Equations of state for neutron matter
derived from ladder diagrams and its
extrapolation from basic principles

J. A. OLLER

Departamento de Fisica
Universidad de Murcia

In collaboration with J.M. Alarcén and E. Lope Oter

Alarcén, JAO, PRC106(2022), AP107(2022)
Lope Oter et al., JPG46(2019)

New Frontiers in Strong Gravity 2024
Benasque Science Center

TP 0 GOBERNO  MNSTERO o - e [
N mnovac

1l UNNERSISADES INESTIGACON

KN



@ Introduction

© In-medium many-body

© & in the ladder approximation

@ Partial waves

© Explicit solution: Contact-interaction potential
@ Applications: S-waves

@ Applications: Neutron matter

© Applications: Symmetric Nuclear Matter

© Conclusions



Introduction

Energy/fermion= E/A =&

@ E/A in a many-body system formed by fermions is a
fundamental Basic Problem

@ Particle-Nuclear physics: Symmetric nuclear matter, neutron
matter, neutron stars, quark-gluon plasma, etc

@ Condensed matter: Cooper pairs, BCS, Hubbard Hamiltonian
(contact constant interaction), BEC, ...

@ AMO: Trapped ultra-cold atomic gases, unitary limit
(as — o0), BEC-BCS crossover,. ..



& in the ladder approximation Alarcén, JAO,Ann.Phys.437,168741(2022)

Master Equation for the Energy Density &y

. [o.¢] d .
i (tmLg)®\ i
Eqp = 5T (Z T) = —5Trlog [l — tmLd]
d=1
= —éTr log e2Veft = Tr Vg
e The trace is taken in the three-momentum, isospin and
spin spaces

e t,, is the in-medium T matrix. Calculated from the
vaccuum T matrix, ty.

a+k

Ld 1 a) = ~ ~ S A N
(p.a) =i [ dkoke ~ la+ pk)O(ke — |a — pkI) Ipk, o1, 72) (pk, 71, 02
Ak 87



Resummation of ladder diagrams
tm = Squares joined by inward ty arises by expanding the I vertices

lines

> - —

Hartree Fock

It is an interesting combinatorial problem to get éig:—%'I‘rlog [l = tmld]
Alarcén,JAO,Ann.Phys.437,168741(2022)

e The reformulation of many-body
field-theory in jA0 PrCE5,025204(2002)
drives to an adequate arrangement
of the diagrams and solves their

@ For arbitrary vacuum
fermion-fermion interaction
@ For arbitrary regularization

resummation method



In-medium many-body formalism: One-nucleon sector

Vacuum-vacuum transition amplitude
"7 = (00t |0 )
In QCD/ChPT, typically J = {v, a, s, p}
Lext = L3cp + V" (vu +7534) g — G (s — ip) q

Gasser,Sainio,Svarc,NPB307(1988)
One-nucleon-one-nucleon transition amplitude

Z(P', P)J] = (Plus|Pin) s

gﬂ'N = _%ZDd}
fszn+$wN+ﬁT/1+1;77

7 is a fermionic source



In-medium many-body formalism

JAO, PRC65(2002): Similar ideas to many-body field theory:

1n out H a(p,,a n). |Vacuum)

L= Ly (Do — V) +i + 4
~~ —

Pure Mesonic Bilinear

Mesons exchanged:
Light, Heavier ones (M — oo contact interactions)

eifk[J] — (Qout ‘ Qin> J

Generating Functional: Fermions in the Fermi sea are integrated
out



e'? 1] :/[dU]exp{i/de,,

d3 ' '
—l—Tr/(gn)(f)/d3xd3y e”'"Plog 7 (x, Y)e’py}
T

Tr Trace over discrete internal indices
_ (0(ke — |p]) 0
“”‘( 0 O(ke — Ip])

F (X, ¥)ap = 0(x = ¥)dap

_ I/dt/ dt/eIHot,YO[ :|(k' y)aﬁe_lHot,
L < L=l |
@ = [V o+ -V LDQ AV iV E‘L v DGy
10g7

Vacuum fermion propagator: DO_1 =

(P — p?/(2m) + i€)



Perturbative Expansion

@ Series expansion of

log(1+€) ==X (-1)%/d - finen[if oz,
@ d is the number of Fermi-sea ' '

d, ip(x—
insertions 7:‘/ P /Tr<v[/ — Dy v 1|(X'y)n(p)>dx dy ePx=Y)
. d,

@ Each of them provides an extra ”/ ,, 2@3 /T P =80 =) gy i by’

(=) sign

_ x (vu = Dy VI ey (@ VI — Dy V] ‘|(y/,y>n<p)) +.]

@ Notice the symmetry factor

1/d

oy O

In-medium Generalized Vertices (IGV's)



Integral equation (IE) for t,,(a)
o a:%(kl—i-kz), p:%(kl—IQ)

Vacuum intermediate states G(p)

G(p): @ _ a3k \P§,01v02><P§,01va2
. 7_"’./ @r)}p K2 —ic

Vacuum T matrix ty ty =V = VG(p)ty

Mixed intermediate states L,,(p, a)

Lm(Pv a): &Pk O(kp — |a+k|) + 0(ke — |a — k|) i ‘
=—m ) P — |pk, o1, 02) (pk, 01, 02
In-medium T matrix t,,(a) tm(@a) =ty + tyL,(p, a)tm(a)

e |k| is bounded in L, and Ly

= - Lm ) m
No extra divergences stem from L,, tm(@) = V4V (G(p) (p. ) tm(a)



The formula for &« gives real values

i
g = —5Trlog [l — tuLa] tm(a) ' =V 14+ G — Lm(p, a)

= —~Trlog [tm(t,," . L4)]
2 I -1
Eyp = _ETrIog [A7B]
A= Vﬁ1 + G — Lm(pv a)
B=V '+ G~ Ln(p a)— La(p,a)

Within the Fermi seas, where the Tr is taken: A = Bf
| — ty Ly is a unitary matrix
We diagonalize it and sum over its eigenvalues for calculating
Trlog[l — tmLd]

Alarcén,JAO,Ann.Phys.437,168741(2022)



Partial waves

@ Low energies: One typically characterizes ty by summing over
partial-wave amplitudes (PWAs)

@ But in the medium the scattering depends on the total
three-momentum (2a)

Notice, . " 06
/dk Y (k)Y (k)0 — |a2 + k|) # 0
Lm(p, Ra) = RLn(p, a)R!
Transformation under a Lqy(p, Ra) = RLy4(p a)RT
rotation R , |

ty = Rl‘v:"?Jr
tm(Ra) = Rty (a)RT



1— (_l)K+S+I

Sth= L+ S+ 1=o0dd
x(5¢1) 7 +S5S+ )
2' o0 o0
é"g:—m—; Z X(SZI)2/ pdp/ a*da(JpulSlizp|log [I —tm(a2)Ly(p, a2)] | JuulSlizp)
I 0 0
S 1, i3
Mixing of J's for az. IE for t,,(a2) in PWAs [v], [tv], [tm]

matrices in the space of coupled PWAs

[tm(a2)1(P, p) = [tv](F'. P)

m [ Kkdk / , )
BehE /0 7z eI ) B [em(a2)] (K, p)

[tv](p' k)i e, = 0y (S 1l Sp'|tv | Japbo S
Byt ity = —2X(S2)X(St1) Y (m3sapu|l2S ) (m3sspu|t1Sh)

m3s3

« /dmgh(/?)*yga(k)a(k,: k= az)).



Explicit solution: Contact-interaction potential .01
n coupled PWAs

N
Vag(k, p) = kéapé,g Z Vaﬁ;ijkz(i_l)Pz(j_l)
ij=1
Vag (k. p) = [ka] " - [v] - [Pg]
[vi1] [vi2] ... [van]
[v] = [vo1] [va2] .- [van]
vl o2l o [van)

N(a—1) places

tv(k,p) = [kl - [E(P)] - [P8] .



[tv(p)] is given by the algebraic equation

[tv(p)] = [vI = [v] - ¥ (p)] - [Ev(P)]

[Ev(p)] = (/ + V] [4(p)) " - [V]

9(0)es] =~z [ g Velllol”

Divergent integrals [General cutoff regularization van iolcko0]

m
)
2 0

6, depends on the scheme (DR is 6, = 0)

o0
L, = dkk"t = 0,A"

Renormalization: Matching with the
Effective Range Expansion (ERE) in vacuum (kg = 0)

M
v (p.p) Hp) + iV (0) = —~(a) M+ ()7 + Do ()

(a), (r) and (vg(zi)): n x n matrices , (p)¢ = diag(p™, ..., p'n)



Once renormalized with 6, # 0 and A — oo, the solution is

4
ty(k,q) = %(k)%(p)qf , Offshell
(p) ™t = ~(a)" Ot Z( )P —i(p)?(p) . on-shell
Reason: p, k < kg (ke/N — 0)
1
Uncoupled: 7(p) = - We can take M — oo
p
o1 _
Coupled: (p) = (p) f%(sjs ~1)(p)~*
n_ (99)"
tv(q.q) = P2+ ot 5, — jp2tit
(99')"

tm(q.q') = :
m( ) p2+l cot §p — ip2tl — gl L gt



Applications: 5 Waves1 V(k, p) f— CO Alarcén,JAO,Ann.Phys.437,168741(2022)

Tm(p) = (—1—:p+% (b ))_1

8k2 ) Vi-s? aokel
d t
m7r3/ ds/ kdk arctan <1—aok,:R/7r>

s=a/ke, k=p/ke . R+ iml =(9m — ip)m/ke  Kaiser'll

_ 3kg? ¢ 5v
& = —
10m {£+ aok/: 3(30/(,:)2 + }

V1-s2 7wl
E=1- 80 dss / dkk arctan < > = 0.5066.
7 R

e The experimental actual value in the superfluid phase is

f = 0370(5)(8) Ku et al.,Science 335 (2012) 563

e The experimental value of £ for normal matter at the unitary
limit is f ~ 0.45 Navon et al, Science 328 (2010) 729



In-medium poles in the S-wave amplitude at the
Fermi surface x = /1 —s and s € [0, 1]

Tm(p) = <—alo —ip+ ffm(p)> N

1 s
k = tanh (/4, [1— 230kF]> , k€[0,1]

Smooth transition as a function

er : of 1/30/(,:
ot ) Cooper pairs for 1/(agkr) — —0c0
o osf ] Total momentum, P = 2kgs — 0,

and relative momentum

] p= kek — kg

: ] Unitary limit: P = 2skr = 1.11kf
%0 N Tio s 0.0 o5 and P = lﬁ}kF = 088/([:

04r

02r

Molecular side: 2/7 > agkr > 0



E/ Efree

1of ]
09F ]
08f . B ]
----- Lacroix with §p=0.44
07k ALl mmme= Lacroix with §p=0.37 1
06l O Chang et al. PRA 70 (2004)
o5l Astrakharchik et al. PRL 93 (2004) ]
(éﬁ O Gezerlis et al. PRC(R) 77 (2008)
0.4 ]
é —— This work
03, | | | |
0 1 2 3 4
1
akr

Including rp and v,

Lacroix: Density functionals

Rest: Quantum Montecarlo [QM] calc.

1
v(k,p) =c + §cz(k2 + p?)

tm(k, p) = —

a

+ 310P? — ip + Ym(p)



Including rp and v,

8k5/ dss? / Vi dkk arctan 20ke |
m7r3 —aorok /<;2/2—aok;:R/7r

Bertsch parameter in the unitary limit (rokr)

80 [t , [V 7l
ke)=1— — d d t _—
&(ke) - /0 ss /0 KK arctan (FfokFH2/2 n R)

f(kF) §( 0)+77er0k[:+(5 (rok[:)

Our results [normal matter]: 1. = —0.0859, d. = 0.0644883
QMC MNe = 0127, 56 = 70055 Forbes, Gandolfi,Gezerlis'12



Dependence of £ with ry

Blue dashed: DFT Lacroix et al.'17
Circles: Schwenk, Pethick'05
Squares: QMC Forbes et al.’11;'12
Area: Schifer et al'05
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Inclusion of v,

v(k,p) = co + a2 (k* + p?) + ca(k* + p*)

8k2 (! vi-s® kel
& = 7F3/ dssz/ dkk arctan i F(2)
mm= Jo 0 1 — agrok2k?/2 — agvy” kitk* — agke R /7

80 [* iz !
E(ke) =1 — — dss® dkk arctan
@)
T Jo 0 rokrk?/2 + vy~ kit + R/m

f(k[:) = §(r0 = 0) + Nerokr + 7evé2)k,§— + 5e(rng)2 + ...

Our result: v = —0.164



For neutron matter ag = —18.95 4= 0.40 fm chen et 2108, rg = 2.75 fm
and V2 — _050 fm3 Navarro et al.’16

40 1

ag
—_ 1
30 %
1
ap

1. 52
+ 1
5P

+ ;—ro p2+v{p?

Dots: Variational calc. Akmar et al."84

0.00 0.05 0.10 0.15 0.20 0.25 0.30

p (fm™)

This curve was not well calculated algebraically until our work

It supports the Unitary-Gas Conjecture Tews et al,
Astrophys.J.848(2017)105



Applications: Neutron matter [PNM]Alarcon'JAO' fortheoming

@ Our results for the resummation of ladder diagrams are
renormalized

@ t, and & are expressed directly in terms of experimental
phase shifts and mixing angles

@ We show them up to kg < 150 MeV. The off-shell part
x que’ reflects the contact-interaction nature assumed as
starting point. LC p? < —m?2 /4.

o In density up to p < 1.5-1072 fm—3 =~ 0.1 ps

5
v NLEFT
HEFT 2N
41 ® GCos Our results: Solid line
< G13 Unitary limit: ag — oo, dotted line
—_ ® FP81 S-wave: ag = —18.95 fm, dashed line
% ER IR Unitary limit S-wave: ag + rp(= 2.75) fm, dash-dotted line
s ——- With ap NLEFT: NLO Chiral-EFT on the lattice Epelbaum et
— : al.'09
<\( 24 —= Witha andro FP81: Variational calculation Friedman,Pandharipande’81
w G13: Auxiliary-Field QMC: N2LO x NN potential
Gezerlies et al.'13
14 il HEFT 2N: Auxiliary-Field QMC: Vo, —, N3LO x NN
i potential Wlazlowski et al'14
fr"‘ GCO08: QMC calculations Gezerlis, Carlson’08
_",_-vf"‘
0 T T
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ke [MeV]



o2&
P(p) = p*
(p) vy
1 0P
2 —_
Cs(p)_map
_wof | PR
 mdp  m Op?

P [MeV / fm3]
o
o

0.01 4

0.00

0

20 40 60 80

ke [MeV]

100

120

140

0.008
0.007 1
0.006 1
0.005 1

N 0.004
0.003 1
0.002 1

0.001 A

0.000

160

150

1&0




Partial-wave decomposition

-=- S-wave

—:= S+P-waves

----- S+P+D-waves
—— S+P+D+F-waves
— Full

'S

w

It is dominated by the S wave—
1Sy PWA

E/A [MeV]

0

0 20 40 60 80 100 120 140
kr [MeV]

Regulator: exp(—(q — My /2)?/A?) for off-shell g > M, /2
[entering in L]
For kg < 120 MeV there is no significant impact for A = M,

Its effect increases for higher kg, as expected



Symmetry energy: S(p) = épnulp) — Esnm(p)

L Slope of S(p) at po L = 3po d.Zi)p)

Fit: Sy, L Simple parameterization

Po

g(p' XP)' Xp - IOP/IO Gandolfi et al."18 Empirical bands extracted from static dipole polarizability in nuclei
Vs 280 pp, 68 pp 1205, Roca-Maza et al'15

(g_a(p xp) — (g_a(p 1)+Cs (p) (1 _ 2Xp)2 Perturbative x-EFT at NLO,N2LO,N3LO Holt Kaiser'17
) 'S %

L=3C ”
= + Holt et al. 2017 (NLO)
s7ls 140 + Holt et al. 2017 (N2LO)
120 .4 + Holtetal 2017 (N3LO)
12 Drischler et al. 2020
o . 100 ' Roca-Maza et al. 2015
11 e Cs(p_ﬂ)V 3 “| = PREXI
P s 80 ——— 260pp
10 = "
~ 60 Ni
S o4 =z | gl e 1206,
2 s 40 o This work
3 20
Y
%7 o
6 25.0 27.5 30.0 325 350 37.5 40.0 42.5
So [MeV]
5
0010 0015 [f°-°23°] 0025 0030 Correlation ellipse at 95% C.L.
p [fm=

31 MeV < 5 < 38 MeV

Fit: C; =34.77 & 0.15 MeV,
s € 57 MeV < L < 84 MeV

vs = 0.667 +0.003



i Alarcén, JAO, forthcomi
Symmetric Nuclear Matter [SNM] arcén, JAO, forthcoming

e Up to ke < 150 MeV or p =3 -1072 fm~3

FP81: MC variational calc. Friedman,Pandharipande’91
SealL1: Density Functional calc. Bulgrac et al.’18

> Spinodal instability
5-2 & >0 up to kr < 70 MeV. SNM is
W -3 no the most favorable phase, o and
41 \ heavy nuclei form Shen et a/.’98
_54 --- Sealll '\\
e P8l A

0 20 4 60 8 100 120 140
ke [MeV]



Partial-wave decomposition

E/A [MeV]

- S-wave
—-- S+P-waves
i -+ S+P+D-waves
—— S+P+D+F-waves
——= A=1Mp
=31 A=1.5 M,
— Full

-4 . . . .
0 20 40 60 80
ke [MeV]

Dominance of S-waves
P-wave contribution is repulsive,
but cancelled by higher waves

Regulator: exp(—(q — My /2)?/A?) for off-shell g > M, /2

[entering in Lpy]

For kg < 120 MeV there is not impact on A 2 M,

It keeps growing for kg > 120 MeV, as expected
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P >0 up to kr = 59 MeV
2
c2<0uptokp =& =140 MeVoor p=2.4-10"2 fm~3 [K:%

& = 190 MeV shen et o108 and € =~ 200 MeV wvachieid: e a1



Conclusions

©0 00

© 0

The ladder diagrams to calculate & = E/A is resummed

This is done for arbitrary vacuum fermion-fermion interactions
And also for arbitrary regularization method

The case of contact interactions is fully solved for arbitrary
cutoff regularization

DR regularization is disregarded [for finite order ERE]

Renormalized & is obtained and expressed in terms of
experimental scattering data. No free parameters, no scale
dependence.



O Application to S waves: Including ag, rg, v2
© PNM and SNM are studied for kg < 150 MeV
@ &, P, 2, K, S(p), So and L are provided

@ Restrict EOS parameterizations for low p

@ Then, extrapolate these results to larger p
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