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p-Wasserstein metric 154 @ H

For two probability measures o, pr € P (2) and p € [1, o0):

~ .
(STATIC) Wy (o, pr) = min {/ |z — y|? drr (=, y)} ’
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p-Wasserstein metric

For two probability measures o, pr € P (2) and p € [1, o0):

1

(STATIC) W, (o, pr) = _ min {/ |z — y|? dﬂ(w,y)}p
QxQ

mE (o 1)

Based on the work of Benamou and Brenier [BBOOI:

For a reference measure 7, density p and mass flux j:

Qe 4 90—y,

DYNAMIC) W, (uo, TP 1/ /
( ) p (o, pr) = ;LGM+(52>< 0,77) o) #|t:o = po,
JEM(QX[0,T]) Blimp = BT
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Gas networks as metric graphs [FBP24] 15 @ o

1) Gas flow in individual pipes
2) Mass conservation at vertices
3) Storage of gas at inferior vertices

4) Time-(in)dependent boundary conditions at boundary vertices
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Gas networks as metric graphs [FBP24] ) @ o

1) Gas flow in individual pipes
2) Mass conservation at vertices
3) Storage of gas at inferior vertices

4) Time-(in)dependent boundary conditions at boundary vertices

For small flows |v| << ¢ and friction-dominance:

ap 1o}
280 = (ov) =0
ot + oz (pv)

(1503) op

2 olo] — gosin (@)
—_— = — ——pPU|v| — Sin (&«
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Gas networks as metric graphs [FBP24] ) @ Ha

1) Gas flow in individual pipes
2) Mass conservation at vertices
3) Storage of gas at inferior vertices

4) Time-(in)dependent boundary conditions at boundary vertices

Classical Kirchhoff's law at each vertex v:

0= Z jﬁil;r:Lr,_ Z Jelz—o

e=(w,v) e=(v,w)
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Gas networks as metric graphs [FBP24] ) @ Ha

1) Gas flow in individual pipes
2) Mass conservation at vertices
3) Storage of gas at interior vertices

4) Time-(in)dependent boundary conditions at boundary vertices

Generdlized Kirchhoff's law at each vertex v

fl/ = Z je‘.l‘:L,, — Z jﬁ';r:O

e=(w,v) e=(v,w)

with vertex flux f,, and vertex density v, > 0 such that 0()—’; =y
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Gas networks as metric graphs [FBP24] ) @ o

1) Gas flow in individual pipes
2) Mass conservation at vertices
3) Storage of gas at inferior vertices

4) Time-(in)dependent boundary conditions at boundary vertices

Time-dependent boundary condition at boundary vertex v:

Givensupply s, : [0, T] — R<q for source vertex v:

Sy = Z jﬂ‘.r:LL. = Z jt’|17:0

e=(w,v) e=(v,w)

Givendemand  d, : [0, T] — R>q for sink verfex v:

dy = Z elo=1, — Z Jelo=o

e=(w,v) e=(v,w)
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Gas networks as metric graphs [FBP24] ) @ o

1) Gas flow in individual pipes
2) Mass conservation at vertices
@ 3) Storage of gas at interior vertices

4) Time-(in)dependent boundary conditions at boundary vertices

@ Time-independent boundary condition at boundary vertex v:

Given fotal supply S, <0 for source vertex v:

T
(vs) O = X s = X ey sehthat [ ai=s,

e=(w,v) e=(v,w)

Given totaldemand D, > 0 for sink vertex v:

T
Q dy = Z Jelo—mr, — Z Jelg—o such that / dy (t) dt = Dy

0

e=(w,v) e=(v,w)
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p-Wasserstein metric on gas networks [FBP24] 5k @ H

For a collection of edge and vertex measures py = (p (t),v (), S (), D (t)):

’ o o P P s, |P l/z
Wy (porpr) = i d 1ot [0 z/ U gy 3o BB, > Ll 5 1
(0] Oy

p v interior ’)1/ v source W smk
b vertex vertex vertex
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p-Wasserstein metric on gas networks [FBP24] - TRR

For a collection of edge and vertex measures py = (p (t),v (), S (), D (t)):

" 2 5,17 JduI?
/ . r y v Sv ay
Wy (po, pr) = dz+ + ) ==+ o
Ja e P v interior ’)1/ v source O T Dy
2 vertex vertex vertex

Classical Kirchhoff's law and no boundary vertices, i.e. 1 = (p (¢)):

5 Le g - 4
7 g p—1 ‘J:‘
W o) = T / /0 — dedt|  pel—g = (00).» Pelimr = (T
Vv 0= Z«::(w,z/‘) Jf"u,::LE . Ze:('y,w) jf"g,::()
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p-Wasserstein gradient flows [FBP24] e AN

p-Wasserstein gradient flow derived in the limit 7 — 0 for 7 > 0, from the minimizing movement scheme:
: 1 . - \p X
Plk41); = Argmin { ot Mo (prpk )P+ 3 B (pe)}

with energy E, entropy F' and integration constants c. such that 3 ce = O:

2D P (pe)

PlLe . 2D, . »
E(pe) = / Fe (pe) + w2 (ae)zpe + Cepe | dz F!' (pe) = Ze\e)
Jo

Ae Pe

e
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p-Wasserstein gradient flows [FBP24] TR @ !

p-Wasserstein gradient flow derived in the limit 7 — 0 for 7 > 0, from the minimizing movement scheme:

. 1
pz’k+1)7 = arg Hlpln { pr,1 WZI (p7 p;’c-r)p + Z E (Pe)}
e

with energy E, entropy F' and integration constants c. such that 3 ce = O:

Le 2D63 . 2De Plr €
IACHES /0 (Fe (pe) + N gsin (ae)zpe + Cf:Pe) dz F!' (pe) = . ¢ (pe)
e e

Result:
Ope Oje
ot + oz

0= Z j“‘w:Lg_ Z jf?lx:o

e=(w,v) e=(v,w)

—or 1 2 (o))

P =
ox

=0, Je ‘]e
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p-Wasserstein gradient flows [FBP24]

i
H

Corresponds to the (ISO3) formulation with classical Kirchhoff's law for p = 3:

Ope
ox

fgsin(ae)) = A pevelvel = — 2 ¢ — gpesin(ar)
] S e T Pele|Ve| = — — gpPeS Qe <
gsin (ae 2D€p4l Ve p gpesin (ae)

@

A

= —— peve|ve| — gpe sin (ae)

2D,

S Z jf.|_r:()
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TRR |
Current work and next steps.. 6%

¢ Properties of the generalized p-Wasserstein metric

® Port-Hamiltonian formulation of (ISO2) in
Wasserstein spaces

e Gas mixture model in (ISO3) formulation
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Thank you for your attention! G R
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