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what are Tensor Networks!?



TNS: entanglement-based ansatzes for
quantum many-body states
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pictorial representation

tensor = multidimensional array
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pictorial representation

tensor = multidimensional array
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pictorial representation
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tensor network

tensor = multidimensional array
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why are TNS useful?



we are looking for states with small
entanglement

relevant corner of the
Hilbert space




local gapped | D Hamiltonians
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satisfied at finite temperature  Wolf, Verstraete, Hastings, Cirac, PRL 2008



TNS come in different forms...

Ansdtze satistying
the area law
by construction

MPS & PEPS
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MPS

Fannes, Nachtergaele, Werner, 1992



Fannes, Nachtergaele, Werner, 1992



000000
Q00000

® 2.0 00 90,

0000000
OO0 0000000

S14::es SN —

area law by construct

S(L/2) <logD

on

Fannes, Nachtergaele, Werner, 1992



peps

s
s

o e

s

%
e
%
%

202222000 area law by construction

OOOOOOOOOOO

200000 ®,00
1

ooooooooo Verstraete, Cirac, 2004



TNS = entanglement based ansatz
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Verstraete et al. Adv. Phys. 2008

other TNS TTN
critical ID m @A
correlations Shi et al PRA 2006 <<

Swingle PRD 2012

suggested connection o1 X ot Molina JHEP 2013
Nozaki et al JHEP 2012

to AdS/CFT VAT Bao et al PRD 2015



some interesting properties of MPS &
PEPS

complete families

oood approximation of ground/thermal states of

local Hamiltonians
Verstraete, Cirac, PRB 2006 Hastings PRB 2006
Hastings |. Stat. Phys 2007 Molnar et al PRB 2015

can be defined directly in the thermodynamic limit

oround states of local parent Hamiltonians

Pérez-Garcia et al., QIC 2007/
Schuch et al., Ann. Phys. 2010
Cirac et al RMP 202 |



TNS play well with symmetries



state invariant under global symmetry




state invariant under global symmetry
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state invariant under global symmetry




state invariant under global symmetry
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Pérez-Garcia et al., PRL 2008
Sanz et al., PRA 2009

Schuch et al,, Ann. Phys. 2010
Singh et al,, NJP 2007, PRA 2010
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state invariant under global symmetry
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Schuch et al,, Ann. Phys. 2010
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state invariant under global symmetry

constructed with invariant tensors

for MPS & PEPS

state (globally) invariant <

ljé
structure
— of
tensors
also gauge symmetries
: Pérez-Garcia et al., PRL 2008
Tagliacozzo et al PRX 2014 Sanz et al. PRA 2009

;asgemtanl /e: al EEX %8 :;r Schuch et al,, Ann. Phys. 2010
onar et al Ann rnys Singh et al,, NJP 2007, PRA 2010



gauging PEPS




gauging PEPS
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numerics with TNS



basic algorithms

variational minimization of energy

local
Hamiltonian

H= —-i-i-yum

oround state

Eo)~ -9 000000 excitations

apply local operators = simulate time evolution

imaginary time — ground state
I I thermal state

S HBBE S bbb bbb

. : White, PRL 1992; Schollwock, Ann. Phys. 201 1;
also: evolve usi ng TDVP Vidal, PRL 2003, 2004; Verstraete et al., PRL 2004;

Haegeman et al., PRL 201 |




basic algorithms

basically work in 1D or 2D

different computational costs ISMEDm
D = O(D3) 7
2D = O(D'9)

no exact contractions

regarding real time

entanglement may grow fast in non-

. B | |
eqU'llbrlum SCENaArios. up to exponentially growing D

works for close to equilibrium or moderate times



arbrtrary many- 4
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TNS for QFT



@-TNS

Non-perturbative for Hamiltonian systems

Extremely practical (and successful) for D
systems (MPS)

Powerful, but more costly for higher dimensions

oround states apply to

ow-lying excrtations 1LGT

thermal states

time evolution i



using TNS for LGT

formal approach

gauging the symmetry Tagliacozzo et al PRX 2014

Haegeman et al PRX 2014
explicitly invariant states Zohar et al Ann Phys 2015

seneral prescriptions, U( 1), SU(2)

numerical simulations  |no sign problem

. TN describe partition functions (observables)

-

TRG approaches to classical and quantum models

Liu et al PRD 201 3: Shimizu, Kuramashi, PRD
2014: Kawauchi, Takeda 2015:
review Meurice et al. 2010.06539

® ® ® o | N describe states



general strategy

Hamiltonian formulation

acting on a Hilbert space
— choose proper basis

Finite dimensional degrees of freedom

fermions
— ¥V no sign problem

gauge bosons require attention
— truncating, integrating out (also QLinks)

* Common Ingredients for quantum simulation

/Zohar et al. PRL 2010, 2012, Rico et al. PRL 2014
Tagliacozzo et al., Nat. Comm. 2013 Pichler et al, PRX 2016
Banerjee et al,, PRL 2012 Zohar, Burrello, PRD 2015



there Is long way to go until LOCD
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early works with DMRG/TNS 3+ 1 dimensions

Byrnes PRD2002; Sugihara NPB2004 Magnifico et al. Nat. Com. | 2, 3600 ISR
Tagliacozzo PRB201 |; Sugihara JHEP2005

Meurice PRB2013
2+ | dimensions

Felser et al.PRX |00 O BEEI e

- Robaina et al. PRL126,050401 (2021)
Schwinger model Emonts et al. PRD 102, 074501 (2020)
ISR,
recise equilibrium a
P simuljtions Non-Abelian in D
feasibility of QSim string breaking dynamics
MCB et 4l JHEPTT(2013)158 U S Gal HER. 0720 I'59=1.36;
! ; Silvi et al., Quantum 2017
Rico et al PRL 2014; Buyens et al. PRL 2014; S e e‘?al. PRX 2017
Kithn et al, PRA 90, 042305 (2014);
MCB et al PRD 2015, Buyens et al. PRD 2016; SU(3)QLM
Pichler et al. PRX 20 | 6; SI|VI et aI, PRD ZO 19

review Dalmonte, Montangero, Cont. Phys. 2016

MCB, Cichy, Cirac, Jansen, Kuhn, arXiv:1810.12838 . .
finite density

S.Kuehn et al, PRLIT 18 (2017) 071601
MCB, K. Cichy 1910.00257
QTFLAG Collab.1911.00003
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finite density

spectrum
T entropy

[+ 1D RESULTS

thermal equilibrium time evolution



finite density

Schwinger model with several

flavours and chemical potentials

(continuum)

S. Kiihn et al, PRLI 18 (2017) 07160

phase diagram of SU(2) and
SU(3) QLM at finite density

Silvi et al, Quantum |,9 (2017)
PRD100,074512 (2019)

some results in 2+, 3+

U



finite density
spectrum
entropy
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[+ 1D RESULTS

thermal equilibrium time evolution



sauge constraints not purely local = not all entropy physical

Casini et al 2014; Gosh et al JHEP 2015
Soni, Trivedi JHEP 2016; van Acoleyen et al PRL 2016
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Buyens PRX6, 041040 (2016)
Calabrese, Cardy |StatMech 2004
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string breaking In lattice models:
SU(2), U(l)

Buyens et al. PRLI'13,091601(2014)
Kihn et al, JHEP 0/ (2015) 130
Pichler et al, PRX 6,01 1023 (2016)
PRX 6,041040 (2016)

near the continuum limit: Schwinger pair production

time evolution




real time evolution with MPS
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TEBD, t-DMRG time evolved state

Verstraete, Garcia-Ripoll, Cirac, PRL 2004 {
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yet many physical situations (in closed and
open quantum systems) can be successfully
studied!

short times, adiabatic, low energy can work well

Garcia-Ripoll, NJP 2006
Wall, Carr NJP 2012

Paeckel et al arXiv:1901.05824



PDF in Schwinger model

with K. Cichy, C.J. David Lin, M. Schnelider,
LATTICE24 arXiv:2409.16996
2504 XAKXXX



fermionic PDF

Fo€) = [ L (PB( )W 0P T(0)] P)
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MCB, Cichy, Lin, Schneider, to appear: 2504 XXXXX
preliminary results presented in LAT TICE24 arXiv:2409.16996
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fermionic PDF

m = 10; V = 100; D = 80; N, = 100
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(inelastic) scattering in the Schwinger
mode]

with |. Papaefstathiou, |. Knolle, PRD | | |, 014504 (2025)



earlier simulations: elastic scattering in LGT

PHYSICAL REVIEW X 6, 011023 (2016)

(E(z))

" Real-Time Dynamics in U(1) Lattice Gauge Theories with Tensor Networks
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T. Pichler,1 M. Dalmonte,z’3 E. Rico,4’5’6 P. Zoller,z’3 and S. Montangerol

PHYSICAL REVIEW D 104, 114501 (2021)

Entanglement generation in (1+1)D QED scattering processes

Marco Rigobello®,” Simone Notarnicola®, Giuseppe Magnifico®, and Simone Montangero

m(i)O.G m(B)O.S m(i)l.O

g = 0.08 g = 0.08 g = 0.08
notice also: I | ' o
Surace, Lerose, New J. Phys. 23 (2021) 06200 S A L _
Vovrosh et al. PRX Quantum 3, 040309 (2022) £ \ J v ﬂ 1002
Su, Osborne, Halimeh arXiv:2401.05489 Rt .‘..h /N T

/\ A A !—01




inelastic scattering in the Schwinger model

collision of two vector mesons can produce two scalars

inrtial setup
o—(n—n0)*/(207) e " (ofon 1 —ori10,)]Q)

Gaussian wavepacket with momentum k

probe the inelastic threshold

strong coupling regime |
Papaefstathiou, Knolle, MCB, PRD I | [, 014504 (2025)



below momentum threshold

entropy of two sites
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gtphys

above momentum threshold
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active research: PEPS for LGT

- ' ' Tagliacozzo et al PRX 2014
explicitly sauge invariant PEPS senerman ot al PRX 2014
, , Zohar et al Ann Phys 2015
restricted ansatz calculations ArXiv:1807.01294

also fully Gaussian PEPS  Zohar, Cirac PRD 2018

few results with other TNS Tagliacozzo,Vidal PRB 201 |
Felser et al. PRX10, 041040 (2020)

standard PEPS toolbox contains all ingredients
for full variational computation et B e

0
computational cost, required D @{ e _Kze‘f
D 6, \

1
Zapp, Orus PRD 2017

plaguette terms



variational IPEPS study of Z3in 2+1D
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plaguette terms can
be implemented as
sequence of 2-body

gates
Zohar et al, PRA 2017/

Robaina, MCB, Cirac, PRLI26, 050401 (2021)
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@D
HEE TNS: entanglement-based ansatz el
DFG FOR 5522 cah be a suitable ansatz also for LGT/
QFT

real time I1s more challenging than equilibrium

_current results: fermion PDF Schwinger model

LATTICE24 arXiv:2409.16996
to appear 2504 XXXXX

ab initio calculation in Minkowski space

controlled continuum extrapolation

~other dynamical simulations: inelastic scattering

1 threshold ob d Papaefstathiou, arXiv:2402.1 8429
MOMENTII TFEsNOIE OBSErVE Belyanski et al PRLI32,091903 (2024)

production detected through local observables

ongoing progress In higher dimensions
PEPS, tree TN, MPS
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HEE TNS: entanglement-based ansatz el
DFG FOR 5522 can be a suitable ansatz also for LGT/
QFT

real time I1s more challenging than equilibrium

_current results: fermion PDF Schwinger model

ab initio calculati /> roughening transition, and string dynamics
controlled contl

Zo gauge model

_other dynamical si

momentum thre

production dete

ONgoINg Progress |
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Hier(e) = =9 2 o ~ g 2(0°0*" )8 Dj Marcantonio, Pradhan,
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PEPS, tree TN, Vallecorsa, Rico, In progress



