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<latexit sha1_base64="9uak7pABTBCcLtx2957Kd1V2/ec="></latexit>

| i =
X�

f(U)⌦ | F i
�• Form of states:

set of spatial link variables 

• Implement Gauss law (physical States):
<latexit sha1_base64="TAlZHQhPEyRy8wQ090LMbsM4tos="></latexit>

⇢̂(⌦) | i = | i

generates spatial gauge transformations 

• generated by:
<latexit sha1_base64="9+1e0a0h4TOANA+RU/cQS3d6t8g="></latexit>

Q̂a
i

<latexit sha1_base64="A/nVXQkrCshlGnkzIxsDVJEqK8E="></latexit>

Êa
hi,jicolor charges 

color-electric fluxes 

<latexit sha1_base64="VzckmaH6Ed/swnd6KyoIgCXCsIw="></latexit>

f({. . . ,⌦†Uhi,ji, . . . })
<latexit sha1_base64="pFc5UKERE51Jf0GgIk4ibdDtDgQ="></latexit>

f({. . . , Uhj,ii⌦, . . . })

• transform at single site:
<latexit sha1_base64="VgG2oMZsTFoDt/IrSU2tfOoqoQ4="></latexit>

⇢̂(⌦) ! ⇧̂i(⌦)
Y

j⇠i

⇧̂hi,ji(⌦) <latexit sha1_base64="jfhbRfQeUPGDG4i7cdVzqRZobJk="></latexit>�
⇧̂hi,ji(⌦) f

�
(U) =

<latexit sha1_base64="TDrquM/tUcSHTv6l3U0tFmqFYiM="></latexit>

{

Kogut & Susskind, PRD 11 (1975) 395



12 February 2025  |  Lorenz von Smekal  |  p.

Hilbert Space

3

• local Gauss law: <latexit sha1_base64="pm7hDmi9ScO8xptpgVJelS8y2Ks="></latexit>

Q̂a
i = �

X

j⇠i

Êe
hi,ji

in physical states 

but charges/fluxes not gauge invariant,  
and don’t commute

gauge invariant and commute

• restrict to Z3 center:
<latexit sha1_base64="GK0am+pkjcTefZIW9mlO++Im37w="></latexit>

Q̂z
i = ⇧̂i(z)

<latexit sha1_base64="0TuvBEpGOJn9qTv0VzH3r7zzwxo="></latexit>

Êz
hi,ji = ⇧̂hi,ji(z)

<latexit sha1_base64="mlcQUSSpYKZ9szR92h/E2fy52cI="></latexit>

z 2 {1, e 2⇡
3 i, e

4⇡
3 i}

• decompose:
<latexit sha1_base64="7gvM7fZur5Z5/CO4ML6Y30NmM/k="></latexit>

H = �{q,e}H{q,e}

• local center charge and flux:

<latexit sha1_base64="7gwjDz/8QO1sW42XANvQBqHjaJc="></latexit>

Q̂z
i |q, ei = zqi |q, ei

<latexit sha1_base64="QE4j/ZgUbYHijKRAP1w0mgFHyBU="></latexit>

Êz
hi,ji |q, ei = zehi,ji |q, ei

<latexit sha1_base64="jrhladW1pbdhFVeKV28k184Mq9o="></latexit>

q, e 2 {0, 1, 2}
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• local Z3 Gauss law:
<latexit sha1_base64="ParrO7/M6Jpwln7TclGftPfprj8="></latexit>

qi +
X

j⇠i

ehi,ji = 0 mod 3

• physical center charge / flux states:

<latexit sha1_base64="0b2u/iU8rK7UtuT4qKy8fc8ZRZQ="></latexit>

Hphys = �{q,e}phys
H{q,e}

Chapter 3. Transfer-matrix formulation

x y Uhx,yi

(x̂s
q)

†
i

(x̂g
q )

†
j

x y ehx,yi = 1

qi = 1

qj = 2

self-intersecting path

Figure 3.2: Illustration of a mesonic state (3.8). On the left, the creation opera-
tors and the path of gauge variables are shown. The product of gauge variables
from left to right is taken in direction of the arrows. The path is self-intersecting.
The state has well-defined center charge and center-electric fluxes at every site
and link. The figure on the right shows the flux-tube configuration {q, e} of the
state.

This means that the Peter-Weyl Theorem yields the decomposition of Hphys
into sectors H{q,e} of irreducible representations of P̂({z}):

Hphys =
M

{q,e}
H{q,e} ,

where the sum is taken over all possible irreducible unitary representations
{q, e}.

Consider |yi 2 H{q,e} ✓ Hphys. Equation (3.15) implies

zqi ’
j⇠i

zehi,ji |yi = zqi+Âj⇠i ehi,ji |yi = |yi .

This equation can only be fulfilled if |yi = 0 or

qi + Â
j⇠i

ehi,ji = 0 mod 3 . (3.17)

Hence, either H{q,e} = {0} or {q, e} must fulfill Equation (3.17). The decom-
position of Hphys can be restricted to the physical configurations {q, e} which
obey the local Z3-Gauss law (3.17):

Hphys =
M

{q,e}phys

H{q,e} . (3.18)

The physical configurations {q, e} are named flux-tube configurations.
In summary, we have derived a decomposition of the physical-state space

Hphys into sectors H{q,e} of flux-tube configurations {q, e} with an Abelian
concept of center charges and center-electric fluxes fulfilling a local Z3-Gauss
law. Quarks and antiquarks are sources of center charge and the gauge vari-
ables are sources of center-electric flux. The mesonic state (3.8) can be used as
an illustrative example. In Figure 3.2, we show an illustration of a mesonic
state |yi with a self-intersecting path of gauge variables. The quark at the
site i gives Q̂z

i |yi = z |yi which corresponds to a center charge qi = 1. The
antiquark gives Q̂z

j |yi = z† |yi which corresponds to a center charge qj = 2.
Each of the gauge variables Uhx,yi along the product Uhi,i1i . . . Uhin ,ji defines

38

• mesonic state:

creation operator center charge / flux configuration
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<latexit sha1_base64="Y/St9bD56kevky4cMQ4SVHQuqtA="></latexit>

P̂i(q) =
1

3

X

z2Z3

z�q Q̂z
i

<latexit sha1_base64="BnWEKiqxz8arB9p2UO6KN1mOOGM="></latexit>

P̂hi,ji(e) =
1

3

X

z2Z3

z�e Êz
hi,ji

• project onto these sectors:

• use Z3 Gauss law:

to implement charges via fluxes

<latexit sha1_base64="h+wdz2miRWFciKM8zYKaOZ5IXx0="></latexit> Y

i2V

Q̂z
i

| {z }
=Q̂z

V

| i =
Y

hi,ji2S⇤

Êz
hj,ii

| {z }
=��̂z

S=@V

| i

Mack, PLB 78 (1978) 263
Kijowski & Rudolph, J. Math. Phys. 43 (2002) 1796; ibid. 46 (2005) 032303

<latexit sha1_base64="PiKw9EdOSYjLv4CJyz5OzhXLvqQ="></latexit>

P̂S(e) =
1

3

X

z2Z3

z�e�̂z
S

• define projection operator
flux e through

<latexit sha1_base64="hXC9ZemDU6QUqamvQx9+WMuwZD8="></latexit>S = @V
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• partition function:
Borgs & Seiler, Com. Math. Phys. 91 (1983) 329
Lüscher, Com. Math. Phys. 54 (1977) 283

Mitrjushkin, NPB (PS) 119 (2003) 326
Palumbo, NPB 645 (2002) 309

<latexit sha1_base64="OjHaG2+buteyJPKU909CCTIU8WI="></latexit>

Z(�, µ) = Tr
⇣
e�µN̂q T̂N4 P̂0

⌘

• transfer operator:
<latexit sha1_base64="EZ+OX7caLJLoIUQJQtkCymOote0="></latexit>

T̂
�
f(U)⌦ | F i

�
=

Z
DU 0 K(U,U 0)

�
f(U 0)⌦ | F i

�

• with kernel:
<latexit sha1_base64="srIDNm0vScSKS1MuVSAErEyMzeg="></latexit>

K(U,U 0) = T †
F (U)T †

G(U)S(U,U 0)TG(U
0)TF (U

0) symmetric, Lüscher
<latexit sha1_base64="xXsChQ01E70rqPQsMQ3N1I2lJwU="></latexit>

K(U,U 0) = S(U,U 0)T †
G(U

0)TG(U
0)T̃F (U

0) asymmetric, Milad

same PI representation of partition function
hermitian (Wilson fermion) Hamiltonian in time-continuum limit

<latexit sha1_base64="6bJ+Lv3LADyRM1D8pvV8ETw3Txw="></latexit>

P̂0 | i =
Z

Dh %̂(h) | i

project on gauge-invariant states 
(with Gauss’ law)
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• apply center-flux operator:

<latexit sha1_base64="8Ay/7soSacrZlRgmtto7Sv/5Aw0="></latexit>�
Êz

hi,jiK
�
(U,U 0) = S(Uz, U 0)T †

G(U
0)TG(U

0)T̃F (U
0)

only acts on spatial link variables here,

<latexit sha1_base64="TDrquM/tUcSHTv6l3U0tFmqFYiM="></latexit>

{
<latexit sha1_base64="QRT4U+K5XmF77liVTkCnSV7dvtQ="></latexit>

{. . . , z⇤Uhi,ji, . . . }
<latexit sha1_base64="0TEqlvdkTMSF5iiLXjbfmYcW8rQ="></latexit>

{. . . , Uhj,iiz, . . . }
<latexit sha1_base64="kwYbY+25PDQe/k6CF8PB1SV9yQg="></latexit>

Uz =

• EVs of center-flux configurations:
<latexit sha1_base64="0TTL4HMxEDmqoM1BFubY3AZkElk="></latexit>D Y

hi,ji2S⇤

Êz
hi,ji

E
=

<latexit sha1_base64="ZQql2heTHSXM8zM95/iiuvuBblQ="></latexit>

1

Z
Tr

✓h Y

hi,ji2S⇤

Êz
hi,ji

i
e�µN̂q T̂N4 P̂0

◆

Chapter 4. Quark numbers in QCD

hi, ji hi, jit = 0

z z�1

t

Figure 4.1: Illustration of a single twist which occurs in the action SG(z, U).
The link hi, ji is embedded in the zeroth Euclidean time layer. The timelike
plaquette between the zeroth and first layer of time which contains the link
hi, ji or hj, ii is twisted with the center element z�1 or z.

(3.49). The fermionic action SF(U, y, y) turns out to be the Hasenfratz-Karsch
action (2.4), and the gauge action SG(z, U) is given by

SG(z, U) =
2
g2

0
Â

x,µ<n
ReTr

�
zhi,ji(px,µn)U∂px,µn

�
. (4.1)

The function zhi,ji(px,µn) is defined as

zhi,ji(p(i,t),µn) =

8
><

>:

z�1, t = 0, n = 4, µ = k, hi, ji = hi, i + k̂i
z, t = 0, n = 4, µ = k, hj, ii = hi, i + k̂i
1, else

.

What does zhi,ji(p(i,t),µn) cause? It multiplies exactly one timelike plaquette,
which lies between the zeroth and first layer of Euclidean time, with either
the center element z or z�1 depending on the orientation of hi, ji. If the link
hi, ji (hj, ii) embedded in the zeroth layer of time is part of the boundary ∂px,µn

of the plaquette px,µn, then the plaquette variable U∂px,nµ
is multiplied with

z�1 (z): U∂px,µn
! z�1U∂px,nµ

(U∂px,µn
! zU∂px,µn

). Multiplying plaquettes with
center elements in this way is exactly what is meant by twisting a plaquette.
The procedure is illustrated in Figure 4.1 for (2 + 1)-dimensions.

Of course, similar to [77], we can also think of more general expectation
values *

’
hi,ji2G

Êz
hi,ji

+
=

1
Z

tr
✓

’
hi,ji2G

Êz
hi,ji

�
ebµN̂e�bĤ P̂0

◆
, (4.2)

where G is some set of links on the spatial lattice, and z 2 Z3. The reason to
consider these kind of expectation values is that we can define topological
objects called vortices (monopoles) in two spatial dimensions and vortex lines
(’t Hooft loops) in three spatial dimensions [22, 51, 109, 111–125]. These objects
are boundaries ∂G⇤ of lines and surfaces G⇤ dual to G [51, 111, 112]. The
physical significance of vortices is only given in the absence of dynamical
fermions because then the expectation value does not depend anymore on the
exact choice of G, but it only depends on the boundary ∂G⇤ [109, 111–113, 116]:

F(∂G⇤, k) =

*

’
hi,ji2G

Êuk

hi,ji

+

66

<latexit sha1_base64="gEqMuHBdJwMBjlBWpKV1NBlxQXQ="></latexit>

=

Z
D[. . .] e�Sz

G(U,{z}) e�SF ( , ,U,µ)

flip all temporal plaquettes 

with spatial link in
<latexit sha1_base64="PEBnlFS62OKPP1OhUAGZY7AALUk="></latexit>

S⇤

single plaquette flip for

<latexit sha1_base64="8kPhaAeLUonvjfsfQQtrOPZEQUM="></latexit>

hi, ji

<latexit sha1_base64="2rqwwON/+yq2VLumHteLppzRvr8="></latexit>⌦
Êz

hi,ji
↵

:  forward backward link

<latexit sha1_base64="utsRyR4xp9tiIDBfThaFVVjDLgo="></latexit>

Up ! z⇤ Up
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• pure gauge theory
remove with variable transform

⌧

V

V

• heavy-dense limit of QCD
static fermion determinant

<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = @V

S
hv

,v
+
⌫̂i

VV V

S h
u
,u

�
⌫̂
i

interfaces

• Z3-Fourier transform over 
  closed center vortex sheets

fix electric flux through or net quark number mod. 3 inside
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• with arbitrary spatial hops V V V V

⌧

quark

anti-quark

(anti-)quarks/diquarks can hop in and out of V

<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

N⌧

• introduce between all time slices

⌧

V

e+
2⇡
3 i

e�
2⇡
3 i

closed center-vortex sheets

• Z3-Fourier transforms
<latexit sha1_base64="tagnEXCz1fvC3ao1VsSGgdQB4OA="></latexit>

N⌧ closed center-vortex sheetsover

➞ selective static membrane at 
<latexit sha1_base64="jXPxeWXF87m6Z3+r61qojU4I9A8="></latexit>

S = @V

(only hadrons can pass)
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• fix charge in V
<latexit sha1_base64="enJ+j23VEjk78nq/CjHVpnQkDnI="></latexit>

Z(qV mod3 = e) =
1

3N⌧

X

{z⌧2Z3}

"
N⌧Y

⌧=1

z�e
⌧

#
Z({z⌧})

<latexit sha1_base64="baDP++3/dGJyRtG9u0g+O9qy5TE="></latexit>

Z({z⌧}) =
Z

D[. . .] e�SG({z⌧},U)�SF (U, , )

with

15

⌧

V

e+
2⇡
3 i

e�
2⇡
3 i

FIG. 12. Exemplary illustration of a twist configuration in
the plaquette action SG({z⌧}, U) in 2 + 1 dimensions with ⌧
indicating the direction of Euclidean time (white plaquettes
represent cases with z⌧ = 1).

As compared to the heavy-dense limit in the previous sub-
section, the important extension here is that the temporal
plaquettes with spatial edges in S

⇤ get twisted between all
time slices as illustrated for 2+1 dimensions in Figure 12.

If we consider only static quarks again, i.e. ignore spatial
hopping, then the total flux of net charge through S

always vanishes, we have �S,⌧ = 0 and hence �4qV,⌧ = 0
in Eq. (39). In this case, it is therefore su�cient to fix
the quark number qV in V in any one layer between
Euclidean time slices. The other constraints are then
fulfilled automatically, and the general construction of this
subsection then simply boils down to Equation (33) used
for the static fermion action of the previous subsection.

In summary, to fix the net quark number in a finite
volume V to some value qV = e (mod 3), we have to
restrict the dynamics such that only multiples of three
quarks and anti-quarks can enter and leave the volume at
any time. To achieve this, it is not enough to insert twists
in only a single layer between subsequent time slices, as
in the construction of ’t Hooft’s electric flux ensembles
in the pure gauge theory. The necessary generalization is
surprisingly simple, however. We just have to twist the
temporal plaquettes with spatial edge in S

⇤ (i.e. dual to
S = @V in three dimensions) between all time slices in
the gauge action. In particular, the fermion determinant
remains unchanged, and standard Hybrid-Monte-Carlo
simulation techniques in combination with the snake algo-
rithm developed for the ’t Hooft loops in the pure gauge
theory [28], although expensive, should be possible at least
in principle. The Z3-Fourier transforms in all time slices
of the twisted plaquette actions illustrated in Figure 12,
over all possible {z⌧} configurations (corresponding to
3L4 di↵erent combinations of closed center vortex sheets),
then introduce the selectively permeable static membrane
to block quarks but not hadrons from fluctuating in and
out of V as described in the introduction to this section.

V. TRANSFER-MATRIX CONSTRUCTION

The transfer-matrix formulation of Lattice QCD [6, 29–
33] is based on the maximal temporal gauge, in which all
temporal lattice links are unity except for those between
one single layer of subsequent Euclidean time slices which
determines the Polyakov loops. A Hilbert space H is then
defined as a tensor product of square integrable functions
L
2(SU(3)) on SU(3) for every spatial link variable Uhi,i+k̂i

on the lattice, with the Fock space generated by fermionic
creation and annihilation operators,

(⇠̂�q )
†
i,a

, (⇠̂�q )i,a and (⇠̂�q )
†
i,a

, (⇠̂�q )i,a

for quarks and anti-quarks with spin � = {", #} and color
a on spatial lattice site i. Combining their di↵erent labels
in multi-indices, a state | i 2 H can be decomposed into

| i =
X

n

X

i1,...,in

fi1,...,in(U) ⇠̂†
i1
. . . ⇠̂

†
in
|0i ,

with complex-valued functions fi1,...,in(U) on the set of
spatial gauge configurations U = {Uhi,i+k̂i}.

The residual gauge invariance consists of time-indepen-
dent transformations %̂(⌦), with ⌦i 2 SU(3) which act on
tensor fields f(U) and Grassmann generators as follows,

(%̂(⌦)f)(U) = f({. . . ,⌦†
i
Uhi,i+k̂i⌦i+k̂

, . . .}) ,

%̂(⌦)(⇠̂�q )i,a%̂
†(⌦) = (⌦†

i
)ab(⇠̂�q )i,b ,

%̂(⌦)(⇠̂�q )i,a%̂
†(⌦) = (⇠̂�q )i,b(⌦i)

ba
,

where contracted indices are summed. We denote with
Hphys ✓ H the subspace of all gauge-invariant and hence
physical states: %̂(⌦) | i = | i for all gauge transfor-
mations ⌦ and | i 2 Hphys. An intuitive example of a
physical state is a quark-anti-quark pair connected by a
line of gauge fields [34]:

| i = (⇠̂�q )
†
i

⇥
Uhi,i1i . . . Uhin,ji

⇤
(⇠̂�q )

†
j
|0i .

To project onto the subspace of gauge-invariant and phys-
ical states, one defines a projection operator P̂0 via

P̂0 | i =
Z

D⌦ %̂(⌦) | i . (43)

When the transfer operator T̂ maps physical states onto
physical states, it commutes with P̂0, and

Z = tr
⇣
e�µN̂ T̂

L4 P̂0

⌘
(44)

defines the Lattice QCD partition function with chemical
potential µ, total net quark number operator N̂ , and of
extend L4 in the discrete Euclidean time direction.

The transfer operator T̂ is commonly expressed in terms
of a gauge-field integral with kernel K(U,U 0) deduced

<latexit sha1_base64="jhtE4/lyCnl6GojeBWtdNAJqFDQ="></latexit>

SG({z⌧}, U) = � 2

g2

X

p

ReTr
�
z(p)Up

�

<latexit sha1_base64="NDRaLiUxhLjDBkVbpHB0nABzLL0="></latexit>

z(p(i,⌧),µ⌫) =

8
><

>:

z⌧ , ⌫ = 4, µ = k, hi, i+ k̂i 2 S⇤

z�1
⌧ , ⌫ = 4, µ = k, hi+ k̂, ii 2 S⇤

1, otherwise

only in gauge action 

V

V

• twisted plaquette action

total charge (net quark number) 
modulo 3 in sub-volume V, write <latexit sha1_base64="/yr+K//fFFlHtqUwAee2ejoOFrI="></latexit>qV =3 e

Ghanbarpour, LvS, PRD 106 (2022) 054513
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• effective Polyakov-loop theory  

<latexit sha1_base64="aWzEPBfIoA4bewyCYOf9yUhlZdo="></latexit>

Ze↵ =

Z ⇣Y

i

dLi J(Li)Q(Li)
⌘ Y

hi,ji

�
1 + 2�ReLiL

⇤
j

�

(1 flavor Wilson)

Fromm, Langelage, Lottini, Philipsen, JHEP 01 (2012) 042 
Langelage, Neuman, Philipsen, JHEP 09 (2014) 131

leading order hopping expansion
static fermion determinat ↝ site factors

<latexit sha1_base64="NlrYZPzHfgcJBS7FrV0B3oKZ6/g="></latexit>

Q(L) =
�
1 + hL+ h2L⇤ + h3

�2�
1 + h̄L⇤ + h̄2L+ h̄3

�2

<latexit sha1_base64="GWyoOc2+K2badD5fZDTQPZM4bR4="></latexit>

h(µ) = e(µ�m)/T

<latexit sha1_base64="QmhgNYfD74LTAPLzTGOmOFS5ZtE="></latexit>

h̄(µ) = h(�µ)

where Pietri, Feo, Seiler, Stamatescu, PRD 76 (2007) 114501
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• for QCD at strong coupling
with static fermion determinant

from global Z3 symmetry
• Roberge-Weiss symmetric

<latexit sha1_base64="lW6EBBQUAcFBQ+CBxmjwL8k9x5M="></latexit>

Ze↵(T, µ = i✓T ) ⌘ ZI
e↵(✓) = ZI

e↵(✓ + 2⇡/3)

<latexit sha1_base64="QGSzZ/jSzob1K1MXKc6T1Jxr5rI="></latexit>

Ze↵ =
1

3Ns

X

{zi2Z3}

Y

hi,ji

�
1 + 2�Re ziz

⇤
j

�
⇥

⇣Y

i

�
1 + hzi + h2z⇤i + h3

�2 �
1 + h̄z⇤i + h̄2zi + h̄3

�2⌘

<latexit sha1_base64="Ukr5BjT8OS/fC5yUMqib2L/b3LU="></latexit>

=N
X

{zi2Z3}

exp
nX

hi,ji
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• flux-tube model representation (dual)
<latexit sha1_base64="uaB9aAIXjfpUEkwmW5StUGsDGWE="></latexit>

Ze↵(T, µ) =
X

{n,l}phys

exp
n
� �

⇣
H(n, l)� µ

X

i

qi

⌘o

analogous to:

Patel, NPB 243 (1984) 411
Bernard, DeGrand, DeTar, Gottlieb, Krasnitz, 
Sugar, Toussain, PRD 49 (1994) 6051
Condella & DeTar, PRD 61(2000) 074023

<latexit sha1_base64="8M2Q/zFGB+vieFuA/ddWuwu5Vww="></latexit>

lhi,ji 2 {�1, 0, 1}fluxes represented by link variables:

<latexit sha1_base64="F7DRJiYxHXQfZliYuOlgH748lU4="></latexit>

H(n, l) =
X

hi,ji

�|lhi,ji|+
X

i,s

m(ni,s + n̄i,s)

here with:
string tension

<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
<latexit sha1_base64="O0YnmWBFHva1yXzU80UMmlMGOXc="></latexit>

= qi mod 3

(anti-)quark occupation numbers:
<latexit sha1_base64="g11awKR2OQi97jf5RWpFyGW+DLU="></latexit>

ni,s 2 {0, . . . , 3} and n̄i,s 2 {0, . . . , 3} spin s = {↑,↓}

net-quark number modulo 3
<latexit sha1_base64="7v/4Su315Zc6dNrMx44rzhubvsk="></latexit>

�i

<latexit sha1_base64="XvGTQo+Dd60RgpGBzarF8AL9Ozo="></latexit>| {z }
flux from volume 
around site i

• Z3-Gauss’ law: <latexit sha1_base64="y91ShgwqA4pS4GhOaCJi/w9YSaQ="></latexit>X

j⇠i

lhi,ji �
X

s

(ni,s � n̄i,s) = 0 mod 3
(Poisson equation)

Ghanbarpour, LvS, PRD 106 (2022) 054513
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• Z3-Fourier transform

Z3-flux ensembles Z3-interface ensembles

<latexit sha1_base64="2lSO/EPzl3EOld0pVCvFiR8WkSQ="></latexit>
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• interface ensembles <latexit sha1_base64="rEjD5WD3L4VTHG3x19S2XXb2KeE="></latexit>
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8

(a) µ/m = 0 (mesonic) (b) µ/m = 0.5 (baryonic) (c) µ/m = 1.5 (saturation)

FIG. 5. Net quark number hqii at a site i of a chain with L = 20 in the ensemble Z(qV =3 1) with �a/m = 0.3. The plots show
the net quark number depending on the temperature T/m. The color coding represents the value of hqii.

numerical errors from the long chains of matrix multipli-
cations for large L in the transfer matrix approach.2

As an overview we first consider the unrestricted parti-
tion function Ze↵ and the ensemble Z(qV =3 1) with one
unit of electric center flux through S for L = 6 from the
analytic calculation. The corresponding total net quark
numbers hqi as functions of the chemical potential µ are
compared in Figure 4, with �a/m = 0.3 and T/m = 0.1.

The maximum site-occupation number of the spin-1/2
fermions in the one-flavor theory with three colors is
2Nc = 6. The unrestricted net quark number from Ze↵

(blue) therefore shows the well-known transition of heavy-
dense QCD at µ = ±m, which the tends towards a step-
function for T ⌧ m. With increasing positive µ it changes
in one step from hqi = 0 for the empty lattice, across half
filling at µ = m, here with hqi = NcL = 18, to the fully
occupied sate at saturation, here with hqi = 2NcL = 36.
Neither of these three states contain any fluxes and their
energies are thus independent of �a.
With one unit of electric center flux forced through S

in Z(qV =3 1) (red) this situation changes in two notable
ways: The total net quark number zero configuration is
favored only for |µ| < m/3. But even there the lattice
cannot be empty because we need at least one elementary
flux l = 1 at either side of V to generate the required flux
in S

⇤. In this case, the states that minimize � = H � µq

are made of exactly one quark-anti-quark pair where the
quark sits inside V , either at site i = 0 or at site L/2� 1,
and is connected to an anti-quark at the adjacent site in
V (at i = L� 1 or L/2), cf. Figure 5 (a).

At µ = ±m/3 baryonic or anti-baryonic plateaus occur
which extend over the respective µ intervals (m/3,m)
or (�m,�m/3). The baryonic states that minimize �
consist of one quark in V and a diquark at the adjacent
site in V . For T ⌧ �a, the two are again connected by
exactly one elementary flux, and the resulting baryon is
therefore localized at either side of the boundary between
V and V . The energy di↵erence between the mesonic (qq,

2 Both, the analytic and the transfer matrix computations of this
subsection were done with Wolfram Mathematica.®

favored for |µ| < m/3) and the baryonic states (qqq, for
m/3 < µ < m) is just �(qqq) � �(qq) = m � 3µ and
vanishes at the transition. For m/3 < µ < m the baryonic
state therefore minimizes � and a new plateau forms. For
µ > m quark-anti-quark pairs fill up the lattice until
one baryonic hole is left to accommodate the required
flux. Saturation can therefore not quite be reached with
qV =3 1, but the maximum occupation number here
occurs at hqi = 2NcL�3 = 33. The analogous arguments
apply for the anti-baryonic states at µ < 0.

To further illustrate these localized states in the elec-
tric flux ensemble and their temperature dependence, we
consider the corresponding local densities in form of the
site-dependent net quark number hqii on a somewhat
larger chain of length L = 20 (again with �a/m = 0.3).
The interface S

⇤ consists of the two links that start at
sites i = 0 (backward) and i = L/2 � 1 = 9 (forward),
respectively. Density plots of the net quark numbers hqii
over site i and temperature T/m are shown in Figure 5
for three representative values of the chemical potential.
These are µ = 0 for the mesonic regime in (a), µ/m = 0.5
for the baryonic ground state in (b), and µ/m = 1.5 for
the maximally occupied ground state in (c). All figures
indicate the formation of states that get localized close
the surface S as the temperature is lowered.

At µ/m = 0 in Fig. 5 (a) they consist of one meson at
either of the two links in S

⇤. Both possibilities are equally
likely and the average quark numbers therefore approach
hqii = 0.5 at the inside boundary of S in V (at site i = 0
or i = L/2�1 = 9) and hqii = �0.5 at the outside in V (at
i = L/2 = 10 or i = L� 1 = 19) in the low temperature
limit, where all other site-occupation numbers approach
zero. Increasing the temperature to T ⇠ �a, longer flux
strings are possible and the quark-anti-quark pairs can
extend further into the bulk before these localized mesonic
states dissolve in thermal quark-anti-quark excitations as
temperature is further increased.

For µ/m = 0.5 in Fig. 5 (b) we analogously observe
that the net quark numbers tend to hqii = 0.5 at the
inside boundary of S in V and hqii = 1 at the outside
in V in the low temperature limit, corresponding to the
two possibilities of having a quark inside and a diquark

<latexit sha1_base64="9iQ1xqYOpSAkFx5f/O2hlG/sgOw="></latexit>

L = 20 , �a/m = 0.3

• net quark number density
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Chapter 5. Percolation in QCD
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Figure 5.1: Spanning probability R1(p, N) for bond percolation in two di-
mensions on a N ⇥ N square lattice. The black line indicates the percolation
threshold pc = 0.5 which is analytically known [145].

(a) p = 0.4 (b) p = pc = 0.5 (c) p = 0.6

Figure 5.2: Illustration of bond configurations {b} randomly generated with
different probabilities p on a N = 64 lattice. The blue lines indicate a spanning
cluster connecting the left and right side of the lattice.

A percolation transition also exists in three dimensions – the case that we
are most interested in. However, the percolation threshold pc = 0.24881182(10)
and the critical exponent n�1 = 1.1410(15) are different [151].

Other kinds of spanning probabilities can be defined in general. For exam-
ple, we could consider the probability R0(p, N) of observing a spanning cluster
which percolates in only one direction, or we could also define the probability
R2(p, N) of observing a spanning cluster which spans in all directions [147,
152]. Later on, we will also consider the probability R(p, N) of observing a
spanning cluster which percolates in at least one direction. Different notions
of the spanning probability influence the universal scaling function F but the
general behavior of the spanning probability remains the same – the formation
of a step function at the percolation transition pc.

102

• place bonds randomly:

<latexit sha1_base64="OWIe8dLpDl/l9UUnDLI19EhlGpE="></latexit>

⌫ = 4/3
<latexit sha1_base64="tf8iOP7OxMyyDeKbL/G1+FcCoNo="></latexit>

pc = 1/2
in two dimensions

in three dimensions
<latexit sha1_base64="Wp46QWhGYNrBpRJs4EsFE57SkOQ="></latexit>

pc = 0.24881182(10)
<latexit sha1_base64="wi7+TBLtreyGyv0+0ma41X04HNY="></latexit>

⌫�1 = 1.1410(15)

Wang, Zhou, Zang et al., PRE 87 (2013) 052107

• find spanning cluster:

<latexit sha1_base64="cs90NAxUfdE2Vec2/welP6id6Jw="></latexit>

R1(p,N) = �
�
A (p� pc)N

1/⌫
�

with probability
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Figure 5.1: Spanning probability R1(p, N) for bond percolation in two di-
mensions on a N ⇥ N square lattice. The black line indicates the percolation
threshold pc = 0.5 which is analytically known [145].

(a) p = 0.4 (b) p = pc = 0.5 (c) p = 0.6

Figure 5.2: Illustration of bond configurations {b} randomly generated with
different probabilities p on a N = 64 lattice. The blue lines indicate a spanning
cluster connecting the left and right side of the lattice.

A percolation transition also exists in three dimensions – the case that we
are most interested in. However, the percolation threshold pc = 0.24881182(10)
and the critical exponent n�1 = 1.1410(15) are different [151].

Other kinds of spanning probabilities can be defined in general. For exam-
ple, we could consider the probability R0(p, N) of observing a spanning cluster
which percolates in only one direction, or we could also define the probability
R2(p, N) of observing a spanning cluster which spans in all directions [147,
152]. Later on, we will also consider the probability R(p, N) of observing a
spanning cluster which percolates in at least one direction. Different notions
of the spanning probability influence the universal scaling function F but the
general behavior of the spanning probability remains the same – the formation
of a step function at the percolation transition pc.

102

spanning probability
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• expectation value:
electric center-flux through link
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• probability:
of obtaining value
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• bond probability:
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• strong-coupling limit:
<latexit sha1_base64="zJp7qqmSY/OgenOTMXTe8o6/pT8="></latexit>

pb ! 0

• at weak coupling, high T:
<latexit sha1_base64="FK6ZcULWhsdxVJIBP8V/uJwPbBI="></latexit>

pb !
Nc � 1

Nc

<latexit sha1_base64="JDY3SjBrg/CyDDlUsFM8dw0GbPA="></latexit>

=

8
><

>:

1/2 , Nc = 2

2/3 , Nc = 3

1 , Nc ! 1

, never have percolation, confinement
<latexit sha1_base64="0bKkrt0R4TdvZcz9GcI4IuXJjBw="></latexit>

< pc

<latexit sha1_base64="CJtXRAOgL+Eg20VPoUOfLibZFMc="></latexit>pcasymptotically larger than
in all cases, percolating electric fluxes
deconfinement
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• spanning probability:
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• q-state Potts, Boltzmann factor:

site-bond representation Edwards & Sokal, PRD 38 (1988) 2009

• place bond:
<latexit sha1_base64="7P0Wi1Wx/FDtf4lMcQ1/HeLPbvI="></latexit>

bhi,ji 2 {0,1} with probability 1� e�K

<latexit sha1_base64="SyrobhjABTViyVeu7oW6kY4uib0="></latexit>

between like nearest-neighbor spins si 2 {0,1, . . . q � 1}

• infinite external field:
<latexit sha1_base64="V3+CkMAPS591/5oQ5fLBkPNRvHQ="></latexit>

with bond probability p = 1� e�K , K = J/T controlled by temperature
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h ! 1    bond percolation

• vanishing external field:
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h ! 0,
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if p = pc at T = Tb > Tc    bond percolation in ordered phase below Tc
<latexit sha1_base64="GcpKwj8NYLZ3LEi64vGFU0n3z6s="></latexit>

lose at Curie temperature Tc
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• q-state Potts, 2 dimensions: Blanchard, Gandolfo, Laanait, Ruiz, 
Satz, J. Phys. A 41 (2008) 085001

find that the mean energy is discontinuous 5. When h ≥ hc, only a geometric
transition occurs and the scenario is the same as for q ≤ 4. Thus our numerics
show that the geometric and thermodynamic transitions coincide up to hc,
similarly to what we got analytically but only at (very) small field (and large
q), see Fig. 3.

Let us mention that the numerics are in accordance with the theory for
vanishing and infinite fields: βc(0) = ln(1 +

√
q) and βc(∞) = ln 2.

 0.5

 0.7

 0.9

 1.1

 1.3

 1.5

 0  1  2  3  4  5

h

β

q = 10

5

4

2

Figure 3: βc(h) for several values of q, with “first order” behavior in red,
“second order” in blue. The first order behavior is both thermodynamic and
geometric. The second order behavior is only geometric.

The system size in these calculations was L = 50, d = 2. The “first
order” part of the transition lines has been determined via Binder cumulants
[2]. The Hoshen-Kopelman algorithm [8] was used to study cluster statistics.
For each value of q, more than 2× 105 iterations were performed. Data have
been binned in order to control errors in measurements.

5The Swendsen-Wang algorithm allows to compute both associated order parameters
(mass-gap and mean energy).

9
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second order
Kertész line
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�b = 1/Tb = ln 2
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(pc = 1/2)
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• simulate with worm algorithm
Prokof’ev & Svistunov, PRL 87 (2001) 160601
Korzec & Vierhaus, 2011, CPC 182 (2011) 1477

Rindlisbacher, Akerlund, de Forcrand, NPB (2016) 542
Delgado, Evertz, Gattringer, CPC 183 (2012) 1920

• measure with fully-dynamic connectivity algorithm

Holm, Lichtenberg, Thorup, J. ACM 48 (2001) 723 
Alexandru, Bergner, Schaich, Wenger, PRD 97 (2018) 114503

• spanning probability:
<latexit sha1_base64="3zBRcC+qRTFIzHIVKAEgdl/Msek="></latexit>
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set of percolating configs R:
<latexit sha1_base64="RXZUnlSXkQ9/pT7PTuJAr6Ab+uE="></latexit>

contain at least one cluster of bond configurations
spanning the entire volume in at least one direction
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• infinitely heavy quarks
Z3-Potts (1st order transition)

0

0.2

0.4

0.6

0.8

1

1.615 1.62 1.625 1.63 1.635 1.64

2�c = 0.36708(2) (Potts)

R
(�

�
a,
L
)

��a

L = 8
L = 10
L = 16
L = 20
L = 24
L = 32
L = 40

<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m ! 1, µ = 0
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• infinitely heavy quarks
Z3-Potts (1st order transition)

<latexit sha1_base64="/Kfo66AWjNiSzg5jY6VO7439Qho="></latexit>

m ! 1, µ = 0

0

0.2

0.4

0.6

0.8

1

�150 �100 �50 0 50 100 150 200

R
(�

�
a,
L
)

(��a� (��a)Potts) · L3

L = 8
L = 10
L = 16
L = 20
L = 24
L = 32
L = 40

<latexit sha1_base64="xLl2K6H/lbajhQv3eTxzuiLkC34="></latexit>

⌫�1 = 3
<latexit sha1_base64="EHuv9f2hxxbfo94sKKhGqz3zAy0="></latexit>

1st order FSS
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• massless limit
bond percolation (2nd order)
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m = 0, µ = 0

<latexit sha1_base64="ZvQL+kObwV378pz1pfVlo71BSXk="></latexit>

solid lines:
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• massless limit
bond percolation (2nd order)
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• fairly light quarks
smooth Z3-Potts crossover
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• fairly light quarks
smooth Z3-Potts crossover
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• medium heavy quarks
still in Z3-Potts crossover region
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• medium heavy quarks
still in Z3-Potts crossover region
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from FTs over stacks of closed center vortex sheets 

• Quarks and triality in a finite volume

V

V

• Proof in two ways:

1.  dualization of quark action
Gattringer & Marchis, NPB 916 (2017) 627
Marchis & Gattringer, PRD 97 (2018) 034508

2.  transfer matrix approach
Borgs & Seiler, Com. Math. Phys. 91 (1983) 329Lüscher, Com. Math. Phys. 54 (1977) 283,

Mitrjushkin, NPB (PS) 119 (2003) 326Palumbo, NPB 645 (2002) 309,

• Illustration: heavy-dense QCD
effective theory dual to flux-tube model

[see Ghanbarpour & LvS, PRD 106 (2022) 054513]
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• Percolation of electric fluxes in effective theory

geometric deconfinement phase transition 
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h

Potts model

at strong coupling with static fermion determinant

• Percolation of electric fluxes in QCD

expect: geometric deconfinement phase transition

have: gauge invariant definition of fluxes 
           and spanning probability

Thank you for your attention!
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