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Introduced example

TS

e State set: S; = {s!",
o Control set:

N non-symmetric batteries to

be charged.

BRCHE &
Ui(sf) ={0,..., min(uMm*
@ Dynamic:

S+l

max
1

)2 - sit)};
st + uf,

t=0,...T—1.
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Introduced example

For battery i/ :

o State set: S; = {si",...,sm>};
@ Control set:
"))

t(ct) — H
Ui(sf) =1{0,..., min(uM®, sma* — s
@ Dynamic:
sttt =st4uf, t=0,...T -1

1

N non-symmetric batteries to
be charged.

Cost function:

T-1 T 2 T )
J(u) = at<<NZu,-t> - ct) +NZﬁ,~ (s,-T —s,f“ax> :
N o=l

i=

/

Vv B
Average charging levels’ cost Final SoCs' preference
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Aggregative battery charging problem

Optimal control formulation:

; T-1 't 1 N t t i 1 N T max ) 2
inf, J(u) =>4 « <(NZUI~)—C> +F;5i(si — s >J;

i=

.
Average charging levels’ cost Final SoCs' preference

t+1 _ _t t

s! EXY sy .

s.t. {’t t’j_u’ fort=0,1,...,T, and i=1,2,..., N.
uj € Ui(s),
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Aggregative battery charging problem

Optimal control formulation:

; T-1 't 1 N t t i 1 ! T max ) 2
inf, J(u) =>4 « <(NZUI~)—C> +F;5i(si — s >J;

i=

-~
Average charging levels’ cost Final SoCs' preference

t+1 _ _t t

s! EXY sy .

s.t. {’t t’j_u’ fort=0,1,...,T, and i=1,2,..., N.
uj € Ui(s),

Some classical approaches:
e PMP: Not applicable since Uf(s}) is discrete.
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Aggregative battery charging problem

Optimal control formulation:

i T-1 't 1 - t t i 1 - T max ) 2
inf, J(u) =>4 « ((NZUI)—C> +jV;Bi(5i — s >J;

i=

-~
Average charging levels’ cost Final SoCs' preference

[
Slt tslt—i_ul’ fort:O,l,...,T, andi:l’z"”,N‘
u; € Ui(s)),

Some classical approaches:
e PMP: Not applicable since Uf(s}) is discrete.
o Dynamic Programming: Suffers from the curse of dimensionality
due to the N-dimensional Bellman equation.
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Aggregative battery charging problem

Optimal control formulation:

infy J(0) T-1 t((l N t) t>2+ 1 3 ( T max>2
in )=S""1q —E ut) —c —E ils' — s ;
u t=0 N Ni:1 )

i=

-~

Average charging levels’ cost Final SoCs' preference

t+1 _ ot t
Si si Ui fort=0,1,..., 7, andi=1,2,..., N.
ut € Ut(st),

i

Issues: Key solutions:
o Uf(st) is discrete (non-convexity); e Convex relaxation;

o N is large (curse of dimensionality). e Distributed algorithm.

LIU (FAU DCN-AvH) Benasque Aug 2024 6/28



Applications

! *-ﬁ

b. Smart grid

’IJYI' 51. @%.1 r‘

c. Social cooperation d. Neural network
References: [Wangl7], [Boyd11], [Mallat09], [Mei et al.18],
[Chizat&Bach18], [Seguret et al.23], etc.
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A general optimization framework

LN
Gy)= & i(yi
;25 J(y) =f(G(y)), where: ) N ;g )

(P)
Y= H,{V:1 &

Explanation:
o Individuals’ number: N > 1;
o Individual strategy: y; € V;;
e Individual contribution: g;(y;);
@ Social contribution (aggregate): G(y);
@ Social cost: f(G(y)).
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Randomized relaxation

Primal problem:

N
)jgfj < Zg' Yi ) where ) = Hyl._

i=1

Randomized problem (convex):

N
f Id 1]y h — i)
;1273./ Z/ g u where P 1:[173(3))

Here, P();) is the set of probability measure on ).
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Randomized relaxation

Primal problem:

N
)jgfj < Zg' Yi ) where ) = Hyl._

i=1

Randomized problem (convex):

N
f Id 1]y h — i)
;1273./ Z/ g u where P 1:[173(3))

Here, P();) is the set of probability measure on ).

Two key problems
© Relaxation gap;
@ Reconstruction (from € P toy € )).

(P)

(PR)
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Selection method

O Input: = (u)), €P;

@ Output: Y = (Y)Y, € Y, where Y; ~ u; independently.
Notation: Y = Select (p).
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Selection method
@ Input: y = ()L, € P;
@ Output: Y = (Y)Y, € Y, where Y; ~ u; independently.

Notation: Y = Select (p).

Theorem (Bonnans-L.-Oudjane-Pfeiffer-Wan, 2023)
There exists a constant C > 0 independent of N such that for any € > 0,

B - T <
P(U)- T < 5 +e) 2 1o (—’%) |

As a consequence, val(P) — val(PR) < C/N.

The proof is based on McDiarmid's concentration inequality [McDiarmid, 1989].
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Selection method
@ Input: = (), € P;
@ Output: Y = (Y)Y, € Y, where Y; ~ u; independently.

Notation: Y = Select (p).

Theorem (Bonnans-L.-Oudjane-Pfeiffer-Wan, 2023)
There exists a constant C > 0 independent of N such that for any € > 0,

C
EU(Y)] = ) <

P(U)- T < 5 +e) 2 1o (—’%)

As a consequence, val(P) — val(PR) < C/N.

The proof is based on McDiarmid's concentration inequality [McDiarmid, 1989].
Remark: As N — oo,

@ the relaxation gap decreases to 0;

@ the probability of success increases to 1.
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Recall of the Frank-Wolfe algorithm

Consider a general convex optimization problem:

F :)!EfA F(x),

where A is convex and compact, F is convex and L-smooth (VF is L-Lipschitz).

Frank-Wolfe iteration [Dunn-Harshbarger 78]
At iteration k, given xX € A, do:
© (Oracle) Find " € arg minyca(VF(xX), x);
@ (Learning) Update x¥*1 = (1 — wy)x* + wix*, with wy = 2/(k + 2).

Convergence rate 1: F(x¥) — F* < C/k.

!same convergence rate for wy chosen by line-search [Jaggi 13]
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Frank-Wolfe algorithm

o Best-response mapping: the resolution of the oracle

—_k . k
X" e arg)r;ngg(VF(x ), X).
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Frank-Wolfe algorithm

o Best-response mapping: the resolution of the oracle

—_k . k
X" e arg)r;ngg(VF(x ), X).

Best-response

Learning

Figure: Diagram of the FW algorithm
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FW algorithm for the relaxed problem
Recall the relaxed problem (convex)

—f Z/gldu’7

inf J

neP

N
where P = HP(y,-).

i=1

(PR)
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FW algorithm for the relaxed problem

Recall the relaxed problem (convex):

N
;:Q;J = f Z/ gi d,u, , where P = HP(y;).

i=1

First variation of J:

() _
o o

N
where z = L 37, fy,- gi dui.

ZI

§:<Vf(z / g,du,> :
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FW algorithm for the relaxed problem

Recall the relaxed problem (convex):

N
leen;J _f Z/ g du, . where P =[[P()).  (PR)

i=1

First variation of J:

aJ(u) _
ou o

N
where z = L 37, fy,- gi dui.

ZI

§:<Vf(z / g,du,> :

Individual best-response mapping (distributed)

Given any z € H, solve the following:

Si(z) = argyrigi;fwf (2),8i(yi))-

Assume that S;(z) is non-empty, and we can numerically find at least one element
in Si(z).

LIU (FAU DCN-AvH) Benasque Aug 2024 15/28



FW algorithm for the relaxed problem

Best-response

N

uk

NS

Learning

Figure: FW algorithm for (PR)

LIU (FAU DCN-AvH)
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@ Aggregate: zK = %va:l fy,- g duk;
@ Parallel computation: y* € S;(z%);
Q /i = (05, 0p1).
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FW algorithm for the relaxed problem

Best-response

Best-response
@ Aggregate: zK = %Zf\lzl fy'_ g du”;

Hk @ Parallel computation: yl.k € Si(z%);
— k
U © /1" = (Ot 934)-
Learing Learning
Q k+1 _ Luk + L/—jk_
Figure: FW algorithm for (PR) k42 k+2 )

Convergence Memory overflow issue
J(u") —val(PR) < C/K. J supp(1f 1) = supp(uf) U {7¥}. J
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Stochastic FW (SFW) algorithm for the primal problem

Best-response

ok 1 N (kY -
Best-response O Aggregate: 7 = N Zi:l gl(yi ) '

m @ Parallel computation: i € S;(z¥).

Learning
k
y

U Sl
Selection

Learning

Q Fixing nx € Ny, for j=1,...,n, get
ykd = Select (u);
@ Update
y*t e argmin {J(9*I) |j=1,2,...,m}.

Figure: SFW algorithm for (P)

Remark: If n, = 1 for all k, then (4)-(5) <= y*k*! = Select (u).
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Theorem (Bonnans-L.-Oudjane-Pfeiffer-Wan, 2023)
There exists C > 0 independent of N such that for all K =1,...,2N,

El] < 7. where 1 = J(y') — val(PR).

Moreover, for all € > 0,

IP’{ <£+e}>1—ex i
TKSKTE = P\2(vi + emr /3) )

where vic, mi (independent of V) are small when {ny}/_, are large.
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Theorem (Bonnans-L.-Oudjane-Pfeiffer-Wan, 2023)
There exists C > 0 independent of N such that for all K =1,...,2N,

El] < 7. where 1 = J(y') — val(PR).

Moreover, for all € > 0,

IP’{ <£+e}>1—ex i
TKSKTE = P\2(vi + emr /3) )

where vic, mi (independent of V) are small when {ny}/_, are large.

A special choice

Taking nx > max (4€.1), th ,IP’[ E}—u.
a mgnk_max(N, ) en Tk < K -
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Aggregative battery charging

o State set: S; = {si",...,sm>};
@ Control set:
UI-t(SI-t) = {O’ e r-];—]in(ul[ﬂax7 sl[nax _ slt)}’

N non-symmetric batteries to @ Dynamic:
be charged. sttl=st4uf, t=0,...T -1

Cost function:

T-1 1 N 2 1 N )
J(u) = Zat<<NZuf> —ct) -I—NZB,- (s,-T—s,f“aX> .
) i=1

t=0 i

1=

TV TV
Average charging levels’ cost Final SoCs’ preference
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Subproblems

Recall the subproblems: Given any z in the domain of f,

51(z) = arg min (V(2). &%)

In the aggregate battery charging case: for i =1,2,... N,
infy, >0 o' 2at(zt — ct)uf + B; (s — smx)2 :

1 1
t+1 t t
S: =S 4 u;
| e fort=0,1,...,T.
ui € Ui(sf),

This is a discrete-time finite-state 1-dimsnsional optimal control problem!
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Parameters setting

e N=100, T =24

° 5}" is uniformly distributed on {0,1,...,20}

e s is uniformly distributed on {20,21,...,40}, u™>* =4
e o' is uniformly distributed on [1,2]

ct = 1.5]sin(7t/12) + 1|

e [3; is uniformly distributed on [0,1] .

Attention: If we solve directly by the dynamic programming principle,
N = 100 leads to a 100-dimensional Bellman's equation!

By the FW (SFW) algorithm, at each iteration, we solve at most 100
1-dimensional Bellman's equations!
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FW for battery charging problem

103 J

102 4

101 4

100 4

Relaxed problem's value

H
2
L

10° 101 102
Number of iterations

The FW algorithm for the relaxed problem with 500 iterations
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SFW for battery charging problem

10°
§ 10°
102 =
. H
10
°
§ 5107
10° c
4 !
% %
107t E
vi1072
1072
10-3 10% 10?
Number of iterations

10° 10* 102
Number of iterations

The SFW Algorithm with 100
iterations, expectation of the gap.

The SFW algorithm with 100
iterations, standard deviation of the

gap.

LIU (FAU DCN-AvH) Benasque Aug 2024 24/28



Bibliography

J.F. Bonnans, K. Liu, N. Oudjane, L. Pfeiffer and C. Wan. Large-scale
nonconvex optimization: randomization, gap estimation, and
numerical resolution. SIOPT, 2023.

K. Liu, N. Oudjane and L. Pfeiffer. Decomposed resolution of
fnite-state aggregative optimal control problems. CT23.

it
«

LIU (FAU DCN-AvH) Benasque



LIU (FAU DCN-AvH)

Thank You!

Benasque



LIU (FAU DCN-AVH)

APPend,-X

Benasque



Sketch of proof

Introduce pix = d,« and fif = (1 — wy )k + widze.
Step 1. i1 < vk + ak + bk + ck, where

Nk

1 . .

lecti : _ = ckjy ckij k
selection error ak o Jz_; (J(x ) — E[J(£Y) | x ]),

. L okdy | oK1 _ T(ak
variance: bk = n—kz E[J(RY) [ x5] = J(p")),

j=1
bias: a = J(pk) = J(uk) = J(pk) — J(x9).
We then get v < 4—}? + Sk, where Sk = kK;()l %ak.

Step 2. Decompose Sk to the sum of small variance martingales.

Step 3. Apply a variant of McDiarmid's inequality for martingales [?, B.
Delyon] to Sk.
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