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Introduction



Inspiral-merger-ringdown

Inspiral Merger Ringdown
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Post — Newtonian Numerical Perturbation
Theory Relativity Theory



What are the most important predictions ?

All methods (PN, GSF, NR, ...) lead to a prediction in the form:
1 +oo /L 1
. 7 —imap(t m
hy —ihx :r; thém(t)e v vty (97¢)+0<T,2>

The (half-)phase ¥ is that of the (2,2) mode, such that only hgy € R.
The (half-)frequency of the (2,2) is denoted © = d¢)/dt, and it is

3

Gm 2/3
adimensionalized in the PN parameter |z = < - > <1

Since the frequency x is monotonous in the time ¢ (GW chirp !), most
gauge invariant results are expressed in terms of x



Post-Newtonian theory in a nutshell

Two-body system obeys virial theorem:
(&)2 . Gmyoy

c r19c2

Newton's law of gravitation : a; = —fg@; nis.

The quadrupole formula predicts they emit GWs as:
hTT 2G TT d QZ]
AR T g2
where Qi; = mu [yi 1)y} (t) — 567y [*] + (1 & 2).

Systems that orbit faster (but not too fast!) can be described with
post-Newtonian (PN) corrections in powers of (v/c)? < 1

A correction of order (v/c)?" is said to be of order nPN.



NR, GSF and PN-MPM
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Results in GR at 4.5PN &
comparison with GSF



Flux at 4.5PN

We found [Blanchet, Faye, Henry, Larrouturou & Trestini 2023a]:
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where ‘m =mj + mo ‘ is the total mass and |v = mymy/(m1 + mg)

the symmetric mass ratio.

The 4.5N term comes from [Marchand, Blanchet & Faye 2016].



Comparison with GSF

The 1SF result (12 coefficient in the flux) is known analytically to very

high PN order [Tagoshi & Sasaki 1994], and we are in perfect agreeement.

The 2SF result (13 coefficient in the flux) was obtained numerically
[Warburton, Pound, Wardell, Miller & Durkan 2021], and we have recently found
very good agreement for all the coefficients [Warburton, Wardell, Trestini, Henry,
Pound, Blanchet, Durkan, Faye & Miller 2024]



2SF flux versus cumulative PN flux
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PN coefficients are individually consistent with 2SF
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Fluxes: PN vs GSF vs NR for ¢ =1
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Mode decomposition of the waveform

Decompose asymptotic waveform into spherical harmonics

+oo /L
. 1 7 —1m
h+—1hxz;§ Y b (1) eI YR (9, ¢)+O<r2)

{=2 m=—¢

Normalize the modes: ﬁgm =4/ 64”1/3:Hgm

Decompose the flux

where
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(2,2) mode at 4PN

We find [Blanchet, Faye, Henry, Larrouturou & Trestini 2023a]:
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H22=1+(——+—V)x+2mc3/2+( i 2 2)902

42 1512 216 1512
I RGN Y
21 21
27027409 856 272 278185  41x? 20261 o
T | Yo Y+ —+ (- v— v
646800 105 3 33264 96 2772
114 42
035 - —81 (16x) |3
99792 105
L[ o2mr 2495w o o) o
756 378 27
846557506853 45796 107 2 22898
= + e — —7° + ——— In(16x)
12713500800 2205 63 2205
336005827477 15284 9755 7642
= YE — 24— In(162) |v
4237833600 441 32256 441
256450291 102 1 1 2625124
56450201 _ 1025 5\ , BISTOIST 5 . 26251240 ] 4 ) ooy
7413120 1008 15567552 31135104

We exactly recover the analytical 1SF result of [Tagoshi & Sasaki 1994].
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Disagreement 2SF at at level of individual %,,, modes
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Energy-flux balance equation

We postulate energy conservation:

dFE
— _—_F
dt

where E is the conservative energy of the bound system and F the
energy flux of GWs carried at infinity.

If we have explicit expression in terms of the variable z, i.e. F(z)
and E(x), we recast the balance equation as

dx F .

Fri —m = z(t) = ... (the frequency chirp)
dy  A2¥?dE/dx B dy(t)
W% Cm @) = (x) = ... where 3 = Q(t)

15



Frequency chirp at 4.5PN

Define dimensionless time | 7 = vc3(tg — t)/(5Gm) | [z = (GmQ/c?)?/?]

We find [Blanchet, Faye, Henry, Larrouturou & Trestini 2023b]:
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The phase at 4.5PN

We find [Blanchet, Faye, Henry, Larrouturou & Trestini 2023b]:
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Combining with the previous result yields (¢) ! 17



What accuracy do we need?

We count the number of cycles Neycles in
the detector’s bandwidth (e.g. [fmin, fmax) = [30 Hz, 1 kHz])

mfcycles

\

GW strain

£ =30 Hz f0e=1 kHz

Time

Rule of thumb: don't miss a cycle
ANcycles < 1/2 [Cutler et al. 1993]

But nowadays, we actually need much better accuracy than that!

18



Behavior of the PN series

Cumulative contribution to the number of cycles

N cycles = '/V;:ycles '/\/;:13/2:25 N c1yc5IE:s'\I
Neyeles LIGO/Virgo ET LISA
f-band [30,103] Hz [1,10%] Hz [1074, 107 Hz
M, 14x 1.4 [ 1010 | 1.4x 1.4 | 500 x 500| 10° x 10° | 107 x 107
N 2562.599 | 95.502 | 744401.36| 37.90 | 28095.39 | 9.534
1PN 143.453 | 17.879 | 4433.85 9.60 618.31 3.386
15PN || -94.817 | -20.797 | —1005.78 | -12.63 | -265.70 | -5.181
2PN 5.811 2.124 23.94 1.44 11.35 0.677
25PN || -8.105 | -4604 | -17.01 -3.42 -12.47 -1.821
3PN 1.858 1.731 2.69 1.43 2.59 0.876
35PN || -0.627 | -0.689 -0.93 -0.59 -0.91 -0.383
4PN -0.107 | -0.064 -0.12 -0.04 -0.12 -0.013
45PN 0.098 0.118 0.14 0.10 0.14 0.065
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Behavior of the PN series for a 1.4M. 4Mg LVK binary

Number of cycles

+143.5

PN order
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Wave generation : big picture

N

Wave generation

o(1)

)

Motion Radiation

Radiation reaction
O(v/c)®
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Wave generation : in practice

- y Non-oscillat:
lQuasi—circuIar v Quasi-Keplerian ‘ l Hereditary tails ] °r:n<:sloslory Phase || Amplitude

’ Parametrizations‘ ’Asymptotic metric‘ ’Waveform ‘
[

Fluxes
: at infinity . .
Motion Radiation
Pl Full MPM metric

Non-linear
MPM iteration

Equations
Point particles

of motion
a

Sector [ Conservative .
J
Regularization

— N - Canceled MPM metric in
Ambiguities H Hadamard ‘ l Dimensional ‘ poles (1/¢) d dimensions

Linearized
metric
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The wave-generation formalism




Field equations in general relativity

Define the quantity: | h* = \/—gg"" — ¥

Einstein field equations (without A) in the Landau-Lifschitz formulation:
16mG
e

O =
a,h" =0

(~g)T™ + A [A]

Also written
OhH = (167G /T

, where we introduced the Landau-Lifschitz pseudo-tensor

4
C
m (o \THY AMY
T = (=g T+ gl

N.B.: O=1nd,0,

23



Near zone vs. exterior vacuum zone

t exterior region
' 7
: f
v J
4
v
R <K Aagw
' wave zone
r<a a R Aaw 7> Agw
nearzone diagram not to scale
. (U122 Gm )
Expand in <£) ~ 5 <1 Expand in |h*| < 1
C T12C
Valid only for r < Agw Valid only for T =0=1 > a

Multipolar post-Minkowskian

‘Post—Newtonian (PN) expansion‘ (MPM) -
expansion

24




Linearized exterior vacuum solution

Einstein equations in vacuum: Oh*” = A*[h] and J,h*" =0

First step: solve the linear vacuum equations

Ohk” =0 and A,ht =0

First, we solve R} = 0 and ignore 9,h}" =0

o ()

>0

where 01, = 0;,...0;, and K, = K, ;, are contracted together.

25



Linearized exterior vacuum solution

We now want the solution to both the wave and gauge equations

Ohk" =0 and Ayt =0

We find that there exists a gauge in which the general solution reads

=53 o i, ()
+ Ef— 1€iab8aL—1 [T_ISbL—l (t - g)] }
Ry = —;14 Z (z!)f {aL—Z [T_lME'JQ'}ﬁz (t - E)]

N SRS}

where M, and Sy, are the mass- and current-type canonical moments.

Ask me about residual gauge freedom 26



The canonical moments

For now, the canonical moments My and Sy, are just free parameters.

They are determined by matching to the near zone metric for a system of
two point particles!

Ask me about UV regularization for point particles

This can be done systematically and expression are complicated, but the

leading order is what we expect:

Mij = /dgxp(m):%ij + @) (1)

c2

where p = (T%/c?)
Ask me about the matching procedure

27



Full vacuum PM solution

The linearized metric h]" is the seed to construct the full metric.
Assuming h < 1, write the PM expansion [Blanchet & Damour 1986] of the
metric:

‘h:Gh1+G2h2+G3h3+...‘

which should solve the non-linear vacuum equation [Jh*” = AHY.
Thus at each order n > 2, we find

’ Onl? = AbY[h, ..., hp—1] ‘

For example, at quadratic order, we have Ohb” = N*”[hq, hq]

At cubic order, OhLY = N#[hy, ho] + N#[ha, hi] + M" [hy, hq, hi]

28



Integrating the MPM iteration in practice (1)

At some order n, we what to solve the iterative equations:
Ohl” = AR [ha, ..., hn—1] and 9,h," = 0. How to do in practice ?

First, construct a particular solution to the wave equation. We choose

B
L ARV
To "

where the retarded inverse d'Alembert operator defined as

sty e [ o)
Cdm ) |x— c
and where E‘E) (>, ak(x,t)B*] = ao(x,t)

The finite part operator in ul,”

e is proven to yield a correct particular solution
e cures unphysical » — 0 divergences

e reduces to the usual (07! for a regular source. 29



Integrating the MPM iteration in practice (2)

Once u};”, compute its divergence wj, = O, u}; . In general, w), # 0, so

ul,” does not satisfy the harmonic gauge condition.

From u},”, it is always possible to construct a homogeneous solution v}”
such that:

We then define ’hﬁ;“ =ul’ + ",
harmonic gauge conditions.

which satisfies both the wave and

We have thus constructed explicitly a MPM solution (note that there is

gauge freedom in the choice of v},”)

30



Asymptotic properties of the metric

In theory, we have now constructed the full metric
h = Ghi + G*hy + G*h3 + ...

as a complicated functional of the source and gauge moments (Mz, Sy)

In harmonic coordinates, the » — +oo structure (for ¢t — r/c = const) is:

B S fyalt — /) 2o)

rd
p,q

Is is possible to go to radiative coordinates (R, T’) to obtain the structure
fo(T = R/c)
D
P

Ask me about how to construct radiative coordinates
31



Leading order asymptotic metric

When R is the distance between the GW source and the GW detector,
we can only consider the leading order in 1/R.

In a transverse-traceless gauge, the metric reads:

4G
TT
hij - _EJ-W ab Z /)

where J_;I; ab— (nmj — 5ij)(nanb — (5ab) — %(nan(i — 5a(i)(nj)nb — 5j)b)

20
nr—2Uapr—2 — 71 b2 ed(a Vb)dL— 2]

The asymptotic metric is thus entirely and gauge-invariantly
described by the radiative moment /;, and V;.
\
N
. UL’VL

M,.,S,; e,
\(‘

I, 32




Non-linear propagation effects: quadratic effects

Goal of MPM construction: find expression for (Ur, V) in terms of
(Mp,Sr), which we know in terms of positions (y1, Y2, v1,v2).

The 2.5PN relation between canonical and radiative moments reads

) 2GM [ T (4)
” 3) L
7c5 [/0 dr 1\1(<)M o (u — 7) + (instantaneous terms) ] g
Linear quadrupolar wave Tail Memory .

[Blanchet 1998a]



Non-linear propagation effects: cubic and quartic effects

L L &

M;; M;; M;; M M M
Tail-of-tail Spin-quadrupole tail Tail-of-tail-of-tail
[Blanchet 1998b] [Trestini & Blanchet 2023] [Marchand, Blanchet & Faye 2016]
M M M M M M M M M
Tails of memory 34

[Trestini & Blanchet 2023]



2GM [~ ) T
= fo dTMl.j (u—’c)ln(2 )

~—

| have a tail

N 8G*M f T @ J' S @ ct
7 o dpMﬂ(i(u—p) . dTM].)u(u—p—T) In 20,

Ask me about the methods used to compute the tails-of-memory

| have memory

35



Tails of memory: result

After the Mij — Mij conversion, we find [Trestini & Blanchet 2023]

MxM,;xM,;; _ 8G*M (4) /+ (4) { ( T ) 1613}
Uu.. I = dpM drM —p— 1 —
ij 7c8 {/D P a(z( =) o T J>‘1(u p=7)|n 2ro 270
5 [too (3) 4 (4) T 3 T
_ 5/0 dr (MM )~ 7) {m <%> +Sm (%)}
“+oo
_ @) ) y(y, T m, (T
3/(; dr (Ma<iM].>a)(u T) |:ln (2 0) + 12 In <2b0>:|
5% D M® T
2 M _ 1 = L
2/0 A7 (Mo Mo (= 7) {n<27“0) - <2bo)]
+oo
(7) T 1 T
- dr (M, ;M ) ()= =-In(—
/0 Mags Jra s T)[n(27“0> 4 n(%oﬂ
7- )
0

Foo 27521
- QM(Q)i drM® (u—7) [ln (2— + (i }
0

ia 5040

YA
5 +oo 15511
—2mW dTM( >(’u,77') [ln T ) +7}
0 2rg 3150

+
+1Ma<i/ dTM()(uf‘r)[ln(T>7@}
2 0 2ro 756

Here, by and 7y are two arbitrary constants, we checked they cancel out!

First line: “genuine” tail of memory. 36



Compact binaries: quasicircular orbits

Pia(u)

- > . 2 5
Vig=Whip=F12A12 Ara(u)

Emission of angular momentum
via GWs = eccentric orbits
quickly circularize

Quasicircular approximation £t

measured by adiabatic parameter
¢ =w/w? < 1 (of order 2.5PN)

where w(t) orbital frequency ;
ft t')dt’ orbital phase

37



Orbital phase vs. GW phase

At 4PN, we need to distinguish:

Orbital GW
Phase ) w
Frequency w % Q= %
2/3 2/3
PN variable = (GZQ“) / T = (GZQQ) /

Differ due to tail terms. The relation reads: [Blanchet, Faye, Henry, Larrouturou

& Trestini 2023a]:

9 M 11/12—vg
Y =¢— M In [ where wy = e
wo 4bO
192 2] 2/3
r=ys1l— i1/@/4 m(ZL)+2]+ O(y°) b | where 35 = Gmwo
5 Yo 3] )




Waveforms in scalar-tensor theory




Generalized Fierz-Pauli-Brans-Dicke theory

Action defined in Jordan frame : S = Ss1([gag, | + Sm|9gas, m] which

reads
Sor = 15 [ Atov=a|or — S g50,00,0
For the post-Newtonian setup, better to work in Einstein frame. Define
Y= ﬁ and Juv = ﬂg,w where ¢ — oo
bo b0 r—00

The action in Einstein frame then reads

o 4 3+ 2w(9) .45 1
- 7~a « 8 SIH B NO[ bl
o | LV [ 27 Y 0ap05p | + Smle™ Gap, m|

39



Equivalence to DEF gravity

Our Einstein frame action

_ 1 5 31 20(P0p) _ag ~1-
167rG/d 252 I 5a803ﬁ90} + Smle™ Gap, m]

is equivalent to DEF gravity [Damour & Esposito-Farese 1996]:

_ — _ 9,489 5 > =\ o
SDEF = 167G, /d TN —Gx [R* 29, 80490*8680*} +Sm [A(go*)gaﬂ,m]
where G = G/¢0, G = G and @ = T (¢), where

YN

This was extended to scalar-Gauss-Bonnet by [Shiralilou et al. 2021]

40



The phase at 1.5PN for quasi-circular orbits

In [Blanchet, Bernard & Trestini 2022], we found:

1 -1
¢Circ = _4C83Vx1/2 [x

3 _ 72
+ 5+ 88 —27 - 128,51 — E(15:2
— 6718872 —126_771871S,
_ _ _ 7
+ 5[ 83+ 12351 + 125+a—18:18+} + 5V
1/2 v
+ 3mx/*log(z) (1 + 2>

+ x4 complicated expression [Sennett, Marsat & Buonanno 2016]}

rx3/? . .
+ 1=¢ complicated expression ;| .

This is the main observable in a GW ! 41



Comparison to NR

Numerical simulations [Ma et a/. 2023] found agreement with our results:

2

[=}

Re Ay x 10

(=)

Re ¥y; x 10*

Re ¥y, x 10°

500 750 1000 1250 1500 1750 2000 2250
t(M)

42



Comparison to NR (cont’d)

even for the DC memory effect !

Re ¥y, x 10*
[&)]

=

[

(=}

Re ¥y3 x 10°

Re ¥y x 10°

| — ST =——PN

500 750 1000 1250 1500 1750 2000 2250
t(M)

See also [Corman & East 2024] for a comparison in scalar Gauss Bonnet 43



Extending to eccentric orbits: Kepler solution

%
i Giomn
ot = 212

72

r=a(l —ecosu)
¢=n(t—ty) =u— esin(u)

O — o=

1+e U
— 2arct £ (—)
v arcan[ T an 5 ]

Figure from [gr-qc/0407049]
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The quasi-Keplerian solution at 1PN order

What happens if we now want to solve the equations of motion for the
1PN acceleration ? a' = —W + 2% (many terms)’

Damour & Deruelle [Ann.IHP.Phys. Th. 43, 1 (1985), p.107] showed that the
equations of motion then reads

r=a,(1—e,cosu)
¢ — ¢o = Kv
n(t —tp) = u — ey sin(u)

1
v(u) = 2arctan [ 1 + e tan (u)]

—, 3
which is the same equation as before, except:

e there are now three eccentricities e, ¢, ey

e pericenter precession appears via the factor K = 1+ k (with k£ < 1)

e «a, and n acquire post-Newtonian corrections a5



Doubly periodic structure of QK motion

The time between two periastrons

is the radial period denote P, so the
mean motion n = 2x /P is the
radial frequency.

The time for the angular coordinate ¢
to go from 0 to 27 is P/K, so w = nK
is the angular frequency

Thus, K =1+ kwithk<1lisa
measure of the pericenter precession

(1)

46



The quasi-Keplerian solution at 2PN order

Damour & Schafer [Nuovo Cim.B 101 (1988) 127] showed that the QK

parametrization reads at 2PN

r=a,(1 —e,cosu)
6 — do = K [0+ f45in(20) + gy sin(3v)]
n(t —to) = u — ey sin(u)+ fy sin(v) + g1 (v — u)

1
v(u) = 2arctan [ + e tan (g)]

1—€¢

Here, the new parameters fs, gy, f; and g; are all of order O(1/c%),
while all other parameters acquire 2PN corrections.

| determine these parameters in [Trestini 2024a] at 2PN order
= analytically solved the equations of motion !
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Application: 2.5PN evolution of frequency

In [Trestini 2024b (in prep)], | obtain:

dz\ 23wt | 482 ( % 2)
dat / 3éam (1 —e2)5/2
=) Ba—ay (361 X, + etxg)

(1 19) 8205 (er) /2
<x4 +e2Xs + edXe + SXy  Xs + e2Xg + elX1o

7871'

(1—ef)o/2 (1 —ef)t
+dm (14 37) 2/ (Xu@z(et) + Xiaps(er) + Xizaf(er) + X467 (er)

+ (X15 + €} X]G) 1 E 2) + X7 (1¢i( ))3/2 + XISSDO(et)> }

where the enhancement functions of e; can be obtained numerically or as

a small e; expansion. 48



Application: 2.5PN evolution of frequency

In [Trestini 2024b (in prep)], | obtain:

<det> c3(1/z36t 283
de / Gam (1 — 63)3/2
+ (€1 + e es)
15(1 2)5/2 1 t=2

+ (1+ $7) 82 (¢5er) -

@1 )x3/2
\/1— etz

+12<033 +eley fetes ¢ +e§@7>

(1—e?)7/2 (1—e2)3
1—ef @2 23
+ 4m (1 + %W) /2 [Gs 5 L (soz(ef,) - 7) + 69 (*Pz(ﬁr) 72)
4/1 = et \/1—= e%
1—e? ) as —e? . 03
+€1072t(ai(€t)— 2 ) +@11 5 t (Gg(ﬁt)— 2 )
= V1 —€? €t 1—e?
[P = . Ciq C1-ef
+ — (<P1(€t) 71) + €130 (et) + ——=—==07 (et) + €15 — L oo (er)
Ef 1—e? 1—e2 €t
¢ i t

where the enhancement functions of e; can be obtained numerically or as
a small e; expansion.
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Conclusion




Conclusion

In GR:

e flux and phase at 4.5PN for circular orbit [Blanchet, Faye, Henry,
Larrouturou & Trestini 2023]

e (2,2) mode at 4PN for circular orbits [idem]

° perfect agreement with 1SF and 2SF [Warburton, Wardell, Trestini, Henry,
Pound, Blanchet, Durkan, Faye & Miller 2024]

e required the computation of tails of memory [Trestini & Blanchet 2023]

In ST theory

flux, phase and modes at relative 2.5PN for circular orbit [Bernard,
Blanchet & Trestini 2022]

QK parametrization for eccentric orbits at 2PN [Trestini 2024a]
averaged energy and angular momentum fluxes at relative 2.5PN
[Trestini 2024b (in prep)]
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secular evolution of x and e; at 2.5PN [Trestini 2024b (in prep)]
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Solving for the PN metric in the near-zone

Ansatz for the metric in terms of potentials
2 2 8 /4 1
goo = —1+ 5V = V24 = (X + ViV + V?) +o<8>
c c c c
4 8 4, 1
goi = —C*3Vi - ?Rl +0 <7>

1
gZ]—5m<1+ SV + v2>+ Ww+o< )

Injecting metric into field equations = potentials must satisfy:

K
oy =116 (TOO + T

av. — _47TG
c

OW,; = —4nG (TU — 6, T) — ooV

where TH¥ is for two point particles (with & functions)
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UV divergences

Solving these equations, we find e.g.

V:Gm1+Gm2+O<1>

T T c?

In various steps of computation (evaluating T, equations of motion),
need to evaluate the metric at location of particles, e.g.

(900); = —1+ C%(Vh + 0O (012>

This blows up! We need a prescription to remove “self-energy”, as in
Newtonian gravity.
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Hadamard regularization

Historically, this was solved with Hadamard regularizaton, which consists

in noticing that the structure of any potential F' in the vicinity e.g. of

= Z Tf{p(nl)
P

When r; — 0, the p > 1 terms vanish, and we discard the divergent

particle 1 reads

p < —1 terms. The Hadamard regularization consists in keeping only
p = 0 and averaging over angles:

(P) = —

& [ 4alm)

Problem: in general, (FG)1 # (F)1(G)1 [this stems from the
impossibility to define products in distribution theory]. This leads to
ambiguities in PN results at 3PN order.

Solution: dimensional regularization ! 53



Dimensional regularization

Solution: dimensional regularization was introduced. Rewrite field
equations in arbitrary d dimensions, and set € = d — 3. Modifies

definitions of potentials, Green functions, etc. !

Instead of computing an expression the potential P for any field point @
and then setting & = vy, we use the fact the the potential P satisfied
[JP = F, where the source has the structure

Z 7,pﬂgfp q (n1)

Solving JP = F in a PN sense actually involves the inverse d'Alembert

operator

I 1 Lok a—k-1
Ot = ——— = —0y A
ret A — C%at kzzo c2k t
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Dimensional regularization (cont’d)

Our main challenge is to compute
!/

1 dZC
d 1 d d

in the singular limit & = vy, but this immediately well-defined by analytic

continuation in d € C ! However, impossible to get closed form
expression for arbitray d = we can only get the ¢ — 0 limit.

For this, first compute (@)1 in 3D in a Hadamard sense. Then, we can
compute the difference DQ1 = QY (y1) — (Q); using the formula

- 7; ; ()
D@y = (d—2)Q4-1 { zq: (qe +In7r) — 1) <{*2,q>

1 (_1)@ 1 L @)
2 (e o) 2w (et ad) + O(s)}

Individual pieces of the computation have poles in 1/, but we check

that these all disappear in physical observables! »



Linearized exterior vacuum solution

We now want the solution to both the wave and gauge equations

Ory” =0 and oy =0

Imposing harmonic gauge condition = complicated structure described
by 6 moments (function of retarded time only) that are STF in their

indices L

e mass (or electric) source moment I (t — r/c)
e current (or magnetic) source moment Jr,(t —r/c)

e gauge moments Wy, X, Yz, Z1,
such that 2" = K" [I, J1] + (81)" W1, X1, Y1, Z1)]
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Solution to the linearized equations

Explicitly we have | A" = k{11, ] + 00 W1, XL, Y1, Z1] | where

4 _\¢
k(l)o = —g ( ) adr, [TﬁlIL]

9 )¢ 14
£ = 3 % {8L1 {rillgzll} + ——€iab0ar—1 [TlJbLl]}

=1 (41
g _ A () B 2 B
o 11(2) 1 (1)
kl - 7074 T /! {aL—Q [T IijL—2i| -+ maaL_Q |:’I’ e“b(iJj)bL2:|}
4 SN (—1 B
“9(1)_?32( a) O [r™" W]
£=0
0 4 - (71)£ XL YiL—l 14 ZbL—l
¥1 A ZZ:(:) 7l {aﬁL {r +01-1 i membaaL—l .
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Why keep ¢, free?

The reason why we keep the residual gauge freedom ¢ is that it will be
determined by matching to a post-Newtonian source. Indeed, there exists
explicit expressions which univocally determine all moments (gauge
moments as well 1) general by a post-Newtonian source, e.g.

B o0 2k (=00 | =aa
r N2k (app . d (7‘ +7T )
1 =FP [ &3x(— <7> — i
£(u) B:O/ * <r0> kzo c 2 L du2k
bZ,k . d2k+170i o . d2k+2?ij }

+ S Ei s + AL
3 T qu2ktl cd YR qe2k+2

At lowest PN order, we recover the usual Newtonian formulas, e.g.

R 1

where p = (T%/c?).
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Canonical construction (1)

Recall that the most general linearized metric reads
Ry = kYL, o) + 001 Wi, X5, Y, Z1], and that the gauge
moments are typically chosen to be nonzero because of matching.

But there are a lot of moments, this is tedious ! What happens if we

insist that

P =0

? We get a metric parametrized by two canonical

moments My, and Sy, namely

M = k1ML, Sg]

1,can

One then iterates the MPM algorithm in the same way, and find that the
two metric are physically equivalent but differ by a (nonlinear)

coordinate transformation and a moment redefinition.
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Canonical construction (2)

The nonlinear transformation under the coordinate transformation
at — 2t =t + pH(x) reads :
1 0z’ oz’
W (') = 7=
|J| OxP Ox°

(hcan =+ Upa) - U”V

where we can expand hben(z') = 3, LM 0y, hhen().
Specializing to the MPM expansion, we can show that at each order, the
two metrics are related by
hﬁ,l:gen [Iln Jr, Wi, ] hnycan [ML7 SL] + a@%l/
+ QZV [Solv ey Pn—1; hl,cana ey hn—l,can]
where €2, is an explicitly known functional, and the moments are related
by relation such as

Mij = Iy + 4G (W1, - WOI) +0(G?)
60



Radiative construction (1)

The canonical construction in harmonic coordinates also exhibits
annoying far zone logarithm. Solution: remove them at every order in the
radiative construction [Blanchet 1987]. Since depart from harmonic
coordinates, a divergence term appears in the Einstein equations:

(On" — OHM = A" [h]|

where . The equivalence with the Einstein equations is now

ensured order-by-order by the construction itself.

At linearized order, remove In(r) due to tails thanks to “tortoise
coordinates”.

hl,rad [MLagL] = hl,harm[MLygL] + aé-/.ux

where hj parm has the same functional form as before, and

f“ :2M770“ 1n(7'/bo> 61




Radiative construction (2)

At every order n > 2, we want to solve

Ohl — OHLY = AR[h] |

Define k* = (1,n%). When r — 400, we crucially have the structure

AR = r 2k E oy, (u,m) + O(1/7)

The n-th order is defined by:

A = ult 4 ol + Ogl

where
W= PO [(r/r0)” AL
Uy, B=0 (T/TO) n

Ovt” =0 Ok’ = —0,u!”

B
r ckt [
<7"0> 27‘2/0 dTO'n(U—T, n)]

Yy — -1
¢ = FE0
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Relation between harmonic and radiative constructions

Yet again, the canonical metric in the harmonic and radiative
construction are related by

e a coordinate transformation, described by a nonlinear gauge
transformation and every MPM order:

Rt Mg, Mp] =ht"  [Mp,SL] + 0k

n,rad n,harm

+ QZV [9017 cey Pn—1; hl,cana ) hn—l,can]

e a moment redefinition, for example [Trestini et al. 2023]:

BEM ) | LAGM

Mij YR 3 U 4n 6
G*M[ 8 () _ 83 1(0)yi®) )
08 — i a<ZM]>a — ? Ma<ZM]>a — § Eab(iM]’>aSb .
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The different types of moments

it parametrize

general gauge

harmonic

canonical gauge

Canonical Canonical o
Moment type | Source Gauge Radiative
(harmonic) (radiative)
Wi, X .
Notation I, Jr My, St My, St Ur, Vi,
Y, 7L
Linearized metric, | Linearized metric,
What does Linearized metric, Full metric,

radiative

canonical gauge

asymptotically

Value of 9,h" | =0 =0 =0 #0 =0(1/r%)
How to Matching to PN _ —(0)
Mp=1I+... My =M+ ... U, =M + ...
compute (stress-energy tensor)

o0

Z nr (UL (u) + eV (u))

=2
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General integration technique

B
How to integrate in practice uh,” = FPO~! | (L) ARY| ?
B=0 7o

We first want to compute the master integral
vy = ot [ﬁL S("”, u)} ) (2)

where S(r,u) = O(r*5) when r — 0 with u kept fixed. We define

Ralp.s) = o' / "l ;!W (i)z SO\ s)

where « is an arbitrary constant. Then the solution reads

t—r t—r—s o t+r—s
\I!LZ/ ds dr, Ra( 2 78) Ra( . ’S)]

oo r

If S(r,u) does not converge fast enough, consider (r/7)2S(r, u)

instead, and take the finite part when B — 0, denoted ng
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Quadratic integration formulas

B
How to integrate in practice u’2“’ — FP! [(r) Alzw} ?
B=0 o

The source is typically of the form r =% F(t —r). In the case k = 2, the
integral converges so we can discard the finite part:

nr,

Ot [T—QF(t — r)} =—nr /100 dzQ(x)F(t — rx)

where Q(z) = 1Py(x )m(gﬂ) S AP j(2) P (x) and Py(x) is
the Legendre polynomial.

For k > 3, we can recursively bring ourselves to the case k = 2.

Asymptotically,

/oodeg(x)F(t—ra:) ~ 1/ood7'ln(7'/r)F(t—r—T)
1 0

r—0oo T

= these are the tails (the In(r) cancel out in the radiative construction)ee



Cubic integration formula

Most difficult integral to compute for the M x M;; x M;; interaction:

v, = FPO! (T)B R Gt —) /1+OO Az Qu () F(t — rx)]

k,m

70

where F' and G identically vanish for t < —7 and @, is the Legendre
function of second kind.

For k > 3, we can recursively bring ourselves to the case where k =1
and k£ = 2. In the latter case, we don't need the finite parts:

Ay [T e
U, =—— d,OG(U—,O)/ dTF(U—p—T) Kﬁ(paTaT)v
k,m 2r Jo 0 km

where the kernel reads
2T

Ki(p,rr) =77 [ 7 Ay 2Qum(y + 1) 11, (1 - %y’ L p)

k,m 27 T
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Seperating the logarithms

We now know how to integrate all terms, but we want to make sure that
the far-zone logarithms explicitly vanish in the radiative construction. To
do this, we explicitly extract the logarithmic dependency of the kernels,
e.g.

1 r 1 r T —
K =-ln?(—)—-ZIn(— ) |In(— ) +2H K
=g () =3 () [ (55) -]+ o
This leads to defining elementary functionals

+o0 +oo
U[F, G E/O dpG(u—p)/O drFlu—p—1) K¢(p,7)

k,m k,m
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Tails-of-memory: raw result

With the two types of elementary functionals and kernels in hand, namely

+oo +oo
\I/g[F,G]E/ dpG(u—p)/ dTF(u—p—T)ng(pﬂ')
0 0 ,m

k,m

+oo +oo
WlP.G= [ apGu=p) [ drPlu—p=7) Lipr)

k,m
we find the explicit but untractable result

M M. G*M n n RV
St E S L WL N B L)
m,l,n '

+C N4 X@[Ma( Mj)a }+D N Xér z’M ]}
+ (terms that have a more standard and tractable form)

Impossible to get a simpler integration formula, but one can hope for a simpler
end result. ldea: integrate by parts to have only one derivative
combination
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Simplification method

Introducing a regularizing lower bound e which we be taken to 0 at the
end, we can integrate by parts. We find

= %= +o0 +o00
UMM g / dp M, (i (u - p) / dr My (u—p — ) Qp, 7)
€ 0
+ (surface term)_+ (standard terms)

One would expect Q(p, T) to be insanely complicated, with
polylogarithms, etc. But actually, all the complicated terms neatly cancel
out:

Ao, 7613764 1024076 7 2074 (7\?> 104 /7\°
T) = — — — — _ | =
P 165375 18375 p 63 \p 15 \p

2
634076 [ p\ 3847 [ p\ 144 [ p 8 (7
m (2 )+ 222 T (2 - (2} S
T 55125 n(%) 175, n(%) 175 n(zro 7 2

This can then be massaged into a tractable form (and finite when ¢ — 0)
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Tails-of-memory: result

After the Mij — Mij conversion, we find [Trestini & Blanchet 2023]

B 7c8 (

)
- §/+de(M(3)M(4))(u—7) {m (i 23
2 Jo a(i”j)a 270 2 2bg
“+oo
. (2) 2 r(5) T 11 T
-3 dr M@ M¢ () + Zm
/0 T (Mo M) T){“<2m)+12 1“(21:0)}
5 [t (1) 4 (6) T 3 T
_ 5/0 dr (MM ) (u — 7) {111 (%> + o (—)}
e o, M) 1 LY
—/0 T (Mo M) = 7) 10 (57 ) = S

—+oo
—oM® dr M§5> (u—"7) |:ln
0

i, - 8G2M +oo +oo
M Mig X Mij {/O dprf)i(“_p)/o dTM§4

Ya

5 T\ | 15511
— 5 ((11& dr Mi?()l(u — T) |:hl (%) + 73150 :|
1 @ T\ 6113
M dr M7 (u — ) -2t
"3 ““/ M=) [m (2r0> 756 ] }
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