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Parabolic systems, null-controllability

Parabolic system (heat-like equation) :
Oty + Ay = By,

where A is a (vectorial) elliptic operator, B is a control operator.

Null-controllability

Given an initial data yg, and a time T, we want to find a con-
trol v, such that the solution of the system satisfies y(T) = 0.
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The problem

Null-controllability of:

Oty1 — Ay =0in [0, T] x Q
315}/2 —Ay2+y1 =01in [07 T] x
yi = 1,vin [0, T] x 02

y»=0in [0, T] x 9Q v
Main issues:

@ Less control than components, coupling
® Boundary controllability
©® Multi-dimensional
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Results from the literature

® Polar coordinates, properties of eigenvalues, moment method,
[H.O.Fattorini, D.L.Russell, 1975].

e Control on a subset of the boundary,
[A.Benabdallah, F.Boyer, M.Gonzalez-Burgos, G.Olive, 2014].

w Q — W Q
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The result

Theorem [H.O.Fattorini, D.L.Russell, 1975]

Forany T >0, yo € H71(Q) the problem

Oty — Ay =01in (0, T) x Q,
y=vin (0, T) x 02,
y(0) = yo,

is null-controllable.
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Observability and controllability

Theorem [S.Dolecki, D.L.Russell, 1977]

Let T > 0, the following properties are equivalent:
@ Vyo € H(Q), 3v € L3(0, T; U) such that the solution y of

Oty + Ay = By,
¥(0) = yo,
satisfies y(T) = 0 and [|v|[,2(0, 7.0y < C Iyolly-1(0)-
® Vqr € H}(Q), the solution g of

—0iq+ A*q =0,
q(T,-)=gqr,

satisfies [[4(0) 3y < C11B"all 20 709

(1)

(2)
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2D problem — 1D problems

If gr = Z qT*(r) Ymi(0) and q satisfies

m
kedo, 1}

—0iq—Ag=0in(0,T) x Q,
g=0in(0,T) xQ,
q(T) =gqr,

then g™ = (q, Ymk) 12(0.2r) Satisfies

—0:q™ + L%,g™ =01in (0, T) x (0,1),

q(-,1)=0in (0, T),
qm(T) = g%,

with Ly, = —18,(rd,) + % id.
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Controllability 1D — Observability 1D

By the moment method, we can show that the system

3t}/+ Lmy =0 in (07 T) X (07 1)7
yi(-,1)=wvin (0, T),
y(o) = )/0 6 (Vm)lv

is null-controllable with a control cost |[v||,2(o 7y < Ce™ llyoll v,y -
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Controllability 1D — Observability 1D

By the moment method, we can show that the system

3t}/+ Lmy =0 in (07 T) X (07 1)7
yi(-,1)=wvin (0, T),
y(o) = )/0 6 (Vm)lv

is null-controllable with a control cost |[v||,2(o 7y < Ce™ llyoll v,y -

By the equivalence between observability and controllability we get

2 T
oo, <" |
m 0

Remark : C does not depend on mor T.

dq™ (t)

2
or dt.

r=1
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Observability 1D — Observability 2D

dq(t)
or

dt

]
C
1900} Egiey < Ce¥ |
0 12(5Q)

r=1
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The main result

Theorem [M.T, 2024]

Forany T >0, yo € H71(Q) the problem

Otyr —Ay1 =01in [0, T] x Q

Ortys —Ayr +y1 =0in [0, T] x Q

y1 = 1lyvin [0, T] x 0Q

y2=0in [0, T] x 00 “
(y(0,)) =yo

is null-controllable.
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The Lebeau-Robbiano strategy

[G.Lebeau, L.Robbiano, 1995]

Iy (Ol H-1(0)2 4

Do nothing Cﬁ)r:;rd Do
llvoll H-1(Q)2 § Control low ire;l-l nionth— 32:..5.0
N .
0 T o L T ]
2 2 2 2
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Figure. 1: The Lebeau-Robbiano method

Question :

How do we chose suitable controls 7
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Building of the control

Forany M € N, 7 > 0 and yop € H™}(Q)?, there exists a
control vy € L?((0,7) x w) such that,

€ c
Ivall 2((0.ryxery < Cem €M [1¥0ll -1(ay2

C T N2
S+cM ,—3M

[y (T -1 < Cae~ 1Yol -1()2

. . .. . _ T p2
Question : How do we obtain the dissipation e 2 M= 2
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Dissipation

The solution of

dy + Ay = 0'in (7/2,7) where A — (‘iA 0)

y(r) = e D4y (r)2)
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Dissipation

The solution of

. -A 0
dy + Ay =0in (7/2,7) whereA-(id —A>

y(r) = e D4y (r)2)

If we manage to have
y(7/2) € Ker(A* —\)*, VA < M?,
we get the dissipation estimate,
() l-ae < Ce M y(7/2) - ape-

Question : How do we get y(7/2) in such space?
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Partial observability and controllability

Theorem [D.Allonsius, F.Boyer, 2018]

Let T >0, and E C H3(Q)? closed, the following are equivalent:
@ Vyo € E', v € L?(0, T; U) such that the solution y of

Oty + Ay = By, (3)
¥(0) = yo,
satisfies Mg/ y(T) =0 and [|v||,2(0 7.0y < C Yol y-1(q)2-
@® Vqr € E, the solution g of
Pl Nish i (4)
q(T,:) = qr,

satisfies HHE‘I(O)HHg(Q)z < ClIB*qll 20,70y

Question : Which space E do we chose and how to prove observability?
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2D problem — 1D problems

For M >0
M
Ev=1 > (U, Yok) 12(0.2m) Yook u e HY(Q)? p C H} (Q)?,
Ziog)
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2D problem — 1D problems

For M >0
M
Ev=13 3 (U, Yok 202m) Yimk ] ue HHQ)? S © HY(Q)?,
Ziog)

If g7 = qT*Ymk € En and q satisfies

—0rq + A*q =0, with A* — (—A id )
q(T) = qr, 0 -A
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2D problem — 1D problems

For M >0
M
Ev=13 3 (U, Yok 202m) Yimk ] ue HHQ)? S © HY(Q)?,
Ziog)

If g7 = qT*Ymk € En and q satisfies

—0rq + A*q =0, with A* — (—A id )
q(T) = qr, 0 -A

then g™ = (q, Ymk) 12(0.2r) Satisfies

_atqu +£>;1qu — 07 ) E;k‘n _ (Lm Id>
with 0 Ly
qm(T) = g7 2
T Ly, = —%8,(r8,) + T—zid.
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Controllability 1D — Observability 1D

By the moment method we can prove that the following system

Oty + Lmy =0in (0, T) x (0,1),
yi(-,1)=vin (0, T),
y2(-,1)=01in (0, T),

y(0) = yo € (V3),

is null-controllable with a control cost |]vHL2(07-,-) < Cet ||y0||(v%),.
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And by equivalence between observability and controllability we get

2

dq (1) ot

|, < cef [

r=1
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Observability 1D — Observability 2D

Theorem (Spectral inequality) [D.Jerison, G.Lebeau, 1999]

Let > 0, and ¢ a sum of eigenfunctions of the Laplace-Beltrami
operator on 9N of the form

o= Z aroa-

AEN
A<Zp

For any non-empty set w C 9N there exists C > 0 depending only
on w such that

61l 200y < Ce“VF 118l 12() -

8q1(t)

dt.
or

L2(59)

L,

c T
19(0) |23 (qye < Ce7e™ /0 ‘

r=1
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We rewind the movie

control which
Partial observability 2D = kills the low
frequencies on (0,7/2)

No low frequencies = dissipation on (7/2,7)

We iterate cleverly to reach 0 at time T |
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Conclusion

Key points and main issues:
® Moment method (uniform w.r.t m)
e Eigenvalues of L, Bessel functions
e (Partial) observability < (Partial) controllability
® Spectral inequality
® The Lebeau-Robbiano method

Perspectives
e Apply this strategy for other multi-dimensional problems

® New methods 7
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Thanks for your attention !
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