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what are Tensor Networks?



TNS: entanglement-based ansatzes for 
quantum many-body states



exponential

polynomial

arbitrary many-
body state

|�� =
�

ij

ci1...iN |i1 . . . iN �

dN

TNS: restricted 
family

poly(N)

N

{|i�}d�1
i=0



pictorial representation

tensor = multidimensional array

T
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pictorial representation

tensor = multidimensional array

M
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pictorial representation

tensor = multidimensional array

M
<latexit sha1_base64="LYKb6VVKloxBSLpM78v6ttRQbOI=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexGQY9BL16EBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/0Jl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkmal7F2UK/XLUvUmiyMPJ3AK5+DBFVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6ZbjNU=</latexit>

N

<latexit sha1_base64="TuI4H4uSJQt41qP5CqwsvE8ICww=">AAAB6HicbVDLSgNBEOyNrxhfUY9eBoPgKexKQL0FvXiSBMwDkiXMTnqTMbOzy8ysEEK+wIsHRbz6Sd78GyfJHjSxoKGo6qa7K0gE18Z1v53c2vrG5lZ+u7Czu7d/UDw8auo4VQwbLBaxagdUo+ASG4Ybge1EIY0Cga1gdDvzW0+oNI/lgxkn6Ed0IHnIGTVWqt/3iiW37M5BVomXkRJkqPWKX91+zNIIpWGCat3x3MT4E6oMZwKnhW6qMaFsRAfYsVTSCLU/mR86JWdW6ZMwVrakIXP198SERlqPo8B2RtQM9bI3E//zOqkJr/wJl0lqULLFojAVxMRk9jXpc4XMiLEllClubyVsSBVlxmZTsCF4yy+vkuZF2auUr+uVUvUmiyMPJ3AK5+DBJVThDmrQAAYIz/AKb86j8+K8Ox+L1pyTzRzDHzifP6pxjN4=</latexit>

M ·N =
X

j

MijNjk

<latexit sha1_base64="PoMS0x5FHbKsTPCilQ81dwQ/Npc=">AAACBnicbVBNS8NAEN3Ur1q/oh5FWCyCp5JUQS9C0YuXlgq2FZoQNptNu+1uEnY3Qgk9efGvePGgiFd/gzf/jds2B219MPB4b4aZeX7CqFSW9W0UlpZXVteK66WNza3tHXN3ry3jVGDSwjGLxb2PJGE0Ii1FFSP3iSCI+4x0/OH1xO88ECFpHN2pUUJcjnoRDSlGSkueeVh3cBAr2Lh0ZMq9Aax7GR2MYcPLBsOxZ5atijUFXCR2TsogR9Mzv5wgxiknkcIMSdm1rUS5GRKKYkbGJSeVJEF4iHqkq2mEOJFuNn1jDI+1EsAwFroiBafq74kMcSlH3NedHKm+nPcm4n9eN1XhhZvRKEkVifBsUZgyqGI4yQQGVBCs2EgThAXVt0LcRwJhpZMr6RDs+ZcXSbtasU8r1duzcu0qj6MIDsAROAE2OAc1cAOaoAUweATP4BW8GU/Gi/FufMxaC0Y+sw/+wPj8AXDamHo=</latexit>



tensor network

tensor = multidimensional array

{Ti1i2,j1j2,k1k2k3,p}{i,j,k,p}
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why are TNS useful?



we are looking for states with small 
entanglement

H
relevant corner of the 

Hilbert space



SAmax / |�A| logA
<latexit sha1_base64="ZXYrmrVHBx567zVizAuHFqcqjaU="></latexit>

area lawlocal gapped 1D Hamiltonians 
have ground states

with area law of entanglement
SAmax � |�A|

A

B

Hastings 2007

in 1D critical systems, 
logarithmic corrections

Calabrese, Cardy 2004

satisfied at finite temperature Wolf,  Verstraete, Hastings, Cirac, PRL 2008



Ansätze satisfying 
the area law

by construction Area law

A

B

MPS & PEPS

TNS come in different forms…
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Fannes, Nachtergaele, Werner, 1992



MPS
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Fannes, Nachtergaele, Werner, 1992



MPS
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S(L/2)  logD
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area law by construction
A

B Fannes, Nachtergaele, Werner, 1992



peps

area law by construction
A

B Verstraete, Cirac, 2004



d dd dd
A

B

area law

TNS = entanglement based ansatz

MPS

MERA
TTN

Swingle PRD 2012
Molina JHEP 2013

Nozaki et al JHEP 2012
Bao et al PRD 2015

suggested connection 
to AdS/CFT

Schollwöck Ann.Phys.2011

Verstraete et al.  Adv. Phys. 2008

Shi et al PRA 2006

Vidal PRL 2007
other TNS

critical 1D 
correlations

PEPS



some interesting properties of MPS & 
PEPS

complete families

good approximation of ground/thermal states of 
local Hamiltonians

can be defined directly in the thermodynamic limit

Verstraete, Cirac, PRB 2006
Hastings J. Stat. Phys 2007

Hastings PRB 2006
Molnar et al PRB 2015

ground states of local parent Hamiltonians
Pérez-García et al.,  QIC 2007
Schuch et al., Ann. Phys. 2010
Cirac et al RMP 2021



TNS play well with symmetries



state invariant under global symmetry



U⌦N
g
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state invariant under global symmetry



state invariant under global symmetry
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Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010
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state invariant under global symmetry



U⌦N
g

<latexit sha1_base64="bUPjtggVHeAswEC7wryrCKNwEHQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ko9bErunElFUxbaGOYTCft0MlMmJkINfRL3LhQxK2f4s6/cdpGqKIHLhzOuZd77wkTRpV2nE+rsLC4tLxSXC2trW9slu2t7aYSqcTEw4IJ2Q6RIoxy4mmqGWknkqA4ZKQVDi8nfuueSEUFv9WjhPgx6nMaUYy0kQK77AX9u6wrNI2JgtfjwK44VWcKOEdqjnt+4kI3VyogRyOwP7o9gdOYcI0ZUqrjOon2MyQ1xYyMS91UkQThIeqTjqEcmT1+Nj18DPeN0oORkKa4hlN1fiJDsVKjODSdMdID9dubiH95nVRHZ35GeZJqwvFsUZQyqAWcpAB7VBKs2cgQhCU1t0I8QBJhbbIqmRC+P4X/k+Zh1T2q1m6OK/WLPI4i2AV74AC44BTUwRVoAA9gkIJH8AxerAfryXq13matBSuf2QE/YL1/AcF6kyo=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>
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<latexit sha1_base64="CX2cnay1noUiQKY3rR/nEy+Nmns=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0m09eNW9OKxomkLbSib7SZdutmE3Y1QQn+CFw+KePUXefPfuG0jVNEHA4/3ZpiZ5yecKW3bn1ZhaXllda24XtrY3NreKe/utVScSkJdEvNYdnysKGeCupppTjuJpDjyOW37o+up336gUrFY3OtxQr0Ih4IFjGBtpDu3H/bLFbtqz4AWSN12Ls8c5ORKBXI0++WP3iAmaUSFJhwr1XXsRHsZlpoRTielXqpogskIh7RrqMARVV42O3WCjowyQEEsTQmNZuriRIYjpcaRbzojrIfqtzcV//K6qQ4uvIyJJNVUkPmiIOVIx2j6NxowSYnmY0MwkczcisgQS0y0SadkQvj+FP1PWidV57Rav61VGld5HEU4gEM4BgfOoQE30AQXCITwCM/wYnHryXq13uatBSuf2YcfsN6/AEmIjdA=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>

V †
g

<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

W †
g

<latexit sha1_base64="g/a3x2sUxQNZpMKXAzyIRHy/K4c=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwqRabXdFNy4r2Ae0sUwmk3ToZBJnJoUS+h1uXCji1o9x5984bSOo6IELh3Pu5d57vIQzpRH6sJaWV1bX1gsbxc2t7Z3d0t5+W8WpJLRFYh7LrocV5UzQlmaa024iKY48Tjve6Grmd8ZUKhaLWz1JqBvhULCAEayN5HYG4V3W93EYUjkdlMrIriKnfu5AZKM5DKlUUb2GoJMrZZCjOSi99/2YpBEVmnCsVM9BiXYzLDUjnE6L/VTRBJMRDmnPUIEjqtxsfvQUHhvFh0EsTQkN5+r3iQxHSk0iz3RGWA/Vb28m/uX1Uh3U3IyJJNVUkMWiIOVQx3CWAPSZpETziSGYSGZuhWSIJSba5FQ0IXx9Cv8n7YrtnNrVm7Ny4zKPowAOwRE4AQ64AA1wDZqgBQi4Bw/gCTxbY+vRerFeF61LVj5zAH7AevsEOWiSag==</latexit>

Wg
<latexit sha1_base64="SU+9LWz2W0XOvDNfwEY9oFaPNx0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRaHILevEY0TwgWcLsZHYzZPbBzKwQlnyCFw+KePWLvPk3TpIVVLSgoajqprvLSwRXGuMPa2l5ZXVtvbBR3Nza3tkt7e23VZxKylo0FrHsekQxwSPW0lwL1k0kI6EnWMcbX838zj2TisfRnZ4kzA1JEHGfU6KNdNsZBINSGdtV7NTPHYRtPIchlSqu1zBycqUMOZqD0nt/GNM0ZJGmgijVc3Ci3YxIzalg02I/VSwhdEwC1jM0IiFTbjY/dYqOjTJEfixNRRrN1e8TGQmVmoSe6QyJHqnf3kz8y+ul2q+5GY+SVLOILhb5qUA6RrO/0ZBLRrWYGEKo5OZWREdEEqpNOkUTwten6H/SrtjOqV29OSs3LvM4CnAIR3ACDlxAA66hCS2gEMADPMGzJaxH68V6XbQuWfnMAfyA9fYJcACN6g==</latexit>

state invariant under global symmetry



U⌦N
g

<latexit sha1_base64="bUPjtggVHeAswEC7wryrCKNwEHQ=">AAAB+HicdVDLSsNAFJ3UV62PRl26GSyCq5Ko9bErunElFUxbaGOYTCft0MlMmJkINfRL3LhQxK2f4s6/cdpGqKIHLhzOuZd77wkTRpV2nE+rsLC4tLxSXC2trW9slu2t7aYSqcTEw4IJ2Q6RIoxy4mmqGWknkqA4ZKQVDi8nfuueSEUFv9WjhPgx6nMaUYy0kQK77AX9u6wrNI2JgtfjwK44VWcKOEdqjnt+4kI3VyogRyOwP7o9gdOYcI0ZUqrjOon2MyQ1xYyMS91UkQThIeqTjqEcmT1+Nj18DPeN0oORkKa4hlN1fiJDsVKjODSdMdID9dubiH95nVRHZ35GeZJqwvFsUZQyqAWcpAB7VBKs2cgQhCU1t0I8QBJhbbIqmRC+P4X/k+Zh1T2q1m6OK/WLPI4i2AV74AC44BTUwRVoAA9gkIJH8AxerAfryXq13matBSuf2QE/YL1/AcF6kyo=</latexit>

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010

=

Ug
<latexit sha1_base64="CX2cnay1noUiQKY3rR/nEy+Nmns=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0m09eNW9OKxomkLbSib7SZdutmE3Y1QQn+CFw+KePUXefPfuG0jVNEHA4/3ZpiZ5yecKW3bn1ZhaXllda24XtrY3NreKe/utVScSkJdEvNYdnysKGeCupppTjuJpDjyOW37o+up336gUrFY3OtxQr0Ih4IFjGBtpDu3H/bLFbtqz4AWSN12Ls8c5ORKBXI0++WP3iAmaUSFJhwr1XXsRHsZlpoRTielXqpogskIh7RrqMARVV42O3WCjowyQEEsTQmNZuriRIYjpcaRbzojrIfqtzcV//K6qQ4uvIyJJNVUkPmiIOVIx2j6NxowSYnmY0MwkczcisgQS0y0SadkQvj+FP1PWidV57Rav61VGld5HEU4gEM4BgfOoQE30AQXCITwCM/wYnHryXq13uatBSuf2YcfsN6/AEmIjdA=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>

V †
g

<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

W †
g

<latexit sha1_base64="g/a3x2sUxQNZpMKXAzyIRHy/K4c=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwqRabXdFNy4r2Ae0sUwmk3ToZBJnJoUS+h1uXCji1o9x5984bSOo6IELh3Pu5d57vIQzpRH6sJaWV1bX1gsbxc2t7Z3d0t5+W8WpJLRFYh7LrocV5UzQlmaa024iKY48Tjve6Grmd8ZUKhaLWz1JqBvhULCAEayN5HYG4V3W93EYUjkdlMrIriKnfu5AZKM5DKlUUb2GoJMrZZCjOSi99/2YpBEVmnCsVM9BiXYzLDUjnE6L/VTRBJMRDmnPUIEjqtxsfvQUHhvFh0EsTQkN5+r3iQxHSk0iz3RGWA/Vb28m/uX1Uh3U3IyJJNVUkMWiIOVQx3CWAPSZpETziSGYSGZuhWSIJSba5FQ0IXx9Cv8n7YrtnNrVm7Ny4zKPowAOwRE4AQ64AA1wDZqgBQi4Bw/gCTxbY+vRerFeF61LVj5zAH7AevsEOWiSag==</latexit>

Wg
<latexit sha1_base64="SU+9LWz2W0XOvDNfwEY9oFaPNx0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRaHILevEY0TwgWcLsZHYzZPbBzKwQlnyCFw+KePWLvPk3TpIVVLSgoajqprvLSwRXGuMPa2l5ZXVtvbBR3Nza3tkt7e23VZxKylo0FrHsekQxwSPW0lwL1k0kI6EnWMcbX838zj2TisfRnZ4kzA1JEHGfU6KNdNsZBINSGdtV7NTPHYRtPIchlSqu1zBycqUMOZqD0nt/GNM0ZJGmgijVc3Ci3YxIzalg02I/VSwhdEwC1jM0IiFTbjY/dYqOjTJEfixNRRrN1e8TGQmVmoSe6QyJHqnf3kz8y+ul2q+5GY+SVLOILhb5qUA6RrO/0ZBLRrWYGEKo5OZWREdEEqpNOkUTwten6H/SrtjOqV29OSs3LvM4CnAIR3ACDlxAA66hCS2gEMADPMGzJaxH68V6XbQuWfnMAfyA9fYJcACN6g==</latexit>

state invariant under global symmetry



=

Ug
<latexit sha1_base64="CX2cnay1noUiQKY3rR/nEy+Nmns=">AAAB6nicdVBNS8NAEJ3Ur1q/qh69LBbBU0m09eNW9OKxomkLbSib7SZdutmE3Y1QQn+CFw+KePUXefPfuG0jVNEHA4/3ZpiZ5yecKW3bn1ZhaXllda24XtrY3NreKe/utVScSkJdEvNYdnysKGeCupppTjuJpDjyOW37o+up336gUrFY3OtxQr0Ih4IFjGBtpDu3H/bLFbtqz4AWSN12Ls8c5ORKBXI0++WP3iAmaUSFJhwr1XXsRHsZlpoRTielXqpogskIh7RrqMARVV42O3WCjowyQEEsTQmNZuriRIYjpcaRbzojrIfqtzcV//K6qQ4uvIyJJNVUkPmiIOVIx2j6NxowSYnmY0MwkczcisgQS0y0SadkQvj+FP1PWidV57Rav61VGld5HEU4gEM4BgfOoQE30AQXCITwCM/wYnHryXq13uatBSuf2YcfsN6/AEmIjdA=</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>

Vg
<latexit sha1_base64="PHTKvlMLcd+vzLDIoRwcosyIy64=">AAAB6nicdVDJSgNBEK2JW4xb1KOXxiB4GnqymHgLevEY0cRAMoSeTs+kSc9Cd48QhnyCFw+KePWLvPk3dhZBRR8UPN6roqqelwiuNMYfVm5ldW19I79Z2Nre2d0r7h90VJxKyto0FrHsekQxwSPW1lwL1k0kI6En2J03vpz5d/dMKh5Ht3qSMDckQcR9Tok20k1nEAyKJWzjs6pTdhC2a9hplPGCnNcryLHxHCVYojUovveHMU1DFmkqiFI9ByfazYjUnAo2LfRTxRJCxyRgPUMjEjLlZvNTp+jEKEPkx9JUpNFc/T6RkVCpSeiZzpDokfrtzcS/vF6q/Yab8ShJNYvoYpGfCqRjNPsbDblkVIuJIYRKbm5FdEQkodqkUzAhfH2K/iedsu1U7Np1tdS8WMaRhyM4hlNwoA5NuIIWtIFCAA/wBM+WsB6tF+t10ZqzljOH8APW2yd7OI3y</latexit>

V †
g

<latexit sha1_base64="rdA5ahcKaqRNmN346Bo61Gpo0+M=">AAAB9HicdVDLSgMxFM34rPVVdekmWARXQ6YPW3dFNy4r2Ae0Y8lkMtPQTGZMMoUy9DvcuFDErR/jzr8xfQgqeuDC4Zx7ufceL+FMaYQ+rJXVtfWNzdxWfntnd2+/cHDYVnEqCW2RmMey62FFORO0pZnmtJtIiiOP0443upr5nTGVisXiVk8S6kY4FCxgBGsjue1BeJf1fRyGVE4HhSKy0XnFKTkQ2VXk1EtoQS5qZejYaI4iWKI5KLz3/ZikERWacKxUz0GJdjMsNSOcTvP9VNEEkxEOac9QgSOq3Gx+9BSeGsWHQSxNCQ3n6veJDEdKTSLPdEZYD9Vvbyb+5fVSHdTdjIkk1VSQxaIg5VDHcJYA9JmkRPOJIZhIZm6FZIglJtrklDchfH0K/yftku2U7epNpdi4XMaRA8fgBJwBB9RAA1yDJmgBAu7BA3gCz9bYerRerNdF64q1nDkCP2C9fQJElpJy</latexit>

W †
g

<latexit sha1_base64="g/a3x2sUxQNZpMKXAzyIRHy/K4c=">AAAB9HicdVDLSsNAFJ34rPVVdelmsAiuwqRabXdFNy4r2Ae0sUwmk3ToZBJnJoUS+h1uXCji1o9x5984bSOo6IELh3Pu5d57vIQzpRH6sJaWV1bX1gsbxc2t7Z3d0t5+W8WpJLRFYh7LrocV5UzQlmaa024iKY48Tjve6Grmd8ZUKhaLWz1JqBvhULCAEayN5HYG4V3W93EYUjkdlMrIriKnfu5AZKM5DKlUUb2GoJMrZZCjOSi99/2YpBEVmnCsVM9BiXYzLDUjnE6L/VTRBJMRDmnPUIEjqtxsfvQUHhvFh0EsTQkN5+r3iQxHSk0iz3RGWA/Vb28m/uX1Uh3U3IyJJNVUkMWiIOVQx3CWAPSZpETziSGYSGZuhWSIJSba5FQ0IXx9Cv8n7YrtnNrVm7Ny4zKPowAOwRE4AQ64AA1wDZqgBQi4Bw/gCTxbY+vRerFeF61LVj5zAH7AevsEOWiSag==</latexit>

Wg
<latexit sha1_base64="SU+9LWz2W0XOvDNfwEY9oFaPNx0=">AAAB6nicdVDLSgNBEOz1GeMr6tHLYBA8LbPRaHILevEY0TwgWcLsZHYzZPbBzKwQlnyCFw+KePWLvPk3TpIVVLSgoajqprvLSwRXGuMPa2l5ZXVtvbBR3Nza3tkt7e23VZxKylo0FrHsekQxwSPW0lwL1k0kI6EnWMcbX838zj2TisfRnZ4kzA1JEHGfU6KNdNsZBINSGdtV7NTPHYRtPIchlSqu1zBycqUMOZqD0nt/GNM0ZJGmgijVc3Ci3YxIzalg02I/VSwhdEwC1jM0IiFTbjY/dYqOjTJEfixNRRrN1e8TGQmVmoSe6QyJHqnf3kz8y+ul2q+5GY+SVLOILhb5qUA6RrO/0ZBLRrWYGEKo5OZWREdEEqpNOkUTwten6H/SrtjOqV29OSs3LvM4CnAIR3ACDlxAA66hCS2gEMADPMGzJaxH68V6XbQuWfnMAfyA9fYJcACN6g==</latexit>

Pérez-García et al.,  PRL 2008
Sanz et al., PRA 2009
Schuch et al., Ann. Phys. 2010
Singh et al., NJP 2007, PRA 2010

state invariant under global symmetry
constructed with invariant tensors

state (globally) invariant ⇔ 

for MPS & PEPS

Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

also gauge symmetries

structure 
of 

tensors



gauging PEPS



gauging PEPS

†
<latexit sha1_base64="kJBcMRTlb/5tooS5TITBhJdBJic=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0n8QI9FLx4rWFtoQ9lsJunSzSbsboRS+iO8eFDEq7/Hm//GbZuDtj4YeLw3w8y8IBNcG9f9dkorq2vrG+XNytb2zu5edf/gUae5YthiqUhVJ6AaBZfYMtwI7GQKaRIIbAfD26nffkKleSofzChDP6Gx5BFn1Fip3QtpHKPqV2tu3Z2BLBOvIDUo0OxXv3phyvIEpWGCat313Mz4Y6oMZwInlV6uMaNsSGPsWippgtofz86dkBOrhCRKlS1pyEz9PTGmidajJLCdCTUDvehNxf+8bm6ia3/MZZYblGy+KMoFMSmZ/k5CrpAZMbKEMsXtrYQNqKLM2IQqNgRv8eVl8nhW987rl/cXtcZNEUcZjuAYTsGDK2jAHTShBQyG8Ayv8OZkzovz7nzMW0tOMXMIf+B8/gBMfo+N</latexit>
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numerics with TNS



variational minimization of energy 

basic algorithms

apply local operators → simulate time evolution  
               imaginary time → ground state

local 
Hamiltonian H =

|E0� �

thermal state

ground state 
excitations

also: evolve using TDVP White, PRL 1992; Schollwöck, Ann. Phys. 2011; 
Vidal, PRL 2003, 2004; Verstraete et al., PRL 2004;
Haegeman et al., PRL 2011



basically work in 1D or 2D
different computational costs

1D → O(D3)
2D → O(D10)
no exact contractions

regarding real time
entanglement may grow fast in non-
equilibrium scenarios! 

works for close to equilibrium or moderate times
up to exponentially growing D
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exponential

polynomial

arbitrary many-
body state

|�� =
�

ij

ci1...iN |i1 . . . iN �

dN

TNS: restricted 
family

poly(N)

good ansatz for ground states 
and thermal equilibrium: area 
law

efficient numerics

entanglement hierarchy



TNS for QFT



TNS

Extremely practical (and successful) for 1D 
systems (MPS)

Powerful, but more costly for higher dimensions

ground states
low-lying excitations
thermal states
time evolution

Non-perturbative for Hamiltonian systems

LGT
apply to



using TNS for LGT

formal approach 

numerical simulations no sign problem

gauging the symmetry
explicitly invariant states

Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

general prescriptions, U(1), SU(2)

TN describe states

TN describe partition functions (observables)
TRG approaches to classical and quantum models

Liu et al PRD 2013; Shimizu, Kuramashi, PRD 
2014; Kawauchi, Takeda 2015; 
review Meurice et al. 2010.06539



general strategy

Hamiltonian formulation

Finite dimensional degrees of freedom

acting on a Hilbert space

gauge bosons require attention

Common ingredients for quantum simulation

fermions

choose proper basis

✓ no sign problem

truncating, integrating out (also QLinks)

Zohar et al. PRL 2010, 2012 ,
Tagliacozzo et al., Nat. Comm. 2013
Banerjee et al., PRL 2012

Rico et al. PRL 2014
Pichler et al, PRX 2016
Zohar, Burrello, PRD 2015



Photo by Maria Teneva on Unsplash

there is long way to go until LQCD

journey begins with 1+1D steps

https://unsplash.com/@miteneva?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
https://unsplash.com/s/photos/dangerous-road?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText


Schwinger model
U(1) in 1D

precise equilibrium 
simulations,

feasibility of QSim
MCB et al JHEP11(2013)158;

Rico et al PRL 2014; Buyens et al. PRL 2014;
Kühn et al., PRA 90, 042305 (2014);

MCB et al PRD 2015, Buyens et al. PRD 2016;
Pichler et al. PRX 2016;

review Dalmonte, Montangero, Cont. Phys. 2016
MCB, Cichy, Cirac, Jansen, Kühn, arXiv:1810.12838

Non-Abelian in 1D
string breaking dynamics
S. Kühn et al., JHEP 07 (2015) 130;

Silvi et al., Quantum 2017
S. Kühn et al. PRX 2017

SU(3)QLM
Silvi et al, PRD 2019

finite density
S. Kuehn et al, PRL118 (2017) 071601

Byrnes PRD2002; Sugihara NPB2004
Tagliacozzo PRB2011; Sugihara JHEP2005 

Meurice PRB2013

early works with DMRG/TNS

2+1 dimensions
Felser et al. PRX10, 041040 (2020)

Robaina et al. PRL126, 050401 (2021)
Emonts et al. PRD102, 074501 (2020)

MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003

Photo by Maria Teneva on Unsplash

Magnifico et al. Nat. Com.12, 3600 (2021)
3+1 dimensions

https://unsplash.com/@miteneva?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText
https://unsplash.com/s/photos/dangerous-road?utm_source=unsplash&utm_medium=referral&utm_content=creditCopyText


spectrum
finite density

thermal equilibrium

entropy

time evolution

1+1D RESULTS



finite density
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Schwinger model with several 
flavours and chemical potentials 

(continuum)
S. Kühn et al, PRL118 (2017) 071601

Silvi et al, Quantum 1, 9 (2017)
 PRD100, 074512 (2019)

phase diagram of SU(2) and 
SU(3) QLM at finite density

some results in 2+1, 3+1 
U(1)
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finite density

thermal equilibrium

entropy

time evolution

1+1D RESULTS
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SU(2)

Kühn PRX7, 041046 (2017)

entropy

gauge constraints not purely local ⇒ not all entropy physical
Casini et al 2014; Gosh et al JHEP 2015

 Soni, Trivedi JHEP 2016; van Acoleyen et al PRL 2016

divergence in the continuum limit

Calabrese, Cardy JStatMech 2004
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Buyens PRX6, 041040 (2016)
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1+1D RESULTS



time evolution

near the continuum limit: Schwinger pair production

Buyens et al. PRD96, 114501 (2017)

string breaking in lattice models:  
SU(2), U(1)

Buyens et al. PRL113, 091601(2014)
Kühn et al, JHEP 07 (2015) 130

Pichler et al., PRX 6, 011023 (2016)
PRX 6, 041040 (2016)



real time evolution with MPS

TEBD, t-DMRG
Vidal, PRL 2003, 2004
Verstraete, García-Ripoll, Cirac, PRL 2004

time evolved state 
approximated by MPS
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required bond for 
fixed precision

Osborne, PRL 2006
Schuch et al., NJP 2008
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dim
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but entanglement grows



yet many physical situations (in closed and 
open quantum systems) can be successfully 

studied!

Paeckel et al arXiv:1901.05824

García-Ripoll, NJP 2006
Wall, Carr NJP 2012

short times, adiabatic, low energy can work well



PDF in Schwinger model

with K. Cichy, C.J. David Lin, M. Schneider, 
LATTICE’24 arXiv:2409.16996

2504.XXXXX



fermionic PDF

MCB, Cichy, Lin, Schneider, to appear: 2504.XXXXX
preliminary results presented in LATTICE’24 arXiv:2409.16996
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lattice version (staggered fermions)

meson state
Wilson line along 
lightcone direction



fermionic PDF

MCB, Cichy, Lin, Schneider, to appear: 2504.XXXXX
preliminary results presented in LATTICE’24 arXiv:2409.16996
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Trotterized evolution

zigzag light cone

lattice version (staggered fermions)
<latexit sha1_base64="Q5lKG4QiRopHqORNedgxbJMn/d8="></latexit>
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fermionic PDF

MCB, Cichy, Lin, Schneider, to appear: 2504.XXXXX
preliminary results presented in LATTICE’24 arXiv:2409.16996

PDF (Fourier transform)

convergence with very 
moderate size of tensors

basic matrix element
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fermionic PDF

MCB, Cichy, Lin, Schneider, to appear: 2504.XXXXX
preliminary results presented in LATTICE’24 arXiv:2409.16996

PDF (Fourier transform)

different fermion mass, continuum

convergence with very 
moderate size of tensors



(inelastic) scattering in the Schwinger 
model

with I. Papaefstathiou, J. Knolle, PRD111, 014504 (2025)



earlier simulations: elastic scattering in LGT

notice also: 
Surace, Lerose, New J. Phys. 23 (2021) 062001
Vovrosh et al. PRX Quantum 3, 040309 (2022)
Su, Osborne, Halimeh arXiv:2401.05489



inelastic scattering in the Schwinger model

collision of two vector mesons can produce two scalars

|Ω

𝒪2𝒪1

initial setup

<latexit sha1_base64="63Jtq6lhon/TnT8oQlAW0NAUueY="></latexit>X
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Gaussian wavepacket with momentum k

probe the inelastic threshold
strong coupling regime

Papaefstathiou, Knolle, MCB, PRD111, 014504 (2025)



below momentum threshold

entropy of two sites

electric flux correlator

Papaefstathiou, Knolle, MCB, PRD111, 014504 (2025)



above momentum threshold

entropy of two sites

4-fermion projector

Papaefstathiou, Knolle, MCB, PRD111, 014504 (2025)



BEYOND 1D



Tagliacozzo et al PRX 2014
 Haegeman et al PRX 2014
Zohar et al Ann Phys 2015

arXiv:1807.01294

explicitly gauge invariant PEPS
restricted ansatz calculations

active research: PEPS for LGT

also fully Gaussian PEPS Zohar, Cirac PRD 2018

computational cost, required D

standard PEPS toolbox contains all ingredients 
for full variational computation

plaquette terms
Zapp, Orús PRD 2017

few results with other TNS Tagliacozzo, Vidal PRB 2011
Felser et al. PRX10, 041040 (2020) 
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variational iPEPS study of Z3 in 2+1D
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ancillary dof

plaquette terms can 
be implemented as 
sequence of 2-body 
gates

Zohar et al, PRA 2017

Robaina, MCB, Cirac, PRL126, 050401 (2021)
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To concludeThanks for your attention!

TNS: entanglement-based ansatz 
can be a suitable ansatz also for LGT/

QFT

real time is more challenging than equilibrium

momentum threshold observed
production detected through local observables

Papaefstathiou, arXiv:2402.18429
Belyanski et al PRL132, 091903 (2024)

other dynamical simulations: inelastic scattering 

current results: fermion PDF Schwinger model 
ab initio calculation in Minkowski space
controlled continuum extrapolation

LATTICE’24 arXiv:2409.16996
to appear 2504.XXXXX

ongoing progress in higher dimensions
PEPS, tree TN, MPS



DFG FOR 5522

To concludeThanks for your attention!

TNS: entanglement-based ansatz 
can be a suitable ansatz also for LGT/

QFT

real time is more challenging than equilibrium

momentum threshold observed
production detected through local observables

Papaefstathiou, arXiv:2402.18429
Belyanski et al PRL132, 091903 (2024)

other dynamical simulations: inelastic scattering 

current results: fermion PDF Schwinger model 
ab initio calculation in Minkowski space
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ongoing progress in higher dimensions
PEPS, tree TN, MPS

Di Marcantonio, Pradhan, 
Vallecorsa, Rico, in progress

Z2 roughening transition, and string dynamics


