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Problem: To get the optimal distribution of two isolating materials in the wall of
a cavity.

Mathematical formulation:

Q. c R" bounded, open, 91 is locally the graph of a Lipschitz function
JK c dQclosed, |K|y_1 =0, dQ\ KisC?™.

For € > 0, take T, = {x € R", dist(x,00) < &}, Q, =QUT_¢

2_




For 0 < a < 5 we take w C [, measurable and a diffusion operator with
diffusion coefficient

1 inQ\ I
a.(x) =1 ea in w
ef, in [} \ w.

Problem: To choose w getting the best insulating material.
They are two cases

B: > B E (a, ), Be — 0.
How to model this?



Consider the problem

d;u — div(a.(x)Vu) = 0 in (0,00) X ),
u =0 on (0,00) X 3,
u(0,x) = uy(x).

We know

lu(t, -)”LE{HE} < |lug ||,{,2(1;1E}|5?-AEr

with A, the first eigenvalue of the operator

v » —div(a.(x)Vv) with Dirichlet conditions.



Optimal shape problem:
To choose w C [ minimizing A, i.e. to solve

min
wCl;

min f a.|Vu|?dx.
=1 Q0
w measurable

"u"H%{ﬂ}

Written in this way the solution is the trivial one: w = I%.

We add the constraint |w| < ke with (|| ~ |[0Q|y_18)
0 < Kk < |0Q|y-1-

We get

min  min gay,, + ¢ + |Vu|?dx.
wcl', "“"Hl{n)-lf ( Xo JBEXFE\m XD.E\F)

|w|ske



The problem has no solution in general (F. Murat 1973, JCD 20135).
We need to use a relaxed formulation.
We recall (Spagnolo 1968) 4,, € L2?(Q)M*N symmetric, AI < A,, < vI.

Then, for a subsequence, 34 € L®(Q)NV*N symmetric, Al £ A < yI
such that Vf € H™1(Q) the solution u,, of

[—div(An?un) = fin Q)
U, = 0 on 9l

satisfies
u, ~uin H}(Q), A,Vu, = AVu in L2(Q)",
{—div(A?u) = fin{}
u=0ona.
(F. Murat, L. Tartar, 1974 the non-symmetric case)

Corollary: The k-th eigenvalue of —div(4,,V) converges to the k-th
eigenvalue of —div(AV).



F. Murat, L. Tartar: If 1 = (),
A, = (E{I}t’mn + ELeXT\w, T xﬂE\rE)I, w, C [ measurable

Xo, =0 in L(Q), 6 €L°(;[0,1]).

Then
A = eCxr, + xaor.t, #: (0) < C < pg(0)I,
with
6 1-—6\"
u;0) = (3 +=5—) . uE©)=ba+(1-0)5.
E



Theorem: A relaxation of

wcrl
£ "u"H%(ﬂ}El

inf min f (wam + Efcxr\0 T xﬂE\FE)I?ulzdx
{lg

|w|=Ke

is given by EEL“"I?l“l:[ﬂ,l]) A:(6).

Jp-. Bdxske

E

with 1.(0) = min (EI ug(ﬂ)l?ulzdx+f I?ulzdx)
r Qe

"u"H%{ﬂ}El e

first eigenvalue of div ((E,u;(&') xr. + XHE\FE)?) with Dirichlet
conditions

L et us assume

Be = B € (a, ].



Theorem: Assume (6, u.) a solution of

min - (0)|Vu|?dx J‘ Vul?dx ).
EEL“’”[I’n[ﬂll] lhell 1)1 ( .L#E( v ¥ ﬂs‘xl‘gl | )
IPE Bdx=ke )

Then, for a subsequence, 30 € L*(9Q,[0,1]), u € Hj ()

9’5 : N : 1 N
?XFE:‘-E?HN_“E“ in M (R"Y), u. = uin H (]H!. )

sj Uz (0)|Vu|?dx +I [Vul?dx - | pu=(0)|u|?do(x) +f|?u|2dx
| Ne\le a0 0l

with (6, u) a solution of

u () |ul*do(x) + J‘ﬂl‘?ulzdx)

min
EELW(an [0,1]) lll 10y =1 (Lﬂ
[5q 8do(x)<k



Moreover, if (68, u) is a solution of

. : - 2 2
perodBI 0 @R (Lﬂ# (@) |ul*do(x) + J‘ﬂ|?u| dx)

H ()
jan Bdo(x)=k 0

then, there exists (8, u;) € LT, [0,1]) X H} () with

95 ; N : 1
AT Oy, 5q INM(RY), us = uin Hy (1)

Ef Uz (8)|Vu|?dx +f [Vul?dx - | pu=(0)|u|?do(x) +J‘|?u|2dx
| Ne\le a0 1



(44

Remark: If f = oo then u=(8) = 3 is singular at 8 = 0.

In this case

_ 1f 0
u(0)|ul%: = {+0°° i‘f:fjo

Remark:

A0(0) = min (Lﬂ#_(9)|u|2dﬂf(—":) + J‘ﬂlvulzdx)

u =1

is the first eigenvalue of
—Au = Au in Q

du
—+ u (8)u =0 onadq.

av




Optimality conditions: (6, u) solution of

. . - 2 2
pere R N ( L ﬂ# (@) |ul*do(x) + Ll?ul dx).

Hj ()
fan Bdo(x)<k 0

u > 01in £, then 3y > 0 such that

(0 ifu<ya
u-—ya
iff <o  (x) =+ ifyasus<y
B (%) =370 - a) B
. 1 ifyf <u
¢ ifu <
if B = oo 9(x}=[}' =Y
1 ify<u
—Au = A3(8)u in Q)
fﬂ(x)dcr(x}=k, du
an

Ehu ()u = 0 on 01).




Corollary: If (8,u) is a solution

. . - 2 2
BN L (Lﬂ# (0)|u|*do(x) + LWul dx),

Hg(Q)
Iﬂn Bdo(x)<k 0

1
thenu € C*(Q) N L*(90), 8 € H2(dQ). Moreover, if Q € C11, B < oo, then
UEWP(Q), vp>1, 6 e WH™(Q), Vr<2.

Corollary: If 9} is connected, a solution of the limit problem is never a
characteristic function.



Numerical algorithm: Choose
0, € L*(0%; [0,1]), J‘ Oo(x)do(x) < k.
an

Given 6,, in the above conditions solve (e.g. use power method)

—Au, = A5(0,)u,, in ()

du > 0in Q, do(x) = 1.
— 2+ 1w (6,)uy = 0 0n 00, tn tndo ()
Define 6,,,1 by
(0 ifu, <ya
Un —ya
iff <o  Bh(x) =+ ifya <u, <y
»8 n+1( ) ],.03 _ r.r) n ﬁ
1 ifyp <u,
Un .
, — ifu, <y
if § = oo Oni1(x) = [ 14 "
1 ify<u,

f Bns1(x)do(x) = K
dan



e / =0.451992
() = (0.660237

Q={(xy):03*<x*+y*<1}
a=1 p=2 x=05]30],
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