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Motivations

Indirect searches of new physics > high precision > isospin-breaking corrections

H staggered @ twisted mass
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Flavour physics

Flavour physics offers opportunities to test the Standard Model and probe new phuysics effects

in the Standard Model:

Vud Vus Vub .. l CPV oh
+
Vornt = | Voy Voo Vi 3 mixing angles + 1 phase
Via  Vis  Va \Vud|2 + \VUS\Q 4 |Vub\2 — 1

Matrix elements can be extracted e.qg. from leptonic and semileptonic decays of hadrons
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The Cabibbo anomaly
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0.226 A

0.224 ~

[Vus]
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0.218 -

FRG2024 FLAG Review 2024, [arXiv:2411.04268]

lattice results for f.(0), N, =2+1+1
lattice results for fx=/f;=, N, =2+ 1+1
lattice results for f, (0), N, =2+ 1
lattice results for fx=/fr=, N, =2 + 1

L1
1
[
L1
]

lattice results for N,.=2 + 1 combined
nuclear B decay

lattice results for N, =2 + 1+ 1 combined

0.955 0.960 0.965 0.970 0.975

IVudl

0.980

|Vas| i+ M.Moulson, PoS CKM2016 (2017)
|V . [ — 0-27599(41) PDG, PTET 2022 (2022)

Vas| £ (0)] = 0.21654(41)

Different tensions in the V-V, 4 plane:

Vi~ —1=2.80

o
|Vu‘2 —1=3.1o |Vu|2.—1 = 1.70

Experimental and theoretical control of these quantities
is of crucial importance to solve the issue



Lattice QCD inputs

Ne=2+1+1

Ne=2+1

Ne=2

FLAG2024

FLAG average for Ne=2+1+1

ETM 21

CalLat 20

FNAL/MILC 17

ETM 14E

FNAL/MILC 14A

ETM 13F

HPQCD 13A

MILC 13A

MILC 11 (stat. err. only)
ETM 10E (stat. err. only)

FLAG average for Ne=2+1

QCDSF/UKQCD 16
BMW 16
RBC/UKQCD 14B
RBC/UKQCD 12
Laiho 11

MILC 10
JLQCD/TWQCD 10
RBC/UKQCD 10A
BMW 10

MILC 09A

MILC 09

Aubin 08
RBC/UKQCD 08
HPQCD/UKQCD 07
MILC 04

FLAG average for Ny=2

1.14

1.18 1.22 1.26

frct/frt = 1.1934 (19)

- —

LA

Flavour Lattice Averaging Group

FLAG2024

f,(0)

Ne=2+14+1

L

FLAG average for Ne=2+1+1

FNAL/MILC 18
ETM 16
FNAL/MILC 13E

Ne=241

i

- L

_-gl-I'-l

FLAG average for N,=2+1

PACS 22
PACS 19

JLQCD 17
RBC/UKQCD 15A
RBC/UKQCD 13
FNAL/MILC 121
JLQCD 12

JLQCD 11
RBC/UKQCD 10
RBC/UKQCD 07

Ne=2

FLAG average for N¢=2

non-lattice

Kastner 08
Cirigliano 05
Jamin 04
Bijnens 03
Leutwyler 84

0.95

0.97

0.99

1.01

f27(0) = 0.9698 (17)

X fx/frand f{7(0) determined from
Q lattice QCD with sub percent precision!




QED and isospin-breaking effects

Current level of precision requires the inclusion of isospin-breaking
corrections due to

o strong effects M., — Myglocp # 0
o electromagnetic effects a # 0
['(K — lvy) Vus|* [\’ 2 | K 2 74 0
S ['(K — 7/ Vs ()2 T4 (14 6RS .
F(W%ZW)O( Vual? <f7r (14 0Rscx) (K = mtun) oc [Vl 1S5 O Ticr (14 0Rscr)
> results currently quoted in the PDG come from yPT V.Cirigliano & H.Neufeld, PLB 700 (20m)

> fully non-perturbative (structure dependent) quantities

> first-principle lattice calculations are possible!



Lattice QCD + QED

Computing QED corrections on a finite-sized lattice is challenging:

> long-range interactions don't like finite volumes with periodic
boundary conditions

> finite-volume effects can be sizeable and power-like
M.Hayakawa & S.Uno, PTP 120 (2008) / Z.Davoudi & M.Savage, PRD go (2014) / S.Borsanui et al., Science 347 (2015)

> logarithmic infrared divergences arise in virtual/real decay rates
V.Lubicz et al., PRD g5 (2017)

There are also recent proposals to compute radiative corrections as convolutions
of hadronic correlators with infinite-volume QED kernels

N.Asmussen et al., [1609.08454] / T.Blum et al., PRD g6 (2017) / X.Feng & L.Jin, PRD 100 (2019) / N.Christ et al., [2304.08026] / J.Parrino et al., [2501.03192]
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https://arxiv.org/abs/2501.03192

Charged states in a finite box

Gauss law: only zero net charge is allowed in a finite volume with periodic boundary conditions

Q:/d?’xjo(t,x):/ d°x V- E(t,x) =0

p.b.c. p.b.c.

Possible solutions currently employed:

QEDL QEDC*
9000 oo
o909 ® o 0 Q
0000 Q‘ ----- Q‘ ......
*o009 $eee

Qs = (2Z° +n)r/L

Q4 =2m{Z*/L,Z/T}

infinite-volume
reconstruction

remove spatial zero-mode employ C* boundary

of the photon field conditions use massive photon 772y

A.S.Kronfeld & U.-J.Wiese, NPB 357 (1991) M.G.Endres et al., [1507.08916] X.Feng & L.Jin, PRD 100 (2019)

M.Hayakawa & S.Uno, PTP 120 (2008) -
B.Lucini et al., JHEP 02 (2016) N.Christ et al., [2304.08026]



QEDF regUla rizatiOn Z.Davoudi et al., PRD g9 (2019)

MDC, PoS LATTICE2023 (2024) [2401.07666]

Special case of "IR-improvement’ MDC et al., [2501.07936]
0009 o-0-0-0-@ 00060
0000 eco0o0o0o0 eoenee
o000 — oo0dDeoe — 00 O
EE EX EE XX oo Qoo
0009 o0 000 0 0 0 o
®k=0

The spatial zero mode is not removed but redistributed over the neighbouring modes on 3

shell of radius |p| = Qf\r\ (r € Z°)

1 —dx.0 | Oz p2  OMY
ké + k2 | n(p?) kg + p?

QEDL:  DY¥(kok) = 6" 550 = QEDy: DL (ko,k) = 6"



Weak decays — some recent works

leptonic decays real photon emission virtual phqton emission
leptonic decays leptonic decays

N.Carrasco et al., PRD g1 (2015) G.M.de Divitiis et al., [1908.10160] G.Gagliardi et al., Phys. Rev. D 105 (2022)
V.Lubicz et al., PRD gg (2017) C.Kane et al., [1907.00279 & 2110.13196] R.Frezzotti et al., [2306.07228]
N.Tantalo et al., [1612.0019gv2] R.Frezzotti et al., PRD 103 (2021)
D.Giusti et al., PRL 120 (2018) A.Desiderio et al., PRD 102 (2021)
MDC et al., PRD 100 (2019) D.Giusti et al., [2302.01298]
MDC et al., PRD 105 (2022) R.Frezzotti et al., [2306.05904] R.Abbott et al., PRD 102 (2020)
P.Boyle, MDC et al., JHEP 02 (2023) Z.Bai et al., PRL 115 (2015)
N.Christ et al., [2304.08026] C.Sachrajda et al., [1910.07342] N.Christ et al., PRD 106 (2022)
N.Christ et al., PRD 108 (2023) N.Chnst & X.Feng, EP) Web Conf. 175 (2018)
R.Frezzotti et al., [2402.03262] N.Christ et al., [2402.08915] Y.Cai & Z.Davoudi, [1812.1015]

rare FCNC decays semileptonic decays hadronic decays

Vy

£+




Leptonic decays of hadrons

14

H



Leptonic decays of hadrons

7

T, K



Leptonic decays of pseudoscalar mesons

Can be studied in an effective Fermi theory with the W-boson

integrated out and the local interaction described by

G
Her = —=V o (@71 = 5) @] [Ze " (1 = 75) £]

\/§ d142

In the PDG convention, the tree-level decay rate takes the form

G4 m2\ 2
Fgee — —Fm% (1 ; ) mp fPO}
ST m% [

with the non-perturbative dynamic encoded in the decay constant

Z0(0]G2 vov5 q1| P, 0)(©) = 1mpo JP,o

13



Leptonic decay rate at O(a)

o The decay constant fp, becomes an ambiguous and unphysical quantity

o IR divergences appear in intermediate steps of the calculation F. Bloch & A. Nordsieck, PR 52 (1937) 54
I'( P, lim @%
(Pp2) AIR—>0{ @i§’<
IR finite IR divergent IR divergent

o UV divergences: need to include QED corrections to the renormalization of the weak Hamiltonian

W-reg M
G ( ( W) A.Sirlin, NPB 196 (1982)
Heg = 7}; Vqtqz (1 + CYC% In (]]\\4/4—5/)) [q2 ")/'u(]_ — ")/5 g1 ] [1/3 fy ]_ — 75) g] E.Braaten & C.S.Li, PRD 42 (1990)
’ o/ M perturbative @ 2 loops in QCD+QED
reg _ ZW S %% S
Or = (Mw) ( L s (1), aem) O (k) non-perturbative in lattice QCD+QED

MDC et al., PRD 100 (2019)

14



Leptonic decay rate at O(a)
The RM123+Soton approach

F(P”):Aggo{ @i% " @Z§P<

IR finite IR divergent IR divergent

/

F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)
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Leptonic decay rate at O(a)
The RM123+Soton approach

e = i { @O~ @5 |+ m { @5+ @
R0 Arr—0 y

IR finite IR finite

+A}§20{@§’< - @ |

IR finite

F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

IR finite

15



Leptonic decay rate at O(a)
The RM123+Soton approach

e —

F. Bloch & A. Nordsieck, PR 52 (1937)

N. Carrasco et al., PRD g1 (2015)

D. Giusti et al., PRL 120 (2018)

MDC et al., PRD 100 (2019)

P.Boyle, MDC et al., JHEP 02 (2023)

—

F(Pez):;Lli_{x;O< @X% — @.ﬂz } + lim

on the lattice
\___ _

e

(@£ - @

ﬂ
J

o

»

in perturbation theory

e

on the lattice

e

e —

 —————— — — I

——

enough for Ky and mtp2

leading finite-volume scaling well studied

V.Lubicz et al., PRD g5 (2017) N.Tantalo et al.,
MDC et al., PRD 105 (2022)

1612.00199V2]

o<} |

relevant for Ke2 and te>
& decays of heavier mesons

G.M. de Divitiis et al., [1908.10160]
R. Frezzotti et al., PRD 103 (2021)
A. Desiderio et al., PRD 102 (2021)

C. Kane et al., [1907.00279 & 2110.13196]
D. Giusti et al., [2302.01298]
R.Frezzotti et al., [2306.05904]
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S

Leptonic decay rate at O(«) i | @{SEi o)

Virtual decay rate onthelatiice "}

2 2\ 2 oA ) 02
D(Pyy) = T (1 + 6Rp) » rg;ee:%mg(l mﬁ) mplfeol’ » ORp = ( p_SmP )
Apo mpo 2o

PDG convention
e O0Ap from the correction to the (bare) matrix element M (pe) = U r, pe; ve, s, pu| Ow | P, 0)
e OMp correction to the meson mass

e O0Z correction to the renormalization of the weak operator Oy MDC et al., PRD 100 (2019)

16



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

Correlation functions in RM123 approach
a1 o+ a1 o+ q1 o+ q1 o+ a1 o+
S LGR OGRS LG @) LR @D T
q1 o+ q1 o+
q Q n 0 O o+ q O O n q1 Q o+ q1 Q o+ q1 Q o+
+ + + C = AD= (O]
OGO e O LR D LR L -

Current calculations have been performed in the electro-quenched approximation (sea quarks electrically neutral).

Work in progress to compute the remaining diagrams by different collaborations.

17



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

Correlation functions in RM123 approach

a1 o+ a1 o+ q1 o+
p+@ < p+@ < p+® <
q2 Ve q2 Ve q2 Ve

0.01 : . . . : : : : : : :
0.01 : — T T T T T T T T T T T ] ose|fenergy (2b)+(2c) : ¥ Chy ¢ K
N i 0.00 | ]
0.00 °°°°°°°°éee¢, [0 exchange (2a) - '::-.,..
0 .0 0% . —0.01} "u ®ee
~ | By @0 - O )
D e & O J (2a)+(2b)+(2c ] y
2 00 B 00000, (2a)+(2b)+(2c) | e, e, kaop
= i B oG e S E BB BB BB b i o & ] I ., ‘e
O¥ -0.02 [ o' M AT - "
~ : oeeégeQ v ""v"v"’gv?z::FF : —0.03 .-.. ........
¥ -003[ D20.48 ~P00a AR - . ...
~ - "’33‘..“ | —0.04 | 0 . ..‘0.’
v B "‘,333 a /. I.
(og -0.04 [ M ~ 255 MeV 3333« - —0.05 | O/) .-'-
n T ‘36)0 _ - o
0.05 : ‘.”0‘3000 i —0.06 | ...'-
005 M <535 Mev ~ |
i « : —0.07} el TTTT]
—0.06 1 1 1 1 I 1 1 L 1 I 1 1 1 1 I 1 1 1 1 I 1 1 1 1 '
0 10 20 30 40 50 . . , . , , , , , . ,
t /2 —0.085 4 8 12 16 20 24 28 32 36 40 44 48

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



IB corrections to the decay amplitude M. Diviis et l. (V3] PRO 87 (2o

Correlation functions in RM123 approach

q1 o+ q1 o+
pt p+ pe < (1,1,1)
Q2 VE QQ Vﬁ
0.12 . : : : :
Chte=12) W Cp(te=28) Ch(te=12) & CP(te=2)
0.012 ———————F—— — , — OF,(te = 16) 5t =32) CK (t, = 16) ¢ CK(t,=32)
' l 0.10 f Cpe(te =20) B Ch(t = 36) CK,(t, = 20) ¢® CK(t,=36)
: : Che(te = 24) ¥ Chlte=40) CE,(t, = 24) ¢® Ok (t,=40)
i | | ]
|
=~ 0.009 - : = | _ 0.08} .
(1)1
Sl — ' bion
=.
O™ i QOOEEEEEEEEBHBEEEEEBEEBEBEEBEBEEBEEEEB | 0-06 -.II...............IIIIII.-.
~ 0006} @kF i K i £ g " LT
~~ ]
E gﬂ ! | E - 0.04 “;; |
o = | M ~310MeV | : LA LI I DAY O LI PP I T LA A h"
Q ~
0.003 ' " ' - 0.02f® kaon "’
D30.48 i - ¥
-@E | M, ~550 MeV | : !
- | | 1 0.00 } gT
O_OOO 1 1 1 1 | 1 1 1 | | 1 1 1 1 | 1 1 1 1 | 1 1 1 1
0] 10 20 30 40 50 )
—0.02 48 12 1620 2428 32 36 40 44 18
t/a

t/a

MDC et al., PRD 100 (2019) P.Boyle, MDC et al., JHEP 02 (2023)



Results for 0 Rz

m 0Rg, = —0.0112(21)
& 6Ry. = —0.0126(14)
® SRy = —0.0086(13)(39)vol

\PT (2011) | —m
RM123S (2019) | ——
RBC-UKQCD (2023) + — o
(w/o FVE) + '—Q—'

—0.016 —-0.012 —-0.008 —0.004
5RK7T

T V.Cirigliano et al., PLB 700 (2011)
MDC et al., PRD 100 (2019)
P.Boyle, MDC et al., JHEP 02 (2023)

F(K — ng) Vus 2 (fK

y
—— 1 +0Rk
['(m — fuy) . Vidl? fw) ( +OHK )

L ————

* Good evidence that 0 Rx, can be computed from first
principles non-perturbatively on the lattice!

 RBC-UKQCD error dominated by a large systematic
uncertainty related to finite-volume effects (!)
Work in progress to improve the result.

* Errorson |V |/|V ;| from theoretical inputs could
become comparable with those from experiments
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Ne=2+1+1

Ne=241

Charmed QCD decay constants

FaG2024  Tp fp, FIAG 2024 fo./fb
our average for Ne=2+1+1 N our average for N,=2+1+1
ETM 21 + HI ETM 21
FNAL/MILC 17 x FNAL/MILC 17
FNAL/MILC 14A I FNAL/MILC 14A
ETM 14E = | — ETM 14E
—1— ETM 13F 7 ETM 13F
FNAL/MILC 13 - FNAL/MILC 13
FNAL/MILC 12B o FNAL/MILC 12B
our average for Ny=2+1 j our average for Ny=2+1
RQCD/ALPHA 24
RQCD/ALPHA 24
ALPHA 23 a ALPHA 23
gt - S o RBC/UKQCD 18A
s iy RBC/UKQCD 17
HIH HPQCD 12A In HPOCD 12A
H——— FNAL/MILC 11 - Hl- ENAL/MILC 11
H—{—+PACS-CS 11 HH I PACS/CS 11
HH HPQCD 10A » —T— -
Hh HPQCD/UKQCD 07 O HCH HPQCD/UKQCD 07
IH ! FNAL/MILC 05 : ﬁ] : : = H . FNAL/MILC 05
180 200 220 240 230 250 270 Mev 1.10 1.15 1.20 1.25

fp = 212.0(0.7) MeV  fp_ = 249.9(0.5) MeV fpo./fp = 1.1783(0.0016)



Ne=2+41+1

Ne=241

Charmed QCD decay constants

FLAG2024

fo

IIIi‘.

i
H_H

g I
n_Jt

180 200 220

fp = 212.0(0."

non-factorisable corrections

0.1

0.05

-0.05

dt=10

| b o ow % ¥ ¥ ¥ F F F o o o o L _
++++++:+:+:.'+?+1+'*‘-~+'+"+"+' ++++""+++++
+
L
+
+
__ o X X ¥ XX
+ XXXXXXXXXXXXXXXXXXXXXxXXXX X X X %7
X
X
y _
* T —
#
DDD**X Tl*T 1
O X X X X ¥ ¥ X x T T % l x X
"Oogg. -1 E L L l | 1
O oo 1 B T ]
R R = Y - B N = I - . =[N N A A ! 5oy
goREsggonp T
—_ x i
q1 o+
_p+ |
q2 Ve
| l 1 1 | |
0 5 10 15 20 25 30 35 40
t

pi e
K —x—
D —x—
Ds —0—

average for N, =2+1+1

21

L/MILC 17
L/MILC 14A
14E

13F
L/MILC 13
L/MILC 12B

average for N, =2+ 1

.D/ALPHA 24
1A 23

D 20A
/UKQCD 18A
/UKQCD 17
CD 12A
L/MILC 11
5-CS 11
CD/UKQCD 07
L/MILC 05

.0016)
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QED finite-volume effects

Hadron masses

using the notation of
B.Lucini et al., JHEP 1602 (2016)

i i e” d*k T, (ko, k)g""
1. Cottingham formula: — m'9 1€ / uv (R0,
g mp mP (27'(')4 ]‘C% — k2 n T

T T, (o, ) = [ dla ™ (PO)T{7,(2)7"(0)}P(0)),

20



QED finite-volume effects

Hadron masses

1. Cottingham formula:

using the notation of
B.Lucini et al., JHEP 1602 (2016)

ie / d*k T,,(ko,k)g""
(2m)% kg — k2 + i€

T, ko, k) = | / a4z &% (P(0)|TLJ, (x)J"(0)}| P(0)).

= T ==
2. L";°
rmw B @
_-—————‘}
t <0 ¢
M,u'u(_k()v_k)

| <o m hadronic
® photon
_——————_‘)
F>0 ’ "\ 1 lti-particl
M, (ko K) \i, multi-particle
a single-particle
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QED finite-volume effects

Hadron masses

1. Cottingham formula:

= T ==
2. L";°
rmw B @
_-—————‘}
t <0 8
MMH(_k()v _k)

using the notation of
B.Lucini et al., JHEP 1602 (2016)

ie / d*k T,,(ko,k)g""
(2m)% kg — k2 + i€

| <o m hadronic
B ® photon
_——————_‘)
F>0 ’ "\ 1 lti-particl
M, (ko K) \i, multi-particle
a single-particle
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QED finite-volume effects

Hadron masses

3. Amp(L) =mp(L) —mp(c0) =

€

2

4mp

32 /d3k

kellg
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QED finite-volume effects

Hadron masses

3 Amp(L) = mp(L) — mp(c0) = 4;]3 Z / d k M, (‘; k|, k)
kEHQ
p_ _ ZlP(O) , T
o2 . / 00 VAR e 2
cs(0) = ( g; —/d3n> |ri\8

universal terms fixed by Ward identities structure + multi-particle dependence
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QED finite-volume effects

Hadron masses

Amp(L)

4 c4(0)

e? Z1p(0) M(0) M(0) = (2m) e 4(0)
— 0 | 0 | O (£+2) (o
1.0;~ """"""""""""""""""""""""""""""""""""""""" ...
0.5_-

: | — QED ¢ [65]

‘ 1 — QED;

----- QED,
—0.9
—1.0_-
—-10 -8 —6 —4 2
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QED finite-volume effects

Hadron masses

Amp(L) = 4:;; _02(9) Z1p(0)

However... this series is potentially divergent and should rather be interpreted as an asymptotic series!

In QEDL or QEDc, the series can be rewritten as

G| Z1p(0) M©O0) 1 & 1
Amp(L) = gz |20 Jap 90 ==+ 1 ; e D)
with be| o< |(2€)! Ca120(0) ay) and T,,M (k| k) = ZW (|k‘/mp)2Z

(=0
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QED finite-volume effects

Asymptotic series: an instructive example

llllllllllllllllllll

/z et e[ 1 2 6 | e i ¢! This series is divergent, due to the
<

—oo 2 A A = 2" term /! growing fast.

.
-------------------

However, when truncated it can give a good approximation of Ei(z)e *z:

/! 0. (n
5z(n) — Ei(Z)e_Zz — Z — ( ) z = 10

(=0 . 1020

. . . 10 < = 30

There exist an optimal truncation: 10

n” e~ |z| 1
10—10

5, (n*) < V2r|z|1/2e~ 17 n

0 20 40 60 30 100
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QED finite-volume effects

Asymptotic series: an instructive example

llllllllllllllllllll

/z et e[ 1 2 6 | e i ¢! This series is divergent, due to the
<

—oo 2 A A = 2" term /! growing fast.

.
-------------------

However, when truncated it can give a good approximation of Ei(z)e *z:

— /! 02"
5.(n) = |Ei(2)e "z — Y — & z=10

(=0 . 1020

. . . 10 Z = 30

There exist an optimal truncation: 10

n* ~ |z :
10—10

5, (n*) < V2r|z| /217 ¢

0 20 40 60 30 100
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QED finite-volume effects

Hadron masses

...is there an optimal truncation here?

- 1
2 e 120! (8) n* ~ (mpL)/2

Possible scenarios:
L -
"l = i WMol = 4
el = 10

* D

el = |0

mPLz‘J—O m?“:u

E

“-“-— -

Ongoing study in QEDL, QEDc & QED;
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QED ﬁﬂitE'VOlume EffECtS V. Lubicz et al., PRD g5 (2017)

Leptonic decays

Finite-volume calculation more tricky due to appearance of infrared divergences & dependence

on external lepton momentum p,

Y (L)
82

I'p =Kp fo(l+e?SRP™ + e? 6RS™) SRV (L) =

V(L) = lim V(L) = lim { ¥z (00) + AY:(L) } = Y*°(00) + lim {¥2(00) + AY: (L)}

e—0 e—0 e—0
target of our lattice calculation ) j T
finite-volume effects point-like decay rate with massive photon
AY (L) { sum-integral differences at finite photon mass
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QED finite-volume effects

Leptonic decays

V. Lubicz et al., PRD g5 (2017) MDC et al., PRD 105 (2022)

N. Tantalo et al., [1612.00199v2] MDC et al., [2310.13358]

MDC et al., [2501.07936]

L ) L L | — 2 — B
AY (L) = § + 4 log e + 2log mw — 2A1(vy) |log mp - log e 1| A ° (cs(ve) 1(ve))
4 myy A I 2T A | 2T
1 [(1+ r?)Q Co — 47“%02 (ve)
TTLPL i 1 — 7“21
| 1 - FA(0)dmmp[(1+10)%c1 —4rici(ve)]  8w[(1+77)er — 2¢1(vy)]
(mpL)2 | fp 1—r; | (1—17) re = my/mp
1 _327'('26() (2 -+ T%) (1) (2)_ \
| 3 213 | Co CE —|—C()(Vg) CE
(mpL) (1—|—7“€) 3972 - N OF .
- c? = “ Fy —F, +2r2 =4
L. fpmp(l—’rzl) i v Oz~
. .. .. 2 1
with new finite-volume coefficients c.(vy) = Z d>n -
n|s (1 —vy-n)

n-+0
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Collinear divergences

In infinite volume they appear as log(m,/mp), arising from photons parallel to the lepton v || k

In finite volume they also appear, but rotational symmetry breaking induces a dependence on V

’
A

max co(v) = 0.0171 max ¢o(v) = 15.2832 max ¢o(v) = 9002.2317
min ¢y(v) = -0.0114 min ¢y (v) = -2.8258 min ¢y(v) = -807.4018

lvl = 0.40 vl = 0.95 vl = 0.999

= IR\
" ‘O
SRS,

"\ /
i » o
S )* ™
~ - -

B

4L
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Velocity-dependent coefficients in QED
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Velocity-dependent coefficients in QED: VO et ol 50107936

"magic angles’ Stochastic direction average

o Glv=0995) (G0 (V).
‘ B 600 M .
0.6¢ K ) -
i \"ooo ] —5 -
. 400
A ~10 -
200
L N 1 -
0.2 1 —15 - E dQV Co (V) — O
0 . .
0. A.Portelli, Lattice 2023
O.0C. .\ v v v N T T T T T T
0 11 12 13 14 15 0 2000 4000 6000 8000 10000

Number of random directions




Hadronic decays of leptons

H




Hadronic decays of leptons
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Inclusive hadronic 7 decays

Alternative determinations of |V, | can be obtained from inclusive hadronic = decays

Py Vis Kig, N =2+1+1, 2021 update
0.2231+ 0.0006
®! Vys Kg» N = 24141, PDG 2020
0.2252+ 0.0005
—e— CKM unitarity & Vud &V,
0.2277+ 0.0013
! o ] T— XSV
210 R, * Yet another puzzle: lower value of |V |

o— T—> Kv/1—> v
0.2229+ 0.0019
: . : T — Kv

250 02219 0.0017 e Inclusive T — Xy sVr result in HFLAV plot obtained

—@—i T exclusive average
O

0.2222 0.0017 using truncated OPE

—e— T average
0.2207 + 0.0014

7—1ncl.

Ll L o 3 3 3 1
0.22

0225 023 Fm e Exclusive channels give results larger than |V,
2021

us ‘ 7—1ncl.

but smaller than that obtained imposing CKM unitarity

IV |

us
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A.Evangelista et al. (ETMC), PRD 108 (2023)
C.Alexandrou et al. (ETMC), PRL 132 (2024)

Inclusive hadronic 7 decays

Isosymmetric QCD

Recent calculation obtains inclusive decay rate using smeared spectral densities reconstructed from

finite-volume Euclidean lattice correlators  M.Hansen, A.Lupo & N.Tantalo, PRD gg (2019)

- o 1LS 4 4 1S o | | | = rel[_ errOr 0.9 % R X,s Vs [This WOI‘I{]
plg) = (77 [H 2m)"0" (P — q) Hi |77 . r— OPE — 1, Refs. [1-3
] 7 — OPE — 2, Refs. [6-7]
dew == latt-disp, Ref. [8]
A — K v,, Ref. |3]
L(E.€e) = A(FE,w)pr(w,0 - T R
,0 ( 7 ) /O 27‘(‘ ( ’ ) ,0 ( ’ ) == Hyperons, Ref. [2|
T ] K{37 Ref. IIJ
o I K /7, Ref. 1]
E E e C 7 ) From unitarity - 0* — 0+ B-decays, Ref. [14]
t=1 I n — pev, Ref. 2]
N ( ) ] 7 — Xua V-, Ref. [10]
. pr(m.,e — e Ref
= (7 = Xysv7) = lim lim ’ . P myRep]
e—0 L300 2m. 0.21 0.22 0.23 0.24 0.25 0.26

Vs |

Result confirms ~ 30 tension between z-inclusive and purely hadronic determinations

..underestimated exp. uncertainties?  ...missing isospin-breaking effects?


https://journals.aps.org/prl/pdf/10.1103/PhysRevLett.132.261901
https://journals.aps.org/prd/abstract/10.1103/PhysRevD.108.074513

Inclusive hadronic 7 decays

Isospin breaking effects

Universitd di Roma Tor Vergata
Antonio Evangelista
Roberto Frezzotti
Lorenzo Maio

Now we can consider the rate in full QCD+QED Francesca Margari
Nazario Tantalo
p(m ] O) _ US us| — Universita di Roma Tre
(1 — Xusvr) = QWTL plq) = (17 |Hy (277)454 (P —q) Hy'|77) Francesco D'Angelo
T

Giuseppe Gagliardi
Vittorio Lubicz

with X being inclusive in hadrons + photons: Francesco Sanfilippo
Silvano Simula

Humboldt Universitat
Eric Baske

s computable to all orders in - Lukas Holan
Agostino Patella

[ =Ty + Doy + T - o separately infrared finite
— Llep ac non-fac

Cyprus Institute
Building on previous works: Simone Bacchio

Helmholtz-Institut Mainz

> current-current correlators already computed in other projects Alessandro De Santis

° ° ° ° ° ° CERN
» same H as in Ko : similar non-perturbative QCD+QED renormalization Matteo Di Carlo
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Inclusive hadronic 7 decays
RM123 approach

' = Flep + Ffa(:t + Fnon—fact

G%m2 [
&Q—)~ ‘)@— [ep = (43 /0 ds [6K1(s)pr(s) + 0KL(s)pL(s)]

G2 5
Ffa(:t — F T
z 3 3272

5

T

G4 m

0

@)

ds KC(s) dp(s)

37



Inclusive hadronic 7 decays
RM123 approach

' = Flep + Ffa,(:t + Fnon—fact

preliminary data look promising!

G%m2 [
&Q-)~ @ [ep = (4m) /0 ds [(WCT(S),OT(S) —|—5ICL(3),0L(3)}

G2 5
% @+ [faet = L7
< 3272

5

T

\ ‘ _ , Fnom—fauct — 6472

0

@)

ds KC(s) dp(s)
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Other applications of spectral reconstruction methods

Huge theoretical and computational progress in the recent years.  see APatella’s talk on Friday

Spectral reconstruction methods applied to a variety of processes:

R-ratio, inclusive heavy meson decay rates, radiative leptonic decays, properties of quark-

gluon plasma, scattering amplitudes, etc...
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Other applications of spectral reconstruction methods

Huge theoretical and computational progress in the recent years.  see APatells’s talk on Friday

Spectral reconstruction methods applied to a variety of processes:

R-ratio, inclusive heavy meson decay rates, radiative leptonic decays, properties of quark-

gluon plasma, scattering amplitudes, etc...

Novel application: long-distance contributions to neutral D-meson mixing

[soon on arXiv!]
with Felix Erben (CERN) & Max Hansen (Edinburgh)

MDO—>DO — _< 7pD‘H ( )‘D07PD> /d4 < 7pD|T{H }‘D07PD>
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Semi-leptonic decays of hadrons

Ho

Hy
14



Semi-leptonic decays of hadrons

T

K



QED corrections to semileptonic decays

e Without QED corrections:

K°<il>” (m(px)[57"ul K (px ) = f+(a”) _(pw +pr )"

An appropriate observable to study is the differential decay rate:  s=c = (pr +p¢)°, ¢© = (px — Pr)”

d217(0)

dqzdsﬁﬁ

— G%|Vus\2 a

1(q27 Swﬁ) ‘f

(qz)‘2 - a2(q27 SW@) f

2 2 - 2
Mz — M —m

m
¢"| + fo(q?) —=
q? ] ( q?

(42) fo(a?) + as(q®. 5xe) | fo(a®)®

C]'UJ

41



QED corrections to semileptonic decays

e Without QED corrections:

K°<i>” (m(px)[57"ul K (px ) = f+(a”) _(pw +pr )"

2 2 7 2
mi — m, m* m.
qu ¢"| + fo(q?) Kq T gt

2

An appropriate observable to study is the differential decay rate:  s=c = (pr +p¢)°, ¢© = (px — Pr)”

d217(0) - ]
s = OVl | a1(6%, 520 |14 (0% 4 020, 500) F1-(0%) fo (@) + ala® ) | o(a®)
e Including QED, we can treat IR divergences using the RM123S method: C.Sachrajda et al., [1910.07342]

d°T’

dqzdswﬁ

- d%T d2rpt -

= lim

Arr—0 | dg2dsyy  dq?dsre| Am—0 | dg2ds.e

4+ lim |

~ 42kt d2I,
dqzdswﬁ_
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QED corrections to semileptonic decays

Although the RM123+Soton method could in principle be applied,

additional difficulties arise compared to leptonic decays:

* integration over three-body phase-space

* problems of analytical continuation when intermediate

0'14;_ """"""""""" _: on-shell states are lighter than external ones
0.121 _
0.103- {WW(PW + k) + we(pe — k)} — {ww(pﬂ) + wg(pg)} < 0
c,gz‘ 0.083- -
N!_ 0.062- A proper finite-volume formalism is still missing...
0.04} : > Lellouch-Lischer + QED?
0-02; _ > Spectral reconstruction techniques?
oo0pbo .. . . . .. vy -




Conclusions and outlooks

® Current tensions in CKM unitarity require a combined effort of theory and experiments
* Two lattice calculations of IB and QED corrections to light-meson leptonic decay rates

» Finite volume QED effects have to be investigated to reach high precision on |Vus/Vud

QED: reqularisation could help removing unknown 1/L° structure-dependent contributions
Extension of the calculation to multiple lattice spacings and volumes is crucial

Next important step: going beyond electro-quenched approximation

> Spectral reconstruction methods paves the way to the calculation IB effects in new processes:

inclusive tau decay, semileptonic decays, ... ?

43



Conclusions and outlooks

An interesting future ahead

leptonic decays

‘L‘rnﬁ:lﬂ

semileptonic decays ‘
<>

hadronic decays

)
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Tank you

This work has received funding from the European Union’s Horizon Europe research and innovation
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Removing the zero mode

® O O
o O O
q1 /+ 1 1/a dk()l_ék,o y ‘ ‘ X
PO S EwE S
‘12 ) ) ® & O
L 9% OMV(O) A% - 4 1kx . [ 3% 1
7(2) 55 (0) ~ —— H" (k) = [ d*ze™ T(0]3"(2)55,(0)|P(p)) ~ -

The effect of quenching the zero mode will amount to

1 [Yedky 1 a3

N, —

L3 QT k’é L3

-> no new UV divergences expected, but some interplay of cut-off and finite-volume effects
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RM123S: lattice setup

Ensemble p V/a* Netg  Qfseq = Qlyg aj, aps aj, M, MeV) My MeV) ML
A40.40 1.90 403 x 80 100 0.0040 0.15 0.19 0.02363 317 (12) 576 (22) 5.7
A30.32 323 x 64 150 0.0030 275 (10) 568 (22) 3.9
A40.32 100 0.0040 316 (12) 578 (22) 4.5
AS50.32 150 0.0050 350 (13) 586 (22) 5.0
A40.24 243 x 48 150 0.0040 322 (13) 582 (23) 3.5
A60.24 150 0.0060 386 (15) 599 (23) 4.2
A80.24 150 0.0080 442 (17) 618 (14) 4.8
A100.24 150 0.0100 495 (19) 639 (24) 5.3
A40.20 20° x 48 150 0.0040 330 (13) 586 (23) 3.0
B25.32 323 x 64 150 0.0025 0.135 0.170 0.02094 259 (9 546 (19) 3.4
B35.32 150 0.0035 302 (10) 555 (19) 4.0
B55.32 150 0.0055 375 (13) 578 (20) 5.0
B75.32 30 0.0075 436 (15) 599 (21) 5.8
B85.24 243 x 48 150 0.0085 468 (16) 613 (21) 4.6
D15.48 2.10 483 x 96 100 0.0015 0.1200 0.1385 0.01612 223 (6) 529 (14) 3.4
D20.48 100 0.0020 256 (7) 535 (14) 3.9
D30.48 100 0.0030 312 (8) 550 (14) 4.7

= { 0.0885(36), 0.0815(30), 0.0619(18) } fm at B = { 1.90, 1.95, 2.10 }



RBC/UKQCD: lattice setup

® Physical point M6bius domain wall fermion ensemble [ M, = 139.15(36) MeV ]
e Nr=2+ 1 flavours

o Lattice geometry: 48> X 96 (X 24);, a~!~1.730 GeV (o.n fm)

e Valence light quarks: zMG&bius domain wall fermion action (L, = 10)

Charged lepton: free domain wall fermion action

e 60 configurations



Numerical implementation of correlators

CPO

1AV

s AFVH

®=1® ®;

Correlators created using sequential propagators

Muon momentum p¢ {1, 1,1} fixed by energy conservation & injected
via twisted boundary conditions

Photon fields sampled from Gaussian distribution (QED)

Sources (&) : point (RM123S) / Coulomb gauge-fixed wall (RBC-UKQCD)

Electromagnetic current: conserved (RMi123S) / local (RBC-UKQCD)
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A general comparison of the calculations

RBC/UKQCD RM123+Soton

extrapolation needed

physical masses | v/ phusical point simulations

recovered in the continuum

Twisted Mass

chiral symmetry |  at finite lattice spacing

fermionic action Domain Wall

v/ continuum limit (3)

continuum limit single lattice spacing
v/ multiple volumes
QED,

electro-quenching
GRS ™

infinite volume limit single volume
QED prescription QED.
sea effects electro-quenching

IB scheme BMW (2!

2l BMW, PRL 11 (2013); BMW, PRL 117 (2016)

[b] Gasser, Rusetsky & Scimemi, EPJC 32 (2003); RMi23, PRD 87 (2013)
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Defining the iso-symmetric theory
RBC/UKQCD (2023): BMW scheme with N¢=2+1

QCD+QED (mi+ M2, M2, ) B (m% Mier Mo )
N gb N Qb N Qb Qb A 2 y; A 2 yEEPN 2 T 2 9 2 Y 2
m. . om%. m Qo
( ud? » 11%s ‘97 ) mQ— mQ— mQ— o® mQ— mQ_ mQ_ PDG
~ro ~ro “r2 “ro r2 T2
QCD Mud A‘]\4ud MKX _ Mud A‘]\Iud MKX
ud y S g, O.QCD Q Q) Q) O'qb
. r2 T2 N2 T2 12
ISO'QCD ( Mud A‘]\4ud MKX ) ( Mud 0 MKX )
~2 232 o 2 — | -2 Y2
~ R T~ _ T~ T~ _ T~ T~ _
(9.0,1910,0) o g ) o \mi g )

1
. 2 2 2 2 _
BMW mesons: M2, = 5 (Mg, + M5, Mg, =

BMW, PRL 11 (2013)
BMW, PRL 117 (2016)
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DEfining the iSO'SUmmEtriC theorg Gasser, Rusetsky & Scimemi, EPJC 32 (2003)

RM123, PRD 87 (2013)

RM123S (2019): "GRS" scheme (electroquenched) with Ne=2+1+1

QCD+QED Pl i M, ik, ke [k i b, mik,
(m® , 6m?, me m?lg, a®) 2’ 2’ 2’ T2 2’ 2’ 2 T2

T 70y T ‘I o? U ™ T ™ PDG
Q(;BD o a?P = of m'; (MS, 2 GeV)QCP = m'; (MS, 2 GeV)?
(™ B D, P g0, 0 f={u.d.s.c)
iSO-QCD a(o) — a¢ m?(M_S, 2 GGV)(()) — m?(M_S, 2 GGV)¢
(mg‘g,o,mg()),mgongo,o) f={ud,s,c}

In practice, the renormalization condition on the strong coupling g"*(MS, 2 GeV) = g5 (MS, 2 GeV)

is neglected in the "electroquenched approximation”
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Infinite volume reconstruction X Feng & Lin, PRD 100 (2016)
QEDoo

Alternative approach: radiative corrections as a convolution of hadronic correlators with infinite-
volume QED kernels

AO = / dt / d3x H(t,x) forp(t,x) = AO®) + AOW y g
o

Separate correlator into short and long distance parts: 0, v

1 [*
AOG) 5/ dt/L d*x H"(t,x) forp (t, X)
—ts 3

0 ts o0

single-hadron state dominance

A0 & [t (%) Faup ()
L3

—> Exponentially suppressed finite-volume effects ... systematics under control?

Application to leptonic decays under study by RBC N.Christ et al,, PRD 108 (2023)
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