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Hadronic matrix elements - LQCD lectures 
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https://www.cambridge.org/core/books/gauge-theory-of-weak-decays/BEDC617B1F3651D3B04F6992D80E7179


Flavor physics in the SM



Flavor universality: gauge interactions

• The SM matter content appears in 3 generations 

Qk
L ∼ (3,2)1/6

Lk
L ∼ (1,2)−1/2

uk
R ∼ (3,1)2/3 dk

R ∼ (3,1)−1/3

ek
R ∼ (1,1)−1

Family-independent quantum numbers

ℒgauge ⊂ ψ̄k (i∂μ + gXA
μ tA

k ) γμψk k = 1,2 or 3

The gauge interactions in the SM are flavor universal 

 has a global accidental  flavor symmetryℒgauge U(3)5



• Diagonalization: Linear & unitary field redefinitions commuting with U(1)EM

• Mass generation in the SM: SU(2)L × U(1)Y
SSB U(1)EM

ℒyukawa = ykl
u Q̄k

LH̃ul
R + ykl

d Q̄k
LHdl

R + ykl
e L̄k

LHel
R + h . c .

Matrices with  complex parameters  N2

ℒmasses = mkl
u ūk

Lul
R + mkl

d d̄k
Ldl

R + mkl
e ēk

Lel
R + h . c .

mkl
f = vew ykl

f

fL → Lf fL

fR → Rf fR

Flavor breaking: Yukawa interactions

mu → L†
umuRu = diag (mu, mc, mt)

md → L†
d mdRd = diag (md, ms, mb)

me → L†
e meRe = diag (me, mμ, mτ)

9 real parameters Unitary matrix 



Flavor violation in the charged currents (CC) 

• Missalignment between gauge and up and down quark mass matrices  

ℒgauge ⊃ gψ̄k
L (T+W+

μ + T−W−
μ ) γμψk

L = g (ūk
Lγμdk

L + ν̄k
Lγμek

L) W+
μ + h . c .

Qk
L = (uk

L, dk
L)T Lk

L = (νk
L, ek

L)T

• The  Cabibbo-Kobayashi-Maskawa mixing matrix

ℒCC = g (VCKM)kl
ūk

Lγμdl
LW+

μ +gν̄k
Lγμek

LW+
μ +h . c .

VCKM =
Vud Vus Vub

Vcd Vcs Vcb

Vtd Vts Vtb

Flavor violation occurs because we cannot diagonalize simultaneously the gauge and yukawa interactions 

Neutrinos in the SM are massless and flavor mixing can be rotated away 



1.  is a unitary matrix (it is the product of 2 unitary matrices) 

2. Physics invariant w.r.t.  rephasings of the quark fields 

          

The minimum number of generations needed to generate CP violation is 3! 

VCKM

(2N − 1)
uk

L → eiαk uk
L dk

L → eiβk dk
L

Parameter counting in the CKM matrix

The  dimensional CKM matrix contains ... 

            

:                                      

Nth

#′￼angles = N(N − 1)/2 #′￼phases = (N − 1)(N − 2)/2

N = 3 #′￼angles = 3 #′￼phases = 1

 unitary matrix parametrized by  real numbers 

           

N × N N2

#angles = N(N − 1)/2 #phases = N(N + 1)/2



• Symmetry argument for parameter counting  

1.  in the SM invariant w.r.t.   18 generators  

2.  breaks   3 unbroken generators 

3. We can use broken generators to rotate away unphysical parameters in  

5. For quarks:    10 physical parameters (6 masses, 3 angles, 1 phase) 

• Spurions: Pretend yukawa matrices are bifundamentals of the flavor group 

Keep track of flavor violation in the SM and beyond (Minimal flavor violation)  

ℒgauge U(3)L × U(3)e ⇒

ℒyukawa U(3)L × U(3)e → U(1)e × U(1)μ × U(1)τ ⇒

ℒyukawa

U(3)3 → U(1)B ⇒

More about parameter counting and spurions

#physical parameters = #unbroken generators (3 masses for leptons)



A standard parametrization of CKM 

• Phase redefinitions of quarks  Set  ,  ,   and  real 

• The "standard" unitary parametrization (  , )

⇒ Vud Vus Vcb Vtb

sij = sin θij cij = cos θij

VCKM =
c12c13 s12c13 s13e−iδ

−s12c23 − c12s23s13eiδ c12c23 − s12s23s13eiδ s23c13

s12s23 − c12c23s13eiδ −c12s23 − s12c23s13eiδ c23c13

The SM is defined when the 3 CKM angles and its 1 phase are determined experimentally ... 

                       s12 = 0.22650(48) s23 = 0.04053(71) s13 = 0.00361(10) δ = 68.5(2.6)∘

• The quark mixing matrix is hierarchical!



Complex phases and CP violation 

• The SM is a chiral theory  The SM violates parity (P) and charge conjugation (C) 

• However the SM does not necessarily violate CP  

⇒

ℒtoy = yij χ̄iψj S + y*ij ψ̄j χi S†

(CP)ℒtoy(CP)† = yij ψ̄j χi S† + y*ij χ̄iψj S
⇒ ℒtoy = (CP)ℒtoy(CP)† ⟺ y*ij = yij

The SM violates CP if the nontrivial CKM phase is not 0 or  π

• Unambiguous (rephasing invariant) measure of CP violation in the SM:   

Jarlskog invariant 

 J = Im (VijVklV*il V*kj)

In the standard CKM parametrization 

 

All mixing angles must be nonzero for CP violation 

CP violation is in the SM but not explained by the SM

J = c12s12c2
13s13c23s23 sin δ

hermitian conjugate



Wolfenstein parametrization

• Expose the CKM hierarchies explicitly

VCKM =
1 − λ2/2 λ Aλ3(ρ − iη)

−λ 1 − λ2/2 Aλ2

Aλ3(1 − ρ − iη) −Aλ2 1
+ 𝒪(λ4)

Small parameter: Cabibbo angle  

       λ ≡ s12 = 0.22650(48)

• Define ...     

   

 

  ... and expand in !

s23 ≡ A λ2

s13eiδ ≡ Aλ3(ρ+iη)
λ

First 2 families subspace 

                       A = 0.826(12) ρ = 0.152(14) η = 0.357(10)

• The Wolfenstein parametrization is not exactly unitary 

• Mixing first two families is unitary (and independent of 3rd family) up to  𝒪(λ2)



The unitary triangle(s)

Unitary relations 

1. Row(column) unitarity:  

2. Off-diagonal unitarity:   

|Vi1 |2 + |Vi2 |2 + |Vi3 |2 = 1

Vi1V*j1 + Vi2V*j2 + Vi3V*j3 = 0

• 2. is a null sum of complex vectors  Unitarity triangles   

1st and 3rd columns give triangle with all sides of same  

Three (rephasing invariant) angles (directly observable!) 

               

The apex is fixed by a redefinition: 

     

that is rephasing invariant  

⇒
𝒪(λ3)

β = ϕ1 = arg (−
VcdV*cb

VtdV*tb ) α = ϕ2 = arg (−
VtdV*tb
VudV*ub ) γ = ϕ3 = arg (−

VudV*ub

VcdV*cb )

ρ̄ + iη̄ = −
VudV*ub

VcdV*cb

VudV*ub + VcdV*cb + VtdV*tb = 0



Experimental constraints in the unitary triangle
Two collaborations perform updated fits to the CKM parameters

• CKMfitter - frequentist analysis 
ckmfitter.in2p3.fr

• UTfit - bayesian analysis 
www.utfit.org

Includes fits with BSM (EFT) parameters

UT triangle and the Jarslkog invariant 

Geometric interpretation:   

CP violation small in SM because of small mixing:   

AreaUT = J/2
JSM ≈ λ6A2η = 3.00(12) × 10−5

Conservative with uncertainties (Rfit) 

http://ckmfitter.in2p3.fr
http://www.utfit.org


Flavor hierarchies and the (quark) flavor puzzle 
• Flavor transitions • Masses

Flavor puzzle: Origin of patterns and hierarchies in the values of the flavor parameters 
Portal to BSM physics! 
• Horizontal symmetries (Froggatt-Nielsen), extra dimensions (Randall-Sundrum), tree-loop 

hierarchies (Weinberg), clockwork mechanism, etc 
Essential for our existence! - Anthropic principle 
• Stability of matter (up and down quark masses) & stability of vacuum (top-quark mass)  

Origin of CP violation? - Connection to baryogenesis 
• Why 3 families? 



Neutral currents at tree level in the SM: Photon, gluon and Higgs

• QED (photons) and QCD (gluons): Couplings diagonal in flavor space (same charges/reps)

 CKM unitarity:  V† V = 1

• Yukawa interactions (higgs): Couplings aligned with the mass basis

 SSB in the SM:      HT → (0 v + h

2 )

Q̄k
LH (yd)kl dl

R → Q̄k
L (md)kl dl

R (1 +
h

v 2 )

Jμ
EM = e Qq q̄kγμ (1)kl ql → e Qq q̄kγμ (V†

q)kj (Vq)jl ql = Jμ
EM



Neutral currents at tree level in the SM: The Z boson

• Weak charges: Couplings of the Z also diagonal in flavor space

Jμ
Z = −

e
2s2

w
ψ̄k (gψ

V γμ + gψ
A γμγ5) ψk

What is relevant here is that all up-like fermions and all down-like fermions have the same weak isospin  
Before 1970 hadrons were thought composed exclusively of u, d and s quark   

  with CC interactions rotated by  Cabibbo mixing:  

If  is iso-doublet and  isosinglet  There must be tree-level neutral  decays 

PDG (Particle Data Group):  

CC:   

NC:   

2 × 2 Jμ
CC = ū(1 − γ5)(cos θCd + sin θCs)

(u, d)T s ⇒ ΔS = 1

Br(KL → π+e−ν̄) = 40.55(11) %
Br(KL → μ+μ−) = 6.84(11) × 10−9

Flavor changing neutral currents (FCNC) are suppressed! 
There must be a 4th quark (charm)! 

Glashow, Iliopoulos & Maiani (GIM) 1970

gψk
V = T(ψk)

3 −2s2
wQψ gψk

A = T(ψk)
3

http://www.scholarpedia.org/article/Glashow-Iliopoulos-Maiani_mechanism


Flavor-changing neutral currents (FCNC) in the SM

 

The loop function can be Taylor expanded 

 

CKM unitarity!  

 

                                          

Amplitude ≈
e g2

4π2 m2
W

∑
k

V*ckVuk f(m2
k /m2

W)

f(m2
k /m2

W) = a + bm2
k /m2

W + …

Amplitude ≈
e g2

4π2 m2
W (V*csVus

m2
s − m2

d

m2
W

+ V*cbVub
m2

b − m2
d

m2
W )

≈
eg2

4π2 m2
W

λ5y2
b

• The GIM mechanism 
In the SM, FCNCs occur only at 1-loop level!  
In addition, they receive a flavor suppression

Take the  neutral transition ΔC = 1 c → uγ

• The GIM mechanism is a consequence of CKM unitarity at loop level 

• It implies suppression of FCNCs by loop, small yukawas and/or small mixing angles



The role of the top-quark in the FCNCs

• FCNCs in the down-quark sector 
Sensitive to up-quarks  Prominence of top yukawa 

 : Suppression to be revisited

⇒
mW ≲ mt

xi =
m2

i

m2
W

Take now the neutral down quark transition b → sγ

Amplitude ≈
e g2

4π2 m2
W

λ2
⏞
VtbV*ts f( m2

t

m2
W

)

Inami-Lin function(s) 

 

 

 linear in  close to 0 and  for  

  at 

f(x) = −
8x3 + 5x2 − 7x

12(1 − x)3
+

x2(2 − 3x)
2(1 − x)4

log x

≈
7
12

x + 𝒪(x2)

f(x) x 𝒪(1) xt

f(x) → 2/3 x → ∞



The case of the charged leptons

• FCNCs in the charged lepton sector 
 accidental symmetry in the SM    No charged-lepton flavor violation (CLFV) 

Symmetry broken by neutrino masses!

U(1)τ × U(1)μ × U(1)e ⇒

Take now the neutral charged-lepton transition μ → eγ

Amplitude ≈
e g2

4π2 m2
W

∑
i

VμiV*ei

m2
νi

m2
W

In the simplest case with Dirac Neutrinos

• Cosmological bound   

CLFV is suppressed by  compared to quark sector! 
Similar conclusions for Majorana fermions  

∑ mνi
≲ 0.1 eV

≈ 10−22



Flavor physics are sensitive probes of BSM

• Flavor violation is very sensitive to BSM with non-standard gauge or flavor structure 
Searching for FCNCs in experiment could herald the discovery of New Physics 

Null searches are typically expressed as lower-bounds on mass scales of the putative BSM   

Low Energy

High Energy

Flavor physics is mostly low-E endeavour 

Flavor is sensitive to BSM scales orders of 
magnitude higher than direct searches or 
EW precision tests

Flavor NP puzzle: BSM at TeV scales requires non-trivial flavor structure 



Elements of flavor physics phenomenology 



The theorist's tool kit: Effective field theories

• Energies involved in hadron decays   

 Rigorous and systematic expansion in the small parameter  within the Effective Field Theory (EFT) 

mh ≪ mW
ϵ ≈ mh/mW

• Low-energy effective Lagrangians: 

Dimensionful constant: Scale of dynamics that have been integrated out -  

Wilson coefficient: Structure and constants of UV theory -   ,  

Non-renormalizable operators: with  and composed of dynamical fields at 

GF ≈ 1/m2
W

Cβ ≈ Vud Cγ = VtbV*ts f(xt)

d ≥ 5 E ≪ mW

• Modern subnuclear extension of Fermi Theory 

Neutron  decay 

 

• Extended also to FCNCs 

Radiative -meson decays (e.g. ) 

β

ℳβ ≈ GF Cβ (ūγμPLd) (ēγμPLν)

B B0 → K*γ

ℳγ ≈
e mb

4π2
GFCγ s̄σμν PR b Fμν

EFT lectures tomorrow



EFT for BSM: Low energies

1. List fields that can be made on-shell at the energies of interest 
2. List gauge symmetries manifest at the energies of interest 

3. Construct all gauge invariant operators with these fields up to a given dimension d

Power counting: Ordering of the  operators according to power  in  

Only a finite number of operators needed for a given precision! 

∞ n (E/ΛBSM)n

• Example CCs: Leading (dim-6) weak Lagrangian at     

• SM is recovered for  and all other WCs=0 

• Most general BSM with SM d.o.f.   

μ ≈ Elow

Cij,αα
LL = 1

 

       

ℒCC =
4GF

2 ∑
ij,αβ

(Cij,αβ
LL (ūiγμPL dj)(ēαγμPL νβ)+Cij,αβ

RL (ūiγμPR dj)(ēαγμPL νβ)

+Cij,αβ
SLSL

(ūiPL dj)(ēαPL νβ)+Cij,αβ
SRSL

(ūiPR dj)(ēαPL νβ)+Cij,αβ
TLTL

(ūiσμνPL dj)(ēασμνPL νβ))



Imposing a flavor ansatz in the EFT: Minimal Flavor violation 

• Minimal Flavor Violation (MFV): All the flavor violation in SM+BSM stems from just the SM Yukawas 

One can implement MFV in the EFT using the spurion analysis 

MFV is useful because it transfers the flavor component of the GIM suppression to BSM 
Note:  Works only in the EFT defined in terms of the SM fields/symmetries (SMEFT)  

Impose an additional global symmetry   

  

𝒢 = U(3)Q × U(3)u × U(3)d

QL ∼ (3,1,1), uR ∼ (1,3,1), dR ∼ (1,1,3), yu ∼ (3,3̄,1), yd ∼ (3,1,3̄)

Example: Contribution to the FCNC b → sγ

e c̄
Λ2

NP
FμνQ̄Lσμν yuy†

uyd bR ⇒
e c̄
Λ2

NP
Fμν (

ŪL

D̄LV†) σμνm2
u V md bR

Same yukawa suppression as in the SM! 

Cγ =
e c̄
Λ2

NP
mb y2

t V*tsVtb

  alone does not produce FCNCyd



Summary of the EFT procedure 



Low-energy: The realm of the hadrons

• QCD confines around and below energies ~ 200 MeV ΛQCD ≈

• Only the proton is (almost) really stable! 
The thousands of different decay modes of these hundreds of particles are a precious source of information

The PDG is phenomenologist's 1st best friend! 
• Branching fraction of a decay channel  of a hadron  

 
• Only hadrons whose main decay channel is weak 

1. Flavor violations ! 
2. Sensitivity to  ! 

i h
Bri = Γi/Γh = τhΓi

E ≳ mW

https://pdg.lbl.gov/


Connecting to the observables of the hadronic world 
• Our Lagrangians are written in terms of quarks and our observables in terms of hadrons!

Interactions:  ℒ(u, d, s, c, b, e, ν, G, F) Asymptotic states:  |π±, π0, K±, D±, B±, p, n, Λ, . . . ⟩

By asymptotic we mean hadrons with long life times (  )τweak ≈
Kaons⏞
10−8 −

B−mesons⏞
10−12  s vs . τEM ≈

π0
⏞
10−17  s OR τstrong ≈

ρ−resonance

10−24 s

Observables defined in terms of matrix elements  

ℳ ∼ ⟨e′￼, ν′￼, . . . ; H′￼1, H′￼2, . . . |
ℒ

𝒪ℓ × 𝒪q |e, ν, . . . ; H′￼1, H′￼2, . . . ⟩    with   Observables ∼ |ℳ |2

• Factorization: Wick's theorem typically leads to factorization of matrix element   

ℳ ∼ ⟨e′￼, ν′￼, . . . |𝒪ℓ |e, ν, . . . ⟩ × ⟨H′￼1, H′￼2, . . . |𝒪q |H′￼1, H′￼2, . . . ⟩

Perturbative matrix element Hadronic matrix element

• Hadronic matrix elements: Encapsulate all the nonperturbative-QCD information of the transition 

Very difficult to compute! They limit our capacity to learn about short distances



Determinations of the hadronic brown muck 

• General strategy: 
1. Parametrize the matrix element (discrete and Lorentz symmetries) 
2. EFTs of QCD in perturbative expansions 

Isospin ( ) and  ( ) in light quarks - Chiral Perturbation Theory 

Heavy-quark symmetry ( ) - Heavy quark effective theory 

3. Calculate hadronic matrix elements 
Lattice QCD - systematic approximation from discrete and finite space-time 
QCD sum rules, quark models, Ads/CFT, etc ...

md ≈ mu SU(3)F mu ≈ md ≈ ms

mc,b ≫ ΛQCD

Example: Leptonic pion decay  π− → e−ν̄

Parity invariance: Vector & Scalar are 0! 
Lorentz invariance: Tensor is 0! 

 is the pion decay constant  MeVfπ fπ = 130.2(0.8)

FLAG (Lattice "PDG") 

http://flag.unibe.ch/2021/


Flavor processes



The CC leptonic (2-body) pion decay ( ) πℓ2

ℳ = ⟨ℓ+νℓ |ℒSM |π+⟩ =
4GF Vud

2
⟨ℓ+νℓ | ν̄LγμPLℓ |0⟩⟨0 | d̄γμPLu |π+⟩ =

GF fπVud

2
mℓ ν̄ℓPRe

Experimental data 

 Br(π+ → μ+νμ) = 99.98770(4) %
Br(π+ → e+νe) = 1.230(4) × 10−4

• Pseudoscalar operator: Contribution of ? d̄γ5u

Pseudoscalar operator is chirally flipping  Not chirally suppressed!⇒

Γℓ2 =
GF |Vud |2 f 2

π

8π
mπ m2

ℓ

Phase space

(1 −
m2

ℓ

m2
π )

2

CLL − CRL −
m2

π

me(md + ms) (CSRSL
− CSLSL)

2

Physical results 
The SM is a "current-current" interaction 

Weinberg's "V-A was the key" - 2009 

BSM-Vector: 1 TeV ΛLL ≈

• Chiral suppression: In the chiral limit  the amplitude vanishes!mℓ → 0

LQCD fπ = 130.2(8)

chiral 
suppression

Discovered at CERN (G. Fidecaro) - 1958 



The CC semileptonic (3-body) decays ( )Kℓ3

⟨π0(p′￼) | s̄γμd |K+(p)⟩ = f+(q2)Pμ + qμ
m2

K+ − m2
π0

q2 (f+(q2) − f0(q2))

• Hadronic form factors: Functions of q2 = (p′￼− p)2

Γ(Kℓ3(γ)) =
G2

μm5
K

192π3
Sew

Norm
| Ṽus |2 f+(0)2

Phase-space Int.
Iℓ
K(λ′￼+,0, CSLSL

+ CSRSR

Scalar

, CTLTL
) (1+δc + δcℓ

em)2

Isospin corr.

Parity and charge invariance  No pseudoscalar/axial form factors⇒

Form factors obtained from LQCD  e.g.  

Normalization (and spectrum) sensitive to BSM   

⇒ f+(0) = 0.9698(17)

⇒ Ṽus ≈ (1+CLL + CRL − Cμ
LL)VSM

us +𝒪( m4
K

Λ4 )



Testing CKM unitarity

• Tensions in the  planeVud − Vus

Use  and ratio  (to determine )Kℓ3
Kℓ2

πℓ2

Ṽus

Ṽud

• Disentangle BSM from CKM: Unitarity relation  |Vud |2 + |Vus |2 + |Vub |2 = 1

Lattice results ( 2+1+1) 

 

Tension at 

Nf =
| Ṽud |2 + | Ṽus |2 = 0.9816(64)

∼ 3σ

Tension increases with  - decays 

BSM or uncontrolled EM/isospin corrections? 

β



Charmed-meson CC decays: the unitarity test

• Same strategy as with kaon decays: Use leptonic  and semileptonic  D(s) → ℓ+ν D → Pℓν̄

π or K

Phase space: Many decay modes potentially available! 

D(s) → Vℓν̄, Ds → τν…

• 2nd-row unitarity 

| Ṽcd |2 + |Vcs |2 + | Ṽcb |2 = 0.999(8)



B meson CC decays into tau leptons

RD(*) =
Br(B → D(*)τν)
Br(B → D(*)ℓν)

• Semi-tauonic charged-current decay 

Governed by the weak amplitude  

Two main hadronic channels studied 

GF Vcb

  with   
 with 

B → D JP(D) = 0−

B → D* JP(D*) = 1+

• Hadronic form factors 
Heavy-quark EFT with data light leptons and/or LQCD 
Define Lepton Universality ratio to cancel uncertainties 

  
 

RD = 0.298 ± 0.004
RD* = 0.254 ± 0.005

Theoretical errors well controlled at the 3 - 6% level

HFLAV collaboration

https://hflav.web.cern.ch/


B-meson decays into tau leptons

• Situation in 2024

0.2 0.3 0.4 0.5
R(D)

0.2

0.25

0.3

0.35

0.4

R
(D

*)

HFLAV SM Prediction
 0.004±R(D) = 0.298 

 0.005±R(D*) = 0.254 

68% CL contours

total 0.026±R(D) = 0.342 
total 0.012±R(D*) = 0.287 

 = -0.39ρ
) = 35%2χP(

aLHCb
bLHCb

cLHCb

bBelle

cBelle

aBelle BaBar

BelleII

Average

HFLAV
Moriond 2024

SM

New measurements with 1st by Belle II   

Gradually descending to SM: Excess  

BaBar outlier? Down to ~ 

3.17σ

⇒ 2σ

Picture is not clear  More data needed!⇒

3.17σ



Semileptonic rare B decays
• FCNC decays of B mesons into kaons and leptons

ℋhad =
4GF

2 ∑
p=u,c

λp[
Current-current

(Cp
1 𝒪p

1 + Cp
2 𝒪p

2) + ∑
i=3,6

Ci𝒪i

QCD penguins

+
Chromo
C8g𝒪8g ] ℋsl = −

4GF

2
λt[

EM
C7γ𝒪7γ + C9𝒪9 + C10𝒪10

Semileptonic

+
neutrino

∑
ℓ

Cνℓ
𝒪νℓ]

Sensitive to Λ ≳ 50 TeV



The rare semileptonic (4-body) decay    B → K*( → Kπ)ℓℓ

• 4-body decay: Very rich phenomenology 

Kinematic variables: , , ,  (pB − pK*)2 = q2 cos θℓ cos θK ϕ

d(4)Γ
dq2 d(cos θl)d cos θk)dϕ

=
9

32π [Is
1 sin2 θk+Ic

1 cos2 θk + (Is
2 sin2 θk+Ic

2 cos2 θk)cos 2θℓ

+I3 sin2 θk sin2 θℓ cos 2ϕ+I4 sin 2θk sin 2θℓ cos ϕ

+I5 sin 2θk sin θℓ cos ϕ+I6 sin2 θk cos θℓ

+I7 sin 2θk sin θℓ sin ϕ+I8 sin 2θk sin 2θl sin ϕ
+I9 sin2 θk sin2 θℓ sin 2ϕ]

Each coefficient  is a -dependent observable 

The  anomaly (related to the coefficient ) 

Ii(q2) q2

P′￼5 I5

New Physics hypothesis:  ( w.r.t. SM) CNP
9 ≃ − 1 −25 %

Descotes-Genon et al.,PRD88 (2013) 074002 

https://doi.org/10.1103/PhysRevD.107.014511


Kinematic regions in the  decay  B → K*ℓℓ
Charmonia region

High  

Low-recoil limit

q2

Low  

High-recoil limit

q2



Anatomy of the vectorial  amplitude B → K(*)ℓℓ

HV(λ) = − iN{
Ceff

9

[C9ṼLλ+
m2

B

q2
hλ] −

m̂bmB

q2
C7T̃Lλ}

• Helicity amplitudes

7 (local) form factors (independent) and 3 non-local form factors 

Vector amplitude!  Sensitive to the charm contributions! ⇒

At leading order  

In fact  is observable  Scale independent 

One cannot disentangle  from  without 

Ceff
9 = C9(μ) + Y(q2, μ)

Ceff
9 ⇒

C9 Ceff
9 hλ



The  anomalies: two approaches to lifeb → sℓℓ
• Interpretation of data depends on prior beliefs about "charm"

Consistent within  1σTension with SM at  > 6σ

Algueró et al.,  EPJ.C(2023)83:648 Ciuchini et al., PRD107 (2023) 5, 055036 

https://arxiv.org/abs/2304.07330
https://doi.org/10.1103/PhysRevD.107.055036


Generalities about neutral meson mixing

•  flavor symmetries (e.g. strangeness) 

 
Charges  conserved by strong and EM 

Neutral meson mixing

U(1)

S=+1:  ,        S= -1:  ,  
C=+1:  ,        C= -1:  ,  

B=+1, S=-1:         B= -1, S=+1:   

K0 = ds̄ K+ = us̄ K̄0 = sd̄ K− = sū
D0 = cū D+ = cd̄ D̄0 = uc̄ D− = dc̄

B0
s = sb̄ B̄0

s = bs̄

Weak interactions  Flavor (symmetry) violations ⇒

Flavor eigenstates  Mass eigenstates ≠

Heff ≡ R = M − i
Γ
2

Oscillates

Decays



Heff ≡ R = M − i
Γ
2

= ( mK M12

M*12 mK ) −
i
2 ( Γ Γ12

Γ*12 Γ )

Neutral meson mixing in QM    

•  is definite positive! 

• CPT:    , 

Γ
M11 = M22 ≡ mK Γ11 = Γ22 ≡ Γ

• Eigenvalues: mass and width differences (observables)

             Δm = 2 |M12 | ΔΓ = 2 |Γ12 |

Eigenstates:

CP |K0
±⟩ = ± |K0

±⟩

           KL,S =
1

2
(K0 ∓ K̄0) ⇒ KL,S = K0

∓

Eigenstates of CP too: with  CP |K0⟩ = − | K̄0⟩

• CP conservation (?)

Weisskopf-Wigner QM formalism



Evidence of CP violation in kaons

• CP violation discovered in Kaon decays 

  (CP-even)CP |π+π−⟩ = + |π+π−⟩

IF CP is conserved  
THEN  is forbidden KL → π+π−

PDG 
 
 

BR(KS → ππ) = 99.89(10) %
BR(KL → πππ) = 32.06(17) %
BR(KL → ππ) = 0.2831(16) %

 is observed  
THEN CP is violated in Kaon decays! 

KL → π+π−



Neutral-kaon mixing in the SM and mass difference 
• FCNC: Box diagram • Low-energy EFT 

SM:   

  

ℋeff =
G2

F

4π2
C(μ) (d̄γμPLs) (d̄γμPLs) + h . c .

M12 =
1

2mK
⟨K0 |ℋeff | K̄0⟩

• Perturbative calculation 

Wilson coefficient:  

Higher-order QCD corrections: ,    

GIM hidden in Inami-Lim functions: e.g. 

Charm  vs. top  

                                                                                  CP Violation - Branco, Lavoura & Silva, Appendix B 

C(μ) = b(μ)(λ2
c S0(xc)η1+λ2

t S0(xt)η2+2λcλtS0(xc, xt)η3)
b(μ) ηi

≈ λ2xc ≈ λ10xt

S0(x) =
x

(1 − x)2 (1 −
11x
4

+
x2

4
−

3x2 log x
2(1 − x) )



Hadronic matrix element for kaon mixing 
• To make predictions we need a hadronic matrix element 

 

• Bag parameter:  dimensionless parameter 

Parametrization inspired by "vacuum approximation" ( )  CP Violation - Branco et al., Appendix C 

• Scale & Scheme independent:   

• Standard calculation in LQCD today

⟨K0 |(d̄γμPLs) (d̄γμPLs) | K̄0⟩ =
2
3

m2
K f2

KBK(μ)

BK

BK = 1

B̂K = b(μ)BK(μ)

Nf = 2 + 1
B̂K = 0.763(10)



The kaon-mass difference in the SM

• Kaon mass difference:   

The charm-quark contribution dominates: 

                  

Same ballpark as experiment!   

• Problem: Uncontrolled long-distance contributions 

Exchange of pions and other hadrons at  

 is not used to test the SM but taken as experimental fact in kaon mixing

ΔmK ≈ 2Re(M12)

ΔmSD
K ≈

G2
F

24π2
m2

c ℜ(V*cdVcs)f2
KmKB̂K ≈ 10−15 GeV

Δmexpt
K = 3.484(6) × 10−15 GeV

d ≈ 1/ΛQCD

ΔmK



SM predictions for heavy meson mixing:  B0 − B̄0

• -meson mixing dominated by top loop!B0

M12 =
G2

F

12π2
f2
BmBB̂Bd

(V*tdVtb)2S0(xt) ≡ |M12 |eiϕ

GIM

• Predictions in the SM 

 

 

ΔmSM
d = 0.555(50) ps−1

Δmexpt
d = 0.5065(19) ps−1

ϕ = arg(V*tdVtb) ≈ β



  and ratios with the  system B0
s − B̄0

s B0

• Identical to  replacing B0 d → s

 

 

ΔmSM
s = 17.6(1.0) ps−1

Δmexpt
s = 17.7656(57) ps−1

ϕ = arg(V*tsVtb) ≈ βs

• Difference  and  ?  CKM! B0 B0
s ⇒

Δms

Δmd
=

f2
Bs

B̂s

f 2
Bd

B̂d

Vts

Vtd

2

⇒
Vtd

Vts
= 0.2071(27)

Determined better



Phenomenology of neutral-meson oscillations

• Define: 

              x =
Δm
Γ

y =
ΔΓ
2Γ

• Observable:

P(t) = |⟨X0(t) |X0)⟩ |2 = | f+(t) |2 =
e−Γt

2 (cosh(yΓt) + cos(Γxt))

Approximate values

We can use QM to measure small mass differences  ( )Δm x



• Use leptonic decays as tags! 
B factories: Entangled  pairs   Same-sign leptons is a smoking gun!Υ → BB̄ ⇒

Flavor tagging with heavy mesons 

1987: Discovery of  mixing! (ARGUS)B0 − B̄0

• Exquisite  oscillations at LHCb 
Tag final flavor state with hadronic decays

B0
s − B̄0

s



BSM bounds from neutral-meson mixing 
• Neutral-meson mixing leads to very strong bounds on BSM physics 

They need to be taken into accoount by almost any flavor model building 

Very sensitive to SM flavor structure  Only MFV survives at low scales!⇒



Concluding: experimental golden era
• "Multi-purpose" B-meson factories

• Many more flavor experiments at different scales

Kaons and muons Taus, hyperons, charm TeV scale 



Concluding: probe to physics beyond the SM 

Flavor Physics spearheaded the discovery of the SM 
when the SM was the New Physics!  

• Nuclear  decay: Discovery of weak interactions and the neutrinos 
• Rare kaon decays: Discovery of charm quark  
• Kaon decays: Discovery of CP violation  Discovery of 3 generations

β

→



Hands - on workshop: K+ → π+νν̄
• Prototypical very-rare kaon decay:  FCNC ΔS = 1

• Effective Lagrangian

ℒSM = −
4GF

2
VtsV*td

α
2π ∑

ℓ

Cνℓ
(d̄γμPLd)(ν̄ℓγμνℓ)

Wilson Coefficient: Cνℓ
=

1
s2

w (
VcsV*cd

VtsV*td
Xℓ

c + Xt)

Penguin diagram Box diagram

Relevant form factors related by isospin to CCs

Br(K+ → π+νν̄)SM =
α2 |VtsV*td |2 Br(K+ → π0e+νe)

2π2 |Vus |2 ∑
ℓ

Cνℓ

2

 

 

Br(K+ → π+νν̄)SM = 8.55(4) × 10−11

Br(K+ → π+νν̄)expt = 1.14(36) × 10−10

≃
α2

2π2
A4λ8 Br(K+ → π0e+νe)∑

ℓ

Cνℓ

2

CSM
νℓ

≃ 9



• Let's take a  boson of mass  that is coupled to the SM via 

 

 is a matrix in general real matrix in flavor space and  a universal coupling for leptons. 

Exercise 

1. Calculate BR in the SM using (approximate) formula 

2. Match the UV model to the LEEFT 

3. Estimate the lower bound on  given by  assuming  couplings  

4. How does this bound change if we impose MFV? 

Z′￼ mZ′￼

ℒ ⊃ (gQ
ij Q̄i

LγμQj
L + gLL̄α

LγμLα
L) Z′￼μ

gQ gL

mZ′￼
Br(K+ → π+νν̄)expt 𝒪(1)

Hands - on workshop: K+ → π+νν̄


