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Background
Boundary Control of Waves

@ Spatial domain: Q C R” open, bounded.
@ Control region: T C (T—, T4) x 0Q.

@ Wave operators:

O:=—092+A,,

L:=0+ X(t,x) - Vex+ V(t,x).

Problem (Dirichlet boundary controllability)
Y initial/final data (dF, dT) € L2(Q) x H H(Q):
@ Find boundary control &4 € L*(T), such that solution of

e wave equation: LO|m_ 1,1xq =0...

o initial data: (¢, 0:d)le=7_ = (dg, b7 )...
e boundary data: |1 7,)x00 = dd...

@ satisfies (b, 0¢d)|e=71,
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Background
Time-Dependent Domains

4a0)=(g4n?

Consider now time-dependent domains: 77 7=
U= U {T} x Qx).
T_<t<T4

@ U has (timelike) moving boundary:

U= |J 1 x200). &)

T_<t<T4

@ Question. Boundary control from I' C U7

(4.39)° (47

By duality, controllability & observability inequality:
(W, 0eW) (T ) [ prxr2 S 10Vl 2y,
Ll =0,  Wly, =07
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Background
A Few Remarks

Remark. Some motivations:
@ Free boundary problems coupled to wave-type equations.

@ Geometric wave equations (non-stationary backgrounds), quasilinear waves.

Remark. No t-analyticity in £, and in U.

@ Microlocal methods and GCC results do not apply.

Previous results for £ = [ and special U:
@ General n: (Bardos—Chen, Miranda)
@ n=1: (Cui-Jiang-Wang, Sun-Li-Lu, Wang—He-Li, ...)

Question. General U, for all n, for arbitrary £? )
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The Model Multiplier Result

A Simplified Problem

For simplicity, restrict to [hh = 0 (£ :=0).

@ Can apply mutiplier methods (and avoid Carleman estimates). J
Recall standard results for static domains (T, T) x Q: J
Theorem ( )

: n ¢ s ér.
Fix xo € R", and assume J
T — T_ >2supl|x — xol. ¥ ‘L
x€Q

Then, for L = [, observability holds with:

M= (T-,T4) x{x€0Q| (x —x0) - v>0}.
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The Model Multiplier Result
Classical Multiplier Argument

1. Integrate by parts, starting with
o-| Dp S, S% = (x—30) - Vap + 2= 2.
[T, T+IxQ
2. Combine with energy conservation =
(Te — T)E(T2) S2R-£(Ta) + 3 | BV P,
2 (1,7 %00

0 £(t) =3 [gxa Vel ® Green= T, — T >2R.

@ R =sup,cq Ix —xol. ° = y
Remark. Does not work well for time-dependent domains. J
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The Model Multiplier Result
Minkowski Geometry

Study OJ via Minkowski (Lorentzian) geometry.

@ Setting of special (general) relativity.

Euclidean geometry on R":
d2(,x) =Y (xK=xK)2  gp = (dx!)? 4o+ (dx")2
k=1

Minkowski geometry on R*":

dy((6x), (X)) = —(t— D%+ Y (xF —x52 gy =—(dt) + (dx)? + - + (dx™)2.
k=1

Euclidean (Riemannian) concept = Minkowski (Lorentzian) concept:

@ Normal vectors, divergence theorem, IBP. (Curvature, exponential map.)
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The Model Multiplier Result
New Multiplier Argument |

1. Replace reference point xp by reference event (tg, xp). J

2. Consider “square distance” f := %f[—(t —t9)% + [x — xo/?]. J

3. Replace classical multiplier S% by
Sa = [(x — x0) - Vib+(t — to) 0] + 252 1p.

2-(Mink. gradient of f applied to 1)

Apply (Minkowski) integration by parts in both ¢ and x:

@ Main difference: “flip sign” for all t-components.
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The Model Multiplier Result

New Multiplier Argument I

O:J Ehj;S*ll):J Oy (V¥ Val) +"%1J Oy = h + b.
u u N— u

3 (0eFdp+Vf - Vih)

T=T4

h=—n j 2
Qr

o A
u S~—-

—(0:$)2+|Vxip?

T=T_

T=T.
Ty %J NN
=T u —_———

h = J [0 (VHF Vo) + 0¢F (VEYV b))
Q-
’ N :=Mink. normal to Uy,

e Byt L «
+[ T Tanf VPU+E DTV

Liem)ap o3t
T=T1
— | TV + A (VT +d [ N2+ 2t [ T,
oy =T Uy u
™ = = = \PVUA
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The Model Multiplier Result

New Multiplier Argument Il

Combining the above, we get:

T=T4
| oSt — 10F T pV o] -1 [ v,
Q- T=T_ Uy
H(t—10) | Ve b2+ 2 000 [V * (1x—x0[2) V o p— (n—1)1b] or {pf/> -

I8

LEE UEE +
Ry := sup |x—xgl.
XEQT:E

%atw[v“(v—xﬁvm—(n—l)w’s’%j \vt,xw—fé,;;j W2,
Q ar

— _ 2
R R R =
Qr, Qr Qr, Qr_

< %j Venhl? + %J VepthP +j NEN)2.
Qr, Q1 U N{NF>0}

@ Can absorb RHS into LHS if T —ty > R and to— T > R_.

v

Arick Shao (QMUL) Control of Waves 21 August, 2024

10/14



The Model Multiplier Result
The Multiplier Result

Theorem ( )

/7Y /r
Consider L := [0 on moving domain U. Assume
T, —T->R, + R, Ry := sup [x— xol.
)(6527—i
Then, we have observability: (do X0}
o
100, 26) (T e 5 | NP
UpN{NF>0}
’ r
Remark. ty chosen s.t.
T —to > Ry, to—T->R_.
v
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The Model Multiplier Result
Some Remarks

Can recover all existing results for non-static domains.
@ Attains GCC (optimal T4 — T_) when n=1.
@ Improves T — T_ when n > 1.

@ U= (T-,T+) x Q = classical multiplier result.

Remark. New term (t — )0+ in multiplier = energy estimate. J

Control region {N'f > 0} generalises {(x — xg) - v > O}:

U time-independent Nfy>0& (x—x0)-v>0
U “expanding” from tg Need smaller T’
U “contracting” from to Need larger '
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The Full Result
General Wave Operators

What about general L=0+ X -V + V7
@ Similar results, using new geometric Carleman estimates.

@ Carleman weight “given by fFaeM?n

Theorem ( )

Multiplier observability estimate extends to general L.

@ Can further improve observation region (almost) to

I'=U, N{NF > 0N {f > 0}.

@ (to, xo0) can be inside or outside of U.
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The Full Result
Further Extensions

Additional results via similar methods:
@ (Jena, 2021, 2022) Interior control for L.
@ (Fu-Liao, 2021; Fu-Liao—Lii, 2023) Some time-independent metrics.

@ (S.—Jena, 2024) Some (time-dependent) Lorentzian manifolds.
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