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® B; and B> are of “the same strength” 1/2-form-subordination:
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Completeness and basis

separable Hilbert space H, £ := {¢n} C H
& is complete in H: span€ = H or £+ = {0}

£ is a basis in ‘H: every ¢ € H has a unique expansion

Y= i Cnthn.
n=1

€ is a Riesz basis in ‘H: £ is a basis and for all ) € H

oo
mlgll? <Y (Wn, 9)2 < Mlly|2
n=1
or equivalently: IW € %(H) with W1 € #(H) and ONB {ey }» such that
wn =Wen.



Riesz basis for Schrodinger operators

Theorem [Mityagin and Siegl, 2019]
Let

d2
T=——+z|°+V(@), B£>2  inL*R)
dx?
where

oV =V + Vy+ V3 + Vy satisfies

© Vi(@) £ ()7 with y< 5 —1
* V, € LP(R) with p € [1,00)

* Vs € W*2(R) with s € [0, 55F)

® Vi(x) =) ) cpvi0(z —ay) with {vi} € (Z)

Then the eigenvalues of T' are eventually simple and the eigensystem contains a
Riesz basis.
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Strategy

® new perturbation theorems beyond classical ones (Kato, Dunford-Schwartz,
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Theorem [Kato, 1995, Thm.V.4.15a]
Let H be separable, A = A* with compact resolvent in H and eigenvalues {pn} of
A be simple. Assume that
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Then for T':= A+ B,
® the eigenvalues {\,} of T are eventually simple
® \p=pun+0O(1)asn — oo

® the eigensystem of T' contains a Riesz basis
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Main abstract result

Theorem [Mityagin and Siegl, 2019]
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{un} of A be simple and let {1} be the corresponding normalized eigenvectors,
ie.
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Assume that

1. 36 >0, fnt1—pn 3 n"" Ll n— oo, [size of EV gaps]
1
2. JaeRwith 2a04+Kk>1: [({Bm, ¥n)| < , myneN
men®
[“local form-subordination”]
Then for T=A+ B [form-sum]

® the eigenvalues {A\,} of T are eventually simple,
® A = pn + (BYn, Yn) + rn(a, k) as n — oo,

® the eigensystem of T' contains a Riesz basis .




Remarks

Assumptions
1. EIK>07 Hn+1 — MUn an71, n — 00,
1
2. JaeRwith 2a04+Kk>1: [(BYm,Yn)| S —— , m,neN.
mene
Remarks

® optimal in the sense that it cannot be weakened to 2a+ k = 1
® simplicity of EV’s of A, A > 0 can be relaxed
[Shkalikov, 2016; Adduci and Mityagin, 2012b]
® operator version of the local subordination earlier
[Adduci and Mityagin, 2012a; Shkalikov, 2010]
® survey and further generalizations
[Shkalikov, 2016; Motovilov and Shkalikov, 2017; Motovilov and Shkalikov, 2019]

® essential needed ingredient in applications: asymptotics of eigenfunctions of A



Towards optimal assumptions

Assumptions (the case kK = 1)
1. fing1—pn 21, 71— oo, le.g. pn =n]
2. [(BYm,¥n)| < wmwn , m,n €N

where

2
Wn

2
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Assumptions (the case kK = 1)

1. fing1—pn 21, 71— oo, le.g. pn =n]
2. [{BYm, Pn)| < wmwn , m,n €N

where

wiy

2
w?
€ 1(N) and E —2 __—o(1), n-—oco.

Remarks

® the previous assumption wy, < n% with a > 0 guarantees
2
Z w; < logn
ln — pz| ™ n2e
i#n

® newly possible:

® Jog-deca; w—%éfl(N)anduﬂ—o( L ) n — oo
g Y m n = “\logn /)’

® arbitrarily slow decay and gaps, e.g.

wn =0(1) and wn =0, n;émQ,mGN



