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Damped wave equation

(DWE) :


utt(t, x) + 2a(x)ut(t, x) = (∆x − q(x))u(t, x), x ∈ Ω ⊆ Rd , t ≥ 0

u(0, ·) = v1

ut(0, ·) = v2

• write as first order IVP in time

(ACP) : ∂tu =

= G︷ ︸︸ ︷(
0 I

∆ − q −2a

)
u, u(0, ·) = v

• implement G as generator of C0-semigroup in

H = W ⊕ L2(Ω), ∥u∥2
W = ∥∇u∥2 + ∥q

1
2 u∥2

• (ACP) has unique classical / mild solution

u(t, x) = etGv, v ∈ domG / v ∈ H
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Strong damping a, q ≥ 0 locally integrable

• unbounded damping at infinity [Freitas-Siegl-Tretter 2018]

σess(G) = (−∞, 0] , σ(G) \ (−∞, 0] ⊆ σdisc(G)

• NO (exponential) decay of semigroup norm

• uniform decay on subspace E ⊆ H

∀ v ∈ E : ∥etGv∥H ≤ ρ(t) ∥v∥E , ρ(t) t→∞−→ 0
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[Arifoski-Siegl 2020]
Ω = Rd , q = 0, a = |x |2

Theorem Ω = Rd , d ≥ 3, q = 0, a ∈ C(Rd ), a ≥ a0 > 0 [Ikehata-Takeda 2020]

If v1 ∈ H1(Rd) and av1, v2 ∈ L2(Rd) ∩ L1(Rd) then unique weak solution of (DWE) satisfies

∥∇u(t, ·)∥ + ∥ut(t, ·)∥ ≲ ⟨t⟩−1C IT(v), ∥u(t, ·)∥ ≲ ⟨t⟩− 1
2 C IT(v)

[Freitas-Hefti-Siegl 2020, Arnal 2022, Sobajima-Wakasugi 2018, Kleinhenz et al.]

Borbala Gerhat (ISTA) Energy decay for DWE @ Benasque 23 Aug 2024 2 / 6



Strong damping a, q ≥ 0 locally integrable

• unbounded damping at infinity [Freitas-Siegl-Tretter 2018]

σess(G) = (−∞, 0] , σ(G) \ (−∞, 0] ⊆ σdisc(G)

• NO (exponential) decay of semigroup norm

• uniform decay on subspace E ⊆ H

∀ v ∈ E : ∥etGv∥H ≤ ρ(t) ∥v∥E , ρ(t) t→∞−→ 0
-8 -6 -4 -2 0

-10

-5

0

5

10

-12

-10

-8

-6

-4

-2

0

[Arifoski-Siegl 2020]
Ω = Rd , q = 0, a = |x |2

Theorem Ω = Rd , d ≥ 3, q = 0, a ∈ C(Rd ), a ≥ a0 > 0 [Ikehata-Takeda 2020]

If v1 ∈ H1(Rd) and av1, v2 ∈ L2(Rd) ∩ L1(Rd) then unique weak solution of (DWE) satisfies

∥∇u(t, ·)∥ + ∥ut(t, ·)∥ ≲ ⟨t⟩−1C IT(v), ∥u(t, ·)∥ ≲ ⟨t⟩− 1
2 C IT(v)

[Freitas-Hefti-Siegl 2020, Arnal 2022, Sobajima-Wakasugi 2018, Kleinhenz et al.]

Borbala Gerhat (ISTA) Energy decay for DWE @ Benasque 23 Aug 2024 2 / 6



Strong damping a, q ≥ 0 locally integrable

• unbounded damping at infinity [Freitas-Siegl-Tretter 2018]

σess(G) = (−∞, 0] , σ(G) \ (−∞, 0] ⊆ σdisc(G)

• NO (exponential) decay of semigroup norm

• uniform decay on subspace E ⊆ H

∀ v ∈ E : ∥etGv∥H ≤ ρ(t) ∥v∥E , ρ(t) t→∞−→ 0
-8 -6 -4 -2 0

-10

-5

0

5

10

-12

-10

-8

-6

-4

-2

0

[Arifoski-Siegl 2020]
Ω = Rd , q = 0, a = |x |2

Theorem Ω = Rd , d ≥ 3, q = 0, a ∈ C(Rd ), a ≥ a0 > 0 [Ikehata-Takeda 2020]

If v1 ∈ H1(Rd) and av1, v2 ∈ L2(Rd) ∩ L1(Rd) then unique weak solution of (DWE) satisfies

∥∇u(t, ·)∥ + ∥ut(t, ·)∥ ≲ ⟨t⟩−1C IT(v), ∥u(t, ·)∥ ≲ ⟨t⟩− 1
2 C IT(v)

[Freitas-Hefti-Siegl 2020, Arnal 2022, Sobajima-Wakasugi 2018, Kleinhenz et al.]
Borbala Gerhat (ISTA) Energy decay for DWE @ Benasque 23 Aug 2024 2 / 6



Non-uniform energy decay
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Main result a ≥ a0 > 0

∥∇u(t, ·)∥ + ∥ut(t, ·)∥ ≲ ⟨t⟩−1C IT(v), ∥u(t, ·)∥ ≲ ⟨t⟩− 1
2 C IT(v)

• consider restriction of G to smaller space

H1 = W1 ⊕ L2(Ω), ∥u∥2
W1 = ∥∇u∥2 + ∥q

1
2 u∥2 + ∥u∥2

Theorem [Arnal-G-Royer-Siegl]

For v ∈ E ⊆ H1 ⊆ H the semigroup decays as

∥etGv∥H ≲ ⟨t⟩−1∥v∥E , ∥etGv∥H1 ≲ ⟨t⟩− 1
2 ∥v∥E

• characterise space of initial conditions generalises [Ikehata-Takeda 2020]

E = ran G =
{

v ∈ Dt ⊕ L2(Ω) : 2av1 + v2 ∈ W∗}
, ∥v∥2

E = ∥v∥2
H1 + ∥2av1 + v2∥2

W∗ ≲ C IT(v)

• improvement for unbounded damping

a ≈ |x |β , |x | → ∞ =⇒ ∥etGv∥H1 ≲ ⟨t⟩− 1
2 − β

2(2+β) ∥v∥E
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Strategy a ≥ a0 > 0 on Ω \ BR (0) + resolvent bdd at ±i∞

• resolvent behaviour around zero determines semigroup decay [Batty-Chill-Tomilov 2016]

λ → 0 in D+

∥(G − λ)−1∥H→H −→ ∥etGG(G − 1)−1∥

∥(G − λ)−1∥E→H1

∥(G − λ)−2∥E→H1

}
−→ ∥etG∥E→H1

t → ∞

Schur complement

tλ[u] = ∥∇u∥2 + ∥q
1
2 u∥2 + 2λ∥a

1
2 u∥2 + λ2∥u∥2, u ∈ Dt = H1

0 (Ω) ∩ dom q
1
2 ∩ dom a

1
2
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Low frequency estimates Ω+ = BR (0), Ω \ BR (0) = Ω−

|tλ[u]| ≳ ∥∇u∥2 + ∥q
1
2 u∥2 + |λ| ∥a

1
2 u∥2 − |λ|2 ∥u∥2 ≳ ∥∇u∥2 + ∥q

1
2 u∥2 + |λ|

(
∥a

1
2 u∥ + ∥u∥2

)
• lower bound for self-adjoint operator

Hλ = −∆ + |λ|a ≳ |λ| , dom hλ = H1
0 (Ω) ∩ doma

1
2

Neumann bracketing

Hλ ≥ H+
λ ⊕ H−

λ , dom h±
λ = H1(Ω±) ∩ dom a

1
2 , inf σ(H±

λ ) ≳ |λ|

• follows from uniform positivity on Ω−

• on Ω+ by asymptotic perturbation theory
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Dropping uniform positivity
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Resolvent at ±i∞

Unbounded with (GCC) :

∥(G − λ)−1∥ ≲ 1, λ → ±i∞

• Ω = R : damping unbounded [Arnal 2022]

g (smooth data + control on derivatives)

• Ω = Rd : power-like damping a = |x |β

g [Léautaud-Lerner 2017]

Corollary [Arnal-G-Royer-Siegl]

The main Theorem is valid in these cases.

2D without (GCC) :
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Ω = R × (−1, 1)
q = 0

a(x , y) = x2n

∥(G − λ)−1∥ ≲ |λ|
n

n+1 , λ → ±i∞

• for bounded semigroup [Batty-Chill-Tomilov 2016]

∥etGG(G − 1)−2∥ ≲ ⟨t⟩−1
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Thank you for your attention!
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