Quantification of unique continuation for the Laplace
operator with rough potentials

Lotfi Thabouti

FST-UTM and IMB-UB

Joint work: Pedro Caro, Sylvain Ervedoza
Supervised by: Belhassen Dehman and Sylvain Ervedoza
Benasque Science Center, August 23, 2024

2277 université

ENITZLAMSIN Institut de
e N \ persie s “BORDEAUX

FACULTE DES SCIENCES DE TUNIS

Lotfi Thabouti (FST-UTM and IMB-UB) Quantification of unique continuation for the Laplace Aug 18 - Aug 30, 2024 1/14



Unique continuation property
Consider a second order elliptic partial differential operator
Pu = div(A(x).Vu) + W(x).Vu+ V(x)u in QcCRY.

(Pu=10inQ and u:Oinw)Mu:O in Q (UCP).

A w %4 Tools
Holmgren 1901 analytic | analytic | analytic Analyticity of u
Carleman39,Hormander63 wioo L L L?-Carleman estimates
Jerison-Kenig 1985 Id 0 L5 LP — LP'-Carleman
xI77ull 20 SHIIXITT A ull 2
| d—2 Ld+2
Barcelo-Kenig-Ruiz-Sogge87 Id L35 L3 LP — LP'-Carleman Only
Wolff 1992 Id L4 L% LP — LP'-Carleman
Koch-Tataru 2001 Wi L L5 + Wolff's argument

V € L92 and W € (L9)9 are the optimal spaces to obtain unique continuation Koch-Tataru 2002.

Table: Unique continuation results for the operator P.
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V € L92 and W € (L9)9 are the optimal spaces to obtain unique continuation Koch-Tataru 2002.

Table: Unique continuation results for the operator P.
Global quantitative unique continuation

If Puis "small" in Q, and v is "small" in w, then u is "small" in Q.

Analytically, lullg < C(l[Pullg, llull,,)-
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Global quantitative unique continuation

Theorem (Dehman-Ervedoza-Thabouti '23)

Let d >3, Q ¢ R? C3-bounded domain, @ C Q a non-empty open subset. 3C = C(Q,w) > 0 such

that for any V € L%(Q), W € L9(; C?), the corresponding solution u € H3(2)
Au=Vu+ W -Vu in€Q,

satisfies, for qo > d/2, g1 > (3d —2)/2

C ||V||’Y(q0)+”W ||5(Q1)
gy < CeSUMVIRP M)

24,
72 ()
with
r 1
>
3(_d> 1 ifq>d,
2 2q 2q 2
v(q) = ) ) ) @)= 5
3,1\ (, d Tac\p 2q
L \4 2d q
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24,
a2 ()
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r 1
] >
3(,_d), 1 16 2 6
2 2q 2q 5 2
1q) = ) () @="3d-2
3,1\ (, 4 ’qe(i’ 2q
L \4 2d q

Aim : Handle potentials W in L%, where d < q; < 3227
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Improved quantitative unique continuation result

Theorem (Caro-Ervedoza-Thabouti '24)

Let d >3, Q C RY be a C3-bounded domain, and w and © be non-empty open subsets of Q with

wCwCOCOCQ. Then3C = C(w,0,Q2) >0, a € (0,1) depending only on w, O and Q that for
any solution u € H*(Q) of

Au= W -Vu inD(Q),
W e L9(Q;CY), with g € (d,)].

we have S0
c|\w =
lullgoy < CeSIVI [lullgnqey lul bty

with
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Theorem (Caro-Ervedoza-Thabouti '24)

Let d >3, Q C RY be a C3-bounded domain, and w and © be non-empty open subsets of Q with

wCwCOCOCQ. Then3C = C(w,0,Q2) >0, a € (0,1) depending only on w, O and Q that for
any solution u € H*(Q) of

Au= W -Vu inD(Q),
W e L9(Q;CY), with g € (d,)].

we have S0
1—
lullpoy < CeSMIE" (w8, llullbacs,
with
2
5(q) = ——
12
q V.

Tools :

o Wolff's Lemma.

o A refined version of LP Carleman estimates.
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Wolff's Lemma

Lemma (T.Wolff 1992)

Suppose 1 is a positive measure in RY which has faster than exponential decay in the following sense
lim T llog(u{x € RY,|x| > T}) = —o0.
T—o0
For k € RY, define a measure i by duy(x) = e¥*du(x). Suppose C C R? is a compact convex set.

Then there is a sequence {k;} C C and disjoint convex sets { Ex;} C RY so that the measures duy; are
concentrated in Ej;,

1
,ukj(Rd \ Ey;) < EH,uij, (concentration property)

and such that
Z \Ekj|_1 > Cp/lC), (summation property)
J

where C\y is a positive constant depending only on d.
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LP Carleman-Wolff type estimates
Weight function: Let o€ C3(Q), QcRY bounded domain and @ #w CQ, be such that Ja, 5>0
o inf, g\, [Ve(x)| > o
o Wx € 0\ w, V¢ € RY with [Vip(x)| = [¢] and Vip(x) - € = 0, Sub-ellipticity
conditions.
(D?)Vp(x) - Veo(x) + (D)8 - § = BIVip(x)|%.
Theorem (Caro-Ervedoza-Thabouti '24)

Let d > 3. Then YK compact subset of Q, 3C = C(Q,w, ||90”C3(§)) >0, 79 > 1 such that
Yu € HY(Q) satisfying supp u C K and
Au=f+hh inD(Q),

with (f, >/ ) satisfying

2d
e I?, andfy € Li2, we have V7 > T,

3 1 3_ 1 3
ezt 7€ Valmy < € (Il + 16 o o + e ulingy ).

and, for all measurable sets E of <,

3+tiaTe 34 o 1 TP TP
T472d|| e Fu|| 20 + 727 2d min ,1311€7?Vul|2eey < C (||€7%h]] 2
| HLH(Q) {T|E\3 }H le2(E) (Il 22()

3,1 51 e
+r R g o bl Ul ).

v
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A specific geometric setting

Lemma

Let R > 0 and d > 3. Under the assumptions of Theorem 1 with the following setting:

Q= Bo(4R), O = Bo(R), andw = Bo(4R) \ B4Re1(4R)>

Figure: This allows to propagate information from the blue to the red region.
~» 3C = C(R,d) > 0 and a € (0,1) depending only on R and d that for any solution

Au=W-Vu in(Q,
with W € L9, q € (d, 4], satisfies

Cl|W ||, q%@ 1-
lullngoy < CeM ™ lull By lulling »

with 6(q) = 2/(1 — d/q).
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Family of weight functions

Lemma

Within the same setting as in the previous Lemma, there exist ¢ > 0, a family of weight functions
{¢k}, where k € RY, such that

© The functions {¢}, for all k € ¥, = {k € RY\ {0} with ||—f| — e1| < €}, satisfy the sub-ellipticity
conditions with some uniform positive constants « > 0 and 3 > 0.

@ The functions {py} satisfy the Wolff's Lemma in the following sense : If dyu is a positive
compactly supported measure in Q, we define the family du(x) = e dy, then for C ¢ RY
there exist {k;} C C and disjoint sets E,. C RY so that measures dpy; satisfy the
(concentration property) and {Ey;} satisfy (summation property).
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Proof: Step 1: Application of the Carleman estimates.

For u € HY(By(4R)) with Au= W -Vu, in By(4R), we set v = nu, where 1 is a cut-off that takes
1 in By(3R) and vanishes in a neighbourhood of By(4R), so that we have

Av=W-Vv+f, inBy(4R),
where supp(f,) C Ao(3R, 4R).
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W = W, 4+ Wa, with Wy € L9(By(4R); C?), Wi € L®(Bo(4R); CY).
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Proof: Step 1: Application of the Carleman estimates.

For u € HY(By(4R)) with Au= W -Vu, in By(4R), we set v = nu, where 1 is a cut-off that takes
1 in Bp(3R) and vanishes in a neighbourhood of By(4R), so that we have

Av=W-Vv+f, inBy(4R),
where supp(f;) C Ao(3R,4R). For W € L9(By(4R); C?), g > d
W = W, 4+ Wa, with Wy € L9(By(4R); C?), Wi € L®(Bo(4R); CY).
Applying LP Carleman estimates with f;y = Wy - Vv, and f, = W, - Vv + 1,
i [Wooll e << K2, (1)

that for all k € X. with |k| > 79,

3 1
ol k|2 || M2k ]| 12 goary) + K21 €MPE V| 12050 (ar)

3_1 3
< G (”elkwﬁ7HL2(Bo(4R)) + || 72 || elklerwy, - V| 24, T |k’2”ek|wv||H1(w)) :

(Bo(4R

and

olk|3Fas]|el Py 2

341 .
oary K { 1} 25Vl 2(g < Co (117 xantamy

|k||E|

3.1 30k
+ k|3t 2a ||elKlex Wd'VVHLd%fz(BOMR))‘i‘”Woo'VV||L2(BO(4R))+|k’2”e‘ '“DkVHHl(w))-
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Step 2: Wolff's argument.

Let n € N be large, set C, = {k € R : |k — ne;| < yn}, v small enough so that for all k € C,,
k € ., applying Wolff's Lemma with the measure

2d
dus(x) = 4Py (x) - V()| 2 Ly ary (x) .

~»3Cw > 0; Vn € N, 3y, (kin)ie, C Cp and corresponding family of pairwise disjoint sets (Ek,-,,,)ieln
such that Vi € /,, we have
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Step 2: Wolff's argument.

Let n € N be large, set C, = {k € R : |k — ne;| < yn}, v small enough so that for all k € C,,
k € ., applying Wolff's Lemma with the measure

2d
dus(x) = 4Py (x) - V()| 2 Ly ary (x) .

~»3Cw > 0; Vn € N, 3y, (kin)ie, C Cp and corresponding family of pairwise disjoint sets (Ek,-,,,)ieln
such that Vi € /,, we have

| ln|‘Pk, n < |kia”|(pki,n(x) 0
o |le Wy - VVH Bo(4R) 2|le Wia(x) VV(X)HL%(E@.’")’
° Z:elnl k,n| CWI”d

Hence, if the condition,

”WdHLd Bo(4R)) < Cw H(8Go(L+7)) 7,

is satisfied, then for all n € N, there exists i, € [, such that

1
8Co|| Walljoe, y < ——— J

il Eki, |
[ Kiy \n

Q|
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Quantification
Appling the last two estimates for n larger than 79/(1 — 7), with k = k;, , denoted by k,
3 1
ol k| 2 | €714 v | 2 gy ary) + [l 2 | 171940 T V]| 2y amy) < Calle! o4 £yl 2o ary)
3 1 3
+ G (4|/<n|rﬂ IWall Lo, Il o] 2(g, )+ |kn|5||e‘k"|w"v||H1(w)>
similarly, we have

1
T~ 1
| knll Ex, | 4

3
< G (Jle¥ I fy L gagary + e Woe - TV 12(gygaryy + ol eV ey )

olkol 320 el v]| 2 + ka4 +23 min{ ,1} lellotn v 2, )

(Bo(4R))
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Quantification
Appling the last two estimates for n larger than 79/(1 — 7), with k = k;, , denoted by k,
‘|kn’%He‘knlw"VHLz(BoMR)) + ’kn‘%He'k"‘w"VVHLZ(BOMR)) < Gl | 25y ary)
+ G (Hkal 373 Wl o, o0 D llizge, ) + il [l 260w )

similarly, we have

1
T - L
| knll Ex, | 4

3
< G (lleb o £ 12 gaggamy) + 1€V Woe - Vv 12gsg(aryy + [Kal 21250 v 1 )

o|k,,|%+§ ||e‘k"|‘Pk"v||L 2d + |k,,|%+ﬁ min {

[knl©k,
-2 (By(4R)) ’1} e VVHLZ(Ekn)

Combining two inequalities gives
olkal2lelfrlen v 2 + [l 2 el Vvl 2 < € (el 12 + [l [l v 1y )

Step 3: Quantification. To quantify the unique continuation property, we simply need to choose
appropriate values for n (recall that kj, is of the order of n), such that:

||Wd||Ld K 17 ||Woo||L°0 <¢ n%. J
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3-balls type estimate

Lemma

Let R > 0 and d > 3. Under the assumptions of Theorem 1 with the following setting:

Q= Bo(4R), 0= Bo(2R), and w = Bo(R);

Figure: Geometry of the three balls. This allows to propagate information from the blue to the red region.
~» 3C = C(R,d) > 0 and a € (0, 1) depending only on R and d that for any solution

Au=W-Vu inQ,

with W € L9(Q; C?) and q € (d, ], satisfies

5(q)

cllw 1-
[ull g2 oy < Ce IWlia [lull By “uHHl?Q)’

6(q) =2/(1—d/q).
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The general case: Proof of Theorem 1

Step 1: Compactness argument. Because of the compactness of O, it suffices to prove our quantitative
estimate with B, (r) in place of O where y € O and r > 0 will be chosen sufficiently small.
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The general case: Proof of Theorem 1

Step 1: Compactness argument. Because of the compactness of O, it suffices to prove our quantitative
estimate with B, (r) in place of O where y € O and r > 0 will be chosen sufficiently small.

Step 2: Propagation of smallness within the ball B, (r). Let x(o) be in w and ro > 0 such that

By (o) € w. As Qs open and connected, there exists a path I' C Q2 from x(g) = I'(0) to y = T'(1).
Set r; = dist(I", 02). We have 1 > 0 by compactness.

Setting now r = inf(R, ro, r1/4), where R = dist(O, 0Q)/4, we define a sequence (x;));, for j > 0, by
xj) = T (t;) where to = 0 and

infA; if A £0,
tj:{ |1n J ;fAj-iQ), where A; —{Ge(tj 1,1];T(0) ¢ B X(j— 1)( )}

The sequence (x(;)); is finite by a compactness argument. Let (x(o), e ,X(N)) be such a sequence
with x(y) = y. Note that we have By, , (r) C By, (2r) € Qfor j=0,---, N — 1, because of the
choice we made for r above. By Lemma 7 there eX|st C>0and a e (0, 1) such that

C C”WHLq (Q) H

HUHH1<B><(J-+1)(I‘)) g HUHHI(BX(J.)(2F)> g UHHI Q)HUHH]' Bx (r)),

for j=0,..., N — 1. By consequence, we have

CIWILS gL |1y
lullpas, (ry) < Ce Lq(ﬂ)||u||H1(Q)||u||H1<BX(0)(r)>~

This concludes the proof of the theorem.
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Comment and questions :

Main result of quantitative unique continuation holds with

Au=Vu+ Wi - Vu+div(Wsu)

in Q,
where V € L9%(Q), W, € L9(Q; C9), and qo € (d/2,00], g; € (d, 0] with j € {1,2},
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Comment and questions :

Main result of quantitative unique continuation holds with
Au=Vu+ W -Vu+div(Wou) inQ,

where V € L%(Q), W, € L%(Q; C?), and qo € (d/2,0], q; € (d, <] with j € {1,2}.

e More applications of global LP Carleman Estimates, [Dehman-Ervedoza-Thabouti '23], in
Control and Inverse Problems. The Lebeau-Robbiano strategy, control for the heat
equation with rough potentials, but time-independent?
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equation with rough potentials, but time-independent?

e Global quantitative unique continuation as in [Dehman-Ervedoza-Thabouti 23] but with
W; € L9, where q; > d.

e Global LP Carleman estimates for the Heat, Schrodinger, and wave equations? Local LP
Carleman estimates by Sogge [1991-1992], lonescu-Kenig [2004], and Koch-Tataru [2009].

e Unique continuation for the Stokes system

—Au+a-Vu+Vp=0in €, (S)
div(u) =0, in Q,

[Fabre-Lebeau, 1996] with a € L>°(Q) (If u solution of (S) and v =0 in w C Q, then
u=0in Q). a€c L9Q)?
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u=0in Q). a€c L9Q)?

Thank you for your attention! |
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Thank you for your attention! |

Any questions or comments are welcomed. |

= . - = = A
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