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Outline

— Monday 11:30: Introduction
Probability
Hypothesis tests
Monday 12:30:  Parameter estimation
Confidence limits
Systematic uncertainties
Experimental sensitivity

Monday 16:30:  Tutorial on parameter estimation

Almost everything is a subset of the University of London course:

http://www.pp.rhul.ac.uk/~cowan/stat_course.html
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Theory < Statistics © Experiment

Theory (model, hypothesis): Experiment (observation):
F-.:- — G\ MI.M?... oL
+ response of measurement
apparatus :-/i/
- %
= model prediction
data
/ Uncertainty enters
on many levels

% — quantify with

probability
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A quick review of probability

Frequentist (A = outcome of . outcome is in A
, P(A) = lim
repeatable observation) n—00 n
Subjective (A = hypothesis) P(A) = degree of belief that A is true
" e _ P(An B)
Conditional probability: P(A|B) = P(B)
E.g. rolling a die, _P((n<3)Nneven) 1/6 1
outcomen=1,2,...,6: Pln < 3jn even) = P(n even) - 3/6 3
A and B are independent iff: P(AN B) = P(A)P(B)
P(A)P(B
Le.if A, Bindependent, then  P(A|B) = 1\ P)( Bg ) _ p(a)
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Bayes’ theorem

Use definition of conditional probability and P(ANB)=P(BNA)

P - PBAPW

P(B) (Bayes’ theorem)
/B
If set of all outcomes S = U, A /
with A, disjoint, then law of total S

probability for P(B) says

P(B)=Y P(BNnA;) =Y P(B|A)P(4)) BN A
’ _ P(BJA)P(A)
so that Bayes’ theorem becomes P(A|B) = S P(BIA)PA)

Bayes’ theorem holds regardless of how probability is
interpreted (frequency, degree of belief...).
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Frequentist Statistics — general philosophy

In frequentist statistics, probabilities are associated only with
the data, i.e., outcomes of repeatable observations (shorthand: X).

Probability = limiting frequency
Probabilities such as

P (string theory is true),
P(0.117 < a,<0.119),
P (Biden wins in 2024),

etc. are either 0 or 1, but we don’t know which.

The tools of frequentist statistics tell us what to expect, under

the assumption of certain probabilities, about hypothetical
repeated observations.

Preferred theories (models, hypotheses, ...) are those that
predict a high probability for data “like” the data observed.
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Bayesian Statistics — general philosophy

In Bayesian statistics, use subjective probability for hypotheses:

probability of the data assuming

hypothesis H (the likelihood) N V4 prior probability, i.e.,

before seeing the data

o P@H)(H)
/P (H|Z) [ P(Z|H)x(H) dH

posterior probability, i.e., \ normalization involves sum
after seeing the data over all possible hypotheses

Bayes’ theorem has an “if-then” character: If your prior
probabilities were 7(H), then it says how these probabilities
should change in the light of the data.

No general prescription for priors (subjective!)
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Hypothesis, likelihood

Suppose the entire result of an experiment (set of
measurements) is a collection of numbers X.

A (simple) hypothesis is a rule that assigns a probability to each
possible data outcome:

P(x|H) = the likelihood of H

Often we deal with a family of hypotheses labeled by one or
more undetermined parameters (a composite hypothesis):

P(x|0) = L(B8) = the “likelihood function”
Note:

1) For the likelihood we treat the data X as fixed.
2) The likelihood function L(#) is not a pdf for 6.
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Frequentist hypothesis tests

Suppose a measurement produces data X; consider a hypothesis H,
we want to test and alternative H;

H,, H, specify probability for x: P(x|H,), P(x|H,)

A test of H, is defined by specifying a critical region w of the
data space such that there is no more than some (small) probability
a, assuming H, is correct, to observe the data there, i.e.,

P(x € w|Ho) <o data space Q2

Need inequality if data are
discrete.

o is called the size or
significance level of the test.

If X is observed in the
critical region, reject H,.

critical region w
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Definition of a test (2)

But in general there are an infinite number of possible critical
regions that give the same size .

Use the alternative hypothesis H; to motivate where to place the
critical region.

Roughly speaking, place the critical region where there is a low
probability (a) to be found if H, is true, but high if H, is true:

{ ;'($\Ho\ S'L"\Hl) — W
| pow ey wet Wy,
M (H)

, X
stze A
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Classification viewed as a statistical test
Suppose events come in two possible types:
s (signal) and b (background)
For each event, test hypothesis that it is background, i.e., H, = b.

Carry out test on many events, each is either of type sor b, i.e.,
here the hypothesis is the “true class label”, which varies randomly
from event to event, so we can assign to it a frequentist probability.

Select events for which where H, is rejected as “candidate events of
type s”. Equivalent Particle Physics terminology:

background efficiency g, = f f(x|Hp) dx = «
W

signal efficiency Eg = fw f(x|H1)dx =1 — 3 = power
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Example of a test for classification

5

Suppose we can measure for —— signal
each event a quantity X, where 41 —— background
_ 3 Xc
f(z]s) =2(1 —x) = W
2_
f(]b) = 423 \
with0<x<1. ‘}

0 . . .
0.0 0.2 0.4 0.6 0.8 1.0
X

For each event in a mixture of signal (s) and background (b) test
H, : eventis of type b

using a critical region W of the form: W = {x : x <x.}, where
X. is @ constant that we choose to give a test with the desired size a.
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Classification example (2)

Suppose we want o = 104, Require:

a=Plx < x.|b) = /wcf(x|b)daf: — ==X
0

and therefore x. = o/t =0.1

For this test (i.e. this critical region W), the power with respect
to the signal hypothesis (s) is

M = P(x < x.ls) = / f(z|s) dx = 22. — 2% = 0.19
0

Note: the optimal size and power is a separate question that will

depend on goals of the subsequent analysis.
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Classification example (3)

Suppose that the prior probabilities for an event to be of
type s or b are:

7, = 0.001
7, = 0.999

The “purity” of the selected signal sample (events where b
hypothesis rejected) is found using Bayes’ theorem:

P(x < x.|s)ms
P(s|z < o) = =
(Sl < @) P(x < zcls)ms + Pz < 2c|b)m,

= 0.655
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Testing significance / goodness-of-fit

Suppose hypothesis H predicts pdf f(x|H) for a set of

observations X = (Xy,...X,)).

We observe a single point in this space: Xg.

How can we quantify the level of compatibility between the data

and the predictions of H?

Decide what part of

the data space represents
equal or less compatibility
with H than does the
point X,,.. (Notunique!)

G. Cowan / RHUL Physics

Xobs
w, ={X:X“more
\ compatible” with H }

w.={X:X"“less
or eq. compatible”
with H }
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p-values

Express level of compatibility between data and hypothesis
(sometimes ‘goodness-of-fit’) by giving the p-value for H:

P = P(x € w(Xobs) | H)

probability, under assumption of H, to observe data
with equal or lesser compatibility with H relative to the
data we got.

probability, under assumption of H, to observe data as
discrepant with H as the data we got or more so.

Basic idea: if there is only a very small probability to find data
with even worse (or equal) compatibility, then H is “disfavoured by

the data”.

If the p-value is below a user-defined threshold a (e.g. 0.05) then H
is rejected (equivalent to hypothesis test of size a as seen earlier).
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A\ p-value of H is not P(H)

The p-value of H is not the probability that H is true!

In frequentist statistics we don’t talk about P(H) (unless H
represents a repeatable observation).

If we do define P(H), e.g., in Bayesian statistics as a degree of
belief, then we need to use Bayes’ theorem to obtain

P(Z|H)m(H)

PUHIZ) = [ P(Z|H)=(H) dH

where 7(H) is the prior probability for H.

For now stick with the frequentist approach;
result is p-value, regrettably easy to misinterpret as P(H).
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The Poisson counting experiment

Suppose we do a counting experiment and observe n events.

Events could be from signal process or from background —
we only count the total number.

Poisson model:

P(nls,b) = E (o4

n!

S = mean (i.e., expected) # of signal events
b = mean # of background events
Goal is to make inference abouts, e.g.,
test s = 0 (rejecting Hy = “discovery of signal process”)
test all non-zero s (values not rejected = confidence interval)

In both cases need to ask what is relevant alternative hypothesis.
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Poisson counting experiment: discovery p-value

Suppose b = 0.5 (known), and we observe n . = 5.

Should we claim evidence for a new discovery?

Give p-value for hypothesis s = 0, suppose relevant alt.is s> 0

p-value = P(n>5;b=0.5,s=0)
= 1.7 x 107% # P(s = 0)!
s
O 06}
o
04 |
5 Prob(n=5)
=1.7 x10™
02 |
0 . I
0 1 2 3 4 5 6 7 8
(n)=05 Nyps = O
G. Cowan / RHUL Physics
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Significance from p-value

Often define significance Z as the number of standard deviations
that a Gaussian variable would fluctuate in one direction
to give the same p-value.

o

& ]. _mZ/Q
p=] Vol (2)

= x (1-p)
in ROOT: in python (scipy.stats):
p = 1 - TMath: :Freq(Z) pPp =1 - norm.cdf(Z) = norm.sf (2)
Z = TMath: :NormQuantile (l-p) Z = norm.ppf (1-p)

Result Z is a “number of sigmas”. Note this does not mean that
the original data was Gaussian distributed.
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Poisson counting experiment: discovery significance
Equivalent significance for p=1.7 X 104 Z = <I’_1(1 —p) =3.6

Often claim discovery if Z>5 (p<2.9 X 107, i.e., a “5-sigma effect”)

S ° In fact this tradition should be
§ """"""" N revisited: p-value intended to
sS4 quantify probability of a signal-
7y :

like fluctuation assuming
background only; not intended
to cover, e.g., hidden
systematics, plausibility signal
model, compatibility of data with
signal, “look-elsewhere effect”

8 -6 -4 2 . .
10 10 10 10 1 (~multiple testing), etc.
p-value

- p=29x107
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Particle Physics context for a hypothesis test

A simulated SUSY event (“signal”):
high p; jets
of hadrons

ATLAS Atlantis

missing transverse energy
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Background events

ATLAS Atlantis

This event from Standard
Model ttbar production also
has high p; jets and muons,
and some missing transverse
energy.

— can easily mimic a
signal event.
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Classification of proton-proton collisions

Proton-proton collisions can be considered to come in two classes:

signal (the kind of event we’re looking for, y = 1)
background (the kind that mimics signal, y = 0)

For each collision (event), we measure a collection of features:

X; = energy of muon X, = missing transverse energy
X, = angle between jets Xz = invariant mass of muon pair
X5 = total jet energy Xg= ...

The real events don’t come with true class labels, but computer-
simulated events do. So we can have a set of simulated events

that consist of a feature vector X and true class label y (O for
background, 1 for signal):

(X, Y)1 (X, )2, s (X, V)N
The simulated events are called “training data”.
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Distributions of the features

If we consider only two 3
features X = (X4, X,), we can 5 |
display the results in a scatter
plot (red: y =0, blue: y=1).

For real events, the dots are
black (true type is not known).

For each real event test the
hypothesis that it is background. X1

(Related to this: test that a sample
of events is all background.)

The test’s critical region is defined by a “decision boundary” —
without knowing the event type, we can classify them by seeing
where their measured features lie relative to the boundary.
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Decision function, test statistic

A surface in an n-dimensional
space can be described by

t(mlj v !IHJ = tc

/N

scalar

function constant

Different values of the constant
t. result in a family of surfaces.

Problem is reduced to finding
the best decision function or test

statistic t(X).

G. Cowan / RHUL Physics
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-3
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Distribution of t(X)

By forming a test statistic t(X), the boundary of the critical region in
the n-dimensional X-space is determined by a single single value t..

20.0-
17.5
5ol | T(UHO) f(t|H,)
12.5- t. \ .
I
7.5 i
5.0 -
00 ofm 0.6 0.8 1.0

decision function t
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Types of decision boundaries

So what is the optimal boundary for the critical region, i.e., what
is the optimal test statistic t(x)?

First find best t(X), later address issue of optimal size of test.

Remember X-space can have many dimensions.

“cuts” linear non-linear
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Test statistic based on likelihood ratio

How can we choose a test’s critical region in an ‘optimal way’, in
particular if the data space is multidimensional?
Neyman-Pearson lemma states:

For a test of H, of size a, to get the highest power with respect to the
alternative H,; we need for all X in the critical region W

“likelihood . P(x|Hi) _
ratio (LR)” P(x|Hy) — °

inside Wand <c, outside, where C, is a constant chosen to give a
test of the desired size.

(x|H1)
(x|Ho)

P
Equivalently, optimal scalar test statistic is t(x) = Iz

N.B. any monotonic function of this is leads to the same test.
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Neyman-Pearson doesn’t usually help

We usually don’t have explicit formulae for the pdfs f(x|s), f(x|b),
so for a given X we can’t evaluate the likelihood ratio

f(x[s)
f(x|b)

Instead we may have Monte Carlo models for signal and
background processes, so we can produce simulated data:

t(x) =

generate X ~f(X|S) —  Xy,..., Xy

generate X ~f(x|b) —  Xg,..., Xy

This gives samples of “training data” with events of known type.

Use these to construct a statistic that is as close as possible to the
optimal likelihood ratio (— Machine Learning).

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 1

30



Approximate LR from histograms

Want t(x) = f(x|s)/f(x|b) for X here

\/

1 NEDEI) —s
Il_[r
I
— |
B :
E N (o) = F(xb) i

N\

One possibility is to generate
MC data and construct
histograms for both

signal and background.

Use (normalized) histogram
values to approximate LR:

N(x|s)

"0 Nzl

Can work well for single
variable.
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Approximate LR from 2D-histograms

Suppose problem has 2 variables. Try using 2-D histograms:

> >
signal : ."..‘."ﬁg;:;:'-'_;'" LI Y back-
o .-' o.: o* .:..l Y ? ] o
r 1 _' . ® g L ]
LR o] e {' o[ |-
X T LT

\ . / y
Approximate pdfs using N (X,y|s), N(X,y|b) in corresponding cells.

But if we want M bins for each variable, then in n-dimensions we
have M" cells; can’t generate enough training data to populate.

— Histogram method usually not usable for n > 1 dimension.
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Strategies for multivariate analysis

Neyman-Pearson lemma gives optimal answer, but cannot be
used directly, because we usually don’t have f(x|s), f(x|b).

Histogram method with M bins for n variables requires that
we estimate M" parameters (the values of the pdfs in each cell),

so this is rarely practical.

A compromise solution is to assume a certain functional form
for the test statistic t(X) with fewer parameters; determine them
(using MC) to give best separation between signal and background.

Alternatively, try to estimate the probability densities f(x|s) and
f(x|b) (with something better than histograms) and use the
estimated pdfs to construct an approximate likelihood ratio.
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Multivariate methods (Machine Learning)

Many new (and some old) methods:
Fisher discriminant
(Deep) Neural Networks
Kernel density methods
Support Vector Machines
Decision trees
Boosting

Bagging

More in the lectures by Arantza Oyanguren
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Some statistics books, papers, etc.

G. Cowan, Statistical Data Analysis, Clarendon, Oxford, 1998

R.J. Barlow, Statistics: A Guide to the Use of Statistical Methods in
the Physical Sciences, Wiley, 1989

llya Narsky and Frank C. Porter, Statistical Analysis Technigues in
Particle Physics, Wiley, 2014.

Luca Lista, Statistical Methods for Data Analysis in Particle Physics,
Springer, 2017.
L. Lyons, Statistics for Nuclear and Particle Physics, CUP, 1986

F. James., Statistical and Computational Methods in Experimental
Physics, 2nd ed., World Scientific, 2006

S. Brandt, Statistical and Computational Methods in Data Analysis,
Springer, New York, 1998.

S. Navas et al. (Particle Data Group), Phys. Rev. D 110, 030001
(2024); pdg.1bl.gov sections on probability, statistics, MC.
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Some distributions

Distribution/pdf Example use in Particle Physics

Binomial
Multinomial
Poisson
Uniform
Exponential
Gaussian
Chi-square
Cauchy
Landau
Beta
Gamma
Student’s t

G. Cowan / RHUL Physics

Branching ratio

Histogram with fixed N
Number of events found
Monte Carlo method

Decay time

Measurement error
Goodness-of-fit

Mass of resonance
lonization energy loss

Prior pdf for efficiency

Sum of exponential variables
Resolution function with adjustable tails

TAE 2024 Benasque / Lecture 1
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Binomial distribution

Consider N independent experiments (Bernoulli trials):

outcome of each is ‘success’ or ‘failure’,
probability of success on any given trial is p.

Define discrete r.v. N = number of successes (0 <n < N).

Probability of a specific outcome (in order), e.g. ‘ssfsf’ is

pp(1 —p)p(1 —p) = p"(1 _p)N—n
N1
’I’L!(N—n)!

But order not important; there are

ways (permutations) to get n successes in N trials, total

probability for n is sum of probabilities for each permutation.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 1
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Binomial distribution (2)

The binomial distribution is therefore

N

n; N, — ne1 _ N—n
f/(‘ p) DN — 1P (1-p)
random parameters

variable

For the expectation value and variance we find:

N
E[ln] = ) nf(n;N,p) = Np

n=0

V[n] = E[n”] — (E[n])” = Np(1 —p)

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 1
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Binomial distribution (3)

Binomial distribution for several values of the parameters:

= 04
= N=5
S 02 - N N p=05
0 I'IH HI‘I
0 5 10 15 20
n
2 04
= N=10
= 02 - N p=05 |
o Ll N N Lo
0 5 10 15 20
n
= 04
= N=20
é 02 p:05 ]
; Sl
0 5 10 15 20

f(n:Np) f(n:N,p)

f(n:Np)

0.4

0.2

0

0.4

0.2

0.4

0.2

N=20
M p=01 |
i
0 5 10 15 20
n
N=20
- p=02 |
Al
0 5 10 15 20
n
N=20
_ p=06 |
e
0 5 10 15 20

n

Example: observe N decays of W=, the number n of which are

W—upnv is a binomial r.v., p = branching ratio.

G. Cowan / RHUL Physics
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Multinomial distribution

Like binomial but now m outcomes instead of two, probabilities are

m
1=1

For N trials we want the probability to obtain:

n, of outcome 1,
n, of outcome 2,

n., of outcome m.

This is the multinomial distribution for 7 = (n1, ...

, , N
f(fn,,N, ) — — Ip{'flp'SQ...p%m
ni'no! - nm!
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Multinomial distribution (2)

Now consider outcome I as ‘success’, all others as ‘failure’.

— all n; individually binomial with parameters N, p;
E[n;] = Np;, Vn;] = Np;(1 —p;) foralli
One can also find the covariance to be
Vii = Np;(4;; — ;)

Example: 7 = (n1,...,nm) representsa histogram

with m bins, N total entries, all entries independent.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 1
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Poisson distribution

Consider binomial n in the limit

20

20

N—>OO, p_>07 E[n]:Np—>I/
< 04 »
— n follows the Poisson distribution: =, | N N _
n Nilins
f(n, 1/) p— _Ie_V (’n, 2 O) 0 5 1?0 15
n: = 04
SF, v=5
Efnl=v, Vn=v. S o |
g ln [ H H H H H lna
0 5 10 15
Example: number of scattering events o '
n with cross section /found for a fixed g V1o
. . . i 0.2
integrated luminosity, withv = o [ L dt. Sl
0 i 0l 0n
0 5 10 15
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Uniform distribution

1

f(z;, o, B) = {ﬁ_a "

0O otherwise

Elz] = ~(a + 0)

Vil = (8 - a)?

<z<p

f(x;oB)

04

a2 r

Notation: X follows a uniform distribution between a and f

write as: X ~ Ula,f]

G. Cowan / RHUL Physics
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Uniform distribution (2)

Very often used with a =0, f =1 (e.g., Monte Carlo method).

For any r.v. X with pdf f(X), cumulative distribution F(X), the
function y = F(x) is uniform in [0,1]:

_ o 9| _ f(2)
fle)  flz)
= TdF/dr]  fo) o V==t

N\ /

because f(X) = dF/dx = dy/dx
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Exponential distribution

The exponential pdf for the continuous r.v. X is defined by:

%e—x/ﬁ x>0
f(x;§) =
O otherwise
TR 1
Elx] =¢ g
08
Viz] = &2 06
0.4
02 f-.
0
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Exponential distribution (2)

Example: proper decay time t of an unstable particle

fer) = Let/m (/] =mean lifetime)
T
Lack of memory (unique to exponential): f(t — tg|t > tg) = f(¢t)

Question for discussion:

A cosmic ray muon is created 30 km high in the atmosphere,
travels to sea level and is stopped in a block of scintillator, giving a
start signal at t,. At atime tit decays to an electron giving a stop
signal. What is distribution of the difference between stop and
start times, i.e., the pdf of t —t; givent > t,?
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Gaussian (normal) distribution

The Gaussian (normal) pdf for a continuous r.v. X is defined by:

. — 1 —@-w?/20?
f(.f[), /J‘u 0) - \/%0_6
"6: T T T T
Elz] = p 2 06 |  k=00=1 |
S~ --- pn=0, o=
-~ u=1, o=1
Viz] = o° 04 i

N.B. often / /2 denote
mean, variance of any
r.v., not only Gaussian.

G. Cowan / RHUL Physics

0.2 r .
0 === —
4 2 0 2 4
X
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Standardized random variables

If a random variable y has pdf f(y) with mean x and std. dev. g,
then the standardized variable

y—p
o

T = has the pdf g(x) = | =of(u+ox)

has mean of zero and standard deviation of 1.

Often work with the standard Gaussian distribution (¢ =0. 0 = 1)
using notation:

1
V2T

Thene.g.y = u + oX follows

1 [y— 1 2
1) = 5o (L51) = et

o 2mo

gO(.’L‘) = 6—m2/2 : d(x) = /_ﬂjoogo(a:’) da’
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Multivariate Gaussian distribution

Multivariate Gaussian pdf for the vector £ = (x1,...,xn) :

1
(2?1')”/2|V|1/2 ex

F@ V) = p 5@ - @)V @ - D)

T ST

¥, i are column vectors, £, i° are transpose (row) vectors,

Elx;] = p;, ,  covlz;,x;] = V5.

Marginal pdf of each Xx; is Gaussian with mean y;, standard
deviation o; = WV, .

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 1
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https://en.wikipedia.org/wiki/Multivariate normal distribution

Two-dimensional Gaussian distribution

1
f(mlz-m?ﬁ y 1y 12,01, 02, P) -
2ra1ooy 1 — p2

2 2
1 Ty — p1 To — 2 r] — p1\ (T2 — M2
— =] =2
Kexp{ 2(1—;92}[( o1 )+( 72 ) p( o1 )( o2 )

where )= cov[xy, X,)/( /1 /5)

is the correlation coefficient.

}
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Chi-square (x?) distribution

The chi-square pdf for the continuous r.v. z (z > 0) is defined by

~ 05
1 nj2—1 —z/2 & | 5
zZ,n) = < € 04 | _
1) = o r2) ‘
03 B -0
n=1, 2,...= number of ‘degrees of |
freedom’ (dof) Vo,
Elzl=n, V[z]=2n. <

For independent Gaussian X;, i = 1, ..., N, means u;, variances o,

n Ti— (L 2
= (i 2!%) follows y? pdf with n dof.
i=1 i
Example: goodness-of-fit test variable especially in conjunction
with method of least squares.
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Cauchy (Breit-Wigner) distribution

The Breit-Wigner pdf for the continuous r.v. X is defined by

1 r/2

f(xr rJCUO) — ;r2/4_|_ (33—330)2

f (x;x[):r)

06

(I' =2, Xy = 0 is the Cauchy pdf.)

04

E[X] not well defined, V[X] — .

02

Xo = mode (most probable value)

I' = full width at half maximum

Example: mass of resonance particle, e.g. p, K7, ¢, ...

I' = decay rate (inverse of mean lifetime)
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Landau distribution

For a charged particle with § = v /c traversing a layer of matter
of thickness d, the energy loss 4 follows the Landau pdf:

A

F(A8) = 26(N) %
6 ,B to4-]

1 o0
b)) = —/O exp(—uInu — Au) sin u du |
7T

1
v=cla-g(nS+1-0e)]
3 ¢/
2rNpaez2p>. Z d . I?expp?
§ = 2 2 €= 2022 "
mecc> A [ 2mecs 34y

L. Landau, J. Phys. USSR 8 (1944) 201; see also
W. Allison and J. Cobb, Ann. Rev. Nucl. Part. Sci. 30 (1980) 253.
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Landau distribution (2)

Long ‘Landau tail’
— all moments «©

Mode (most probable
value) sensitive to f,

— particlei.d.

G. Cowan / RHUL Physics

(keV )

f(A;B)

Ay, (keV)

TAE 2024 Benasque / Lecture 1
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Beta distribution

| . Mo+ 3) a—lcq _ B—1
flz; o, 8) = (o) (8) v (1)
s 3
Elz] = ~ f_ 5 “2s| _EEE
a3 |
V s
et s+ D

Often used to represent pdf
of continuous r.v. nonzero only
between finite limits, e.g.,

y =ay + 44X,

G. Cowan / RHUL Physics

a,<y<ay+a
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Gamma distribution

: _ 1 a—1_—x/p3
f(mvavﬁ)_l_(a)ﬁaa? €
E,U'S
Elz] = o8 2
0.4
2
Viz] = aB 0.3
Often used to represent pdf 0.2 .-"5
of continuous r.v. nonzero only !
in [0,00]. 0.1}
Also e.g. sum of n exponential |

r.v.s or time until nth event
In Poisson process ~ Gamma
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Student's t distribution

LG A
Fe) = ) (1 " 7)
Elz] =0 (v>1) P
ety e

v = number of degrees of freedom o2r

(not necessarily integer)

011

v = 1 gives Cauchy,

v — oo gives Gaussian. 0
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Student's t distribution (2)

If X ~ Gaussian withu =0, 0= 1, and
Z ~ y> with n degrees of freedom, then
t =x/ (z/n)}? follows Student's t with v = n.

This arises in problems where one forms the ratio of a sample
mean to the sample standard deviation of Gaussian r.v.s.

The Student's t provides a bell-shaped pdf with adjustable
tails, ranging from those of a Gaussian, which fall off very
quickly, (v — oo, but in fact already very Gauss-like for

v = two dozen), to the verylong-tailed Cauchy (v = 1).

Developed in 1908 by William Gosset, who worked under
the pseudonym "Student" for the Guinness Brewery.
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Proof of Neyman-Pearson Lemma

Consider a critical region W and suppose the LR
satisfies the criterion of the Neyman-Pearson
lemma:

P(x|H,)/P(x|Hy) > ¢, forallxin W,
P(x|H)/P(x|Hy) < c, forall X notinW.

Try to change this into a different critical
region WW'retaining the same size g, i.e.,

P(X < W’|H0) — P(X < W|H0) =

To do so add a part oW, but to keep the
size a, we need to remove a part oW, i.e., W'

W—>W,:W+(5W+—(5W_
P(x € 0W|Hy) = P(x € 0W_|H))

oW,

oW_
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Proof of Neyman-Pearson Lemma (2)

oW,

But we are supposing the LR is higher for
all X in oW_ removed than for the X in
oW, added, and therefore

P(X = (5W_|_|H1) S P(X < 5W_|_|H0)Ca

P(x € 0W_|Hy) > P(x € 0W_|Hp)ca
The right-hand sides are equal and therefore

P(xe W |H) < P(x e dW_|Hy)
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Proof of Neyman-Pearson Lemma (3)
oW,

We have
WUW' =WUoW,. =W UdWw_

Note W and oW, are disjoint, and
W'and oW_ are disjoint, so by
Kolmogorov’s 3" axiom,

PxeW)+PxedW_)=PkxeW)+P(xecdW,)

Therefore
P(x € W|Hy) = P(x € W|Hy) + P(x € W, |Hy) — P(x € 6W_|Hy),
V\/
L O
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Proof of Neyman-Pearson Lemma (4)

And therefore
P(x e W'|Hy) < P(x € W|Hy)

i.e. the deformed critical region W' cannot have higher power
than the original one that satisfied the LR criterion of the
Neyman-Pearson lemma.
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Outline

Monday 9:00: Introduction
Probability
Hypothesis tests
— Tuesday 9:00: Parameter estimation
Confidence limits
Systematic uncertainties
Experimental sensitivity

Tuesday 15:30:  Tutorial on parameter estimation

Almost everything is a subset of the University of London course:

http://www.pp.rhul.ac.uk/~cowan/stat_course.html
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Parameter estimation

The parameters of a pdf are any constants that characterize it,

_* —9:/6’
flx;0) = ¢ i.e., Oindexes a

/ \ set of hypotheses.
rv parameter

Suppose we have a sample of observed values: X = (Xy, ..., X,)

We want to find some function of the data to estimate the
parameter(s):

0(x) < estimator written with a hat

Sometimes we say ‘estimator’ for the function of x4, ..., X;;
‘estimate’ for the value of the estimator with a particular data set.
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Properties of estimators

If we were to repeat the entire measurement, the estimates
from each would follow a pdf:

X best
g(0;0)
large
variance

We want small (or zero) bias (systematic error): b = E[0] — 0

— average of repeated measurements should tend to true value.

And we want a small variance (statistical error): V' [0]

— small bias & variance are in general conflicting criteria
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The likelihood function fori.i.d.™ data

*i.i.d. =independent and identically distributed

Consider n independent observations of X: X, ..., X,, where
X follows f(X; 8). The joint pdf for the whole data sample is:

1=1

In this case the likelihood function is

L) = [[ f(zy;0) (X: constant)
=1
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Maximum Likelihood Estimators (MLEs)

We define the maximum likelihood estimators or MLEs to be
the parameter values for which the likelihood is maximum.

Maximizing L [
equivalent to —
maximizing log L

~

0 = argmax L(0) *
)

@>|----""""""

Could have multiple maxima (take highest).

MLEs not guaranteed to have any ‘optimal’ properties, (but
in practice they’re very good).

G. Cowan / RHUL Physics
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MLE example: parameter of exponential pdf

Consider exponential pdf,  f(¢;7) = le—t/’r
-

and suppose we have i.i.d. data, tq1,...,tn
|
The likelihood functionis L(7) = [] T bi/T
i=1"7

The value of 7 for which L(7) is maximum also gives the
maximum value of its logarithm (the log-likelihood function):

InL(7) = i In f(t;;7) = ﬁ: (Inl — E)
i=1

i—=1 T T
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MLE example: parameter of exponential pdf (2)

Find its maximum by setting 1n L(7) =0,

oT

n
Zt@ 1

1=1

f®

075
Monte Carlo test:

generate 50 values
using t = 1:

05 F

025

We find the ML estimate:

I T T T T,
+=1.062 0 1 2 3 4 5

{
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MLE example: parameter of exponential pdf (3)

For the exponential distribution one has for mean, variance:

Elt] :/ tlet/mar =7
0 T

= 1
Vit] = / (t—7)2 e /7 dt =72
0 T

1 ('
Forthe MLE 7= =) t; we therefore find
ni:l

'1 T 7] 1 e
E[f]=E =) ti|==)Y E[tj=7 —> b=E[f]-7=0

. 1 «— T2 T
Vi =V HZL}- _EEV[Q]_E — o=
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Variance of estimators: Monte Carlo method

Having estimated our parameter we now need to report its
‘statistical error’, i.e., how widely distributed would estimates
be if we were to repeat the entire measurement many times.

One way to do this would be to simulate the entire experiment
many times with a Monte Carlo program (use ML estimate for MC).

For exponential example, from € w0
sample variance of estimates
we find: 100 |

5> = 0.151

50

Note distribution of estimates is roughly
Gaussian — (almost) always true for
ML in large sample limit. o o5 1 152
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Variance of estimators from information inequality

The information inequality (RCF) sets a lower bound on the
variance of any estimator (not only ML):

Vg > (1 —I-@)Q/E [—62'”’

Minimum Variance
] 'd Bound (MVB)

a0 962 (b= E[0] — 0)

Often the bias b is small, and equality either holds exactly or
is a good approximation (e.g. large data sample limit). Then,

V[é]%—l/E [62InL]

062

Estimate this using the 2nd derivative of In L at its maximum:

N 2InL\ 1
V[Q]:_( 562 )

—

0=0
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MVB for MLE of exponential parameter

ab\? 0% 1n L
' MVB = — ( 1+ — E
Find Vv ( +8T> / { 5.2 ]

.1
We found for the exponential parameterthe MLE 7 = - Z t;

i=1
and we showed b =0, hence db/dr = 0.
i (92 In L - 1 275@'

We find 52 — ; (72 — 73)

2
and since E[t]] =7 foralll, E 0"In L __n ,

OT2 T2

2

and therefore MVB = _— — Vit (Here MLE is “efficient”).

n
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Variance of estimators: graphical method

Expand InL(#) about its maximum:

oln L
00

In L(6) = In L(§)+[ : {82'”1’

) L M2
]925(9 D45 |~ L:g(@ )2+ ...

First termis InL,,.,, second term is zero, for third term use
information inequality (assume equality):
(6 - 6)°

In L(0) ~ In Lmax — —

2
20 )

e, InL(A+5,) ~ In Lmax — %

— to get o5, change 6 away from § until InL decreases by 1/2.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2



Example of variance by graphical method

o -02.5 I I |
ML example with exponential: Eﬂ
7 = 1.062
AT = 0.137 35
ATy = 0.165

54

o= AT~ ATy =~ 0.15

Q

Not quite parabolic InL since finite sample size (n = 50).
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Confidence intervals by inverting a test

In addition to a ‘point estimate’ of a parameter we should report
an interval reflecting its statistical uncertainty.

Confidence intervals for a parameter 6 can be found by
defining a test of the hypothesized value 6 (do this for all §):

Specify values of the data that are ‘disfavoured’ by 6
(critical region) such that P(data in critical region|60) < a
for a prespecified ¢, e.g., 0.05 or 0.1.

If data observed in the critical region, reject the value 6.
Now invert the test to define a confidence interval as:

set of @ values that are not rejected in a test of size a
(confidence level CLis 1—a).
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Relation between confidence interval and p-value

Equivalently we can consider a significance test for each
hypothesized value of 6, resulting in a p-value, p,.

If py < a, then we reject 6.

The confidence interval at CL = 1 — & consists of those values of
6 that are not rejected.

E.g. an upper limit on @ is the greatest value for which p, > a.
In practice find by setting p, = a and solve for 6.

For a multidimensional parameter space 6 = (6,,... 6),) use same
idea — result is a confidence “region” with boundary determined

by p,y = o.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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Coverage probability of confidence interval

If the true value of @ is rejected, then it’s not in the confidence
interval. The probability for this is by construction (equality for

continuous data):
P(reject 8]|6) < a = type-l error rate

Therefore, the probability for the interval to contain or “cover” 6 is
P(conf. interval “covers” 816)> 10 «a

This assumes that the set of @ values considered includes the true
value, i.e., it assumes the composite hypothesis P(x|H,6).

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2 17



Frequentist upper limit on Poisson parameter

Consider again the case of observing n ~ Poisson(s + b).
Suppose b =4.5, n,,. = 5. Find upper limit on s at 95% CL.
Relevant alternative is S = 0 (critical region at low n)
p-value of hypothesized sis P(n <n,; S, b)
Upper limit s, at CL = 1 — a found from

Ngobs

o = P(ﬂ. < Tobs: Sup,b) _ Z (Sup + b) E—[Eup-l-b]

n!

n=>0

1
Sup = Einl(l —;2(ngps + 1)) — b

| —
= 5F3'(0.95,2(5 + 1)) — 4.5 =6.0

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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N ~ Poisson(s+b): frequentist upper limit on s

For low fluctuation of n, formula can give negative result for s
i.e. confidence interval is empty; all values of s> 0 have p, < a.

—
Mo

6 events observed

Syp (CL=95%)
=
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Limits near a boundary of the parameter space

Suppose e.g. b = 2.5 and we observe n = 0.

If we choose CL = 0.9, we find from the formula for s,

Physicist:
We already knew s > 0 before we started; can’t use negative
upper limit to report result of expensive experiment!

Statistician:
The interval is designed to cover the true value only 90%
of the time — this was clearly not one of those times.

Not uncommon dilemma when testing parameter values for which
one has very little experimental sensitivity, e.g., very small s.
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Expected limit fors =0
Physicist: I should have used CL =0.95 — then s, = 0.496
Even better: for CL=0.917923 we get s, = 10!

Reality check: with b = 2.5, typical Poisson fluctuation in nis
at least V2.5 = 1.6. How can the limit be so low?

Look at the mean limit for the L
no-signal hypothesis (s = 0)
(sensitivity).

Distribution of 95% CL limits
withb=2.5,5 = 0. - N
Mean upper limit =4.44 |

! |H|I'||AL||||

| | |
0 5 10 15
Sup
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moved to tutorial

Approximate confidence intervals/regions
from the likelihood function

Suppose we test parameter value(s) @ = (64, ..., 6,) using the ratio
L(#)
L(0)

Lower A(0) means worse agreement between data and
hypothesized 8. Equivalently, usually define

A(6) = 0<AB) <1

te = —2InA(0)
so higher t, means worse agreement between @ and the data.

o0

p-value of @ therefore Po = f(te|0) dte
tE,Dbs \
need pdf

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2 22



moved to tutorial

Confidence region from Wilks’ theorem

Wilks” theorem says (in large-sample limit and provided
certain conditions hold...)

hi-square dist. with # d.o.f. =
to|0) ~ x> -
f(t616) ~ xn # of componentsin 8= (0,, ..., 9,).

Assuming this holds, the p-value is
pe =1— Fxﬁ (tg) < set equal to o

To find boundary of confidence region set p,= a and solve for t,:

Recall also tg = —2In —
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moved to tutorial

Confidence region from Wilks” theorem (cont.)
i.e., boundary of confidence region in @ space is where
InL(6) =InL(6) — 3F (1 - a)
For example, for 1 —a = 68.3% and n = 1 parameter,
F10.683) =1
X1

and so the 68.3% confidence level interval is determined by

1
2
Same as recipe for finding the estimator’s standard deviation, i.e.,

InL(f) = In L(6) —

]

0 — oy, 0+ 0;] isa68.3% CL confidence interval.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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moved to tutorial

Example of interval from In L(6)

For n=1 parameter, CL =0.683, Q, = 1.

= | | |
~]
2 4t | Our exponential
example, now with
only n =5 events.
Can report ML estimate
45 L | with approx. confidence
interval from In L., — 1/2
as “asymmetric error bar”:
s = 0851433
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moved to tutorial

For increasing number of parameters, CL = 1 — a decreases for

Multiparameter case

confidence region determined by a given

Qa :F}éll(l_&)

1l — o
Qa n=1 n=2 n=3 n= n=>a
L.O | 0683 0.393  0.199  0.090  0.037
2.0 | 0843 0632 0428  0.264  0.151
4.0 ) 0.9534 0865  0.739  0.594  (.45]
Q.0 | 0.997  0.989  0.971  0.939  0.891

G. Cowan / RHUL Physics
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moved to tutorial

Multiparameter case (cont.)

Equivalently, Q, increases with n for a given CL=1 — a.

Qa
n=1 n=2 n=J3 n=4 n=5
0.683 [ 1.00 2.30 3.03 4.72 2.8
(.90 2.71 4.61 6.25 T.78 0.24
(.95 .84 2.94 T.82 .44 11.1
(.94 6.63 0.21 11.3 13.3 15.1

1 -«
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Systematic uncertainties and nuisance parameters

In general, our model of the data is not perfect:

model: P(z|p) = px

“.- truth:  P(z|p) = px + az® + Bz + - - -

P (Xu)

X

Can improve model by including
P(z|p) = P(x|p, 0
additional adjustable parameters. (zlx) (@|p, 0)

Nuisance parameter € systematic uncertainty. Some pointin the
parameter space of the enlarged model should be “true”.

Presence of nuisance parameter decreases sensitivity of analysis
to the parameter of interest (e.g., increases variance of estimate).
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Profile Likelihood

Suppose we have a likelihood L(z,0) = P(X|u,0) with N

parameters of interest 4 = (uy,..., 1tn) and M nuisance parameters
0 = (64,..., 6y). The “profiled” (or “constrained”) values of @ are:

6(p) = argmax L(p, 6)
0

and the profile likelihood is: L, () = L(p, 6)

The profile likelihood depends only on the parameters of
interest; the nuisance parameters are replaced by their profiled
values.

The profile likelihood can be used to obtain confidence
intervals/regions for the parameters of interest in the same way
as one would for all of the parameters from the full likelihood.
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Profile Likelihood Ratio — Wilks theorem

Goal is to test/reject regions of u space (param. of interest).

Rejecting a point # should mean p, < a for all possible values of the
nuisance parameters 6. A
L(p,0)

L(f1,0)

Test u using the “profile likelihood ratio”: A(p) =

Let t, = —2Ini(u). Wilks’ theorem says in large-sample limit:

t,, ~ chi-square(V)

where the number of degrees of freedom is the number of
parameters of interest (components of u). So p-value for u is

Py — ] Ftulp,0) dty =1 = Fa (tuo)

tp,,obs
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Profile Likelihood Ratio — Wilks theorem (2)

If we have a large enough data sample to justify use of the
asymptotic chi-square pdf, then if u is rejected, it is rejected for
any values of the nuisance parameters.

The recipe to get confidence regions/intervals for the parameters
of interest at CL=1 —a is thus the same as before, simply use the
profile likelihood:

1
In Ly(p) =1In Liax — §F_21(1 — Q)

XN

where the number of degrees of freedom N for the chi-square
guantile is equal to the number of parameters of interest.

If the large-sample limit is not justified, then use e.g. Monte
Carlo to get distribution of t,.
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Finally

Two lectures only enough for a brief introduction to:
Parameter estimation
Hypothesis tests (— path to Machine Learning)
Limits (confidence intervals/regions)
Systematics (nuisance parameters)

No time for many other interesting topics:
Experimental sensitivity
Bayesian parameter estimation

Final thought: once the basic formalism is fixed, most of the
work focuses on writing down the likelihood, e.g., P(x|#), and
including in it enough parameters to adequately describe the
data (true for both Bayesian and frequentist approaches) so
often best to invest most of your time with it.
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Extra slides
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Information inequality for N parameters

Suppose we have estimated N parameters € = (6,,...,0)

The Fisher information matrix is

2 2
L= —E [8 lnL] :_/3 In P(x|0)

0000, o0,00, L (X10)dx

and the covariance matrix of estimators @ is ‘/ij — COV[Q@; 93']

The information inequality states that the matrix

0b
= o ) o 2

is positive semi-definite:
2"Mz > 0 for all z # 0, diagonal elements > 0
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Information inequality for N parameters (2)

In practice the inequality is ~always used in the large-sample limit:

bias — 0
inequality — equality, i.e, M =0, and therefore V-1 =

: 9%1In L
Thatis, Vl=_E
ij [aez—aej]
2
This can be estimated from data using V! = _InL
tJ 00,00 0

Find the matrix V- numerically (or with automatic differentiation),
then invert to get the covariance matrix of the estimators

V,; = cov[0;,0,]

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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Example of ML with 2 parameters

Consider a scattering angle distribution with X = cos g

\l
2 ) q
1+ ax+ Bx e* % &

2 +23/3 A

I\

f(z;a,B) =

or if Xin < X < Xqax: N€€d to normalize so that

/xmaxf(:c: a,B)dr=1.

T'min

Example: (=0.5, ®=0.5, X;;;; = —0.95, X, = 0.95,
generate N = 2000 events with Monte Carlo.

In L(a Zlnf ziia,3) «—— heedtofind maximum
numerically
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Example of ML with 2 parameters: fit result

Finding maximum of In L((; ®) numerically gives

6& — 0508 = —— Monte Carlo data
- ML fit result

~ 08 b

B = 0.47

N.B. No binning of data for fit,
but can compare to histogram for 04 HTIF-
goodness-of-fit (e.g. ‘visual’ or ?).

— 2 X
(Co)variances from (V—1),; = _o7InL .
00,00 ; I—7
65 = 0.052 cov[a,B] = 0.0026
53 = 0.11 r = 0.46 = correlation coefficient
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Two-parameter fit: MC study
Repeat ML fit with 500 experiments, all with n = 2000 events:

1 | | | 5 T T T —
; o, _ o | a = 0.499
075 | . i 4
AR L ] sq = 0.051
05 | AR | _
2 | : B = 0.498
= 1 r : s; = 0.111
"0 D.IEE 075 D.I}'E 1 _ D.I25 D.IE {J.I?'; 1 Cﬁv[&, ;_f;)] = (.0024
’ g r = 0.42
10 T T T
s | CH
g | . Estimates average to ~true values;
s b . (Co)variances close to previous estimates;
2 b . marginal pdfs approximately Gaussian.
D | | |

0 0.25 05 0.75 1
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Multiparameter graphical method for variances

Expand InL(#) to 2" order about MLE:

A Oln L A 1 9%In L A .
In L(8) ~In L(8 i— )+ =S 2 0, —6,)(0; — 6,
nL(6) / (>+gj 56, |, B =00 + 5 5608, |, &~ 0 = 6)
In Lo ZEro relate to covariance matrix of
MLEs using information
(in)equality.

1 . R
Result: InL(0) = In Lyax — 5 Z(Qz — 97;)1/@-;1(93' —0))

1,J

1
So the surface InL(0) =1n Lyax — 5 corresponds to

o

(0 —8)"V~1(0—-0)=1, which is the equation of a (hyper-) ellipse.
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Multiparameter graphical method (2)

ton j-'7‘ = :‘)’_&?6\;‘ 5
f

st _ s+

A

Distance from MLE to tangent planes gives standard deviations.
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The InL, ., — 1/2 contour for two parameters

For large n, InL takes on quadratic form near maximum:

In L(Oé,,@) ~ In Lmax
2
1 o — &\2 B—p5 a—a\ (-7
- 2(1 - p?) {( o5 ) +( 73 ) _QP( & )( 3 ”
The contour In L(a, 8) = In Lmax — 1/2 s an ellipse:

1 (aa)2+ -7 2_2p(a&) 5-8\| _,
(1 — p?) o o o o5
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(Co)variances from In L contour

iy

06 |

0.5

04 r

0.3

- true value —

\

= ML fit result

\'

0.3

04

0.5

o

0.6

0.7

The (, ® plane for the first
MC data set

—— In L(Oz,,@) = INn Lmax — 1/2

— Tangent lines to contours give standard deviations.

2p0’&0’8

— Angle of ellipse ¢ related to correlation: tan2¢ = ——=~

G. Cowan / RHUL Physics

_ 2
ogf —of3
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Prototype search analysis

Search for signal in a region of phase space; result is histogram
of some variable X giving numbers:

Assume the n, are Poisson distributed with expectation values
Eln;]l = ps; + b;

\

strength parameter

Si = Stot fs(iITE 95) dr,  bj = bt fb(iITE 9.5) dix .

bin ¢ binz
signal background
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Prototype analysis (Il)

Often also have a subsidiary measurement that constrains some
of the background and/or shape parameters:

m = (mq.....mps)

Assume the m: are Poisson distributed with expectation values

Elm;| = u;(0)

\

nuisance parameters (6, 6,,b;,)

Likelihood function is

N ¥ M .
L(,0) =] (118 03)"™ (s 0,) T S
iy n;: oy T

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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The profile likelihood ratio

Base significance test on the profile likelihood ratio:

/ maximizes L for
specified u

,0)
K maximize L

Define critical region of test of u by the region of data space
that gives the lowest values of A(u).

Important advantage of profile LR is that its distribution
becomes independent of nuisance parameters in large sample

limit.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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Test statistic for discovery

Suppose relevant alternative to background-only (« = 0) is > 0.

So take critical region for test of 4 = 0 corresponding to high q,
and /7 > 0 (data characteristic for u > 0).

That is, to test background-only hypothesis define statistic

(—2InA\0)  4>0
qo =

0 <0

\

i.e. here only large (positive) observed signal strength is
evidence against the background-only hypothesis.

Note that even though here physically « > 0, we allow

to be negative. In large sample limit its distribution becomes
Gaussian, and this will allow us to write down simple
expressions for distributions of our test statistics.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554
Distribution of g, in large-sample limit

Assuming approximations valid in the large sample (asymptotic)
limit, we can write down the full distribution of q, as

=) o)

The special case u' = 0 is a “half chi-square” distribution:

F(qol0) = 1( o) + ;\/1_\/1_ a0/

In large sample limit, f(g,|0) independent of nuisance parameters;

f(gole") depends on nuisance parameters through o.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2

47



p-value for discovery

Large (, means increasing incompatibility between the data
and hypothesis, therefore p-value for an observed (| o iS

py = / T F(40]0) dao
q

0,0bs

use e.g. asymptotic formula

From p-value get
equivalent significance,

Z=2o"1-p)
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Cumulative distribution of q, significance

From the pdf, the cumulative distribution of (, is found to be

i) = (v 2)
The special case ' =0 is
F(q0]0) = ‘b(\/@TU)
The p-value of the u = 0 hypothesis is
po =1—F(qo[0)

Therefore the discovery significance Z is simply

Z=0o"1-po) =V

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Monte Carlo test of asymptotic formula

n ~ Poisson(pus + b)

m ~ Poisson(7b)

= param. of interest
b = nuisance parameter
Here take s known, 7 = 1.

Asymptotic formula is
good approximation to 50

level (g, = 25) already for 1075 10
b ~ 20.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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How to read the p, plot

The “local” p, means the p-value of the background-only
hypothesis obtained from the test of ¢ = 0 at each individual
m,,, without any correct for the Look-Elsewhere Effect.

The “Expected” (dashed) curve gives the median py under
assumption of the SM Higgs (u = 1) at each m,.

ATLAS, Phys Lett B 716 (2012) 1-29

o gl rrrpyrrrnrrprtror T T T TT IIIIIlIIIIIIIII

= ATLAS 2011 2012 ohe The blue band gives the
O 1 ' . . . .
S s=7TeV: [Ldt=4.6-48 15 -~ Exp. width of the distribution
{s=8TeV: |Ldt=5.85.9 b’ Mo o
1 .."""::::":-"::::::::::::::::::::::::::::::"':::::::::::::'::. ?0 (i 10) Of Slgnlflcances
L = e G .
e 2 under assumption of the
107 Bt E e S e 30 .
185 """"""""""" ; '.":‘ """""""""""""""""""""" Ac SM nggs'
10° - AN
107 50
10°®
1077 s e B e e e e 60
101°
10"} AT IR BT BT e ;
110113 120 125 130 135 140 145 150
[GeV]
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Test statistic for upper limits

For purposes of setting an upper limit on x use

where  A\(u) = -
> L(f,0)

—2InA(p) < p L(11.0)
du =
"o
|.e. when setting an upper limit, an upwards fluctuation of the data
is not taken to mean incompatibility with the hypothesized u :

From observed q, find p-value:  pu = / f(qu|p) dgu
q

w,obs

Large sample approximation: | p, = 1 — tb(\/qﬂ)

To find upper limit at CL = 1-a, set p, = a and solve for .
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Cowan, Cranmer, Gross, Vitells, arXiv:1007.1727, EPJC 71 (2011) 1554

Monte Carlo test of asymptotic formulae

Consider again n ~ Poisson(us + b), m ~ Poisson(zb)
Use (, to find p-value of hypothesized u values.

E.g. f(g,|1) for p-value of u =1. i\
Typically interested in 95% CL, i.e., \

p-value threshold = 0.05, i.e.,
9, =2.69 or Z, =g, = 1.64.

Median[q, |0] gives “exclusion
sensitivity”.

107

107%

Here asymptotic formulae good o
fors=6,b=09. L[ B S ’
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How to read the green and yellow limit plots
For every value of my, find the upper limit on p.

Also for each m, determine the distribution of upper limits x,, one
would obtain under the hypothesis of u = 0.

The dashed curve is the median y,,, and the green (yellow) bands
give the = 10 (20) regions of this distribution.
ATLAS, Phys. Lett. B 716 (2012) 1-29

=T = .
S F ATLAS 2011-2012 E+1o E
E [ \s=7TeV: det = 4.6-4.8 fb’ [ l+2 ]
T | \s=8TeV: |Ldt-5859f" — Observed {
~d AN e Bkg. Expected
O b\
o~
Lo
o>

10" CL, Limits —

110 150 200 300 400 500

m,, [GeV]
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Sensitivity for Poisson counting experiment

Count a number of events n ~ Poisson(s+b), where
S = expected number of events from signal,

b = expected number of background events.

To test for discovery of signal compute p-value of s = 0 hypothesis,

p=Pn>neslb) = )  —e " =1-F2(2b;2n)
N=MNghs
Usually convert to equivalent significance: Z = & 1(1 — p)
where @ is the standard Gaussian cumulative distribution, e.g.,

Z >5 (a5 sigma effect) means p < 2.9 xX10/,

To characterize sensitivity to discovery, give expected (mean
or median) Z under assumption of a given S.
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s/\b for expected discovery significance

For large s + b, n — X ~ Gaussian(u,0) ,u=S+Db, 0= \/(S + D).

For observed value X, p-value of S =0 is Prob(X > X, | S = 0),:

Tohs — b
| :1—¢>( )
0 NG

Significance for rejecting s = 0 is therefore

Tohs — b
Vb

Expected (median) significance assuming signal rate S is

Zy = (I)_l(l —po) =

l‘q
median[Zg|s + b] = —
Vb
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Better approximation for significance

Poisson likelihood for parameter s is

L(S} _ S T b)“ (s+b) For nc?w
n! no nuisance
To test for discovery use profile likelihood ratio: p;arams.
—21n )\(D) S = 0 ] é S))
do = A(s) = %
0 §<0. (,m

So the likelihood ratio statistic for testing s =0 is

L0 n
(0) — 9 (-n. 111% +bh — n.) for n > b, 0 otherwise

1 =
YL
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Approximate Poisson significance (continued)

For sufficiently large s + b, (use Wilks’ theorem),

Z:\/Q(nlnﬂ-l—b—n) for n > band Z = 0 otherwise.

b

To find median[Z|s], let n — s + b (i.e., the Asimov data set):

Za =\/2 ((s—l—b)ln (1+§) —3)

This reduces to s/vb for s << b.

G. Cowan / RHUL Physics TAE 2024 Benasque / Lecture 2
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n ~ Poisson(s+b), median significance,
assuming s, of the hypothesis s =0

CCGV, EPJC 71 (2011) 1554, arXiv:1007.1727

“Exact” values from MC,
jumps due to discrete data.

Asimov \/CIo,A good approx.
for broad range of s, b.

s/\b only good for s « b.

10" 1 10 10°
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