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(Preliminary Results)

(see also Ryo’s talk slides on Tuesday, April 29th)
(arXiv:2505.XXXXX!!!)
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High energy theory  
(unified theory)

Low energy theory   

Advancements in  
• Physics including gravity

• QFT

• Mathematics:

Created by ChatGPT

Exact WKB Analysis 

My Research Journey 
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Exact WKB: treats divergent WKB  solutions and 
gives non-perturvaive information quantitatively

What is Exact WKB?

“Divergent WKB” means: “Quantitatively” means:
<latexit sha1_base64="qRD1FE4L0ZAMdB3j5jqMlj4WmzU=">AAAC9HichVE7b9RAEJ6YVzgeuUCDRGNxCblrrD2U  sgQrcA9WoUVz38MX+A4/rJH11HphHYxbrYmScxX+Cuv1T/XgvYg=</latexit>

ω(x) → exp

[
i

⊋

∫ x

p(x→)dx→
]
↑ (series in ⊋)

— (Formal) expansion in                           
does not converge in general

<latexit sha1_base64="70VKzudbneiXT6JtgQ2owszArWo="></latexit>

⊋

— Non-perturbative parts include particle 
production information

<latexit sha1_base64="VaCCEg8rCOWyFvNOq3unXzMoxJs="></latexit>

!(x) →
∫ →

0
exp(↑ωε)[Bϑ](ε)dε

— Borel resummation gives a 
corresponding analytic function

— Non-perturbative information is 
encoded in the singularities

Exact WKB Analysis~

 Analysis of singularities (of the Borel transformed series)
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Where We’re Going vs Where We Are
“a glimpse of what might be possible”

We are aiming for Our current situation is
— Offering new insights into particle 
production

 e.g. preheating, particle production from 
oscillaring scalar field background, 
gravitational particle production, etc.

We are laying the foundation for the future, and the 
possibilities ahead are limitless

— Verifying the consistency of our 
analysis through comparisons with 
previous results

— We are developing foundational 
building blocks 

— Enabling (semi-)analytic solutions to 
problems where numerical methods fall 
short

Created by ChatGPT
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— This potential has been studied well in the context of 
particle production

What we do today:

Today’s Goal

— Use resummed WKB soltuions for quantization

— Derive the Bogoliubov coefficients ``without” relying on parabolic functions

<latexit sha1_base64="3MlqeSAtJOjryK5y/ufqZeWhCb4="></latexit>[
→ d2

dx2
→ ω2V (x)

]
ε(x) = 0

<latexit sha1_base64="6QUAWOUoG6u8KRFhEhJEGrQdel0="></latexit>

V (x) = →E +
x2

4

— Previous analyses rely on asymptotic expansions of special 
functions: parabolic cylinder functions

We will eventually focus on a specific potential:

Why this matters:
— Clarifies how non-perturbative physics emerges

— A step toward applying exact WKB to broader cosmological settings

!

"

#

<latexit sha1_base64="QflWeW+WRuvyzTsSYJEcphbEGik="></latexit>

(E > 0)
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The Starting Point: Formal WKB Solution

<latexit sha1_base64="7lpMSruN6ALBkCLb5Cvv+EnWnNg="></latexit>

S = Sodd + Seven ,

Sodd →
∑

j→0

S2j↑1ω
1↑2j , Seven →

∑

j→0

S2jω
↑2j

<latexit sha1_base64="S9DtZs/Nk4QllA5ciX5tEgZ71Uc="></latexit>

S2
→1 = →V, 2S→1Sj = →




∑

k+l=j→1&k,l↑0

SkSl +
ωSj→1

ωx





<latexit sha1_base64="dPdNrxJozEPynJCByrzjTBSsaJE="></latexit>(
→ d2

dx2
→ ω2V (x)

)
ε(x, ω) = 0

Formal WKB solutions:

<latexit sha1_base64="9hCBllPAzueunqnAyzPYjdG6y4Q="></latexit>

ω → 1/⊋ : small  hbar = large  η  expansion

1-d Schrodinger-like equation:

Formal solution is divergent in general⚡

✅

✅
<latexit sha1_base64="g+fFsGpGgJ8lttORNNmaX4ioThI="></latexit>

ω±(x) =
1√

Sodd(x)
exp

(
±
∫ x

x0

Sodd(x̃)dx̃

)
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From Divergence to Meaning:  
Borel Transform and Borel Sum

Giving Analytic Function for divergent series 

Original formal series: divergent series of η:

Borel transformation: a well-behaved series of ζ:

Borel sum: Laplace integration (from ζ to η)

⚡

<latexit sha1_base64="sUmLjk9ltybc6QuR+lu2lzMUE2s="></latexit>

!(ω, x) =

∫ →

0
exp(→ωε)ϑB(ε, x)dε

<latexit sha1_base64="vY2NAXcNTGKgFCcdDbw3OVfAgME="></latexit>

ω(ε, x) =
→∑

n=0

fn(x)ε
↑n

∞

X

ψ(x)

✨

✅

<latexit sha1_base64="2XtxOHnYeGWr9RIlxVnsQLNca9k="></latexit>

ωB(ε, x) =
→∑

n=0

fn(x)

(n→ 1)!
εn↑1

Integration in Borel plane ζ
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What’s the Magic Behind Borel Resummation?

Borel resummation formally involves an exchange of 
summation and integration of the original series

<latexit sha1_base64="fD7MuY4TPQj8xCp4hyXOeDUl5hc="></latexit>

! →
∫

This is a non-trivial mathematical step
Non-perturbative informaiton is encoded in singularities

<latexit sha1_base64="xMWUX8PvGweyul/gLPii29mo680="></latexit>

ω(ε, x) =
→∑

n=0

fn(x)ε
↑n =

→∑

n=0

fn(x)

n!

∫ →

0
exp(→εϑ)ϑn↑1dϑ

<latexit sha1_base64="Dnk/zhvBQ+V3+KyLCUxPiw9yLNw="></latexit>

!(ω, x) =

∫ →

0
exp(→ωε)

[ →∑

n=0

fn(x)

n!
εn↑1

]
dε

✅

⚡

⚠
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Turning Points and Stokes Geometry:  
Keys to Non-perturbative Data

Turning points:

<latexit sha1_base64="dPdNrxJozEPynJCByrzjTBSsaJE="></latexit>(
→ d2

dx2
→ ω2V (x)

)
ε(x, ω) = 0

<latexit sha1_base64="t9yvHcCSs9AX7zpGxifPixUzqb8="></latexit>

V (a) = 0

Simple Turning points:
<latexit sha1_base64="F4ParEVOC739Nqk0qUyx38eEBR4="></latexit>

dV

dx

∣∣∣
x=a

→= 0

Stokes lines (curves):
<latexit sha1_base64="8PryPmvhKmCGOiR0Q01GR2AX64U="></latexit>

Im

∫ x

a

√
→V (x̃)dx̃ = 0

<latexit sha1_base64="FNd5wlbYR1nihxWcvz/luXMSYfw="></latexit>

V = →x

Re x

Im x

Simple turning point

St
ok

es
 re

gi
on

 II
I

Stokes region II

Stokes region I

e.g. Airy function:
✅

✅

✅

<latexit sha1_base64="6n/4JTed1X/N1ZGUxs/829uit+g="></latexit>

 II
±

<latexit sha1_base64="xLtGA84AqMyy/5p8m3y/JEtFZUM="></latexit>

 I
±

<latexit sha1_base64="Zu8NURj64d9Qh4m6vsmPDFI3pjg="></latexit>

 III
±

In Stokes regions, ψ is Borel summable⚡
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Re x

Im x

More complicated example
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Suppose U1 and U2 are Stokes regions having a Stokes curve Γ as a 
common boundary

What happens if you cross the Stokes line?

WKB solutions normalized at a turning point

U1
U2

<latexit sha1_base64="q769Qt7Q7jcZxyaccZmJY/hqNsc="></latexit>

 2
±

Γ
?

<latexit sha1_base64="o6VdNiS+ISNuXDm0VzNq7uLzzqQ="></latexit>ω0

<latexit sha1_base64="xcXtf22pjD0ch4qksmLPVjQKkqs="></latexit>

ω±,ω0 =
1→
Sodd

exp

(
±
∫ x

ω0

Sodddx

)
✅

Re x

Im x

<latexit sha1_base64="YzvRR6Mefs4Ozc0ZCeidgRbCFJI="></latexit>

ω1
±,ω0
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Suppose U1 and U2 are Stokes regions having a Stokes curve Γ as a 
common boundary

What happens if you cross the Stokes line?

WKB solutions normalized at a turning point

U1
U2

<latexit sha1_base64="q769Qt7Q7jcZxyaccZmJY/hqNsc="></latexit>

 2
±

Γ

<latexit sha1_base64="o6VdNiS+ISNuXDm0VzNq7uLzzqQ="></latexit>ω0

Connection formula for Borel resummmed solutions: analytical continuation

<latexit sha1_base64="xcXtf22pjD0ch4qksmLPVjQKkqs="></latexit>

ω±,ω0 =
1→
Sodd

exp

(
±
∫ x

ω0

Sodddx

)

<latexit sha1_base64="4b09DbysSoZNZWWpNWNEbUWGI3I="></latexit>

ω1
+,ω0 = ω2

+,ω0 + iω2
→,ω0

ω1
→,ω0 = ω2

→,ω0

✅

✅

12

Re x

Im x

<latexit sha1_base64="YzvRR6Mefs4Ozc0ZCeidgRbCFJI="></latexit>

ω1
±,ω0

<latexit sha1_base64="5HxfDdA+sHV7uR8tOv2ebpgRU4c="></latexit>

ω2
±,ω0
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U1
U2

<latexit sha1_base64="q769Qt7Q7jcZxyaccZmJY/hqNsc="></latexit>

 2
±

Γ
<latexit sha1_base64="QszB6pJRPEgzF0dAgezC6W6i5Dc="></latexit>

ω1
±

<latexit sha1_base64="N0v20eCB5HRikry7BnJBFGHsRXw="></latexit>

ω2
±

±: Counter-clockwise 
or clockwise crossing Γ 

Connection Formula

The sign of

<latexit sha1_base64="UWpQmOmFq3mjbW/Irr0xWbbB//0="></latexit>

< 0

<latexit sha1_base64="hvsknXTZdEaWVGyrxWx0qY2fn2U="></latexit>

> 0

<latexit sha1_base64="Z5h0w6RMVag4B/LYJMhJzKjpPR4="></latexit>n 1
+ =  2

+

 1
� =  2

� ± i 2
±

Voros (1983)

Or

<latexit sha1_base64="sk2MGNU3BiVy3alFAJIgq4RaNPg="></latexit>

Re

∫ x

a

√
→V (x̃)dx̃ψ1±  are analytically continued to U2 by

⚡Singularities in Borel plane (ζ plane) gives connection formula 
~non-perturbative information

<latexit sha1_base64="WNj3LDXaEHE11qKoU43FQgzg5GA="></latexit>{!1
+ = !2

+ ± i!2
→

!1
→ = !2

→
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Another Source of Non-perturbative 
Information: Voros Coefficients
✅ Voros coefficient is defined with “regularized’’ Sodd

<latexit sha1_base64="7MZTsCoWrnVAiZ8K+p2bqiOWcMo="></latexit>

Vvoros →
1

2

∫

ωω0,ε0

S(reg)
odd

           Integration path is non-closed contour in general

— starting from a singular point σ0  (second Riemann 
sheet), turning around turning point τ0 clockwise, to a 
singular point (first Riemann sheet) 

<latexit sha1_base64="CcyV5Qle+mMNlNMXRv1aj2Oz43E="></latexit>ωω0,ε0 :

e.g. Parabolic cylinder: V=-E+x2/4
<latexit sha1_base64="nb3boyqmWjUmMDgSSInQ9Ro87Xw="></latexit>

Vvoros →
1

2

∫

ω2
→

E,↑

(Sodd ↑ ωS→1) ↓
∫ ↑

2
↓
E
(Sodd ↑ ωS→1)

<latexit sha1_base64="9HpyKceWbIBSqblJURyTHrhYflE="></latexit>ω0

Irregular singular point: x=∞, S-1 is deverging  at  x=∞'

           Singular point

     Turning point



Remark: Like the connection formula, the Voros coefficient captures data from singularities in the Borel plane
15

What Does the Voros Coefficient do?
✅ The Voros coefficient connects exact WKB solutions 

normalized at a turning point and a singular point

e.g. Parabolic cylinder: V=-E+x2/4

<latexit sha1_base64="wxp1Og4NA819dTCdYaeXM0eu4o4="></latexit>

ω±,ω±(x) =
1√

Sodd(x)
exp

[
±
∫ x

ω±

Sodd(x
→)dx→

]

<latexit sha1_base64="19FkdjOf/WjhCaDbDeY3JX+Toig="></latexit>

ω(±→)
± (x) = exp

[
±
∫ x

ω±

εS↑1(x
↓)dx↓

]
1√

Sodd(x)
exp

[
±
∫ x

±→
(Sodd(x

↓)→ εS↑1(x
↓)) dx↓

]

<latexit sha1_base64="B9FV2RCXp2+bk39lH4eWzjD4iao="></latexit>

ω±,ω+(x) = e±V(+→)
voros ω(+→)

± (x) , ω±,ω↑(x) = e±V(↑→)
voros ω(↑→)

± (x)

— The WKB solution normalized at turning point τ±：

— The WKB solution normalized at singular points x=±∞：

⚡ The Voros coefficient connects the two WKB solutions

<latexit sha1_base64="wU1+CXwAkrbvqem7dEffvwNpzQ0="></latexit>

V(+→)
voros =

∫ →

ω+

[Sodd(x)→ ωS↑1(x)]dx , V(↑→)
voros =

∫ ↑→

ω→

[Sodd(x)→ ωS↑1(x)]dx

Shen & Silverstone ’08, Takei ‘08
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Behind the elegance

To be continued

(
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Quantization via Exact WKB
✅ We now use exact WKB solutions to perform quantization

<latexit sha1_base64="Po//KFXhiq/6WRzX40R2TZP3vjg="></latexit>

â|0→ = 0

<latexit sha1_base64="ckRhv7QFzjzXq7rdjv8f3euid9A="></latexit>

Ĥ → 1

2

[
ω̂ω̂ + V (x) ε̂ε̂

]
Hamiltonian:

<latexit sha1_base64="00AiS1GsjUp8lpaolFgNikSWYCw="></latexit>

(u+, u+) = 1 , (u→, u→) = →1 , (u+, u→) = (u→, u+) = 0
<latexit sha1_base64="Xpx9XIx+VJNxMJcaf/KB9/4mg7Y="></latexit>

(f, g) → ↑i (f ωxḡ ↑ ḡωxf)

Complete set of solutions:
<latexit sha1_base64="YbpKFHj5+g63n1T4x714dG2/yE8="></latexit>(
→ d2

dx2
→ V

)
u± = 0

<latexit sha1_base64="e67w5Sd5hT/DIn0UeVxZ2DHj0es="></latexit>[
â, â†

]
= 1 , [â, â] =

[
â†, â†

]
= 0

<latexit sha1_base64="ZDB3lplusra3lBevxpu1zAV52JI="></latexit>

u+v→ → u→v+ = i

Quantization conditions:

Vacuum:

We want to define mode functions with exact WKB solution Ψ±

⚡
<latexit sha1_base64="qFg/YY/jH/xf9rLRrKZFp9qDmZw="></latexit>

u+(x) =
1→
2
[ω!→(x) + ε!+(x)] , u→(x) = u+(x)

<latexit sha1_base64="jhoIMNhrYWn5dnoIZcTd2qvWqfA="></latexit>

ω̂(x) = u+(x) â+ u→(x) â
† , ε̂(x) = v+(x) â+ v→(x) â

†
Mode decomposition:

<latexit sha1_base64="NSBnkMgrxpJoEvXhhVkfqnSq8Ms="></latexit>

(
v±(x) →

du±
dx

)

Ryo& M.S. (arXiv:2503.XXXXX)



We can generalized this procedure to other potentials
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Quantization via Exact WKB: A Practical Example
e.g. Parabolic cylinder: V=-E+x2/4

<latexit sha1_base64="SHyG+tr/82xdP3IgnYNwoG5zsFM="></latexit>

x → ↑

<latexit sha1_base64="zPuXiHr6ZmDKiapWP7Bh480E/sQ="></latexit>

ω(→)
± =

1→
Sodd

exp(±ε

∫ x

ω+

S↑1dx) exp(±
∫ x

→
(Sodd ↑ ε S↑1)dx)

<latexit sha1_base64="u1Mz3SqK7vSlgFLqRxB17reS25Y="></latexit>

ω±,ω+ = exp(±Vvoros)ω
(→)
±

<latexit sha1_base64="56blSgDU+bHlG6kB9LjfIkAOC2E="></latexit>

u+(x) =
1→
2

[
ωε(→)

↑ (x) + ϑ ε(→)
+ (x)

]

<latexit sha1_base64="5s+4tHT8NUf2ytHJbhVoEtwC4mM="></latexit>

u→(x) = u+(x)

⚡The asymptotic state is described by the standard WKB 

We take mode functions by the exact WKB solutions　
normalized at asymptotic point  x=∞⚡

<latexit sha1_base64="Ffpr3rY4QPki7hg8ryCl7nfFnLY="></latexit>

ω(→)
± → 1√

S↑1

exp(±ε

∫ x

ω+

S↑1dx)

✅ Satisfying quantization conditions

✅
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Computing Particle Production with Exact WKB

— Define vacua:

With the mode functions defined via exact WKB, 
we now compute the particle production.

— Relate mode functions via Bogoliubov transformation:
<latexit sha1_base64="iVS48fQkv5YB91dIqeuTeMHTeys="></latexit>(
ũ+

ũ→

)
=

(
ω ε
ε̄ ω̄

)(
u+

u→

)

<latexit sha1_base64="xSMzDk4qhA7yMbZH8P33hYH7JFA="></latexit>

|0→ such that a|0→ = 0
<latexit sha1_base64="NDsmefIphUGFIHhmq5X92rYiuCw="></latexit>

|0̃→ such that ã|0̃→ = 0
<latexit sha1_base64="qm31mAmzE8BU12FRrmZH7uhEtAs="></latexit>

ω̂ = ũ+(x)ˆ̃a+ ũ→(x)ˆ̃a
†

✅

— Bogoliubov coefficient β encodes particle production:
<latexit sha1_base64="kcwc0hMaFLNe1mm2xsmmiy4wEgc="></latexit>

|ω|2 = number density of produced particles

In exact WKB, α and β are computed via  
the connection formula and Voros coefficients⚡
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A Worked Example: V=-E+x2/4

✅ Simple turning points: 
<latexit sha1_base64="ah0KR1gSoZCRsbTEiA2Xtz17/Qc="></latexit>

ω = ±2
→
E

✅ Stokes curves:

⚡Both eventually give the same physics 

<latexit sha1_base64="rFkdq/A+45tN/ZFhLdwZk2CMEBA="></latexit>

(E > 0)

Borel non-summable

Borel summable
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A Worked Example: V=-E+x2/4
✅ Simple turning points: 

<latexit sha1_base64="ah0KR1gSoZCRsbTEiA2Xtz17/Qc="></latexit>

ω = ±2
→
E

✅ Stokes curves:
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A Worked Example: V=-E+x2/4
✅ Simple turning points: 

<latexit sha1_base64="ah0KR1gSoZCRsbTEiA2Xtz17/Qc="></latexit>

ω = ±2
→
E

✅ Stokes curves:

<latexit sha1_base64="LCdANferJ6lQP2DOp2QAssG9AJE="></latexit>

u(→↑)
±

<latexit sha1_base64="IWXEUewxO8Vb1Jw3lJAPT3hrX84="></latexit>

u(→)
±

<latexit sha1_base64="MJBzrg/OgmZfmXq9d5IJzDF/0gQ="></latexit>

u(→↑)
± → u(↑)

±Relate two asymptotic states:
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A Worked Example: V=-E+x2/4

<latexit sha1_base64="LCdANferJ6lQP2DOp2QAssG9AJE="></latexit>

u(→↑)
±

<latexit sha1_base64="IWXEUewxO8Vb1Jw3lJAPT3hrX84="></latexit>

u(→)
±

<latexit sha1_base64="qn5yYtt8zqR7c3gI/RidY0eO4N4="></latexit>(
u(→↑)
+

u(→↑)
→

)
=

(
0 1
i 0

)(
exp(→V (→↑)

voros ) 0

0 exp(V (→↑)
voros )

)(
1 0
→i 1

)(
eωEε 0
0 e→ωEε

)(
1 i
0 1

)

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="A6mT2ipEVCYmMcjX9n2gYnvfMpA="></latexit>(
exp(V (→)

voros) 0

0 exp(→V (→)
voros)

)(
0 →i
1 0

)(
u(→)
+

u(→)
↑

)
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A Worked Example: V=-E+x2/4

<latexit sha1_base64="LCdANferJ6lQP2DOp2QAssG9AJE="></latexit>

u(→↑)
±

<latexit sha1_base64="IWXEUewxO8Vb1Jw3lJAPT3hrX84="></latexit>

u(→)
±

<latexit sha1_base64="qn5yYtt8zqR7c3gI/RidY0eO4N4="></latexit>(
u(→↑)
+

u(→↑)
→

)
=

(
0 1
i 0

)(
exp(→V (→↑)

voros ) 0

0 exp(V (→↑)
voros )

)(
1 0
→i 1

)(
eωEε 0
0 e→ωEε

)(
1 i
0 1

)

<latexit sha1_base64="A6mT2ipEVCYmMcjX9n2gYnvfMpA="></latexit>(
exp(V (→)

voros) 0

0 exp(→V (→)
voros)

)(
0 →i
1 0

)(
u(→)
+

u(→)
↑

)

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="m3brFvrtjnsNZ5VENRvE5ADdpwo="></latexit>

ωI
±,ω→ = exp(±V (→↑)

voros )ω(→↑)
±
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A Worked Example: V=-E+x2/4

<latexit sha1_base64="LCdANferJ6lQP2DOp2QAssG9AJE="></latexit>

u(→↑)
±

<latexit sha1_base64="IWXEUewxO8Vb1Jw3lJAPT3hrX84="></latexit>

u(→)
±

<latexit sha1_base64="qn5yYtt8zqR7c3gI/RidY0eO4N4="></latexit>(
u(→↑)
+

u(→↑)
→

)
=

(
0 1
i 0

)(
exp(→V (→↑)

voros ) 0

0 exp(V (→↑)
voros )

)(
1 0
→i 1

)(
eωEε 0
0 e→ωEε

)(
1 i
0 1

)

<latexit sha1_base64="A6mT2ipEVCYmMcjX9n2gYnvfMpA="></latexit>(
exp(V (→)

voros) 0

0 exp(→V (→)
voros)

)(
0 →i
1 0

)(
u(→)
+

u(→)
↑

)

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="m3brFvrtjnsNZ5VENRvE5ADdpwo="></latexit>

ωI
±,ω→ = exp(±V (→↑)

voros )ω(→↑)
±

<latexit sha1_base64="8t/3RkrmnelmrmXAUwK2hR1rsOA="></latexit>(
ωI
+,ω→

ωI
→,ω→

)
=

(
1 0
→i 1

)(
ωII
+,ω→

ωII
→,ω→

)
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A Worked Example: V=-E+x2/4

<latexit sha1_base64="LCdANferJ6lQP2DOp2QAssG9AJE="></latexit>

u(→↑)
±

<latexit sha1_base64="IWXEUewxO8Vb1Jw3lJAPT3hrX84="></latexit>

u(→)
±

<latexit sha1_base64="qn5yYtt8zqR7c3gI/RidY0eO4N4="></latexit>(
u(→↑)
+

u(→↑)
→

)
=

(
0 1
i 0

)(
exp(→V (→↑)

voros ) 0

0 exp(V (→↑)
voros )

)(
1 0
→i 1

)(
eωEε 0
0 e→ωEε

)(
1 i
0 1

)

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="/jkndnvbuV50byUroPPBoaAwfzM="></latexit>

u(→↑)
+ =

1→
2
ω(→↑)
→ , u(→↑)

→ =
i→
2
ω(→↑)
+ , u(↑)

+ =
1→
2
ω(↑)
→ , u(↑)

→ =
i→
2
ω(↑)
+

<latexit sha1_base64="m3brFvrtjnsNZ5VENRvE5ADdpwo="></latexit>

ωI
±,ω→ = exp(±V (→↑)

voros )ω(→↑)
±

<latexit sha1_base64="8t/3RkrmnelmrmXAUwK2hR1rsOA="></latexit>(
ωI
+,ω→

ωI
→,ω→

)
=

(
1 0
→i 1

)(
ωII
+,ω→

ωII
→,ω→

)

<latexit sha1_base64="dQpT7MHGashzFjCzFQyJKiaANbE="></latexit>(
ωII
+,ω→

ωII
→,ω→

)
=

(
e+

∫ ω+
ω→ Sodddx 0

0 e→
∫ ω+
ω→ Sodddx

)(
ωII
+,ω+

ωII
→,ω+

)

…

<latexit sha1_base64="A6mT2ipEVCYmMcjX9n2gYnvfMpA="></latexit>(
exp(V (→)

voros) 0

0 exp(→V (→)
voros)

)(
0 →i
1 0

)(
u(→)
+

u(→)
↑

)
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<latexit sha1_base64="iDiCqG1g0ZCzeKFgu8U2C23k7bU="></latexit>(
u(→↑)
+

u(→↑)
→

)
=

(→
1 + e2ωEεeiϑ ↑eωEε

↑eωEε
→
1 + e2ωEεe→iϑ

)(
u(↑)
+

u(↑)
→

)

✅ Exact WKB Reproduces known results  

Im E<0 gives the same results ✅

Exact WKB to Particle Production: 
Mission Accomplished

The non-perturbative information captured by exact 
WKB translates into particle production⚡

Through singularities in the exact WKB analysis, we fully 
determine the particle number density — connecting 

formal structure to real physics

Kofman, Linde & Starobinsky ’97
Salehian, Gorji, Mukohyama & Firouzjahi ’20

Ryo& M.S. (arXiv:2503.XXXXX)



Summary and Outlook
Starting from a divergent WKB series, we applied Borel transformation 
and found that non-perturbative information is encoded in singularities 
on the Borel plane

✅

✅
Key structures like turning points, Stokes lines, and Voros coefficients 
allowed us to capture these non-perturbative effects precisely

✅
Using exact WKB solutions as mode functions, we reproduced the 
known particle production results by extracting Stokes data

✅
Exact WKB analysis can provide a systematic approach to study particle 
production

Tackle more complicated potentials (e.g. Mathieu 
equation) with exact WKB techniques 

Explore exact WKB-based approximations to go 
beyond current limits

Challenges: deeper mathematics and smarter physical approximations
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