
Local subordination in Riesz basis analysis

Petr Siegl

Institute of Applied Mathematics, TU Graz

Based on the joint papers with B. Mityagin (OSU)
[1] B. Mityagin and P. Siegl [2016]. “Root system of singular perturbations of the

harmonic oscillator type operators”. In: Lett. Math. Phys. 106, pp. 147–167
[2] B. Mityagin and P. Siegl [2019]. “Local form-subordination condition and

Riesz basisness of root systems”. In: J. Anal. Math. 139, pp. 83–119

and work in progress



Motivation and example

T = −
d2

dx2 + |x|β︸ ︷︷ ︸
A

+ i sgnx|x|γ︸ ︷︷ ︸
B

, β, γ ≥ 0, in L2(R)

Q: transition between the “good” and “bad” character of T?

• two examples with β = 2

B1(x) = iϵ (δ(x− 1) − δ(x+ 1))
• σ(T1) = σdisc(T1) ⊂ R
• EV’s are stable
• EF’s form a Riesz basis
• supt>0 ∥e−itT1 ∥ < ∞

B2(x) = ix
• σ(T2) = σdisc(T2) ⊂ R
• EV’s are unstable
• EF’s do not form a basis
• ∄ e−itT2 with

supt>0 ∥e−itT2 ∥ < ∞

• B1 and B2 are of “the same strength” 1/2-form-subordination:

|⟨Bjf, f⟩| ≲ ⟨Af, f⟩p ∥f∥2(1−p), j = 1, 2, p =
1
2
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Completeness and basis

• separable Hilbert space H, E := {ψn} ⊂ H
• E is complete in H: span E = H or E⊥ = {0}
• E is a basis in H: every ψ ∈ H has a unique expansion

ψ =
∞∑

n=1

cnψn.

• E is a Riesz basis in H: E is a basis and for all ψ ∈ H

m∥ψ∥2 ≤
∞∑

n=1

|⟨ψn, ψ⟩|2 ≤ M∥ψ∥2

or equivalently: ∃W ∈ B(H) with W−1 ∈ B(H) and ONB {en}n such that

ψn = Wen.



Riesz basis for Schrödinger operators

Theorem [Mityagin and Siegl, 2019]

Let
T = −

d2

dx2 + |x|β + V (x), β ≥ 2, in L2(R)

where
• V = V1 + V2 + V3 + V4 satisfies

• |V1(x)| ≲ ⟨x⟩γ with γ <
β

2 − 1

• V2 ∈ Lp(R) with p ∈ [1, ∞)
• V3 ∈ W −s,2(R) with s ∈ [0, β−1

2β
)

• V4(x) =
∑

k∈Z νk δ(x − xk) with {νk} ∈ ℓ1(Z)
Then the eigenvalues of T are eventually simple and the eigensystem contains a
Riesz basis.



Abstract results

Strategy
• new perturbation theorems beyond classical ones (Kato, Dunford-Schwartz,

Markus, Agranovich, . . . )

Theorem [Kato, 1995, Thm.V.4.15a]

Let H be separable, A = A∗ with compact resolvent in H and eigenvalues {µn} of
A be simple.

Assume that

1. µn+1 − µn → ∞ as n → ∞,

2. ∥B∥ < ∞.

Then for T := A+B,
• the eigenvalues {λn} of T are eventually simple
• λn = µn + O(1) as n → ∞

• the eigensystem of T contains a Riesz basis

0
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Main abstract result

Theorem [Mityagin and Siegl, 2019]

Let H be separable, A = A∗ ≥ 0 with compact resolvent in H and eigenvalues
{µn} of A be simple and let {ψn} be the corresponding normalized eigenvectors,
i.e.

Aψn = µnψn, ∥ψn∥ = 1, n ∈ N.

Assume that
1. ∃κ > 0, µn+1 − µn ≳ nκ−1, n → ∞, [size of EV gaps]

2. ∃α ∈ R with 2α+ κ > 1 : |⟨Bψm, ψn⟩| ≲
1

mαnα
, m, n ∈ N.

[“local form-subordination”]
Then for T = A+B [form-sum]

• the eigenvalues {λn} of T are eventually simple,
• λn = µn + ⟨Bψn, ψn⟩ + rn(α, κ) as n → ∞,

• the eigensystem of T contains a Riesz basis .
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Remarks

Assumptions
1. ∃κ > 0, µn+1 − µn ≳ nκ−1, n → ∞,

2. ∃α ∈ R with 2α+ κ > 1 : |⟨Bψm, ψn⟩| ≲
1

mαnα
, m, n ∈ N.

Remarks
• optimal in the sense that it cannot be weakened to 2α+ κ = 1
• simplicity of EV’s of A, A ≥ 0 can be relaxed

[Shkalikov, 2016; Adduci and Mityagin, 2012b]

• operator version of the local subordination earlier
[Adduci and Mityagin, 2012a; Shkalikov, 2010]

• survey and further generalizations
[Shkalikov, 2016; Motovilov and Shkalikov, 2017; Motovilov and Shkalikov, 2019]

• essential needed ingredient in applications: asymptotics of eigenfunctions of A



Towards optimal assumptions

Assumptions (the case κ = 1)
1. µn+1 − µn ≳ 1, n → ∞, [e.g. µn = n]

2. |⟨Bψm, ψn⟩| ≤ ωmωn , m, n ∈ N

where

ωn ≥ 0,
ω2

n

µn
∈ ℓ1(N) and

∑
j ̸=n

ω2
j

|µn − µj |
= o(1), n → ∞.

Remarks
• the previous assumption ωn ≲ 1

nα with α > 0 guarantees∑
j ̸=n

ω2
j

|µn − µj |
≲

logn
n2α

• newly possible:

• log-decay ω2
n

µn
∈ ℓ1(N) and ω2

n = o
(

1
log n

)
, n → ∞

• arbitrarily slow decay and gaps, e.g.

ωn = o(1) and ωn = 0, n ̸= m2, m ∈ N
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