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Initial problem and motivation

We address the issue of finding the optimal design of a park inside a
given neighborhood in such a way to minimize the maximal distance
from the park to all the citizen of the district.
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Initial problem and motivation

We address the issue of finding the optimal design of a park inside a
given neighborhood in such a way to minimize the maximal distance
from the park to all the citizen of the district.

Given a set Q2 C R?, and a mass fraction c € (0,1€2]), the problem can
be mathematically stated as follows

inf{supd(x, w) | lw| = cand w C 2},
xe)

where d(x, w) := inf, ¢, ||x -yl is the minimal distance from x to w.
The problem can be formulated via the Hausdorff distance

inf{d™(w, Q)| |w| = c and w c Q).
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An additional (geometrical) constraint

We have:

O
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inf{d"(w,Q) | |w| = cand w c Q} = 0.
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We are then going to assume that both w and 2 are convex sets.
inf{d"(w, Q) | wis convex, |w| = cand w € Q}, where ¢ € (0,|Q)).

We are interested in:
@ developing a numerical method to solve the problem.

@ Proving theoretical results on the problem.
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A non-exhaustive list of related works

The problems involving the distance function have interested several
authors:

@ Asymptotique d’'un probléme de positionnement optimal (2002)
by G. Bouchitté, C. Jimenez and R. Mahadevan.

e Optimal transportation problems with free Dirichlet regions
(2002) by G. Buttazzo, E. Oudet and Eugene Stepanov.

@ Minimization problems for average distance functionals (2004) by
G. Buttazzo and E. Stepanov.

@ Approximation of length minimization problems among compact
connected sets (2015) by M. Bonnivard, A. Lemenant, F.
Santambrogio.

@ On convex sets that minimize the average distance (2010) by A.
Lemenant and E. Mainini.
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An important lemma

Let J and H be two shape functionals and C a class of sets in [R".
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An important lemma

Let J and H be two shape functionals and C a class of sets in [R".

We consider

f:xr—min{J(Q2)| Q2 eC and H(Q2) = x}

Theorem (F, Lamboley (SIMA 2021)) J(€2)

Under some suitable assumptions on J, H and C,
the function f is continuous and strictly
decreasing.

Thus, the following problems are equivalent:

(J(Q) Q2 eCandH(Q) = x},
@ min{J(Q)| R eCandH() < x},
@ min{H(Q)|Q eC and J(Q) = f(x)},
@ min{H(Q) | €C and J(Q) < f(x)}.

@ min

min

IA
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The support function of a convex set

Let Q2 be a convex body. The support function hq is defined on [0, 27| as

Q) sin@

VO €[0,271t], hq(6):= sup<x,(cose)>.
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The support function of a convex set

° Q is convex & VO € [0, 27, hé’(@) +hq(B) > 0.
° 107, 1 (2m ,
Q= 5L (hg —h3)de = EJ; ha(hgy +ha)de.
o
) cQp & hq, <hq,.
o gt _ _
(€21,92) = QgFO?é(n]thl(e)_ ha, (0)l = lhq, = ha, lleo-

= ldea: parametrize the shapes via the Fourier coefficients of its support function

hq(6)=ag+ ) (a,cosn6 +b,sinnb).
n=1

This idea has been introduced by T. Bayen and D. Henrion (2012) and used by
different authors: P. Antunes, B. Bogosel, I. F. ...
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Equivalence between four problems

Theorem (F., Zuazua (J. Geom. Analysis 2023))

The function

f:cel0,|2]— inf{dH(w,Q) | w is convex, |w| = c and w C Q}

is continuous and strictly decreasing. Moreover, for every c € [0, |2|], the main
problem admits solutions and is equivalent to the following shape optimization
problems:

o min{dH(a),Q) | w is convex, |w| < c and w C 2},
@ min{|w|| w is convex, d(w,Q) = f(c) and w c 2},
© min{|w|| w is convex, d(w, Q) < f(c) and w c ),

in the sense that any solution of one of the problems also solves the other ones.

@ As we shall see next, this equivalence result drastically simplifies
the numerical resolution of the problem.
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The initial problem

The problem
min {dH(w,Q) | wis convex, |w| = c and w C 2}
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The initial problem

The problem
min {dH(w,Q) | wis convex, |w| = c and w C 2}
is equivalent to the analytical one

min lIhg = hlle,
h <hq,
h”+h >0,
i 0 "h(h” +h)d6 = c.
That can be discretized as follows (6 := 2k” , ke[1,M])

N
MIN (20 a1, a5, by ,waby JER2NHL (92[102’12)(71] (hQ(G) —ag _j>=:1 (aj cos(j6) + b;sin (j@)))),

Vke[[1,M], ap+ Z (aj cos(jOy) + b sm(jek)) < hq(6k),
j=1

Vk € [1,M], ao+Z(( j?)cos (j6k)a; + (1 - j?)sin (i€ )b;) = O,

N
nad+% ra -i®)af+bf)=c
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The equivalent problem

The problem
min{|w| | w is convex, dH(a),Q) <f(c)and w C Q}
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The equivalent problem

The problem
min{|w| | w is convex, dH(a),Q) <f(c)and w C Q}

is equivalent to the analytical one
.1 (2m ”
min 5 h(h” +h)de,
i3 o min 3 [Z7h(h” + h)d6,
h
h”+h >0,

|

h”+h >0,
hShQr
hqg-d<h<hq.
hq —h <|lhq —hlle < d.

That can be discretized as follows (6 := Zkvn, ke[1,M])

N
f 2., n 2 2 2

min nag+5 ) (1-j°)(af +b7)

(ag,ay,.an,by,....by)eR2N+1 0 21:1 J (e

P-4

Vk €[[1,M], hq(6x)-d<ag+ Y (a;cos(i6y)+b;sin(i6k)) < ha (),
j=1

-
I

Vke[LM], ap+ ﬁ ((1-42)cos(i6k)a; + (1 -j2)sin i€k )b; ) = O.
j=1

This is a trivial numerical problem !
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Obtained numerical results

ag = 0.7 ag =04 ag =0.1 ag = 0.01
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The case of the square

Theorem (F., Zuazua (J. Geom. Analysis 2023))

Let Q2 =[0,1] %[0, 1] be the unit square. There exists a threshold cg € (0, 1) such that:

@ Ifc € [cg, 1], then the solution of the main problem is given by the square of area
c and same axes of symmetry as Q.

@ Ifc € [0, cg), then the solution of the main problem is given by a suitable
rectangle.
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The case of the square

Theorem (F., Zuazua (J. Geom. Analysis 2023))

Let Q2 =[0,1] %[0, 1] be the unit square. There exists a threshold cg € (0, 1) such that:

@ Ifc € [cg, 1], then the solution of the main problem is given by the square of area
c and same axes of symmetry as Q.

@ Ifc € [0, cg), then the solution of the main problem is given by a suitable
rectangle.

Ingredients of the proof:

@ ) is apolygon of N sides =
w is a polygon of at most N sides.

@ The main problem is equivalent to
min{|lw| | w is a quadrilateral s.t. d"(w, Q) = 8).

@ a+b > 2+vab with equality if and only if a = b. Figure: The optimal sets for mass

i fractions 70 and 10 percents.
@ Basic calculus.
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Step 1: The vertices of the optimal set are on the blue spheres

min{lw| | w is a quadrilateral s.t. dH(a),Q) =9}

A4(0,1) “ , Ay(1,1)
|
B4 B3
f B]_ B2
A1(070) A?(lvo)
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Step 2: Parametrization of the problem

We have

4 4 4 4
1 1 1 ) 1 ) .
|w| = 5 Z(xkyk+1 —Xes1Yik)=1- 55 Zcos@k - 55 Zsm@k + 552 Z(cos@k sinBy 1 +cos By, 1sinBy),
k=1 k=1 k=1 k=1

that can be factorized as follows

1
lw| = E((l —6cosB; —6cosB3)(1—6sinB, —6sinBy)+ (1 —6cosO, —5cosBy)(1 —5sinB — sin 63)).
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Step 3: Usinga+b > 2Vab

We then use the inequality a + b > 2Vab, where the equality holds if and only of a = b, and obtain

1-6cosB; —6cosbs3 = (% —6c0591)+(% —6cosB3) > 2\/(% —6cos@1)(% —6cos03),

1-6sinB5 —6sinBy = (% —5sin62)+(% —06sinBy) > 2\/(% —ésinez)(% —6sinBy),

1-6cosB,—5cosBy = (5 —5cos0,)+ (3 —5cosBy) > 2\/@ ~5cos0)(1 —5cosBy),

1-6sinB; - 6sinB3 = (1 - 8sinB;)+( - sind3) > 2\/(% -5sin6;)(1 - 8sinB3),

with equality if and only if
91 = 93 and 92 = 94.

We then write

|w] > \/(% —écosel)(% —5c0563)\/(% —5sin62)(% —6sinBy)

1 1 1 1
+\/(§ —5(;0592)(5 —5c0594)\/(5 —5sin91)(§ —6sin63)
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Step 3: Using (again)a+b > 2V

@ We use again the inequality a + b > 2Vab to obtain another lower bound of |w|
for which the equality holds if and only if one has

1 1 1 1
(5 —6cos@1)(§ —5c0563)(§ —6Sil’162)(§ —6sinBy) =

1 1 1 1
(E —6cos€2)(§ —6c0364)(§ —6sin91)(§ —6sin63).

@ By combining the equality conditions, we show that |w| is minimal, if and only if
61 =063,6> =04 and

1 1
5 —ocos0; N —6cosH>

%fésin91 - %fésinQZ’

%—55056 .

which holds if and only if 61 = 65, because the function 6 +— Toanp 52
> sin

bijection.

@ Thus, |w|is minimal if and only if 61 = 0> = 63 = 64 = ' is a rectangle.
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Step 4: Which rectangle is optimal ?

The optimal set is a rectangle that corresponds to the value of 85 that minimizes the
function

T 1 1 .
fs:0¢€ [O'E] — (5 —5c059)(§ —5S|n9).

6=0.4

Figure: Optimal sets for different values of 6.
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The case of N sensors

We consider the problem
min{d"(UY B, Q)|Viell,...,N}, B cQ)},

where B; are spherical sensors of radius r > 0.

Figure: Optimal placement of N € {1, 2,3} sensors.

This problem is related to the classical problem of finding the
Chebyshev centers.

= (mid = =y
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Formulation via distance functions

We recall that

d™(U}L,8,92) = maxld(x, U}, By)| =t [|d(, U, By
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Formulation via distance functions

We recall that
Hy N N N
d (U,‘:lBi:Q) = Teagl;(ld(x’ U,‘lei)| =:||d(,, Ui:lBi)HOO'

We have two challenges:
@ Computation of the distance function.

@ Dealing with the infinity norm.
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Formulation via distance functions

We recall that
Hy N N N
d (U,‘:lBi:Q) = Teagl;(ld(x’ U,‘lei)| =:||d(,, U,'lei)”oo-

We have two challenges:
@ Computation of the distance function.

@ Dealing with the infinity norm.

We propose:
@ Using a Varadhan'’s result for the approximation of the distance.

@ Approximating |- [l with || -[|, for p large.
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Var n’s result

Theorem (Varadhan, 69')

Let 2 be an open subset of R™ and e > 0, we consider the problem

we—eAw, =0 in(,
we=1 ondQ.

We take v, = —\/Elog WE(X). We have
lim ve = d(x,09) := inf |[x—y|,
s & ( ) e ” yII

uniformly over compact subsets of 2.
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The Heat Method for Distance Computation

e K. Crane, C. Weischedel, and M. Wardetzky (2017)
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Approximated problems

We then perform the following approximations

ldl = [ @ax = [ VPO =i (B, B
Q2 Q
and consider the family of problems

(Pe,p) min o Jep(By, -+, bp).

1,""»Pn

Theorem (F., Zuazua, 2024)

We have the following I -convergence results

(Pe,p) — (PO,p) — (PO,oo)'

e—0 p—+00

We then want to solve

(PE,P) min Ja,p(Xll"‘ S XN)»
Xl""rXNEQ—r

where x; are the centers of the B;.
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Obtained results

Figure: Optimal placement of sensors.
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Conclusion and perspectives

@ Considering the problem of the p-distance between convex sets (paper in
collaboration with Zakaria Fattah and Enrique Zuazua).

@ Proving qualitative properties on the optimal placement of sensors.

@ Using other PDE approximations of the distance function:

@ B.Kawohl: ~Apup =1inQ, up =00ndQ2 = up Pl dyqy.

s

, :
-,

Ftouhi, I Benasque, Spain 20/08/2024 36/37



THANK
YOU

Ftouhi, I. Benasque, Spain 20/08/2024 37/37




	Statement of the problem
	Some important tools
	An important equivalence result
	The support function of a convex set

	Obtained results
	Numerical scheme
	A symmetry breaking result

	The case of N sensors via a Varadhan's approach
	Conclusion and perspectives

