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Convex order of probability measures

Let i1, v € P(R?) be two probability measures. We say that v is greater than 1 in the convex order, i.e.

pH<cv And

Necessary conditions Example: Gaussian case

o W= = [wnlds)
(we test with p(z) = x(a-z +b), a€ R%, b€ ]R)

o var(p) <var(v), var(u)= /\az| p(dx)

/cpduﬁ/godu Y ¢ convex

o d=1, uy, =N(0,0?)

,LLO'1 SC ,LLO'Q

® d>]—7 NE:N«)?Z)

,U‘El SC /"1/22

o1 < 09
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Convex order of probability measures

Let i, v € P(RY) be two probability measures. We say that v is greater than y in the convex order, i.e.
<.V & /gpd,ug/gody V ¢ convex

We say that v € P(RY x R?) is a martingale transport plan between p and v, i.e.

U= T3, V= Ty#7,

e MT(u, v <~
Y (1, v) {WE] = pu-a.e. where v=pu®~y"




Convex order of probability measures

Let i, v € P(RY) be two probability measures. We say that v is greater than y in the convex order, i.e.
uw<;.V & /gpd,uﬁ/gpdz/ V ¢ convex

We say that v € P(RY x R?) is a martingale transport plan between p and v, i.e.

K= 7T$#7) vV = Wy#")/’
[’Yx] =T pu-a.c. where Y= U R ,}/x

Theorem (Strassen 1965)

Let i, v € P(R?) be two probability measures. The following conditions
are equivalent: =

i) p<cv,

(ii) there exists a matringale plan v € MT (i, v).

v € MT(u,v) & {
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Optimal Convex Dominance
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

inf {/f(z)g(dz) :0€P(RY), pu<.0 v<, @}

SUP{/sodu+/de t g, convex, p(z) +P(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

inf {/f(z)g(dz) :0€P(RY), pu<.0 v<, @}

sup{/godu+/¢dy : p, 1) convex, p(z) + P(2) < f(z)} ﬂ

Optimal Transport

(2,y) = |z — yI”
min{ [ clw)2(dody) : 5 € PREXRY, mtty = myty =v |

sup{ [wdut [wiv: ov e C®Y, o)+ o) <o} O




Optimal convex dominance

Let i, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < .

inf{ / f(2)o(dz) : 0 € P(RY), p<.o v<. @} Cost function:

f:R?—[0,00), convex

Example:

sup{ [pdu+ [ .0 comex, () + 0(2) < 12| Fo) = oF pelloo)

Proposition 1 (zero duality gap)

sup(P*) = inf(P) < oo f=1-1%, p=N(0,M), v=N(0,N)

R:MVN:M+(N—M)+
Proposition 2 (existence of minimizers) =N+ (M—N),

Solution of (P) exists if f is superlinear (p > 1). (no uniqueness) p= N(O, R) solves (P)




Optimal convex dominance

Let i, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < .

inf {/f(z)g(dz) :0€PRY), p<.0, v<e @}

Sup{/wdunL/wdv L g, P convex, p(z) +(z) < f(Z)}

Proposition 1 (zero duality gap)

sup(P*) = inf(P) < oo

Proposition 2 (existence of minimizers)

Solution of (P) exists if f is superlinear (p > 1). (no uniqueness)

Cost function:

f:R?—[0,00), convex
Example:

fz)=|z[",  pe[l,0)




Optimal convex dominance

Let i, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < .

inf {/f(z)g(dz) :0€PRY), p<.0, v<e @}

Sup{/sodu+/¢dv L g, P convex, p(z) +(z) < f(Z)}

Proposition 1 (zero duality gap)

sup(P*) = inf(P) < oo

Proposition 2 (existence of minimizers)

Solution of (P) exists if f is superlinear (p > 1). (no uniqueness)
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f:R?—[0,00), convex
Example:

fz)=|z[",  pe[l,0)



Optimal convex dominance

Let i, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < .

inf{ / f(2)o(dz) : 0 € P(RY), p<.o v<. @} Cost function:

f:R?—[0,00), convex

Example:
fz)=121",  pe]l, o0

Sup{/sodu+/¢dv L g, P convex, p(z) +(z) < f(Z)}

Proposition 1 (zero duality gap)

| f=Ir
sup(P*) = inf(P) < oo

Proposition 2 (existence of minimizers)

Solution of (P) exists if f is superlinear (p > 1). (no uniqueness)
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
=117 p=LLQ, v=3" =6

i=15 7

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}

Y3

Ya Y1 Y2

Ys
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
f=1-F u=L21Q v=) 0

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

. p Example: Lebesgue vs 5 Dirac masses
i { [ f(2)oldz) s 0 € PRY. w0 v of -

f=1F u=LLQ v=) 20,
sup {/sodu + /¢dv Lo, P evx, o(2) +9(2) < f(Z)} H
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
f=1-F u=L21Q v=) 0

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses
5%
)

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
F=1P n=LLQ v=)]

i=15 7

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses
5%
)

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses
5%

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
f: '|p7 M:£2I—Q7 V:Z._ —0

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal convex dominance

Let p, v € P(R?) share the barycenter, i.e. [u] = [v] = 0. Assume that [ fdu < oo, [ fdv < oco.

Example: Lebesgue vs 5 Dirac masses

5 1
f: '|p7 M:£2I—Q7 V:Z._ —0

inf {/f(z)@(dz) :0€P(RY), pu<.0 v<, @}

sup {/sodu + /wdv Lo, evx, o(z) +1(z) < f(Z)}
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Optimal Grillage Problem
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The motivation — Optimal Grillage Problem

Let y, v € P(R?) share the barycenter, i.e. [11] = [v]. Assume that [ |z|>u(dz) < oo, [ |y|*v(dy) < .

0 ) Example: Lebesgue vs 5 Diracs
min{/p (0) : 0 € MP(RERELD), divio=p—v in D’(Rd)} ; 5 1
p=LLQ v=Y) 0,
I
I I
| , .
| I Ys
I I
I I
I I
I I ° ° °
| | Ya Y1 Y2
| |
I I
I I
G it I I )
R | I Ys
Gatti Wool Factory (Rome 1951) by Pier Luigi Nerv : I
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The motivation — Optimal Grillage Problem

(dz) < oo, [ |yl*v(dy) < .

Example: Lebesgue vs 5 Diracs
5

p=LLQ v=3 0,
o 0y K Hl L (U(m,y)EXXX[$7y])

e 0y, 1s rank-one

Let p1, v € P(R?) share the barycenter, i.e. [,u [v]. Assume that [ 2|

\\// “{m//m\\\\\\\\ s

qummnlllllllll |||n|||||||lI||IIIIIIIlIIIIIIIIII|||||||||||||

“'55}'/‘”||||||||||III|||||| TS
=//\ \\\W///\\\\" j\g e positive and negative part
"y
s, \ . . .
\\ . ) | Ya ) Y2
a1 I/ |

.y5




The case p = 2 versus the Optimal Grillage Problem

Let s, v € P(RY) share the barycenter, i.e [11] = [v]. Assume that [ |z|>u(dz) < oo, [ |y|*v(dy) < .

Theorem

For f = |- |” the equality holds true:

Z(p,v) = min{/po(a) . 0 € MP(RY ngxrr‘ll) divio = pu — V} m

Z(M’ I/) _ j(,LL, I/) . Var(,u)—QI—var(z/)

J(u,v) = min {/ 2[°0(d2) : 0 € P(RY), pu<.0, v<, Q} n

Corollary

For any solution p to the problem (7P) take any

v+ € MT(p,p), - € MT(v,p)

and define 0,0 € M®(R%G RIS )

sym,—

(04,0 // (/ ((z— 2) (x—z),@(z—l—t(az—z))>dt> V4 (dxdz)

Then 0 = 04 — o_ solve the optimal grillage problem (OG).
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The case p = 2 versus the Optimal Grillage Problem

Let s, v € P(R?) share the barycenter, i.e [11] = [v]. Assume that [ |z|>u(dz) < oo, [ |y[*v(dy) < .

f=11

=~ s e s

.........................................
---------------------------------------
.....................................

.............................
ooooooooooooooooooooooooooo
.........................
ooooooooooooooooooooooo
ooooooooooooooooooo

.....................................
ooooooooooooooooooooooooooooooooooooooo
.........................................
ooooooooooooooooooooooooooooooooooooooooooo

Example: Lebesgue vs 5 Dirac masses

-------
oooooooo
---------
..........
...........
oooooooooooo
.............
............
------------
oooooooooooo
------------
............
------------
oooooooooooo

oooooooooooo
............
............
............
oooooooooooo
............
............
.............
oooooooooooo
...........
..........
.........
oooooooo
-------

For f = | -|” the equality holds true:

I(M, I/) _ j(,u, V) . Var(,u)—;var(l/)

Example: two-point measures

Hﬂﬂﬂﬂl




KB: Optimal convex dominance — relations to mechanics and optimal transport. Benasque, August 20 2024

The case p = 2 versus the Optimal Grillage Problem

Let s, v € P(R?) share the barycenter, i.e [11] = [v]. Assume that [ |z|>u(dz) < oo, [ |y[*v(dy) < .

Example: Lebesgue vs 5 Dirac masses

f=|1 For f = |- |* the equality holds true:

I(M, I/) _ j(,u, V) . Var(,u)—;var(l/)

Example: two-point measures

Hﬂﬂﬂﬂl

=~ s e s




The case p

mple: two-point measures

2 versus the Optimal Grillage Problem

(1] = [v]. Assume that [ |z|*pu(dz

nter, 1.

yce

.......................
-------------------------
---------------------------
-----------------------------
...............................
----------------------------------

the bar

Let 1, v € P(R?) share

o0

|

OEETR
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The case p = 2 versus the Optimal Grillage Problem

Let s, v € P(R?) share the barycenter, i.e [11] = [v]. Assume that [ |z|>u(dz) < oo, [ |y[*v(dy) < .

Example: Lebesgue vs 5 Dirac masses

f=|1 P For f = | -|” the equality holds true:

I(M, I/) _ j(,u, V) . Var(,u)—;var(l/)

Example: two-point measures

=~ s e s

Hﬂﬂﬂﬂl
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Numerical Strategies
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Numerical strategy #1: discretizing the cone of convex f.

To discretize the dual problem

and then to dualize back.

Sup{/sodu+/wdv : p, 1 convex, p(z) +1P(z) < f(Z)}

Tackling numerically the convexity constraints in the literature: Ekeland, Moreno-Bromberg

o discretization by a point cloud: * n = 652 = 4225 points,

— Carlier, Lachand-Robert, Maury (2001),
— Ekeland, Moreno-Bromberg (2010),

— Mirebeau (2016),

— Aguilera, Sorin (2008),

e n? &~ 18mln constr,

e adaptivity —
comp. cost =~ nlogn

e CPU time: 18s

* discretization by finite elements:

— Choné, Le Meur (2001),
— Aguilera, Sorin (2009),
— Wachsmuth (2017).
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Numerical strategy #1: discretizing the cone of convex f.

To discretize the dual problem

and then to dualize back.

Sup{/sodu+/wdv : p, 1 convex, p(z) +1P(z) < f(Z)}

Tackling numerically the convexity constraints in the literature: Ekeland, Moreno-Bromberg

* discretization by a point cloud:

« n = 1932 points,
— Carlier, Lachand-Robert, Maury (2001),
— Ekeland, Moreno-Bromberg (2010),

— Mirebeau (2016),

— Aguilera, Sorin (2008),

e n? ~ 1.4bln constr,

e CPU time: 6min

* discretization by finite elements:

— Choné, Le Meur (2001),
— Aguilera, Sorin (2009),
— Wachsmuth (2017).




KB: Optimal convex dominance — relations to mechanics and optimal transport. Benasque, August 20 2024

Numerical strategy #1: discretizing the cone of convex f.

To discretize the dual problem

and then to dualize back.

Sup{/sodu+/wdv : p, 1 convex, p(z) +1P(z) < f(Z)}

Tackling numerically the convexity constraints in the literature: Ekeland, Moreno-Bromberg

* discretization by a point cloud:

« n = 3852 points,
— Carlier, Lachand-Robert, Maury (2001),
— Ekeland, Moreno-Bromberg (2010),

— Mirebeau (2016),

— Aguilera, Sorin (2008),

e n? &~ 22bln constr,

e CPU time: 1.2h

* discretization by finite elements:

— Choné, Le Meur (2001),
— Aguilera, Sorin (2009),
— Wachsmuth (2017).
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Numerical strategy #1: discretizing the cone of convex f.

To discretize the dual problem

and then to dualize back.

Sup{/sodu+/wdv : p, 1 convex, p(z) +1P(z) < f(Z)}

Tackling numerically the convexity constraints in the literature: Ekeland, Moreno-Bromberg

* discretization by a point cloud:

e n = 5777 points,
— Carlier, Lachand-Robert, Maury (2001),
— Ekeland, Moreno-Bromberg (2010), o
— Mirebeau (2016), S QQQ: QQ:
" meuilors. Sorn (2008 T U |

* discretization by finite elements:

e n? ~ 111bln constr,

e CPU time: -

— Choné, Le Meur (2001),
— Aguilera, Sorin (2009),
— Wachsmuth (2017).




Assume that f is strictly convex and differentiable (e.g. f =|-|", p > 1).
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Reformulation as a variant of Optimal Transport

Ts0) = s [+ [wav s o0 comex, o(a) + 01 < 1)}

(- @@+ vm.2+ 1)} o

| {/W“/WV s (@) + (R(x), 2 — x) + P(y) + (¥(y), 2 —y) < f(2) Vx,y,z}

{/sodu+/wdv o

@, peC (R
®,veC(R*RY)

z) +¢(y) — (2(z),z) — (Y(y),y) < inf
@, YEC(R?)
o, veC(RYRY)
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Reformulation as a variant of Optimal Transport

Assume that f is strictly convex and differentiable (e.g. f =|-|", p > 1).

vAUND ZSHP{/sodu+/¢dV L, convex, p(z) +4(z) < f(Z)} m

- s {/@du+/¢dvr (8), 2 — 2) + () + (V) 2 — y) < [(2) v:}c,y,z}
@, eC(R?)
o, veC(RYRY)

= WseuCIsz) {/wdu+/¢dv D) +(y) — (@(2),7) — (¥(y),y) < —f*(®(x) +¥(y)) Vwai‘/}
o, veC(RRY)

P \IIEC(Rd R%)

V) = su d dv : @ x),x ) — (P (x Vo,
Twr= s | fedns [ () < (@().) + (¥(y).y) - F*(B(a) + U(y) y}m

i (914, . 7 EPRIXRY, mo#y = p, mo# xy(dudy) = mafq,
- v ) e MPRT xRERY), my#y =v, m#ya(dedy) = m,H#q
Y Yy Yy Yy
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Reformulation as a variant of Optimal Transport

. dg v €P(R* x RY), Totty = p, T#xy(drdy) = moHtq,
I, v) = min {// 4 <%)d” g e MPRY X RERY), mdy =v, m#yry(dady) = m,H#q

Tuv)=  sup {/ plit [dv o)+ vly) < (@()0) + (0)g) — I (2() + V() \m,y}
qfﬁﬁgﬁgﬁgd)

Theorem Example: two-point measures

~

Take a solution (v, ¢) of (P) and put

Czaz(x,y)%zERd v
Then the following p solves (P):
p = CH#7.




KB: Optimal convex dominance — relations to mechanics and optimal transport. Benasque, August 20 2024

Reformulation as a variant of Optimal Transport

- ()

v € P(R* x RY), To#ty = p, T xy(dedy) = T, }
q € MP(R? x REGRY), my#y =v, my#y~y(dady) = my#q

@, eC(R)
o, veC(RYRY)

J(p,v) = sup {/sodwr/wdv () +(y) <(@(x),z) + (¥(y),y) — [*(B(z) + V(y)) Vw,y}

Theorem Example: two-point measures

~

Take a solution (v, ¢) of (P) and put

dg
¢ = d~ :
~
Then the following p solves (P):
p = CH#7.

¢(z,y)
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Reformulation as a variant of Optimal Transport

. dg v €P(R* x RY), Totty = p, T#xy(drdy) = moHtq,
I, v) = min {// 4 <%)d” g e MPRY X RERY), mdy =v, m#yry(dady) = m,H#q

Tuv)=  sup {/ plit [dv o)+ vly) < (@()0) + (0)g) — I (2() + V() \m,y}
qfﬁﬁgﬁgﬁgd)

Theorem Example: two-point measures

~

Take a solution (v, ¢) of (P) and put

Czﬁz(x,y)%zERd n

p = C#.

Then the following p solves (P):
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Reformulation as a variant of Optimal Transport

. dgq v €P(R* x RY), Tty = p, T vy(drdy) = T.#q,
B {// / <%)d” g e MP(RY x RERY), mydy =v, w#yy(dedy) = m,4q
T = sup {/ﬁnm+1/wdu: L (y) < (B(2),2) + (B(y),y) — F* (D) + T(y)) V%y}
0, peC(R?)
P \IIEC(Rd RY)

Theorem Example: two-point measures

Take a solution (v, ¢) of (P) and put

Then the following p solves (P):

p = (H#. L (Gid)#y € MT(p, )

o e oo o o o e e e e o e o= )
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Numerical strategy #2: conic programming

. dg 7 €P(R*xRY), Totty = p, T#xy(drdy) = moHtq,
I, v) = min {// 4 (%)d7 ' ge MPRY X REGRY), by = v, m,#yy(dedy) = T, 4

Tuv)=  sup {/ o du+ / bdv o)+ () < (@),2) + (B(y), ) — (@) + U(y)) v:n,y}
ﬁﬁ%ﬂd)

If &, v are discrete and f = |- |?, then (P), (P*) is a
finite dimensional conic programming problem.

No need for discretizing the space!

The conic program can be tackled by an off-the-shelf
software, e.g. MOSEK.
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Numerical strategy #2: conic programming

_ dq = P(Rc Example: Lebesgue vs 5 Dirac masses
j(”?”):mln f % dvy :

q € M°(I

J(u,v) = sup {/sodu+/¢dv oz
@, eC(R?)
o, veC(R*;RY)

If &, v are discrete and f = |- |?, then (P), (P*) is a * p: 695 x 65 pts

finite dimensional conic programming problem.

No need for discretizing the space!

The conic program can be tackled by an off-the-shelf
software, e.g. MOSEK.

e CPU time: 0.79s

Exact solution
up to the

accuracy of the
solver
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Numerical strategy #2: conic programming

_ dq = P(Rc Example: Lebesgue vs 5 Dirac masses
j(”?”):mln f % dvy :

q € M°(I

J(u,v) = sup {/sodu+/¢dv oz
@, eC(R?)
o, veC(R*;RY)

e 1 : 200 x 200 pts

If &, v are discrete and f = |- |?, then (P), (P*) is a
finite dimiensional conic programming problem.

No need for discretizing the space!

e CPU time: 10.3s

Exact solution
up to the

. accuracy of the
The conic program can be tackled by an off-the-shelf . ... . solver

software, e.g. MOSEK.
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Numerical strategy #2: conic programming

_ dq = P(Rc Example: Lebesgue vs 5 Dirac masses
j(”?”):mln f % dvy :

q € M°(I

J(u,v) = sup {/sodu+/¢dv oz
@, eC(R?)
o, veC(R*;RY)

If 11, v are discrete and f = |-|?, then (P), (P*)isa * 1 :400 x 400 pts

finite dimiensional conic programming problem.

No need for discretizing the space!

The conic program can be tackled by an off-the-shelf
software, e.g. MOSEK.

e CPU time: 46.5s

Exact solution
up to the

accuracy of the
solver
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Numerical strategy #2: conic programming

_ dq = P(Rc Example: Lebesgue vs 5 Dirac masses
j(”?”):mln f % dvy :

q € M°(I

J(u,v) = sup {/sodwr/wdv oz
@, eC(R?)
o, veC(R*;RY)

If 11, v are discrete and f = |- |”, then (P), (P*) is a * 1 : 800 x 800 pts

finite dimiensional conic programming problem.

No need for discretizing the space!

The conic program can be tackled by an off-the-shelf
software, e.g. MOSEK.

e CPU time: 4.6min

Exact solution
up to the

accuracy of the
solver
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Numerical strategy #3: entropic regularization

. dg 7 €P(R*xRY), Totty = p, T#xy(drdy) = moHtq,
- {// 4 (@)‘” " ge MYRY X RERY), m#y =v, m#yy(dedy) = 7,
Tuv)=  sup { [wdu+ [wa (v) <[(@(@). ) + (X)) — (@) + V() v:fc,y}
0, peC(R?)
P \IIEC(Rd RY) o

Entropic regularization: (h(r) = rlog(r) — fr)

_— { /w s / b //exp< <f1><x>,x>—i@<y>,y>+f*(@<x>+w<y>>>Mm(dmy)} Fir

o dgq dry  Te#Y =p, meAtry(drdy) = g, ~
—win{ [[1(E)ar+ [[en (G )anod s T2t TeAe g Z ke | R

YL RV




Numerical strategy #3: entropic regularization

Tl ) = su p{/sodﬂ—i—/wdv—//eXp( —(®(x), ) — (T(y),y) + f*(D(x) + V(y)) dxdy
v, €

dry To#Y = W, To# xy(dedy) = m,7q
m n dvy + eh du @ dv ’ ’
! {// ( ) 7 // (d,u®7/) N g 7Ty?'%éfy =V, Wy#y’)/(dxdy — Wy#q

Theorem

Take a solution ¢, ®, 1, ¥ of and put

(P2)
(cp(flf) +P(y) — (@(x), ) — (Y(y),y) + f*(P(x) + \If(y))>

3

v(dxdy) = exp 1 ® v(dedy)

C(z,y) = VI (2(z) + ¥(y))

~

Then the following pair solves (P-): () = (7.C7)
7qQ) = (7,¢y
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Solution by (modified) Sinkhorn algorithm

e ¢ =0.01

e jter: 35

e CPU time: 0.13s
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Solution by (modified) Sinkhorn algorithm

¢ =0.007

e iter: 53

e CPU time: 0.19s

2000000000000 csscscccs0ene
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Solution by (modified) Sinkhorn algorithm

¢ =0.005

e jter: 76

e CPU time: 0.27s
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Solution by (modified) Sinkhorn algorithm

e £ =10.003

e jter: 125

e CPU time: 0.41s
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Solution by (modified) Sinkhorn algorithm
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Solution by (modified) Sinkhorn algorithm
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Solution by (modified) Sinkhorn algorithm
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Thank you for your attention!




