson decay rates, radiative leptonic decays, properties of quark-

gluon plasma, scattering amplitudes, etc…   

see A.Patella's talk on Friday

with Felix Erben (CERN) & Max Hansen (Edinburgh)
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Novel application:   long-distance contributions to neutral D-meson mixing 
[soon on arXiv!]
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<latexit sha1_base64="JsyDtTIjDMV4McyhW4JNFBbQT8E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QFi/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AB+KjRw=</latexit>c

<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s
<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s
<latexit sha1_base64="2GI/NM7ZVARtFZF4IYacvu+GYYg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB5T+NBA==</latexit>u

<latexit sha1_base64="JsyDtTIjDMV4McyhW4JNFBbQT8E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QFi/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AB+KjRw=</latexit>c <latexit sha1_base64="2GI/NM7ZVARtFZF4IYacvu+GYYg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB5T+NBA==</latexit>u

<latexit sha1_base64="JsyDtTIjDMV4McyhW4JNFBbQT8E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QFi/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AB+KjRw=</latexit>c

<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s
<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s

<latexit sha1_base64="2GI/NM7ZVARtFZF4IYacvu+GYYg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB5T+NBA==</latexit>u

<latexit sha1_base64="JsyDtTIjDMV4McyhW4JNFBbQT8E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QFi/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AB+KjRw=</latexit>c <latexit sha1_base64="2GI/NM7ZVARtFZF4IYacvu+GYYg=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KolI9Vj04rEF+wFtKJvtpF272YTdjVBCf4EXD4p49Sd589+4bXPQ1gcDj/dmmJkXJIJr47rfztr6xubWdmGnuLu3f3BYOjpu6ThVDJssFrHqBFSj4BKbhhuBnUQhjQKB7WB8N/PbT6g0j+WDmSToR3QoecgZNVZqpP1S2a24c5BV4uWkDDnq/dJXbxCzNEJpmKBadz03MX5GleFM4LTYSzUmlI3pELuWShqh9rP5oVNybpUBCWNlSxoyV39PZDTSehIFtjOiZqSXvZn4n9dNTXjjZ1wmqUHJFovCVBATk9nXZMAVMiMmllCmuL2VsBFVlBmbTdGG4C2/vEpalxWvWqk2rsq12zyOApzCGVyAB9dQg3uoQxMYIDzDK7w5j86L8+58LFrXnHzmBP7A+fwB5T+NBA==</latexit>u

<latexit sha1_base64="JsyDtTIjDMV4McyhW4JNFBbQT8E=">AAAB6XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqseiF49V7Ae0oWy2k3bpZhN2N0IJ/QdePCji1X/kzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqGDZZLGLVCahGwSU2DTcCO4lCGgUC28H4dua3n1BpHstHM0nQj+hQ8pAzaqz0QFi/XHGr7hxklXg5qUCORr/81RvELI1QGiao1l3PTYyfUWU4Ezgt9VKNCWVjOsSupZJGqP1sfumUnFllQMJY2ZKGzNXfExmNtJ5Ege2MqBnpZW8m/ud1UxNe+xmXSWpQssWiMBXExGT2NhlwhcyIiSWUKW5vJWxEFWXGhlOyIXjLL6+S1kXVq1Vr95eV+k0eRxFO4BTOwYMrqMMdNKAJDEJ4hld4c8bOi/PufCxaC04+cwx/4Hz+AB+KjRw=</latexit>c

<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s
<latexit sha1_base64="bwIuAbHNYx7uzA4KPF9llyXaT5w=">AAAB+XicbVDNSgMxGPy2/tX6t+rRS7AIHqTsilSPRS8eK1hbaEvJZrNtaDZZkmyhLH0TLx4U8eqbePNtzLZ70NaBkGHm+8hkgoQzbTzv2ymtrW9sbpW3Kzu7e/sH7uHRk5apIrRFJJeqE2BNORO0ZZjhtJMoiuOA03Ywvsv99oQqzaR4NNOE9mM8FCxiBBsrDVy3F0ge6mlsryy80LOBW/Vq3hxolfgFqUKB5sD96oWSpDEVhnCsddf3EtPPsDKMcDqr9FJNE0zGeEi7lgocU93P5sln6MwqIYqkskcYNFd/b2Q41nk4OxljM9LLXi7+53VTE930MyaS1FBBFg9FKUdGorwGFDJFieFTSzBRzGZFZIQVJsaWVbEl+MtfXiVPlzW/Xqs/XFUbt0UdZTiBUzgHH66hAffQhBYQmMAzvMKbkzkvzrvzsRgtOcXOMfyB8/kD9waT5A==</latexit>

d, s



<latexit sha1_base64="9qgcihVhJW2s3tWQvVaAeYYPDr0=">AAACIXicbVDLSsNAFJ34rPUVdekmWAQXEpKm9rErunFZwT6gCWUynbRDJw9mJkIJ+RU3/oobF4p0J/6MkzQLbb0w3MM5986cOW5ECReG8aVsbG5t7+yW9sr7B4dHx+rJaY+HMUO4i0IasoELOaYkwF1BBMWDiGHouxT33dldpvefMOMkDB7FPMKODycB8QiCQlIjtWnndwzZxHUSQzcsq1o3rw1dthuzJkGr1bSsRmq7IR3zuS9bYmNK05FakeN5aevALEAFFNUZqQt7HKLYx4FAFHI+NI1IOAlkgiCK07IdcxxBNIMTPJQwgD7mTpK7S7VLyYw1L2TyBELL2d8bCfR55k5O+lBM+aqWkf9pw1h4TSchQRQLHKDlQ15MNRFqWVzamDCMBJ1LABEj0quGppBBJGSoZRmCufrlddCr6mZdrz/UKu3bIo4SOAcX4AqYoAHa4B50QBcg8AxewTv4UF6UN+VTWSxHN5Ri5wz8KeX7BzpzoI0=</latexit>

`

<latexit sha1_base64="UuXcZOR+TUvZtdBO0r9pFtY0InQ="></latexit>⌫`

Semi-leptonic decays of hadrons

<latexit sha1_base64="Mds0ZrALO2Up1aPrGlVDaOYTj8M=">AAACIHicbVDLSsNAFJ3UV62vqks3wSK4kJCUkuqu6KbLCvYBSSiT6aQdOpmEmYlQQj7Fjb/ixoUiutOvcdJG0NYDwxzOPffOnePHlAhpmp9aaW19Y3OrvF3Z2d3bP6geHvVElHCEuyiiER/4UGBKGO5KIikexBzD0Ke4709v8nr/HnNBInYnZzH2QjhmJCAISiUNq013PsPhY99LTcNu1Ot1+8I0zDlyYl/ZDTtz/YiOxCxUV9oeWtmwWvsx6avEKkgNFOgMqx/uKEJJiJlEFArhWGYsvRRySRDFWcVNBI4hmsIxdhRlMMTCS+fLZfqZUkZ6EHF1mNTn6u+OFIYiX045QygnYrmWi//VnEQGl15KWJxIzNDioSChuoz0PC19RDhGks4UgYgTtauOJpBDJFWmFRWCtfzlVdKrG5Zt2LeNWuu6iKMMTsApOAcWaIIWaIMO6AIEHsATeAGv2qP2rL1p7wtrSSt6jsEfaF/fu2CfrA==</latexit>

H1

<latexit sha1_base64="dIlIcKyd2FCqd6CyUvXMzj1tE64="></latexit>

H2



Semi-leptonic decays of hadrons

<latexit sha1_base64="7dcUIeC0NgXRQt3pRtR2qTHFKcM=">AAACIHicbVC7TsMwFHXKq5RXgZElokJiQFGSlrZsFSyMRaIPKYkqx3Faq85DtoNURfkUFn6FhQGEYIOvwUk7QMuRLB+dc+/19XFjSrjQ9S+ltLa+sblV3q7s7O7tH1QPj/o8ShjCPRTRiA1dyDElIe4JIigexgzDwKV44E5vcn/wgBknUXgvZjF2AjgOiU8QFFIaVVt2McNiY9dJda3duDIujQtdq5uNersgDdNsGZntRtTjs0BeqR2TbFSt6ZpeQF0lxoLUwALdUfXT9iKUBDgUiELOLUOPhZNCJgiiOKvYCccxRFM4xpakIQwwd9JiuUw9k4qn+hGTJxRqof7uSGHA8+VkZQDFhC97ufifZyXCbzspCeNE4BDNH/ITqopIzdNSPcIwEnQmCUSMyF1VNIEMIiEzrcgQjOUvr5K+qRlNrXnXqHWuF3GUwQk4BefAAC3QAbegC3oAgUfwDF7Bm/KkvCjvyse8tKQseo7BHyjfP2IboBg=</latexit>⇡

<latexit sha1_base64="+mnAYObyXwJM0yR8nlAzD6z5YFg=">AAACIHicbVC7TsMwFHV4lvIKMLJEVEgMqEqa0sdWwcJYJPqQmqhyHKe16jxkO0hVlE9h4VdYGEAINvganDQDtFzJukfn3GsfHyeihAtd/1LW1jc2t7ZLO+Xdvf2DQ/XouM/DmCHcQyEN2dCBHFMS4J4gguJhxDD0HYoHzuwm0wcPmHESBvdiHmHbh5OAeARBIamx2rTyO0Zs4tiJXtVNs9YwLvWqbFdGXYJ2u2WazdRyQuryuS9bYvlxOlYrcjovbRUYBaiAorpj9dNyQxT7OBCIQs5Hhh4JO4FMEERxWrZijiOIZnCCRxIG0MfcTnJzqXYuGVfzQiZPILSc/b2RQJ9n5uSkD8WUL2sZ+Z82ioXXshMSRLHAAVo85MVUE6GWpaW5hGEk6FwCiBiRXjU0hQwiITMtyxCM5S+vgn6tajSqjbt6pXNdxFECp+AMXAADNEEH3IIu6AEEHsEzeAVvypPyorwrH4vRNaXYOQF/Svn+AXn4oCg=</latexit>µ

<latexit sha1_base64="GPlcav1jniAPoXjRlu+c6izlayw="></latexit>⌫µ

<latexit sha1_base64="RsGWdqJiXpARu5z3pqAAOnLzLgo=">AAACInicbVDLSsNAFJ34rPVVdekmWAQXJSSlRLsruhHcVLAPSEKZTKbt0EkmzEyEEvItbvwVNy4UdSX4MU7aCNp6YJjDuefeuXP8mBIhTfNTW1ldW9/YLG2Vt3d29/YrB4ddwRKOcAcxynjfhwJTEuGOJJLifswxDH2Ke/7kKq/37jEXhEV3chpjL4SjiAwJglJJg0rTnc1w+Mj3UtOwG/V63a6ZhjlDTuym3bAz12c0ENNQXakbk9pNNqhUf2z6MrEKUgUF2oPKuxswlIQ4kohCIRzLjKWXQi4Jojgru4nAMUQTOMKOohEMsfDS2XqZfqqUQB8yrk4k9Zn6uyOFocjXU84QyrFYrOXifzUnkcMLLyVRnEgcoflDw4Tqkul5XnpAOEaSThWBiBO1q47GkEMkVaplFYK1+OVl0q0blm3Yt41q67KIowSOwQk4AxY4By1wDdqgAxB4AE/gBbxqj9qz9qZ9zK0rWtFzBP5A+/oGakeglA==</latexit>

⇡,K
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<latexit sha1_base64="2DWiEZrBoVZLM71kgEhmd60bYOg="></latexit>

h⇡(p⇡)|s̄�µu|K(pK)i = f+(q2)


(p⇡ + pK)µ � m2

K �m2
⇡

q2
qµ

�
+ f0(q

2)
m2

K �m2
⇡

q2
qµ
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• Including QED, we can treat IR divergences using the RM123S method:
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Although the RM123+Soton method could in principle be applied, 

additional difficulties arise compared to leptonic decays: 

• integration over three-body phase-space 

• problems of analytical continuation when intermediate  
on-shell states are lighter than external ones 
 

A proper finite-volume formalism is still missing… 

       >  Lellouch-Lüscher + QED? 

       >  Spectral reconstruction techniques?
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• Current tensions in CKM unitarity require a combined effort of theory and experiments 

• Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates 

• Finite volume QED effects have to be investigated to reach high precision on  
<latexit sha1_base64="0gGbYHXWU2T3xOTtkwDF5U9LxNY="></latexit>

|Vus/Vud|

Conclusions and outlooks

✦ QEDr regularisation could help removing unknown  structure-dependent contributions 

✦ Extension of the calculation to multiple lattice spacings and volumes is crucial 

✦ Next important step: going beyond electro-quenched approximation

1/L3

‣ Spectral reconstruction methods paves the way to the calculation IB effects in new processes: 
   inclusive tau decay, semileptonic decays, … ?
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Conclusions and outlooks
An interesting future ahead
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Removing the zero mode
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The effect of quenching the zero mode will amount to 
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-> no new UV divergences expected, but some interplay of cut-off and finite-volume effects



RM123S: lattice setup

a = { 0.0885(36), 0.0815(30), 0.0619(18) } fm at β¼= { 1.90, 1.95, 2.10 }



RBC/UKQCD: lattice setup

• Physical point Möbius domain wall fermion ensemble  [  ] 

• Nf =  flavours 

• Lattice geometry:     ,     (0.11 fm) 

• Valence light quarks:   zMöbius domain wall fermion action  
 

Charged lepton:          free domain wall fermion action 

• 60 configurations

Mπ = 139.15 (36) MeV

2 + 1

483 × 96 (× 24)Ls
a−1 ≃ 1.730 GeV

(Ls = 10)

RBC/UKQCD Collaboration, PRD 93 (2016) 074505



• Correlators created using sequential propagators  

• Muon momentum                     fixed by energy conservation & injected 
via twisted boundary conditions 

• Photon fields sampled from Gaussian distribution (QEDL) 
 
 
 
 
 

• Sources      :  point (RM123S)  /  Coulomb gauge-fixed wall (RBC-UKQCD) 

• Electromagnetic current: conserved (RM123S) / local (RBC-UKQCD)

Numerical implementation of correlators
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A general comparison of the calculations
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RBC/UKQCD RM123+Soton
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chiral symmetry 

fermionic action 
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infinite volume limit 

QED prescription 

sea effects 

IB scheme

     physical point simulations 

at finite lattice spacing 
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recovered in the continuum 

Twisted Mass 
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BMW, PRL 111 (2013);  BMW, PRL 117 (2016)

Gasser, Rusetsky & Scimemi, EPJC 32 (2003);  RM123, PRD 87 (2013)



RBC/UKQCD (2023):  BMW scheme with Nf 
=2+1

Defining the iso-symmetric theory
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BMW mesons:
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RM123S (2019):  "GRS" scheme (electroquenched) with Nf 
=2+1+1

Defining the iso-symmetric theory
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Infinite volume reconstruction
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QED  ∞
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X.Feng & L.Jin, PRD 100 (2019)

Separate correlator into short and long distance parts:

—>  Exponentially suppressed finite-volume effects        … systematics under control?

single-hadron state dominance

Alternative approach: radiative corrections as a convolution of hadronic correlators with infinite-
volume QED kernels
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Application to leptonic decays under study by RBC  N.Christ et al., PRD 108 (2023)


