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Nucleon Characterization

Wigner distributions
% Fully characterize partonic structure of hadrons

% Provide multi-dim images of the parton distributions in phase space

Wigner Distributions

Impact Parameter
Distributions

% Correlations between momenta, positions, spins

% Information on the hadron’s mechanical properties (OAM, pressure, etc.)
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Nucleon Characterization

Wigner distributions
% Fully characterize partonic structure of hadrons

% Provide multi-dim images of the parton distributions in phase space

Wigner Distributions - .
% Partons contain information on

x: longitudinal momentum fraction
H(z,0,—A2)
- k: transverse momentum

b : impact parameter

Impact Parameter /

Distributions

% Correlations between momenta, positions, spins

% Information on the hadron’s mechanical properties (OAM, pressure, etc.)
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Accessing PDFs/GPDs
from lattice QCD




Accessing information on PDFs/GPDs

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t* + 7> = 0)
— o [ e T B S WP S)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

%
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% Parton model: physical picture valid for infinite momentum frame
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Accessing information on PDFs/GPDs

% Parton model: physical picture valid for infinite momentum frame
[R. P. Feynman, Phys. Rev. Lett. 23, 1415 (1969)]

% PDFs via matrix elements of nonlocal liaht-cone operators (—t* + 7> = 0)
— o [y e T P S WP S)

* Light-cone correlations inaccessible from Euclidean lattices (z* + 7> = 0)

¢ ¢
A. Mellin moments (local OPE expansion) local operators
oo
— o 1 - aHa Ha
Q(_%Z)'Y W[_%z7 %Z] Q(%z) — Z n! 2oy ¢ v Ram [qf)' D™ ...D nQ]
n=0

my my my

ol — — afp ) L Abnet BAML . .. AHn—1
(N(P/)lol‘;ﬂl Hn—1 IN(P)) NZ% {7{11A111 C AP PM"_I}An,i(t) —iA2“0 / Al AP .ﬁpn-l}Bm_(t)} +AI‘AP AH Cn,o(AQ)‘n cvcn)} *_A A A Cn’O(A2)|n even] U(P)

@ Frame independence (multiple values of —t (Q?) at same comp. cost)

@ Statistical uncertainty can be controlled @ contain physical information
@ No direct access to x @ skewness independent

@ Power-divergent mixing for high Mellin moments (derivatives > 3)

@ Signal-to-noise ratio decays with the addition of covariant derivatives

@ Number of GFFs increases with order of Mellin moment
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Accessing information on PDFs/GPDs
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@ Number of GFFs increases with order of Mellin moment
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Accessing information on PDFs/GPDs
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@ Frame independence (multiple values of —t (Q?) at same comp. cost)

@ Statistical uncertainty can be controlled @ contain physical information
@ No direct access to x @ skewness independent

@ Power-divergent mixing for high Mellin moments (derivatives > 3)

@ Signal-to-noise ratio decays with the addition of covariant derivatives

@ Number of GFFs increases with order of Mellin moment
Reconstruction of PDFs/GPDs very challenging

T
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Accessing information on PDFs/GPDs

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)
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Accessing information on PDFs/GPDs

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)
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Accessing information on PDFs/GPDs

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)
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Accessing information on PDFs/GPDs

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)
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Accessing information on PDFs/GPDs

B. Matrix elements of nonlocal operators (quasi-GPDs, pseudo-GPDs)
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Novel Approaches

% Hadronic tensor [K.F. Liu, S.J. Dong, PRL 72 (1994) 1790, K.F. Liu, PoS(LATTICE 2015) 115]
Auxiliary scalar quark [U. Aglietti et al., Phys. Lett. B441, 371 (1998), arXiv:hep-ph/9806277]
Fictitious heavy quark [W. Detmold, C. J. D, Lin, Phys. Rev. D73, 014501 (2006) |
Auxiliary scalar quark [V. Braun & D. Mueller, Eur. Phys. J. C55, 349 (2008), arXiv:0709.1348]
Higher moments [Z. Davoudi, M. Savage, Phys. Rev. D86, 054505 (2012) |

Quasi-distributions (LaMET)  x.Ji, PRL 110 (2013) 262002, arXiv:1305.1539; Sci. China PPMA. 57, 1407 (2014)]
Compton amplitude and OPE  [a. chambers et al. (QCDSF), PRL 118, 242001 (2017), arXiv:1703.01153]

Pseudo-distributions [A. Radyushkin, Phys. Rev. D 96, 034025 (2017), arXiv:1705.01488]
Good lattice cross sections [Y-Q Ma & J. Qiu, Phys. Rev. Lett. 120, 022003 (2018), arXiv:1709.03018 |
PDFs without Wilson line [Y. Zhao Phys.Rev.D 109 (2024) 9, 094506, arXiv:2306.14960]

Moments of PDFs of any order [a. shindler, Phys.Rev.D 110 (2024) 5, L051503, arXiv:2311.18704 ]
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% Hadronic tensor [K.F. Liu, S.J. Dong, PRL 72 (1994) 1790, K.F. Liu, PoS(LATTICE 2015) 115]
Auxiliary scalar quark [U. Aglietti et al., Phys. Lett. B441, 371 (1998), arXiv:hep-ph/9806277]
Fictitious heavy quark [W. Detmold, C. J. D, Lin, Phys. Rev. D73, 014501 (2006) |
Auxiliary scalar quark [V. Braun & D. Mueller, Eur. Phys. J. C55, 349 (2008), arXiv:0709.1348]
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Quasi-distributions (LaMET)  x.Ji, PRL 110 (2013) 262002, arXiv:1305.1539; Sci. China PPMA. 57, 1407 (2014)]
Compton amplitude and OPE  [a. chambers et al. (QCDSF), PRL 118, 242001 (2017), arXiv:1703.01153]

Pseudo-distributions [A. Radyushkin, Phys. Rev. D 96, 034025 (2017), arXiv:1705.01488]
Good lattice cross sections [Y-Q Ma & J. Qiu, Phys. Rev. Lett. 120, 022003 (2018), arXiv:1709.03018 |
PDFs without Wilson line [Y. Zhao Phys.Rev.D 109 (2024) 9, 094506, arXiv:2306.14960]

Moments of PDFs of any order [a. shindler, Phys.Rev.D 110 (2024) 5, L051503, arXiv:2311.18704 ]

* Reviews of methods and applications

- A guide to light-cone PDFs from Lattice QCD: an overview of approaches, techniques and results
K. Cichy & M. Constantinou (invited review) Advances in HEP 2019, 3036904, arXiv:1811.07248

- Large Momentum Effective Theory
X. Ji, Y.-S. Liu, Y. Liu, J.-H. Zhang, and Y. Zhao (2020), 2004.03543

- The x-dependence of hadronic parton distributions: A review on the progress of lattice QCD
T M. Constantinou (invited review) Eur. Phys. J. A 57 (2021) 2, 77, arXiv:2010.02445
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Novel Approaches

quasi-PDFs pseudo -PDFs | ,

% [X. Ji, PRL 110 (2013) 262002} | ¥ [A. Radyushkin,
\ P iy \  PRD 96, 034025 (2017)] §

7 Good lattice cross™%,
4 sections

' [Y-Q Ma & J. Qiu, PRL 120, 022003 (2018)] }

x-dependent
T A, distribution / T
"N Junctions N/ Other

lcurrent-currentt I i methods !
£ [v.zn s
correlators PRD 105 (2024) 9, 094506] 4
[Y-Q Ma & J. Qiu, |

X [A Shindler,
| PRL 120, 022003 (2018)]

{PRD 110 (2024) 5, L051 5

2 \ T o
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Novel Approaches

quaSi-PDFS 8 _li.e ‘ pseudo PDFS

% [X. Ji, PRL 110 (2013) 262002} | ¥ [A. Radyushkin,
\ iR \  PRD 96, 034025 (2017)] §

7 Good lattice cross™%,
4 sections

[Y-Q Ma & J. Qiu, PRL 120, 022003 (2018)] %

x-dependent
T A, distribution / T
"N Junctions N/ Other

icurrent-currentt I {  methods !
{ £ [Y.Zhao, ?‘
correlators | PRD 109 (2024) 9, 094506] |
% [Y-Q Ma & J. Qiu, |

X [A Shindler,
| PRL 120, 022003 (2018)]

PRD 110 (2024) 5, LO51 5

= ez >
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Novel Approaches

quaSi-PDFS 8 _li.e‘ pseudo PDFS ,

% [X. Ji, PRL 110 (2013) 262002} | & [A. Radyushkin,
. P e % PRD 96, 034025 (2017)]

7 Good lattice cross™%,
4 sections

[Y-Q Ma & J. Qiu, PRL 120, 022003 (2018)] A

x-dependent |
. distribution J/ P

fcurrent-current) I i  methods

£ [Y.Zhao,
correlators PRD 109 (2024) 9, 094506]

. [Y-Q Ma & J. Qiu,
PRL 120, 022003 (2018)]

[A Shindler, '
PRD 110 (2024) 5, LO515

v d

" All methods essential for complementa,rlty N
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Well-studied “novel” methods in LQCD

(Euclidean) Matrix elements of non-local operators with boosted hadrons
M(Py, P, 2) = (N(Pp) | P ()T 7' (2,0)¥(0) | N(P)),

— M. Constantinou, LatticeNET 2025



Well-studied “novel” methods in LQCD

(Euclidean) Matrix elements of non-local operators with boosted hadrons
M(Py, P, 2) = (N(Pp) | P ()T 7' (2,0)¥(0) | N(P)),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs A, pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407] 4 "

MW, & 15 73)

~ dZ —iX c72) =
quD(x, t, 5, P3’ Iu) — J4—ﬂe Pyz %(Pf, Pi’ Z) E’Jz(ya 59 t, Z3) — %(0,0,0, Zz) (V =7 p)
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Well-studied “novel” methods in LQCD

(Euclidean) Matrix elements of non-local operators with boosted hadrons
M(Py, P, 2) = (N(Pp) | P ()T 7' (2,0)¥(0) | N(P)),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407] N,

MW, & 15 73)

. dz .. L2\
quD(x’ t’ 5’ P3’ ﬂ) — J4_ﬂe P%(Pf7 Pl’ Z) SJJI(U’ t’ Z3) - %(0,0,0; Z2) (V =2 p)

Matching in momentum space
(Large Momentum

Effective Theory ) O, u?) = [ dx e™q(x, u?)
Light-cone PDFs & GPDs -

Matching in v space
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Well-studied “novel” methods in LQCD

(Euclidean) Matrix elements of non-local operators with boosted hadrons
M(Py, P, 2) = (N(Pp) | P ()T 7' (2,0)¥(0) | N(P)),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs

pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407]

, atching resembles:
factorization:

opis(x, Q%) = Z |Hiys ® f] (x, 0%)

MW, & 175
. dz .. L2y — 3

T

Matching in momentum space
(Large Momentum

Effective Theory ) O, u?) = [ dx e™q(x, u?)
Light-cone PDFs & GPDs -

Matching in v space
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Well-studied “novel” methods in LQCD

(Euclidean) Matrix elements of non-local operators with boosted hadrons

M(P;, P, 2) = (N(P) | B() T W (2.0)¥(0) | N(P)),

[X. Ji, Phys. Rev. Lett. 110 (2013) 262002] quasi-PDFs

pseudo-ITD [A. Radyushkin, PRD 96, 034025 (2017)]
[X. Ji, Sci. China Phys. M.A. 57 (2014) 1407]

, atching resembles-.
factorization:
opis(x, Q%) = Z |Hiys ® f] (x, 0%)

7 —iX c 52\ —
quD(x, ta 5, P3’ /’t) —_ J4—ﬂ€ P%(Pf, Pl’ Z) S’Jz(l/, t, Z3) — %(0,0,0; Z2) (V =7 -p)

Matching in momentum space
(Large Momentum

Effective Theory ) O, u?) = [ dx e™q(x, u?)
Light-cone PDFs & GPDs -

Matching in v space

[ Calculation very taxing!

A= Pf —F - length of the Wilson line ( z) '
t=AN>=—-0"} ~ nucleon momentum boost ( 73 ) } PDFs, GPDS

{ - momentum transfer (/) } GPDs
E=0,/(2P;) |} _-skewness(¢c) [ CTUS §
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

— M. Constantinou, LatticeNET 2025



Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

A number of non-trivial steps

hadronic Matching to

matrix elements | light-cone GPDs |
quasi \

distribution x-dependence

approach W reconstruction /

Renormalizati% %form factors”
¥ \

disentanglementj’

Identification of
ground state

-

<
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Lattice Calculations

of GPDs
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Collection of results for unpolarized PDF

S .
M LP3'18, |Ppax| = 3.0 GeV B 1.5
W ETMC'20, |Prax| = 1.4GeV
W ETMC18, |Pmax| = 1.4GeV ] 1.0
B JLab/W&M'20, |Pryax| = 3.3 GeV
B NNPDF 3.1 1 = 05
M ABP16 :

- r 1 T 1T T T

B LP3'18, |Ppaxl = 3.0GeV |
M ETMC'20, |Pmax| = 1.4 GeV
B ETMC'18, |Ppax| = 1.4 GeV
B NNPDF3.1 ]
M ABP16 N
M CJ15 -

-~
24 W CJ15 0
1+
: -0.5}
Of
- . ) \ . . { . . L . . 1 . _1.0 a1 L " | 2 X 1 L L 1 L " | 2
0.2 0.4 0.6 0.8 1.0 0.2 0.4 0.6 0.8 1.0
X X

[M. Constantinou et al. (2020 PDFLattice Report), Prog.Part.Nucl.Phys. 121 (2021) 103908]

% Several improvements:
- More calculations at physical quark masses
- Ensembles at various lattice spacings
- Addressing systematic uncertainties due to methodologies

% Progress extended to gluon PDFs, GPDs, TMDs
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Disclaimer

The field of GPDs is still developing and
sources of systematic uncertainties have not
been fully addressed
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Disclaimer

The field of GPDs is still developing and
sources of systematic uncertainties have not
been fully addressed

- Discretization effects

- physical pion mass

- volume effects

- Inverse problem

- matching formalism

- connection to light-cone

- higher twist contaminations

M. Constantinou, LatticeNET 2025



GPDs

leading twist

M. Constantinou, LatticeNET 2025



GPDs on the lattice: the unpolarized case

; 1 (dz= , . _
FIrle, A0, 0) = Ejz—ﬂelk%p XN =DV (5.0 i d)

* Off-forward matrix elements of non-local light-cone orerators

+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,/l)

2P+

FU(x, A; 2, 1) =
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GPDs on the lattice: the unpolarized case

; 1 (dz= , . _
'l A, 0 = J e PN W (5. D) 173 2)

* Off-forward matrix elements of non-local light-cone orerators

+=O,ZJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,l)

2P+

FU(x, A; 2, 1) =

How can one define GPDs on a Euclidean lattice?
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
+ 1 dZ_ k- Ie 17| 4T

'l A, 0 = J e PN W (5. D) 173 2) q

Z+=O,EJ_=OJ_

% Parametrization in two leading twist GPDs

ictHA

1 — I + H
u(p,/l)[}/ Hx, &0 +— E(x,é,t)]u(p,l)

2P+

FU G, A0, 1) =

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. 3y
1 ic”FA
F[}/3](x, Aa ﬂa ﬂl, P3) = ﬁﬁ(p,a /1,) [y3HQ(O)(x9 g? [ P3) + ‘M a EQ(O)(xa 69 [ P3)] u(p7 A’)

. O
| ic*A
FUNx, Ay 2,45 P3) = ﬁﬂp', A") IVOHQ(O)(X, Et; P7) + M - Eq)x, &, 1 P3)] u(p, 4)
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
\ 1 (dz
Fl ](x,A;A,/l’)=5J - e A (=) v W (=5, 5w (5) | ps 4)

/A -
Z+=O,EJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . N — TR, +
F}/ (X,A,/ﬁt,/l)— 2P+u(p’;t)[y H(X,é,t)"‘

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. lO-3MA - . - . .
FIr'l(x, A; 4, 1, P3) = —u(p ﬂ’)[@t P3) + EQ(O)(x £t P )]u(p » —p finite mixing with scalar
[Constantinou & Panagopoulos (2017)]

wO”A

2M

1
F[yo](x A4, AP = z—u(p /l’) y HQ(O)(x Et;P7) + EQ(O)(x Et, P )] u(p, A)
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
\ 1 (dz
Fl ](x,A;A,/l’)=5J - e A (=) v W (=5, 5w (5) | ps 4)

/A -
Z+=O,ZJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . N — TR, +
F}/ (X,A,/ﬁt,/l)— 2P+u(p’;t)[y H(X,é,t)"‘

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)
3,uA . . _ .
F[}’3](x A /1 /1/ P3) — —l/t(p /1,)[@1 P3)+ o EQ(O)()C 5 t: p )] u(p /1) _} flnlte leIﬂg Wlth Scalar
[Constantinou & Panagopoulos (2017)]

ic™A, reduction of power

&) (Xffp)]u(]?ﬁ) ) . ..
om0 —>  corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

1
FU'x, A2, 2 P3) = T /1') y OHo (&, 1, P3) +
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
. 1 (dz™
Flr ](x,A;/i,/l’)=5J - s (= W (=5, 2w (5) | p; )

T -
Z+=O,ZJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . A —_ 7 9/ +F!
F}/ (X9A’ﬂa/1)_ 2P+u(p7/1)[}/ (xaéat)+

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)
3,uA . . _ .
[Constantinou & Panagopoulos (2017)]

ic™A, reduction of power

“E, (XStP)]u(pﬂ) ) ] o
om0 —>  corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

FU'x, Ay 2, A P3) =

}’ OHo0)(x, &, 15 P?) +

y" ideal for PDFs
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
. 1 (dz™
Flr ](x,A;/i,/l’)=5J - s (= W (=5, 2w (5) | p; )

T -
Z+=O,ZJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . A —_ 7 9/ +F!
F}/ (X9Aaﬂ9/1)_ 2P+u(p7/1)[}/ (X,f,l‘)+

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)
3,uA . . _ .
[Constantinou & Panagopoulos (2017)]

reduction of power

6,15 P3)] u(p, A) ) ) o
—> corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

FU'Nx, A; 4,4 P?) = y Hy ), &, 15 P) +

y" ideal for PDFs

;/0 parametrization is prohibitively expensive
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GPDs on the lattice: the unpolarized case

% Off-forward matrix elements of non-local light-cone operators
. 1 (dz™
Flr ](x,A;/i,/l’)=5J - s (= W (=5, 2w (5) | p; )

T -
Z+=O,ZJ_=OJ_
% Parametrization in two leading twist GPDs

ictHA

- LE €, t)] u(p, )

1
(7] . A —_ 7 9/ +F!
F}/ (X9Aaﬂ9/1)_ 2P+u(p7/1)[}/ (X,f,l‘)+

How can one define GPDs on a Euclidean lattice?

% Potential parametrization (;/Jr inspired)

. lO-3MA - . - . .
FIr'l(x, A; 4, 1, P3) = —u(p ﬂ')[@t P3) + EQ(O)(x £, 1; P )]u(p » —p finite mixing with scalar
[Constantinou & Panagopoulos (2017)]

reduction of power

6,15 P3)] u(p, A) ) ) o
—> corrections in fwd limit
[Radyushkin, PLB 767, 314, 2017]

FU'Nx, A; 4,4 P?) = y Hy ), &, 15 P) +

y" ideal for PDFs

Let’s rethink calculation of GPDs !

;/0 parametrization is prohibitively expensive
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Definition of GPDs on Euclidean lattice

% Parametrization of matrix elements in Lorentz invariant amplitudes
[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

Vector
PH A# Tolatn PHigA HictA AHicA
Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ]

~ jehPzA ~ PH ~ ~ AM ~ PH ~ ~ AP ~
FF=a(ps, N) { A1+ 542 + 75 (EA:; +mzt Ay + HA5>+ mzys (EA6 + mzt A7 + EAS)] u(pi, A)

BTl
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Definition of GPDs on Euclidean lattice

% Parametrization of matrix elements in Lorentz invariant amplitudes
[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

Vector
PH AH Mol PHigA Hic A AHig?A

FZW = i(p’, 1) ﬁAl + 7 MA, + ﬁAfi + ioc"* MA, + As + A+ A, + Agl u(p, A)

Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ]

~ , jehPzA ~ PH ~ D AP ~ PH ~ ~ AH ~
FH=a(ps, ) [ Ay +YFvsA42 + 75 (EA:S +mzt Ay + HA5)+ mzys (EAG + mzt A7 + EAS)] u(pi, A)

LTl
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Definition of GPDs on Euclidean lattice

% Parametrization of matrix elements in Lorentz invariant amplitudes

Vector [S. Bhattacharya et al., PRD 106 (2022) 11, 114512]
PH A it PFig?® 7Hic? AFigHA

Ff = a(p', ) [ﬁAl + I MAy + — Ay +i0" MA, + ——As + Ag + A+ Agl u(p, A)

Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ]

~ jehPzA - PH ~ D AP ~ PH ~ - AH ~
FH=a(ps, \) [ A1+ v5A2 + 75 (EA:; +mzt Ay + FA5)+ m#7s (EAG + mzt A7 + EAS)] u(pi, \)

Advantages
e Applicable to any kinematic frame and have definite symmetries

o Lorentz invariant amplitudes A, can be related to the standard GPDs

e Quasi GPDs may be redefined (Lorentz covariant) to eliminate 1/P; contributions

LTl
Iﬂl M. Constantinou, LatticeNET 2025 m



Definition of GPDs on Euclidean lattice

% Parametrization of matrix elements in Lorentz invariant amplitudes
[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

Vector
PH AH Mol PHigA Hig A AHigeA

Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ]

- jer Pz - PH ~ D AH ~ PH ~ ~ AV ~
FF=a(ps, N) [ A1+ 542 + 5 (EAB +mzt Ay + HA5>+ mzys (EAG + mzt A7 + EAS)] u(pi, )

Advantages
e Applicable to any kinematic frame and have definite symmetries

o Lorentz invariant amplitudes A, can be related to the standard GPDs

e Quasi GPDs may be redefined (Lorentz covariant) to eliminate 1/P; contributions

Goals
% Extraction of standard GPDs using Al- obtained from any frame
% quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone
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Definition of GPDs on Euclidean lattice

% Parametrization of matrix elements in Lorentz invariant amplitudes
[S. Bhattacharya et al., PRD 106 (2022) 11, 114512]

Vector
PH AH Mol PHigA Hig A AHigeA

Axial [S. Bhattacharya et al., PRD 109 (2024) 3, 034508 ]

M PzA ~ PH ~ D AHF ~ PH ~ ~ AH ~
e A +YHys Az + 5 (EAs +mzt Ay + HA5)+ mzys (EA6 + mzt Ay + EAS)] u(pi, A)

F/“‘:’L_l,(pf,A,)[

Advantages
e Applicable to any kinematic frame and have definite symmetries

o Lorentz invariant amplitudes A, can be related to the standard GPDs

e Quasi GPDs may be redefined (Lorentz covariant) to eliminate 1/P; contributions

Goals
% Extraction of standard GPDs using A, obtained from any frame
% quasi-GPDs may be redefined (Lorentz covariant) inspired by light-cone

Light-cone GPDs using lattice correlators in non-symmetric frames
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Proof of Concept Calculation

Twisted-mass fermions & clover

Name B Ny L*xT a [fm] My ML
Test at zero skewness cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
- symmetric frame: p;=P+Q/2, p}= P—0/2 —t'=02%=0.69GeV?
- asymmetric frame: pi="P, pe=P-0 (4= = 0 + (E; — E)? = 0.65 GeV>
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Proof of Concept Calculation

Twisted-mass fermions & clover

Name B Ny L*xT a [fm] My ML
cA211.32 | 1.726 u,d,s,c 32° x64 0.093 260 MeV
Test at zero skewness
- symmetric frame: pj=P+Q/2, pf=P-0/2 —t'=0?=0.69GeV?
- asymmetric frame: pi="P, pe=P-0 (4= = 0 + (E; — E)? = 0.65 GeV>
2.0 0.2
Vector 0.1
1.5
k 0.0{m o © 2 ; g
¥ e ?
T |0 = ¢ ¥
= |* e 2 = f‘ i
& ¢ s-02l ko, * 4
" P t 4 ¢ " ; jflf
o 3 . —0.3 ¢ $ i 1
0.0 RN R R o4 iii :j
0.017 =
Axial > i % N ¥ F i
2.0 i z ' ; %
-0.2
515 I E'_'_():; % g i ;
%0l ¥ 3 : i E 04 } { P
% 0.5 ¢ A
"] i‘ig 0.6 }}} b
= 3 . _
1L . . ";Eéif' 071 , . . , E,AS
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
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Twisted-mass fermions & clover

Proof of Concept Calculation

Name B Ny L*xT a [fm] M ML

cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4

Test at zero skewness

- symmetric frame: /=P +Q/2, pi=P-0/2 —t'=0°=0.69GeV
- asymmetric frame: pi="P, pe=P-0 (4= = 0 + (E; — E)? = 0.65 GeV>
2.0 0.2
Vector 0.1
1.5
* * 0.01® : § E g g g
gl‘ofb i ?_0'1 ° é ? -
r:r:T * 3 $ d E—O2 ¥ ¢ i i
0.5 g ¥ " ’ * ¢ A
. 5 r —0.3 ; t s ? i ¢ A‘]:
0.0 RN R R o4 iii xﬁ
0.0{ »
Axial ” i % o % Pl 1
2.0 . . %
_02.
s 1.5 i I 5 % g z ! ;
ES % E"_Os‘ $ 3 *
& 10 $ $ P i % £ 04 } { [} izz
0.51 = f o b4
* s ; E o5 ~0.61 [
0.0 LR 3 3 S 0.7 t 4
0 2 4 6 8 10 12 14 0 2 4 6 8 10 12 14
zla zla

Indeed frame independence
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Beyond Exploration
% Symm. frame: separate calculation for each 5
v Asymm. frame: Two classes of 5 : (0,,0,0), (0., Qy,O)

frame P; [GeV] A [27] —t [GeV?] ¢ |Nume Neonts Nsre Niot

N/A  +1.25 (0,0,0) 0 0 | 2 731 16 23392

symm  +0.83  (£2,0,0), (0,42,0) 0.69 0 | 8 67 8 4288
symm  +£1.25  (£2,0,0), (0,42,0) 0.69 0 | 8 249 8 15936

symm  £1.67 (£2,0,0), (0,£2,0) 0.69 0 8 294 32 75264

symm  +1.25 (£2, £2,0) 1.39 0 | 16 224 8 28672
symm  +1.25  (£4,0,0), (0,44,0) 2.76 0 | 8 329 32 84224
asymm +1.25  (+1,0,0), (0,£1,0) 0.17 0 | 8 429 8 27456
asymm +1.25 (+1,+1,0) 0.33 0 |16 194 8 12416

asymm +1.25  (+2,0,0), (0,+2,0) 0.64 0 | 8 429 8 27456

asymm +1.25 (£1,£2,0), (£2,£1,0) 0.80 0 | 16 194 8 12416

asymm +1.25 (£2,42,0) 1.16 0 | 16 194 8 24832
asymm +1.25  (+£3,0,0), (0,£3,0) 1.37 0 | 8 429 8 27456
asymm +1.25 (£1,43,0), (£3,+£1,0)  1.50 0 | 16 194 8 12416

asymm +1.25  (%4,0,0), (0,£4,0) 2.26 0 | 8 429 8 27456

% Momentum transfer range is very optimistic
(some values have enhanced systematic uncertainties)

T
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Beyond Exploration

% Symm. frame: separate calculation for each 6
Y Asymm. frame: Two classes of 5 : (0,,0,0), (0., Qy,O)

frame P; [GeV] A [27] —t [GeV?] ¢ |Nume Neonts Nsre Niot
N/A  +1.25 (0,0,0) 0 0 | 2 731 16 23392
symm  +0.83  (£2,0,0), (0,42,0)  0.69 0 | 8 67 8 4288
symm  +1.25  (£2,0,0), (0,£2,0)  0.69 0 | 8 249 8 15936
symm  +1.67 (£2,0,0), (0,£2,0) 0.69 0 8 204 32 75264
symm  +1.25 (£2,+£2,0) 1.39 0 16 224 8 28672
symm  +£1.25  (£4,0,0), (0,£4,0)  2.76 0 | 8 320 32 84224
asymm £1.25  (4+1,0,0), (0,+£1,0)  0.17 0 | 8 429 8 27456
asymm  +1.25 (£1,41,0) 0.33 0 | 16 194 8 12416
asymm +1.25  (£2,0,0), (0,£2,0)  0.64 0 | 8 429 8 27456
asymm +1.25 (+1,£2,0), (£2,£1,0)  0.80 0 | 16 194 8 12416
asymm +1.25 (£2,£2,0) 1.16 0 16 194 8 24832
asymm +1.25 (£3,0,0), (0,43,0) 1.37 0 8 429 8 27456
asymm  +1.25 (4+1,43,0), (£3,£1,0)  1.50 0 | 16 194 8 12416
asymm +1.25  (£4,0,0), (0,£4,0)  2.26 0 | 8 429 8 27456

-
% Momentum transfer range is very optimistic

T

Re(H)

Im(H)

asymmetric frame

1.2 1

1.0 A

0.8 A

0.4 4

0.2 A

0.0 1

—t=0.17 GeV?
—t = 0.33 GeV?
—t = 0.64 GeV?
—t = 0.80 GeV/?
—t=1.16 GeV?
—t=1.37 GeV?
—t =1.50 GeV?
—t = 2.26 GeV?

lol [of (o] [of | |@f (o] @]

%i
§§;¥!;!!:::!!!

0.0 A

—0.1 1

—0.3 1

—0.4

0 2 4 6 8 10 12 14 16 18

*

Impressive signal quality

(some values have enhanced systematic uncertainties)
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Beyond Exploration

asymmetric frame

® -t=0.17 GeV?
1.2 4 I I @ -t=0.33GeV?
ol 1  lomean
) ¢ § —t=116GeV?
[) @ -t=1.37GeV?
. e 087 IIII @ —t=1.50GeV?
Apply non-trivial steps S Bk § —t=226Gev’

* ; i (3K )

- 0.4 - i ® ;

hadronic Matching to $ ) ; is %
matrix elements light-cone GPDs 0.2 3 ts2
- 4/ “ 4 oo I§§;§!!!!,,!!,!
q uas i (I) é 4If é é 1I0 1I2 1I4 1I6 1I8
z/a
Identification of distribution x-dependence I T T 00
ground state J approach | reconstruction

iiiiiiiii

i1
Renormalizati% % form factors” - % §
\ N []

disentanglementj

Fe+ HeeHeliest —o—

Im(H)
S
o} [iolielecii-o—
T Fo+ oo lof-eei—e—
o |e-ole-4-0-|—e—
~1 o+ e-oei-#-oHl—e—
o+ eeleHipa-| —e—
e+ HeeHtetHeot| —e—

zla

% Momentum transfer range is very optimistic % Impressive signal quality
(some values have enhanced systematic uncertainties)
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Light-cone GPDs

H(x)

H — GPD |
2.5
6
2.0 1
5 -
1.5 4
4 -
1.0 4
3 -
0.5 1 —_
x
oy
0.0 2
0.5 14
10 T T T T T T T 0
-1.00 -0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.C
X
-1

-1.00 -0.75 -0.50 -0.25

0.00
X

0.25

0.50

0.75

1.00

E - GPD

—t=0.17 GeV?
—t=0.33 GeV?
—t =0.64 GeV?
—t = 0.80 GeV?
—t=1.16 GeV?
—t=1.37 GeV?
—t =1.50 GeV?
—t=2.26 GeV?
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Light-cone GPDs

3.0

2.5 -

6

2.0 -

5_

1.5 -

—_ 4—
X |
S 10
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0.5 - -
x
%
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—-0.5 1 1
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-1.00 -0.75 -0.50 -0.25 0.00 025 050 0.75 1.0
5- 5
» B —=0.17 GeV
—1=0.34 GeV?
44 W —1=0.65GeV?
P —1=0.69 GeV?
e =081 GeV2
31 m —r=124GeV?
—1=1.38 GeV?2
7. T —1=1.38 GeV2
- I —1=1.52 GeV?
fan —1=2.29 GeV?
1 { M =277 GeV?
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_1_
—2- 1 Ll L
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0.00
X
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E - GPD

—t=0.17 GeV?
—t=0.33 GeV?
—t =0.64 GeV?
—t = 0.80 GeV?
—t=1.16 GeV?
—t=1.37 GeV?
—t =1.50 GeV?
—t=2.26 GeV?
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Light-cone GPDs

H(x)

—0.5 4

-1.0

3.0

2.5

2.0 A

1.5 1

1.0 A

0.5 A1

0.0

E(x)

—1.00
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—1=0.17GeV?
—1=0.34GeV?
—1=0.65GeV?
—1=0.69GeV?
—1=0.81GeV?
—1=1.24GeV?
—1=1.38GeV?
—1=1.38GeV?
—t=1.52GeV?
—1=2.29GeV?
—1=2.77GeV?

E - GPD

—t=0.17 GeV?
—t=0.33 GeV?
—t =0.64 GeV?
—t = 0.80 GeV?
—t=1.16 GeV?
—t=1.37 GeV?
—t =1.50 GeV?
—t=2.26 GeV?
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X
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Light-cone GPDs

H-GPD |
2.5 1
6
2.0 |
5 E — GPD
1.5
= 4 -t =0.17 GeV?
< 1.0- —t = 0.33 GeV?
3. o -t = 0.64 GeV?
0.5 A1 ~ —t = 0.80 GeV?
= -t =1.16 GeV?
0.0 27 -t = 1.37 GeV?
—t = 1.50 GeV?
—0.5 1 1 B -t =2.26GeV?
_10 T T T T T T T 0
) —}.OQ ‘—‘0.75 -0.50 -0.25 0.00 0.25 0.50 0.75 1.0
—01.75 —OI.SO —01.25 o.bo 0.125 0.150 0.175 1.00
—— —t=0.17GeV? X
—1=0.34GeV?
~ 4 —— —1=0.65GeV?
— —=ece ke X region: quarks
t3_ —— -1=081GeV? g ]
Hy — -i=12Gev? -X region: anti-quarks
) —1=1.38GeV?
—— —1=1.38GeV? = . .
I, Tl X anti-quark region susceptible
—1=2.29GeV? . . .
 =277GeV? to more systematic uncertainties

% small- and large-x region
not reliably extracted

% large -t values unreliable but free
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Alternative approach: pseudo-ITD

==omim | [Battacharya et al., PRD 110 (2024) 5, 054502]

=t = 0.17 GeV?
—— —t=0.34 GeV?
—— —t =10.65 GeV®
—t = 0.81 GeV?
1 =1.38 CeV?
—t = 1.52 GeV?
—— —t =229 GeV?

Different steps between approaches:
- renormalization
- x-dependence reconstruction

iy m vl - matching formalism
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Alternative approach: pseudo-ITD

==eni o [Battacharya et al., PRD 110 (2024) 5, 054502]

—— —t = 0.17 GeV?
—— —t=0.34 GeV?
—— —t =0.65 GeV?
—t = 0.81 GeV?
t=1.38 GeV?

—t = 1.52 GeV?

—— —t =229 GeV?

Different steps between approaches:
- renormalization

- x-dependence reconstruction

i 0 n| - matching formalism

% Comparison between methods helps assess systematic effects

4 4
—t = 0.65 GeV?
seudo
3 et 3
quasi

2 2
BS 'V

1 1

0 0 ﬁ
-1 -1

—1.0 —0.5 0.0 0.5 1.0 —-1.0 —0.5 0.0 0.5 1.0

x x

% x<0 and small-x regions susceptible to systematic effects
% Comparison only includes systematic uncertainties
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Mellin moments from non-local operators

% Leading-twist factorization formula
F(P,A) 5 (—izP)" CYS(u*2?)
F(z,P=0A=0) n! CYS(u2z2)

M(z,P,A) = (x") + O(A§epz”)

n=0
% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]
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Mellin moments from non-local operators

% Leading-twist factorization formula

F(z.P,A) (—izP)" CMS(u2z%)

MM (z, P, A) = = —
(Z ) 3‘7(Z,P — O’A = O) rg) n! C(l}/IS(’MZZZ)

<x n) + @(AéCDZ 2)

% Avoid power-divergent mixing of multi-derivative operators
% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

? two-state fit 4 plateau fit ¢ summa tion

0] %{% o o é 454;_[1;;.%3&—% 0.0
E 0_00_,#§??§ ______ %ﬁﬁ?%i FTL L Y

u+d
Im hdisc

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]

T
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Mellin moments from non-local operators

% Leading-twist factorization formula
F(P,A) 5 (—izP)" CYS(u*2?)

MM(z, P, A) = — n_
F(z,P=0,A=0) n!  CMS(u2z2)

(x") + O(A§epz?)
n=0

% Avoid power-divergent mixing of multi-derivative operators
% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

1.00tx ¥—d, A # This work u—d. Byy  WemzExp, —1€(0,1.0]GeV? ? two-state fit 4 plateau fit ¢ summation
$ ETMC1I 2Exp, —t€ [0, 1.5]GeV?
0.75¢ 2t s Dipole, —1 €0, 1.0)GeV? <, 0021 '“"‘""""""'—'—'—'—'—';—;;'%—gﬁ-0.0 .
Dipole, —t€ [0, 1.5]Ge V2 &5 ) %é . iz
0.50 S %ﬁ& Eéﬁﬁi :ﬁ& 7 B =
~ 0.004 B>+ — —— P B ﬁ&& - —0.1—
0.25}
0.00+
3
u+d, A
2 L
1 -
0% 1 2 3
—1 [GeV?] —t [GeV?]

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507]
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Mellin moments from non-local operators

% Leading-twist factorization formula
F(P,A) 5 (—izP)" CYS(u*2?)
F(z,P=0A=0) n! CYS(u2z2)

M(z,P,A) = (x") + O(A§epz”)

n=0
% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

1.00tx ¥—d, A # This work u—d. By s zExp, —1 € [0, 1.0]GeV? o two-state fit 4 plateau fit ¢ summation
$ ETMCI zExp, —1 €0, 1.5]GeV? 0.5
0.75} 2+ i Dipole, —t € [0, 1.0]GeV? < 03k u—d, A ¥ This work u—d, By o zExp, —t € [0, 1.0]Ge V?
Dipole, —€ [0, 1.5]GeV? %‘ ' & ETMC1I 0.4} ZExp, —t€[0, 1.5]GeV? E
0.50t & s Dipole, —(€[0, 1.0]GeV?
1 02f 0.3r s Dipole, —€ [0, 1.5]GeV?
0.25¢ 02}
0.1r
0.00+ (U 0.1+
3 .
u+d, Ay 0.0+ . - 0.0
0.6 0.2
2F u+d, By
0.4} 0.1+
1 L
0.2} 0.0
2% 1 2 3
—1[GeV?] —1 [GeV?] 0.0 ‘ , 0.1 L . .
0 1 2 3 0 1 2 3
_ 2 _ 2
[S. Bhattacharya et al., PRD 108 (2023) 1, 014507] f1GeV-] F1GeV-]
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Mellin moments from non-local operators

% Leading-twist factorization formula
F(P,A) 5 (—izP)" CYS(u*2?)
F(z,P=0A=0) n! CYS(u2z2)

M(z,P,A) = (x") + O(A§epz”)

n=0
% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

0.12 0.15 o two-state fit 4 plateau fit ¢ summation
u—d, B o zExp, —t € [0, 1.0]GeV?
0.107 ) 2Exp, ~1€[0,1.5]GeV" u—d,A ¥ This work - u—d,B o zE €(0,1.0]GeV?
0.10} s Dipole, — € [0, 1.0]GeV? T 03f 0 3 ETMCI B0 e e 2
0.08+ s Dipole, — €10, 1 S1Gev? = 0.4r zExp, —t€(0, 1.5]GeV~
) o 2 w Dipole, —1€[0, 1.0]GeV?

0.06} 0.051 0.2+ 0.3r Dipole, —t€[0,1.5]GeV?2
0.04} 0.2r

0.1F
0.02 0.00 - 0.1F
0.20 0.15

u+d, Az u+d, By 0.0+ : * 0.0~

0.6 0.2
0.15} 0.10f utd, By
0.10F 0.05F I 04+ 0.1+
0.05} 0.00}

02} 0.0
0.005 : 5 3 ~0.05%5 : 5 3

—1 [GeV?] —1[GeV?] . . . a1 . .
0.0 0 1 2 3 0.1 0 1 2 3
—t [GeV? —t [GeV?
[S. Bhattacharya et al., PRD 108 (2023) 1, 014507] [GeV-] [GeV']
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Mellin moments from non-local operators

% Leading-twist factorization formula
F(P,A) 5 (—izP)" CYS(u*2?)
F(z,P=0A=0) n! CYS(u2z2)

M(z, P, A) = (x") + @(Aéchz)
n=0

% Avoid power-divergent mixing of multi-derivative operators
% Wilson coefficients known to NLO (or NNLO)

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

0.12 0.15
u—d, Bsg o zExp, —t € [0, 1.0]GeV? 0.06 0.10
0.101 ZExp, —t€[0,1.5]GeV? u—d, Asw ¥ This work u—d, By  wmmzExp, —1€[0,1.0]GeV?
0.10} s Dipole, — € [0, 1.0]GeV? | 0.08F ZExp. ~1€[0,1.5)GeV? :
0.08F Dipole, ~1€ [0, 1.5]GeV? <0041 o Dipole, ~t€[0, 10]GeV? |
~ 0.06} Dipole, —t€ [0, 1.5]GeV? 1
0.06+
0.05¢ 0.04F
0.041 0.02r
0.02
0.02+ . : 0.00+ *
u+d, A30 M+d, B30 010 006
0.15} o.10l u+d, Ag u+d, Bag
' ' 0.08} 0.04}
0.10 0.05+
E 0.06f 0.02F
0.05¢ 0.00F
0.04r 0.00+
000 i 3 ; oosh i ; S . | oo . .
—t [Gev2] —t [GCVZ] 0 1 2 3 0 1 ' 2 3
—1 [GeV?] —1[GeV?]

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507] V : : : : v
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Mellin moments from non-local operators

% Leading-twist factorization formula

F(z.P,A) (—izP)" CMS(u2z%)

MM (z, P, A) = = —
(2 ) Q‘T(Z,P = 0,A =0) FE) n! Clo\/IS(MZZZ)

% Avoid power-divergent mixing of multi-derivative operators

% Wilson coefficients known to NLO (or NNLO)

<x n) + @(AéCDZ 2)

Access to
Mellin moments
beyond local operators

% Both isovector and isoscalar (ignores disconnected; found to be tin Z
[C. Alexandrou et al., PRD 104 (2021) 5, 054503]

0.12 0.15
u—d, Bsg o zExp, —t € [0, 1.0]GeV? 0.06 0.10
0.101 ZExp, —t€[0,1.5]GeV? u—d, Asw ¥ This work u—d, By  wmmzExp, —1€[0,1.0]GeV?
0.10} s Dipole, — € [0, 1.0]GeV? | 0.08F ZExp. ~1€[0,1.5)GeV? :
0.08F Dipole, ~1€ [0, 1.5]GeV? <0041 o Dipole, ~t€[0, 10]GeV? |
~ 0.06} Dipole, —t€ [0, 1.5]GeV? 1
0.06+
0.05¢ 0.04F
0.041 0.02r
0.02
0.02+ . : 0.00+ *
u+d, A30 M+d, B30 010 006
0.15} o.10l u+d, Ag u+d, Bag
' ' 0.08} 0.04}
0.10 0.05+
E 0.06f 0.02F
0.05¢ 0.00F
0.04r 0.00+
000 i 3 ; oosh i ; S . | oo . .
—t [Gev2] —t [GCVZ] 0 1 2 3 0 1 ' 2 3
—1 [GeV?] —1[GeV?]

[S. Bhattacharya et al., PRD 108 (2023) 1, 014507] V : : : : v
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GPDs

beyond leading twist
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Twist-classification of PDFs, GPDs, TMDs

(1) (2)
* Twist: The order in O~! entering factorization fi=r0+ f’Q + féz

Twist-2 ()

(Selected) Twist-3 (/1)

v Lot Tiev)

H(x, &,1) i
ol v o N G1 62
unpolarize Nucleon spin 3y Uy
- L ®» ©
E(x, 6, t) ** quark spin ,-5 '-5
E(x,&,1) T & & il
helicity Gi, Gy
~ o~ 2\ Gy
H E /
tranTsverszl‘ty E(x, &, 1)

— M. Constantinou, LatticeNET 2025 E



Twist-classification of PDFs, GPDs, TMDs

* Twist: The order in O~! entering factorization fi=r0+

e
Q -+ Q2 ces

Twist-2 ()

(Selected) Twist-3 (/1)

Quark

U(y*) L") T(oV)

H(x, &,1) i
ol v o N G1 62
unpolarize Nucleon spin 3y Uy
- L ®» ©
E(x, 6, t) ** quark spin 5 '-5
E(x,&,1) T & & il
helicity Gi, Gy
HT’ ET 7 H/(x 5 t)
~ o~ 2\ Gy
H E ;
tranTsvers7i~ty E(x, &, 1)

% Twist-2: probabilistic densities - a wealth of information exists (mostly on PDFs)

% Twist-3: poorly known, but very important and have physical interpretation:
- as sizable as twist-2

- contain information about quark-gluon correlations inside hadrons
- appear in QCD factorization theorems for various observables (e.g. g,)

LTl
Iﬂl M. Constantinou, LatticeNET 2025 E



Twist-classification of PDFs, GPDs, TMDs

* Twist: The order in Q‘1 entering factorization fi=r0+

f(l) fl(2)
0 Q2

Twist-2 ()

(Selected) Twist-3 (/1)

Quark

U(y*) L") T(oV)

Hx, &, 1) e
ol v o N G1 G2
unpolarize Nucleon spin 3y Uy
- L © ©
E(x, 6, t) ** quark spin ,-5 '-5
E (x9 5, t) @ @ ~1’ ~2
helicity Gi, Gy
2\As 6o
H E ,
transverszl‘ty E(x, &, 1)

% Twist-2: probabilistic densities - a wealth of information exists (mostly on PDFs)

% Twist-3: poorly known, but very important and have physical interpretation:
- as sizable as twist-2

- contain information about quark-gluon correlations inside hadrons
- appear in QCD factorization theorems for various observables (e.g. g,)

The extraction of twist-3 is very challenges both experimentally and theoretically
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Disclaimer

% Formalism does not consider mixing with g-g-q correlators
% Matching formalism with mixing is available

[V. Braun et al., JHEP 05 (2021) 086; JHEP 10 (2021) 087]

* Nf=2+1+1 twisted mass fermions with a clover term

Name B Ny L>’xT a [fm] M, Mg L
cA211.32 | 1.726 wu,d,s,c 32°x64 0.093 260 MeV 4
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Theoretical setup

% Correlation functions in coordinate space

dz3

FIU(z, A; P?) = —/ e (pg, NB(—3) D W(=5, £)6(3) b, V)

% Parametrization of coordinate-space correlation functions

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [F. Aslan et a., Phys. Rev. D 98, 014038 (2018)]
1 A3
|7 . 3 . — / fy 75 ~ . 3 75 o~ * 3
F[’Y '75](:13,A,P ) - ﬁ’&(pf, A ) [PP' PO (.’,C,f, t,P ) + P“’szOF (m,f,t,P )
Y5
+Ai2m E+Gq (CB gatp3)+'7_L’Y5 (;(m ‘fatPB)

+A5‘L”P'§5F~ (z,&,t; P?) + ig"’ A, ﬁF~ (z,&,t; P¥) | upi, \)
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Theoretical setup

% Correlation functions in coordinate space

dz3

FIU(z, A; P?) = —/ e (pg, NB(—3) D W(=5, £)6(3) b, V)

% Parametrization of coordinate-space correlation functions

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [F. Aslan et a., Phys. Rev. D 98, 014038 (2018)]
1 A3
|7 . 3 . — / fy 75 ~ . 3 75 o~ * 3
F[’Y '75](:13,A,P ) - ﬁ’&(pf, A ) [PP' PO (.’,C,f, t,P ) + P“’szOF (m,f,t,P )
Y5
+Ai2m E+G (CB gatp3)+'7_L’Y5 G(CB ‘fatPB)

+A*17P'§5F~ (z,&,t; P?) + ie"™ A, ﬁF~ (z,€,t; P3| u(pi, \)
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Theoretical setup

% Correlation functions in coordinate space

FI (s, APB)_‘/CZT e % (pg, N |(— ) T W(—Z, £)v(2)[pi, N

ZOZO,Z_L =0_1_

% Parametrization of coordinate-space correlation functions

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [F. Aslan et a., Phys. Rev. D 98, 014038 (2018)]
1 _ oh 5 A
FOwslz A P?) = ——da(ps, N | P# F=(z, & t; P3) + P* Fz(z,¢,t; P

Y5
+Ali FE+6 (CE, 6’ ta P3) +7_lt’75 H+Go ((I? gat PB)
2m

M TR (0,66 P7) + it A, D B (6,8 P u(pi )

* Twist-3 contributions to helicity GPDs: ;/1’ 2}/5
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Theoretical setup

% Correlation functions in coordinate space

F(z, & P%) = / ‘Zr e (pp, N (=5) T W(=3, 5)¥(5)Ipir A)

ZOZO,E_}_ =0_1_

% Parametrization of coordinate-space correlation functions

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [F. Aslan et a., Phys. Rev. D 98, 014038 (2018)]
v s] 3y _ 1 N a5 o3y o pu A% s

_L2m E-|-G (CE Eatp3)+7l’75 H+Go (CB €atP3)

5 v
FO T R (46 1 P%) 4 i A, ;3F~ (2,€,t; P) | u(pi, A)

8

(@) Forward limit: gT

* Twist-3 contributions to helicity GPDs: }/1’ 2}/5

T [S. Bhattacharya et al., PRD 102 (2020) 11] (Editors Highlight)  °' ©°2 % 904 05 06 07 08 08 1
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Theoretical setup

% Correlation functions in coordinate space

F(z, & P%) = / ‘Zr e (pp, N (=5) T W(=3, 5)¥(5)Ipir A)

2020,3_1_ =0_1_

% Parametrization of coordinate-space correlation functions

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [F. Aslan et a., Phys. Rev. D 98, 014038 (2018)]
[y 5] 3y _ 1 N o3y o pu A3 s
F (‘/BAP) 2P3u(pf7)\) P PO Fﬁ(x,f,t,P)"’P szOF~(m7§7t)P)
’Ys
Ali 'm E-|-G (CE gat P3)+’YL’Y5 H+Go (CB gat PB)

5 v
FO T R (46 1 P%) 4 i A, ;3F~ (2,€,t; P) | u(pi, A)

8

@) Forward limit: gT

* Twist-3 contributions to helicity GPDs: }/1’ 2}/5

% Kinematic twist-3 contributions to pseudo- and

quasi-GPDs to restore translation invariance
[V. Braun et al., JHEP 10 (2023) 134]

0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

[S. Bhattacharya et al., PRD 102 (2020) 11] (Editors Highlight) o1 0 . \
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Fh(z, P,A) = (ps; N|9(—2) v 95 W(=2, 2)9(2) |pi; A)

1 3 A3
S5 0(Ps N) [ PH 8 B (0,68 PP) + PH o Fy(a,€, 1 P°)

’)’5
A” E+G (.'17, {a t; P3) +7L75F~+f'; (37, €7t7P3)

FU0"wsl(z, A; P3) =
puPzA

pH ~ AR~
Ay 4 yFysAg + 75( Az +mzHt Ay + —A5)
m m

~alpy, N |

PH ~ AH ~
+ mi’YS (HAG + mz“A7 + FAB)] U(Pz, A) )

+A“7 2 Fg, (3,66, P*) + e’ A, —F~ (2,66 P%) |u

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [S. Bhattacharya et al., 109 (2024) 3, 034508]
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Fh(z, P,A) = (ps; N|9(—2) v 95 W(=2, 2)9(2) |pi; A)

1 5 A®
55 0P, X) | PHIS0 Fy (26,6 P?) + P Py (w,€, 8 PP)

Y5
+ A5 - Frg, (3.6t P?) + 4 vsFg, 5, (x,& t; P°)

FU0"wsl(z, A; P3) =
puPzA

PH o~ ~ AH ~
A1 + v 75A2+75(mA3+msz4+EA5)

= u(ps, \) [ze

ph ~ AM
+ m#vs (EA(S +mzt A7 + HAS)] u(pi, A) ,

N Juli’ Vo Fs (2,66, P%) +ic"" A, —F~ (@, 8,4, P%)

_LP3

[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [S. Bhattacharya et al., 109 (2024) 3, 034508]

E?2 5 —E*(A% + A?) . —EP, [ —E? -
5 — S — * y A A L = ZP A S —_— 3
FE+G1 P, ZA |+ 2A; F,H,JF,GN2 = 2P, ZA{+ A, G, 3438 .= < 3 + P3)ZA1
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1 7% o Ay o F*(z, P, A) = (pp; N[(—2) "9 W(—%, 2)¥(2)|ps; A)
[v"vs) 3 / . p3 " 3 2 202/¥\3
F'Y 7 (.’L'AP) 2P3u(p )‘) P” PO (x7£7t,P)+P 2 PO ( €’tP)
5 3 3 ! _ ’ G“PZA PH ~ i AHF ~
+A” FE~+C~;1(x,§,t;P3)+”yL'75 H+G2(a: & t; P°) 2 ‘ = u(ps, \) A1+’Y 75A2+’)’5 mA3+mz A4+WA5
AT P 4+ A, L F~ t: P® +mps (2 g 4 mat A+ 28 A ) o, N)
+ L P3 ~( f,t )+Z6J_ S (x’€7 ) ) ) s m 6 7 m 8 Di, ’
[D. Kiptily and M. Polyakov, Eur. Phys. J. C37 (2004) 105] [S. Bhattacharya et al., 109 (2024) 3, 034508]
20A2 2 2
—2E? _ —E“(A+ A s : —EP, ( —E -
Fo = A, + 24, Fs = YA +A4, F& =2h4s L =— + Py |24,
E+G, P, H+G, 2m2P, 4 m P;
10 30
B —1=0.17 GeV B —1=0.17 GeV
E =034 GeV E —1=0.34 GeV
81 mmm —1=0.65GeV 257 mmm —1=065Gev
=081 GeV =081 GeV
6 —1=124 GeV 20- =124 GeV
—1=138 GeV —1=138 GeV
=152 GeV |5) E r=152Gev
41 M -r=229 GeV B =229 GeV
2 o
153
5_
O_
_5_
. . . . . . . . 10— . . . . . . .
-1.00 —0.75 —-0.50 —0.25 0.00 0.25 050 0.75 1.00 -1.00 -0.75 -0.50 —-0.25 0.00 0.25 050 0.75 1.00
X X

% Parametrization of -t dependence GPD(x, — £,0) = Ax% %/ (1 — x)/

Ademollo & Del Giudice Gatto & Preparata
T 2
— M. Constantinou, LatticeNET 2025




H+ Gy E+51

% Direct access to E -GPD not possible
for zero skewness Ay,

P Fx(z,&,t; P°)

2m PO

* Glimpse into f—GPD through twist-3 :

/ ' de Bo.6.t) = Gp()

—1
1
/ dr Gi(z,&,t) =0, i=1,2,3,4

—1

250
200
150
100
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% Direct access to E -GPD not possible
for zero skewness

M A’ys

P
2m PO

Fy(z,&,t; P°)

* Glimpse into E -GPD through twist-3 :

/_ 11 dz B(z,£,t) = Gp(t)

1
/ dr Gi(z,&,t) =0, i=1,2,3,4

—1

E+ Gy

250
200
150
100

PDF

0.0

0.2

0.4

0.6

0.8

1.0
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Impact parameter space H + G,

x=0.2

% GPDs in transverse plane

d2 d2 o

d’A —ib, .
- _(27r)§Hq($’—Ai)e bl

b, : transverse distance from the
(transverse) center of momentum
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Impact parameter space £ + G

x=0.2

% GPDs in transverse plane

d’p. [ d’p, ' V2\pibL (PL—P)
(113 bl |N| /(27!‘ (27!')2H (m _(p_L _p_L) )6

AL,
(2m)?

( )e—ibL'A_L’

b, : transverse distance from the
(transverse) center of momentum
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Synergy/Complementarity

of lattice and phenomenology




Synergies: constraints & predictive power of lattice QCD
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M/HadStrue, PRD105 (2022) 114 '
Experiments,

proton & neutron radius global analysis
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[Atac et al., Nature Comm. 12, 1759 (2021)]
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ETMG;PRL 125 (2020) 262001] '
T &’ And many more!
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Incorporating lattice PDFs In global analyses

Synergy between lattice and phenomenology

% Lattice and experimental data sets data within the same global analysis

(JAM framework ) [J. Bringewatt et al., PRD 103 (2021) 016003, arXiv:2010.00548]
B exp 0.75r
,€0_4- B cxplat = 0.50
Y| T at (DFT) <|' |
502 3 "% - Consistent picture with
= 0.001 JAM for unpolarized PDF
= - Significant impact for
0.0 .
| helicity PDF
2 BN exp
5—0.2) EEE exp-+lat
1 lat (DFT)
1072 1071 100 1072 10T 10°

Z
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Incorporating lattice PDFs In global analyses

Synergy between lattice and phenomenology

% Lattice and experimental data sets data within the same global analysis

(JAM framework ) [J. Bringewatt et al., PRD 103 (2021) 016003, arXiv:2010.00548]
B exp 0.75r
0.4} I exp+lat =
T | Tt (DFT) <|' -0
502 3 0% - Consistent picture with
= 0.001 JAM for unpolarized PDF
= - Significant impact for
;Y helicity PDF
'S BN exp
\<l§—0.2- B cxp+lat
[ lat (DFT)
1072 1071 100 1072 1077 10°
T i
% Other efforts within % Interest in applying similar approach to
NNPDF framework quantities that are more challenging to
[K. Cichy et al., JHEP 10 (2019) 137, arXiv:1907.06037] extract experimentally

[L. Del Debbio et al., JHEP 02 (2021) 138, 2010.03996 ]

(GPDs, twist-3 distributions, ...)
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Toward synergy for GPDs

% Forming ratios of GPDs seems to suppress

E M. Constantinou, LatticeNET 2025

systematic uncertainties

[K. Cichy et al., arXiv:2409.17955]

(a) As a function of v for [t| = 0.65 GeV?>.
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(b) As a function of |t| for v = 3.14.
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* GK (solid curve)
VGG (dashed curve)

e Good agreement
for up quark

* Reasonable
agreement for
down quark




Toward synergy for GPDs

% Forming ratios of GPDs seems to suppress
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systematic uncertainties

[K. Cichy et al., arXiv:2409.17955]

(a) As a function of v for [t| = 0.65 GeV?>.
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* GK (solid curve)
VGG (dashed curve)

e Good agreement
for up quark

* Reasonable
agreement for
down quark

e Further study
needed on how to
combine lattice
results with data




Tomographic Images

(a) Unpolarized proton for z = 0.2
1, : : : 5
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(b) Transversely polarized proton for x = 0.2
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How to lattice QCD data fit into the overall effort for hadron tomography
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence
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W > @R o, | Officeof  Award Number:
()/( § ) ENERGY Science DE'SC()023646
"(b'7 198'
1. of high-momentum transfer processes using

perturbative QCD methods and study of GPDs properties
2. Lattice QCD calculations of GPDs and related structures

3. Global analysis of GPDs based on experimental data using modern data
analysis techniques for inference and uncertainty quantification
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How to lattice QCD data fit into the overall effort for hadron tomography

% Lattice data may be incorporated in global analysis of experimental
data and may influence parametrization of f and £ dependence

QUARK-GLUON
TOMOGRAPHY

COLLABORATION

Office of Award Number:
Science  DE-SC0023646

1. of high-momentum transfer processes using
perturbative QCD methods and study of GPDs properties

2. Lattice QCD calculations of GPDs and related structures

3. Global analysis of GPDs based on experimental data using modern data
analysis techniques for inference and uncertainty quantification

Other GPD global analysis efforts:
e Gepard [https://gepard.phy.hr/]
e PARTONS [https://partons.cea.fr]
e EXCLAIM [https://exclaimcollab.github.io/web.github.io/#/]
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I]_[I M. Constantinou, LatticeNET 2025 E




Concluding remarks




Concluding Remarks

% New developments in several promising directions
% Extensive programs in GPDs
% Access to higher-twist GPDs feasible from lattice QCD

% Synergy with phenomenology has the potential to enhance the
impact of lattice QCD data and complement data sets

— M. Constantinou, LatticeNET 2025



Concluding Remarks

Extensive programs in GPDs
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New developments in several promising directions

Access to higher-twist GPDs feasible from lattice QCD

Synergy with phenomenology has the potential to enhance the

impact of lattice QCD data and complement data sets
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Additional slides
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)
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Light-cone direction
for hadron at rest

— M. Constantinou, LatticeNET 2025



Quasi-GPDs: contact with light-cone quantities
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[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

Spatial (z) direction for
high-momentum hadron
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for hadron at rest
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

Matching between
quasi-PDFs and
standard PDFs:

length increased
by the boost factor

Y, goes to oo in IMF

Spatial (z) direction for
high-momentum hadron

Light-cone direction
for hadron at rest
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders
[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019] [X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

Matching between
quasi-PDFs and
standard PDFs:

length increased
by the boost factor

Y, goes to oo in IMF

Spatial (z) direction for
high-momentum hadron

. 2 2 2 2 2
Light-cone direction Difference © <AQCD/P3’ My B3, 1P, )
for hadron at rest reduced as P; increases
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Quasi-GPDs: contact with light-cone quantities

% Non-local operators with Wilson line fully renormalizable to all orders

[T. Ishikawa et al., Phys. Rev. D 96, no. 9 (2017) 094019]

[X. Ji et al., Phys. Rev. Lett. 120, no. 11 (2018) 112001]

% Quasi- & light-cone distributions share the same infrared structure

% Differences in UV region (perturbatively calculable, LaMET)

Matching between
quasi-PDFs and
standard PDFs:

length increased
by the boost factor

Y, goes to oo in IMF

Spatial (z) direction for
high-momentum hadron

Light-cone direction
for hadron at rest

A number of non-trivial steps

hadronic Matching to

matrix elements I wight-cone GPDs |

quasi \
Identification of distribution x-dependence
ground state " approach reconstruction /

Renormalizati% % form factors”

disentanglement

Dlﬁerence O <AéCD/P32’ m]%,/P32, Z‘/sz, . )
reduced as Ps3 increases
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