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Is there a critical point on the QCD phase diagram?

At               : It is a cross-over. — Lattice QCD simulations

At T= 0 : Models predict a first order phase transition — Not known from first principles
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Recent theory guidances for the location of the critical 
point
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Extrapolations of Lee-Yang edge singularities to 
real axis
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Thermodynamic analysis of a 
lattice QCD extrapolated EoS
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Lattice [Bellwied et al., 2015]
freezeout points [various sources]
DSE/Lattice [Fischer et al., 2014]
FRG [Fu et al., 2019]
DSE/FRG [Gao, Pawlowski, 2020]
DSE/FRG [Gao, Pawlowski, 2020]
DSE/Lattice [Gunkel, Fischer, 2021]

µB/T=2 µB/T=3
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(µBC , Tc) = (495� 654, 108� 119)MeV

Bernhardt, Fischer 
and Isserstedt, 23 

FRG/
DSE
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(µBC , Tc) = (602.1± 62.1 , 114.3± 6.9)

Shah et al., 24



Probing critical points experimentally

Wikipedia

Colliding heavy-ions at 
varying center of mass 

energy
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Probing the EoS via heavy-ion collisions

QGP thermalizes in ~ 1fm/c 

Freeze-out at about 10 fm/c 

The event by event distribution of the particle multiplicities are measured at the detectors.

Quark-Gluon 
Plasma Critical region Freeze-out

Figure by 
S.A.Bass

Trajectories of the fireball created in HIC

Freeze-out
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Trajectories of the fireball created in HIC

Freeze-out

Diverges at CP

Fluctuations are enhanced near CP

Rajagopal, Shuryak, Stephanov, 98, 
99, Stephanov, 09
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Non-monotonic dependence of cumulants as a function of collision energy
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Similar relations between cumulants of entropy 
density and derivatives of pressure with respect to 

temperature



BES-I data 
for proton 
multiplicity 
cumulants 

Vovchenko, Koch, Shen, 22
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A clear excess of 
scaled proton-
number variance 
from non-critical 
baseline reported 
for 

7

2021, STAR Collaboration
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Illustrative

Ashish Pandav’s CPOD talk

Misha Stephanov’s SQM talk



EoS           Particle multiplicity distributions

STAR Collaboration, PRL 2014, PRL 2021

Imprints on Particle Distribution Functions?

Kahangirwe et al., 24

Susceptibilities that diverge at CP

9

?



Freeze-out in heavy-ion collisions

T in MeV
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Andronic et al, Nature,18

Freeze-out hypersurface : Both the hydrodynamics and kinetic 
description in terms of a hadron resonance gas apply

10

Freeze-out fits for mid-
rapidity yields of hadrons



Variables at freeze-out
Hydrodynamic mean 

densities
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hfAi = f̄A , h�fA�fBi = GAB , h�fA�fB�fCi = GABC . . .
Particle distribution 

function at freeze-out

Hydrodynamic 
correlations
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Matching conditions at freeze-out

Matching conditions for averages of conserved densities 

Infinitely many sets of distribution functions that satisfy these matching conditions

Freeze-out prescription corresponds to choosing one of these sets - How to choose?
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Maximum entropy freeze-out 
without fluctuations

Results in a thermal gas of hadrons 
specified by the local temperature and 
chemical potential. Coincides with Cooper-
Frye, 74

Recent work on extension to viscous 
hydrodynamics : Everett-Heinz-
Chattopadhyay, 21

Andronic et al, Nature,18

13



Maximum entropy freeze-out
Given all the information about the hydrodynamic densities on the freeze-out 
hypersurface, what is the least biased ensemble of free streaming particles after 
freeze-out that obeys the matching conditions?


It is the one which maximizes the entropy of the fluctuating particle distribution function:

subject to the constraints of the matching conditions.
14 MP, Stephanov, PRL, 23
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• Maximize the relative entropy when correlations are out of equilibrium


• Constraints from matching conditions

Which entropy to maximize?
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S[f̄ , G2, G3, . . . ]
G s are the correlation 
functions in the Hadron 

Gas description

MP, Stephanov, PRL, 23
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Entropy to describe out-of equilibrium two-point correlations in ideal HRG
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Two-point correlation function of proton multiplicities in phase space,

Contributions from baryon and energy density correlations

 denotes deviation of the hydrodynamic correlation function from its value in Ideal Hadron Resonance Gas
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Organizational Scheme for Non-
Gaussian Correlations

IRC Self correlations in HRG
Total

Baseline distribution/EoS

IRC IRC
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Irreducible relative cumulants
For classical gas, irreducible relative cumulants (IRCs) reduce to so called “factorial 

cumulants”.
IRC Self correlations

Total

• For gases obeying different statistics, IRCs quantify the non-trivial correlations

• Non-trivial correlations relative to any specified baseline distribution

19 MP, Stephanov, PRL, 23



Maximum entropy freeze-out procedure 

• Integrating over phase space bins, we get factorial cumulants of particle multiplicities


• Factorial cumulants remove various sources of trivial correlations


• They contain crucial information about criticality in the Equation of State / Hydro
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But, the QCD EoS near the critical point is not known from first-principles?!
20
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Equation of States with a QCD critical point

• Must agree with the Taylor Expanded EoS from lattice 


• Compatible with other limits : PQCD, HRG


• Critical point in the 3D Ising universality class

Examples of recently developed EoSs that have a CP in the Ising universality class but differ in their implementation: 
Parotto et al, 19, Karthein et al.,21, Grefa et al., 21,Kapusta&Welle,22, Kahangirwe et al.,24 
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QCD EoS near the Critical Point

Kahangirwe et al., 24

<latexit sha1_base64="4+bfJj2FFRIf2pOZPy8coS4aQ0c="></latexit>

PQCD(µ, T ) = PBG(µ, T ) + AG(r(µ, T ), h(µ, T ))

Parotto et al., 18, Karthein et al., 21

22

Non-universal map from QCD to Ising variables

Summation scheme by WB collaboration 
Borsanyi et al,21




A general class of candidate EoSs

Kahangirwe et al., 24

<latexit sha1_base64="4+bfJj2FFRIf2pOZPy8coS4aQ0c="></latexit>

PQCD(µ, T ) = PBG(µ, T ) + AG(r(µ, T ), h(µ, T ))

MP, Stephanov, 19

<latexit sha1_base64="WxrPo4pBOk8KO2bUWgW7T4I2uec="></latexit>

0  µB  700MeV , 25MeV  T  800MeV

The new construction is causal and stable for a larger range of     and w 
<latexit sha1_base64="Tyqk901hayj4guUKeuTVT/5Hh28=">AAAB7HicbVBNSwMxEJ3Ur1q/qh69BIvgqeyKqMeiF48V3LbQLiWbZtvQbLIkWaEs/Q1ePCji1R/kzX9j2u5BWx8MPN6bYWZelApurOd9o9La+sbmVnm7srO7t39QPTxqGZVpygKqhNKdiBgmuGSB5VawTqoZSSLB2tH4bua3n5g2XMlHO0lZmJCh5DGnxDop6OmRwv1qzat7c+BV4hekBgWa/epXb6BoljBpqSDGdH0vtWFOtOVUsGmllxmWEjomQ9Z1VJKEmTCfHzvFZ04Z4FhpV9Liufp7IieJMZMkcp0JsSOz7M3E/7xuZuObMOcyzSyTdLEozgS2Cs8+xwOuGbVi4gihmrtbMR0RTah1+VRcCP7yy6ukdVH3r+rew2WtcVvEUYYTOIVz8OEaGnAPTQiAAodneIU3JNELekcfi9YSKmaO4Q/Q5w94YY52</latexit>⇢

Range of Validity improved

23

Independent & non-universal parameters

Weakly constrained in 
the chiral limit

<latexit sha1_base64="q1AeqgCCz+XSm/lFF56JlXOqKlE=">AAACEnicbZBNS8MwGMdTX+d8q3r0EhyCQhntEPU49OJxgnuBtZQ0S7ewpClJqoyyz+DFr+LFgyJePXnz25htPejmAyE//v/nIXn+Ucqo0q77bS0tr6yurZc2yptb2zu79t5+S4lMYtLEggnZiZAijCakqalmpJNKgnjESDsaXk/89j2RiorkTo9SEnDUT2hMMdJGCu1Tn2ch9h3Hd6CPWDpAYe7VxoUgB8JcBhz4ENoVt+pOCy6CV0AFFNUI7S+/J3DGSaIxQ0p1PTfVQY6kppiRcdnPFEkRHqI+6RpMECcqyKcrjeGxUXowFtKcRMOp+nsiR1ypEY9MJ0d6oOa9ifif1810fBnkNEkzTRI8eyjOGNQCTvKBPSoJ1mxkAGFJzV8hHiCJsDYplk0I3vzKi9CqVb3zqnt7VqlfFXGUwCE4AifAAxegDm5AAzQBBo/gGbyCN+vJerHerY9Z65JVzByAP2V9/gCGyJrW</latexit>µc , ↵12 , ⇢ , w



Equilibrium estimates for critical contribution to  
factorial cumulants of proton multiplicities

Example choice of Mapping Parameters

Karthein, MP, Rajagopal, Stephanov, Yin (in preparation)
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<latexit sha1_base64="fK5IaJrTF29BMT5LldHZBU638fY="></latexit>

µc = 600MeV , ↵2 = 0� , ⇢ = 1 , w = 20

<latexit sha1_base64="xKjszh+eJ+8DIEHo5R8fL65dqXw=">AAACD3icbZC7SgNBFIZn4z3eVi1tBoOihWFXRG0EUQvLCIkRskuYnZxNhsxemDkrhiVvYOOr2FgoYmtr59s4uRRq/GHg4z/ncOb8QSqFRsf5sgpT0zOzc/MLxcWl5ZVVe239RieZ4lDjiUzUbcA0SBFDDQVKuE0VsCiQUA+6F4N6/Q6UFklcxV4KfsTasQgFZ2ispr1TbeZhf9eLsr1Tgx7CPeY86Y+sfe8SJDJabdolp+wMRSfBHUOJjFVp2p9eK+FZBDFyybRuuE6Kfs4UCi6hX/QyDSnjXdaGhsGYRaD9fHhPn24bp0XDRJkXIx26PydyFmndiwLTGTHs6L+1gflfrZFheOLnIk4zhJiPFoWZpJjQQTi0JRRwlD0DjCth/kp5hynG0URYNCG4f0+ehJuDsntUdq4PS2fn4zjmySbZIrvEJcfkjFyRCqkRTh7IE3khr9aj9Wy9We+j1oI1ntkgv2R9fAMlHJwV</latexit>

Tf (µ) = Tco(µ)��T

Freeze-out curve

<latexit sha1_base64="N+p/YAHZ+XP/XdBkCAUm/k3K8aE="></latexit>
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Role of scale factors

w = 5 w = 20

Karthein, MP, Rajagopal, Stephanov, Yin (in preparation)
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<latexit sha1_base64="ouqe92qYH3wyVPp8wjRgE5GR/ZM=">AAAB83icbVBNS8NAEJ3Ur1q/oh69LBbBg5RERL0IRS8eK9gPaELZbDft0s1u2N0IJfRvePGgiFf/jDf/jds2B219MPB4b4aZeVHKmTae9+2UVlbX1jfKm5Wt7Z3dPXf/oKVlpghtEsml6kRYU84EbRpmOO2kiuIk4rQdje6mfvuJKs2keDTjlIYJHggWM4KNlYJADWVwhm5s+T236tW8GdAy8QtShQKNnvsV9CXJEioM4Vjrru+lJsyxMoxwOqkEmaYpJiM8oF1LBU6oDvPZzRN0YpU+iqWyJQyaqb8ncpxoPU4i25lgM9SL3lT8z+tmJr4OcybSzFBB5ovijCMj0TQA1GeKEsPHlmCimL0VkSFWmBgbU8WG4C++vExa5zX/suY9XFTrt0UcZTiCYzgFH66gDvfQgCYQSOEZXuHNyZwX5935mLeWnGLmEP7A+fwBAOKQWg==</latexit>

⇢ = 1
<latexit sha1_base64="jiC3i6wEuN+TA8UjndZE7ijLFPk=">AAAB9XicbVDJSgNBEK1xjXGLevTSGAQPMsyI20UIevEYwSyQGUNPpydp0tM9dPcoYch/ePGgiFf/xZt/Y2c5aOKDgsd7VVTVi1LOtPG8b2dhcWl5ZbWwVlzf2NzaLu3s1rXMFKE1IrlUzQhrypmgNcMMp81UUZxEnDai/s3IbzxSpZkU92aQ0jDBXcFiRrCx0kOgejI4Rle2PPesXSp7rjcGmif+lJRhimq79BV0JMkSKgzhWOuW76UmzLEyjHA6LAaZpikmfdylLUsFTqgO8/HVQ3RolQ6KpbIlDBqrvydynGg9SCLbmWDT07PeSPzPa2UmvgxzJtLMUEEmi+KMIyPRKALUYYoSwweWYKKYvRWRHlaYGBtU0Ybgz748T+onrn/uenen5cr1NI4C7MMBHIEPF1CBW6hCDQgoeIZXeHOenBfn3fmYtC4405k9+APn8wfmUpDQ</latexit>

⇢ = 0.5

•Peak value of cumulants along the 

freeze-out curve is  fixed by


•Location of the maxima on the 

freeze-out curve fixed by <latexit sha1_base64="FfxqOY/ILbAuu0ushD7HfV2oFY4=">AAAB73icbVBNSwMxEJ2tX7V+VT16CRbBg5RdKeqx6MVjBfsB3aVk02wbmk3WJKuUpX/CiwdFvPp3vPlvTNs9aOuDgcd7M8zMCxPOtHHdb6ewsrq2vlHcLG1t7+zulfcPWlqmitAmkVyqTog15UzQpmGG006iKI5DTtvh6Gbqtx+p0kyKezNOaBDjgWARI9hYqeOroUT+2VOvXHGr7gxomXg5qUCORq/85fclSWMqDOFY667nJibIsDKMcDop+ammCSYjPKBdSwWOqQ6y2b0TdGKVPoqksiUMmqm/JzIcaz2OQ9sZYzPUi95U/M/rpia6CjImktRQQeaLopQjI9H0edRnihLDx5Zgopi9FZEhVpgYG1HJhuAtvrxMWudV76Lq3tUq9es8jiIcwTGcggeXUIdbaEATCHB4hld4cx6cF+fd+Zi3Fpx85hD+wPn8AW/4j5M=</latexit>⇢w

<latexit sha1_base64="IKyPjLKye36w45lJYuoHVfX9mvI=">AAAB6HicbVBNS8NAEJ34WetX1aOXxSJ4KomIeix68diC/YA2lM120q7dbMLuRimhv8CLB0W8+pO8+W/ctjlo64OBx3szzMwLEsG1cd1vZ2V1bX1js7BV3N7Z3dsvHRw2dZwqhg0Wi1i1A6pRcIkNw43AdqKQRoHAVjC6nfqtR1Sax/LejBP0IzqQPOSMGivVn3qlsltxZyDLxMtJGXLUeqWvbj9maYTSMEG17nhuYvyMKsOZwEmxm2pMKBvRAXYslTRC7WezQyfk1Cp9EsbKljRkpv6eyGik9TgKbGdEzVAvelPxP6+TmvDaz7hMUoOSzReFqSAmJtOvSZ8rZEaMLaFMcXsrYUOqKDM2m6INwVt8eZk0zyveZcWtX5SrN3kcBTiGEzgDD66gCndQgwYwQHiGV3hzHpwX5935mLeuOPnMEfyB8/kD5luNAA==</latexit>w



Fluctuation dynamics

26

Stochastic Approach Deterministic Approach

• Stochastic differential equations for hydro fields


• Implementation using Metropolis algorithm 
developed and applied to various models, 
including Model H

• Deterministic evolution for hydro correlation 
functions


• Semi-realistic estimates for two-point correlation 
functions computed and connected to 
observables


Schaefer and Skokov, 22, 
Chattopadhyay et al, 23, Florio 

et al, 21, Basar et al, 
24,Chattopadhyay et al, 24…

Teaney, Akamatsu, Mazeliauskas, 16 along with Yan,Yin , 19, 
Stephanov, Yin,17, An, Basar, Stephanov,Yee, 19,20,22,24…

An, Basar, Stephanov,Yee, 22,24
Rajagopal,Ridgway,Weller,Yin,19,Du,Heinz,Rajagopal, Yin,20 

MP, Rajagopal, Stephanov, Yin, 22,Mukherjee, Venugpalan, Yin 15

Refer to Johannes Roth’s talk



Out-of-equilibrium effects of fluctuations near the CP

Critical Slowing Down

Suppression 
of peak

Prolonged memory 
of CP

Persistence of critical imprints in the 
fluctuation observables until freeze-out

Rajagopal,Ridgway,Weller,Yin,19 
Du,Heinz,Rajagopal, Yin,20 

MP, Rajagopal, Stephanov, Yin, 22 
Mukherjee, Venugopalan, Yin 15
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CP fluctuations in MD simulations : V. Kuznietsov et al
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<latexit sha1_base64="3u1jJP9ATz+Tyh7txJtWNo9BTpc="></latexit>

h�ŝ(x+)�ŝ(x�)i =
Z

eiQ·�x W2(Q) , �x = x+ � x�



Deformation of hydrodynamic trajectories near CP

• Phenomenological 
implications 

Critical lensing~Dore et al,22, 
Nonaka&Asakawa, 05 

MP, Sogabe, Stephanov, Yee,24 

Third Law

Universal 
scaling near 

CP
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Deformations can be broadly classified based on the value of the mapping parameter  
<latexit sha1_base64="4GX7Q2CFElPIkAQliRIJHjA45iw=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0mKqMeiF48V7Ae0oUy2m3bpZhN3N0IJ/RNePCji1b/jzX/jts1BWx8MPN6bYWZekAiujet+O4W19Y3NreJ2aWd3b/+gfHjU0nGqKGvSWMSqE6BmgkvWNNwI1kkUwygQrB2Mb2d++4kpzWP5YCYJ8yMcSh5yisZKnR6KZIT9Wr9ccavuHGSVeDmpQI5Gv/zVG8Q0jZg0VKDWXc9NjJ+hMpwKNi31Us0SpGMcsq6lEiOm/Wx+75ScWWVAwljZkobM1d8TGUZaT6LAdkZoRnrZm4n/ed3UhNd+xmWSGibpYlGYCmJiMnueDLhi1IiJJUgVt7cSOkKF1NiISjYEb/nlVdKqVb3Lqnt/Uanf5HEU4QRO4Rw8uII63EEDmkBBwDO8wpvz6Lw4787HorXg5DPH8AfO5w+3+4/C</latexit>↵2

• Consequence of universal ridge-like 
structure of the isentropes near CP

• Specific entropy is non-monotonic 
along one of the branches on the first-
order curve

Smearing effect - Du et al, 22



Summarizing & Looking forward

Thank you!
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Vovchenko,Koch,Shen,22

Dynamics

Quantitative estimates for out-of equilibrium 
corrections to higher order cumulants - needed

Bayesian Analysis of experimental data pertaining 
to multiple observables with the theoretical 

framework may possibly help us learn about QCD 
EoS near CP, if it exists in the regime scanned by 

HICs

<latexit sha1_base64="X8Ex4DJRaENA18FDj5O9zGUAy8Q="></latexit>

�j(µ, T ;µc,↵12, w, ⇢)
ME! Ck

A(µF (TF );µc,↵12, w, ⇢,�)

A family of candidate EoSs with a CP that match with the lattice have been 
developed

EoS           Particle multiplicity 
distributions
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Back up

MP, Rajagopal, Setphanov, Yin, 22


