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Introduction and Motivation

Let T > 0. We consider the heat equation with dynamic boundary
condition 

∂ty −d∆y = f (t,x) in ΩT ,

∂tyΓ−δ∆ΓyΓ+d∂νy = g(t,x) on ΓT ,

yΓ = y|Γ on ΓT ,

(y ,yΓ)|t=0 = (y0,y0,Γ) in Ω×Γ,

(1)

where

Ω⊂ RN is a bounded domain with smooth boundary Γ = ∂Ω.

(y0,y0,Γ) ∈ L2 := L2(Ω)×L2(Γ) are initial data, f ∈ L2(ΩT ) and
g ∈ L2(ΓT ) are source terms.

d > 0 and δ ≥ 0 are constant.
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Introduction and Motivation

Natural approach: Dynamic Boundary conditions arise naturally as
part of the formulation of the problem (Physical laws in Ω).

G. R. Goldstein, Derivation and physical interpretation of general
boundary conditions, Adv. Diff. Equ., 11 (2006), 457–480.

N. Sauer, Dynamic boundary conditions and the Carslaw-Jaeger
constitutive relation in heat transfer, SN Partial Differ. Equ. Appl.,
1, 48 (2020).
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Introduction and Motivation

Dynamic boundary conditions models appear in several applications
including

• Fluid Dynamics: e.g., precipitation of rainfall infiltration into the
soil (L. Jianguo & S. Ning, 1985)

• Heat transfer: e.g., flow of heat for a solid in contact with a fluid
(R.E. Langer, 1932)

• Population dynamics: e.g., diffusion of bacteria from a solid to its
surface (M. Langlais & F.A. Milner, 2003)
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Wellposedness

The abstract form of the system is given by{
∂tY =AY +F , 0 < t ≤ T
Y (0) = Y0 := (y0,y0,Γ) ,

where Y := (y ,yΓ) ,F := (f ,g), and the linear operator
A : D(A)⊂ L2 → L2 is given by

A=

(
d∆ 0
−d∂ν δ∆Γ

)
, D(A) =H2,

where (when δ > 0)

H2 :=
{
(y ,yΓ) ∈ H2(Ω)×H2(Γ) : y|Γ = yΓ

}
.
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Null controllability

Consider the problem:
∂ty −d∆y = 1ω(x)v(t,x) in ΩT ,

∂tyΓ−δ∆ΓyΓ+d∂νy = 0 on ΓT ,

yΓ = y|Γ on ΓT ,

(y ,yΓ)|t=0 = (y0,y0,Γ) in Ω×Γ,

(2)

where the control region ω is an arbitrary nonempty open subset
which is strictly contained in Ω (i.e., ω ⊂ Ω).

Γ0
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Null controllability

The system is null controllable at time T > 0 if for all (y0,y0,Γ) ∈ L2,
there exists a control v ∈ L2(ωT ) such that the solution satisfies

y(T , ·) = 0 in Ω and yΓ(T , ·) = 0 on Γ. (3)
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Null controllability

Theorem

Assume that δ > 0. For all T > 0, all non-empty open set ω ⋐ Ω and
all initial data (y0,y0,Γ) ∈ L2, there exists a control v ∈ L2(ωT ) such
that the unique mild solution (y ,yΓ) satisfies

y(T , ·) = 0 in Ω and yΓ(T , ·) = 0 on Γ.

L. Maniar, M. Meyries, R. Schnaubelt, Null controllability for
parabolic problems with dynamic boundary conditions, Evol.
Equat. and Cont. Theo. 6 (2017), 381-407.
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Duality: controllability-observability

Null controllability ⇐⇒

∀Y0 ∈ L2, ∃v ∈ L2 (ωT ) :

Y (T , ·) = eTAY0 +
∫ T

0
e(T−s)A (1ωv ,0)ds = 0

⇐⇒∀Y0, ∃v : Y (T , ·) = eTAY0 +T v = 0 ⇐⇒ eTAY0 =−T v

⇐⇒ R
(
eTA)⊂ R(T )

Douglas⇐⇒ ∃C > 0 :
∥∥eTAΦT

∥∥
L2 ≤ C ∥T ∗ΦT∥L2 ∀ΦT ∈ L2.

⇐⇒ Observability inequality
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Observability

The null controllability is equivalent to the observability inequality for
the homogeneous backward system

−∂tϕ−d∆ϕ = 0 in ΩT ,

−∂tϕΓ−δ∆ΓϕΓ+d∂νϕ = 0 on ΓT ,

ϕΓ = ϕ|Γ on ΓT ,

(ϕ,ϕΓ)|t=T = (ϕT ,ϕT ,Γ) in Ω×Γ.

(4)

Proposition

Assume that δ > 0. There exists a constant C > 0 such that for all
(ϕT ,ϕT ,Γ) ∈ L2 the mild solution (ϕ,ϕΓ) of the backward system (4)
satisfies the following observability inequality

∥ϕ(0, ·)∥2
L2(Ω)+∥ϕΓ(0, ·)∥2

L2(Γ) ≤ C
∫

ωT

|ϕ|2 dx dt. (5)
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Weight functions

Given a non-empty open set ω ⋐ Ω, there is a function η ∈ C2(Ω̄)
such that (Fursikov-Imanuvilov):

η > 0 in Ω, η = 0 on Γ, |∇η|> 0 in Ω\ω.

We define the weight functions α and ξ by

α(t,x) =
e2λ∥η0∥

∞ − eλη0(x)

t(T − t)
and ξ(t,x) =

eλη0(x)

t(T − t)
.
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Carleman estimate

The key tool to show the observability inequality is:

Lemma (Carleman estimate)

Assume that δ > 0. Let T > 0, ω ⋐ Ω be nonempty and open. Then there
exist constants C > 0 and λ1,s1 ≥ 1 such that

s3
λ

4
∫
ΩT

e−2sα
ξ

3|ϕ|2 dx dt + s3
λ

3
∫
ΓT

e−2sα
ξ

3|ϕΓ|2 dS dt

≤ Cs3
λ

4
∫

ωT

e−2sα
ξ

3|ϕ|2 dx dt (6)

for all λ ≥ λ1, s ≥ s1 and all (ϕ,ϕΓ) ∈ E1.
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Main difficulty

• Absorbing the boundary term

sλ

∫
ΓT

ρ|∂νη| |∇ΓϕΓ|2 dS dt (7)

is quite challenging, since it appears with the same exponents of the
parameters s and λ.

• The assumption δ > 0 is needed to absorb (7) using the equation

∆ΓϕΓ =
1
δ
(−∂tϕΓ+d∂νϕ).
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Boundary controllability

Absorbing the local term:

sλ

∫
Γ0

T

ρ
(
∂νη

0) |∂νϕ|2 dS dt.

Key ideas:
• Use of the homogeneous equation d∂νϕ = ∂tϕΓ+δ∆ΓϕΓ.
• The parabolic regularity to estimate∫ T

0

(
∥ϕ∥2

H4(Γ)+∥ϕtt∥2
L2(Γ)

)
dt

S.E. C, G. El Guermai, A. Khoutaibi, L. Maniar, Boundary null
controllability for the heat equation with dynamic boundary
conditions, Evol. Equat. and Cont. Theo., 12 (2023), 542–566.
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Inverse Problems

Consider the parabolic system with DBC
∂ty −d∆y = f (t,x) in ΩT ,

∂tyΓ−δ∆ΓyΓ+d∂νy = g(t,x) on ΓT ,

yΓ(t,x) = y|Γ(t,x) on ΓT ,

(y ,yΓ)|t=0 = (y0,y0,Γ) Ω×Γ.

Inverse Source Problem: Simultaneous determination of the source
terms (f ,g) from the measurements

Y (T0, ·) := (y(T0, ·),yΓ(T0, ·)) et y |(0,T )×ω,

where T0 ∈ (0,T ) and ω ⋐ Ω is a nonempty open subset.
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Inverse Problems

E.M. Ait Ben Hassi, S.E. C, L. Maniar and O. Oukdach, Lipschitz
stability for an inverse source problem in anisotropic parabolic
equations with dynamic boundary conditions, Evol. Equat. and
Cont. Theo., 10 (2021), 837–859.

E.M. Ait Ben Hassi, S.E. C, L. Maniar, An inverse problem of
radiative potentials and initial temperatures in parabolic equations
with dynamic boundary conditions, J. Inverse Ill-Posed Probl. 30
(2021), 363-378

E. M. Ait Ben Hassi, S. E. C, L. Maniar, Stable determination of
coefficients in semilinear parabolic system with dynamic boundary
conditions, Inverse Problems, 38, 115007 (2022).
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Open problem

Let N ≥ 2 and δ = 0 and consider
∂ty −∆y = 1ω(x)v(t,x) in ΩT ,

∂tyΓ+∂νy = 0 on ΓT ,

yΓ = y|Γ on ΓT ,

(y ,yΓ)|t=0 = (y0,y0,Γ) in Ω×Γ.

(8)

Using the Carleman estimate approach, the problematic term

sλ

∫
ΓT

ρ|∂νη| |∇ΓϕΓ|2 dS dt

could be absorbed thanks to the surface diffusion term δ∆ΓϕΓ when
δ > 0.
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Thank you for your attention
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