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Data-Driven Modeling

Data: Model: A mathematical
m Time-dependent object fitting the data
m Scalar m Least squares
m Vector — m Manifold learning
m Discrete m ODE system
m Continuous m PDE system
] ...
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Our Setting

Data: Model:
te[0,T]

In practice:

D = {z,(t))}x; C RY, for
k=1,.. N /=1 .M
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Our Setting

Data: Model: System of ODEs
D= {zk(t)}i\’zl C RY, for

te[0,T]

In practice: * ;:;"--.--r:-'.': bR,
D = {z,(t))}x, C R, for T

k:]'"")Nyl:].,...,M
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D= {zk(t)}i\’zl C RY, for

te[0,T]

In practice: * ;:;"--.--r:-'.': bR,
D = {z,(t))}x, C R, for T

k:]'"")Nyl:].,...,M

Goal: Trajectory tracking
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Zo

R2

Figure: We start with a curve (trajectory) in R?
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RZ

Figure: In reality we only have some points z(t;)
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Zo
R2

Figure: We seek a dynamical system such that the solution starting
at zg is close to the measured trajectory
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Zo
H§2

Figure: We seek a dynamical system such that the solution starting
at zg is close to the wanted trajectory

m We are interested in the case data comes from a
dynamical system

z(t) = f(2(t), t)

z(0) = z
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Neural ODEs

Input Output
1 1
Xi D Xk+1
Ak W
x2 AXE

ResNets block:  x,11 = xx + Wio(Axxk + Bx)

o is an activation function (e.g. RelLU)
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Neural ODEs

Xi41 = Xk + Wio (Aexi + By)
Xo = Xp
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1
{x(t) = W(t)o(A(t)x(t) + B(t))
x(0) = xo

We use the following, equivalent notation to highlight the
number P of neurons

{x = 30 Wi(t) o o (Ai(t)x + By(t))
X(O) = X0

Here o is the Hadamard product (a, b) o (¢, d) = (ac, bd)
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NODE Results

NODE were first introduced by Chen et al. (2018)

m Controllability: Find W;(t), A;(t) and B;(t) to drive an
initial input to a final output (Geshkovski, Ruiz-Balet,
Zuazua, Cheng et al., ... )

m Approximation: Relation between the parameters with the
approximation properties of NODEs (Alvarez-Lopez, ...)

m Long-time behavior (Geshkovski, Zuazua, ...)

m Formal limit of ResNets (Massaroli, Sander et al., ... )
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A time issue

x =310 Wilt) o o (Ai(t)x + Bi(1))
X(O) = X0
Training a NODE entails finding functions A;(t), W;(t) and

B;(t) which depend on time ~ In practice we find the values
of these functions on a set of time steps
m The number of parameters scales as the number of time
steps = High complexity

m Impossible to make predictions

10/41



Our Setting

Data: Model: System of ODEs
D= {zk(t)}i\’zl C RY, for

te[0,T]

In practice: * ;:;"--.--r:-'.': bR,
D = {z,(t))}x, C R, for T

k:]'"")Nyl:].,...,M

Goal: Trajectory tracking
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Our Setting

Data:
D = {z,(t)}N, C RY, Model: System of ODEs

for t € [0, T] ,

. 1 2
In practice: X—ZWOU(A;X+A,t+B;)

D = {zi(t) }xs C RY, =t
fork=1,..., N, x(0) = zq
I=1,....M

Goal: Trajectory tracking
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Semi-autonomous NODEs

P
x=> Woo(Alx+At+B), x(t)eR’te[0,T]

i=1
m o is the activation function (e.g. RelLU)

m W eRY Al e R A2 e RY B; € RY
m Parameters independent of time ~~ Total: Pd(d + 3)
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Motivation

Universal Approximation property (UAP) of RelU:

Theorem (Pinkus, 1999)

Fix a compact set X C Rt Let o be a non-polynomial
continuous function. For any function g € C(X;RR9) and

e > 0, 3P and parameters (W;, A;, B;) € R x R(4+1)xd x R4,
fori =1,...,P, such that, calling

P
fo(x) =) Wioo(Ax+Bi), Vxe€X,

i=1

it holds
lg — follLe(x:re) < e
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Motivation

Using the UAP for f(x, t):

P
fx.t) ~ Y- Wioo(Alx + At + B)

i=1

!
z=f(z,t) _[x=3 Wioa(Alx + At +B)
z(0) = zp x(0) = zg
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Universal Approximation Property

Theorem (Li, Liu, L., Zuazua)

Let f be uniformly Lipschitz in z with respect to t. For any
compact set K C RY and any € > 0, there exists a constant
P. 1.k.r such that for any P > P. 1 x , there exist parameters
(W, AL A2 B)) € R x R x R x RY, fori=1,...,P,
such that

122(-) — XZo(')”Loo([o,T];Rd) <e VpekK

~> We approximate the global flow of the ODE for initial data
starting in K
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Idea: Apply UAP to f and use Gronwall inequality

Problem: For UAP we need to fix a compact set
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Kr

-

Kt = {HXH < SUE (HZH + T—l—/ Hf(O,s)Hds) exp(LT)}
ze 0

where L is the Lipschitz constant of f

~~ Every solution of x = fi(x, t), for t € [0, T] and xp € K
and ||f; — f||e < 1 stays inside Kt
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Proof

Apply UAP in K7 to f, obtaining

fo(x,t) = Z W; o a(Alx + At + B;)
i=1
~» By Lipschitz continuity + UAP:

122 () = xz(t)]]
20 +/0 f(z4(s),s)ds — z —/0 fo(xz(s),s)ds

S/ [1£(22(5),8) — F(x2(5),5) + f(Xx2(5),s) — fo(xz(s),s)|| ds
<L/ 1220(5) — x5, (5)[|ds + 2t

forany t < T
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We have obtained

1225(2) = x(2)]] < L/Ot 1220(5) = Xz(s)l|ds + et

By the Gronwall inequality

1220 = Xz ll1oe(ro, 7)oy < £ Te'T
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Approximation Rate

m Quantitative version of the previous result, with respect
to the number p of neurons

Theorem (Li, Liu, L., Zuazua)
Let f € Hf (R x [0, T]; RY), for k > (d +1)/2+ 2. Fix any

loc
compact set K C R9. Then, for any P € N, there exist
parameters (W;, A}, A2 B;) € RY x R¥*¢ x RY x RY, for

i=1,...,P, such that

Crok.f
sup [ 122 (6) = xa(t)|Pz < T2
te[0,T] J K

where Cr i is a constant independent of P
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The Barron Space

Fix a compact set X C R". The Barron space is
Sg(X) = {f € C(X;R) ’ I € P(R™?) sit.

F(x) = /R wal{a,) + b)du(w,a,), vx € X}
The Barron norm:

IFlls0 =, podnf . [ Wl + b)du(w.2.)

L satisfies above

The definition extends immediately to f € C(X,RY)
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A quantitative lemma

Lemma (E, Ma, Wu (2022))

Let f € Sg(X). For any P > 1, there exists
(W, A, B)) e R x R*" x RY, for i = 1,..., P, such that

2

P 3012,
()= Weoold +8)| < —58
i=1 L2(X;Rd)
Moreover,
P
> Wil e ([lAille + BiD|| < 201 llsgix)-
i=1
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Proof

Step 1. f belongs to the Barron space. This follows since
feHE (R x [0, T]; RY), for k > (d +1)/2+2

Step 2. Thanks to the Lemma, we find parameter
© = (W;, A}, A2, B;)F; such that

3||f||gg(x

||f % ) - f@('7 ')H]?P(X;Rd) < P

(

P
> Wil o (1A la + A2 + |Bil)|| < 2IIfllsg)
i=1

Accordingly, it is not difficult to show
Ifo(x, t) = fo(y, )l < 2[|flsgllx—yl ¥(x,y) €R? t €0, T]
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Step 3. We have

1220 (£) = xz(£)|?

2

/ F(22(5), 5)—fo(2(5),5) + fo(22(5), 5) = fo(Xz(s), s)ds

|

<2t/ 1F(220(5), 5) — fo(zx(s), )|2ds

ot / o (2(5). 5) — folxa(s), ) |2ds
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Proof

Step 4. Recall:

J2(6) = xo(0)? < 2t [ 1 (2(5). ) — ol za(5). 5)]2ds

Y / Vfo(Za(5),5) — fo(xso(s), 5)Pdls

We integrate in space:

/K 220 (£)— X2 (1) Pz

= t [ 1(z2(9).9) = fo(za(s). 5) Pzt
+2t/ / o (22 (5), 5) — fo(xns(5), )|Pdzods
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Proof

Step 4. Recall:

J2(6) = xo(0)? < 2t [ 1 (2(5). ) — ol za(5). 5)]2ds

#2 [ fo(za(s).5) ~ fo(xa().9)

We integrate in space:

/K 220 (£)— X2 (1) Pz

< 2t/ / Hf zZo - f@(zzo( ),5)H2d20d5
+2t/ / ||f@ Zzo - f@(XZO( ),5)H2d20d5
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Proof

Step 5. Call

Q1) = [ l122(t) = xa(t) P
Since
Ifo(x, 1) — foly, )l < 2fllsglix—yl, ¥(x,y) € Rt € [0, T]
We have

2tu/0 0/‘Hfb‘zzo _'ﬁb(x}o( ),5)H2d200@

<811y [ Qo)
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Proof

Step 6. Let ¢o: RY — RY, 75— z,.(s)
/ 1 (22(5).5) — folza(s), $)IPdzo

- / 1£(8x(20). 5) — fol@s(20), 5) Ptz
=" X,S) — x52—1 X
= [ 109) ~ 8 P
etd f(x,s) — fo(x, s)||*dx
< /S(K) 1£(x,5) — folx, )]

Now we can use

301 Fl%0x)
(X)
||f(7 ) - f@('7 ')H]iz(X;]Rd) < TS
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Proof

Step 6. (Continued) We finally find

6t 1S90y
— €

26 [ [ 1£(2a(5):9) - folzls). ) Pnds <

Conclusion.

: 6t 12,
Q(e) < 8ty [ Qs)as+ et

and by Gronwall we conclude

28 /41



Transport Equations

By the method of characteristics, SA-NODEs can be applied
to approximate in a data-driven manner transport equations

{at,o(x, t) + divi(p(x, t)f(x, 1)) = 0
p(-,0) = po € M(RY)

with the neural transport equation

P
Oep(x, t) + divy (P(X, ) Wioo(Alx + At + B;)) ~0

i=1

p(-,0) = po € M(RY)
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Transport Equations

Theorem (Li, Liu, L., Zuazua)

Let py be a probability measure supported in a compact set K
such that py € L?(K).Then, for any P € N, there exist
parameters © = {(W;, A}, A2 B}, such that

C1.f.0
sup Wi(p(+, t), pol-,t)) < —==,
0 Vol ), ol 1) < L

where Cr ¢, is a constant independent of P, Wy(-,-) is the
Wasserstein-1 distance, and p(-, t) (resp. pe(:,t)) is the
solution of the transport equation (resp. the Neural transport
equation) at the time t € [0, T].
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Proof

By our assumptions

P(', t) - d)t#p()? P@(', t) = ¢@,t#p07 Vt € [07 T]

where # is the pushforward. Besides

Wa(o(-, ), po(- 1) = sup / 80 (. £) = po(x, 1)

Lip(g)<1

— sup / 2(6:(2)) — g(do.(2))dpo(2)

Lip(g)<1

< / 16:(2) — do.(2) | dpo(2)
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Finally, we have

/ 166(2) — do.4(2) | dpol2)
1/2
< ool ( / 6e(z) - ¢e,t(z)||2dz)

and we conclude applying the previous theorem
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Numerical Results

SA-NODEs Exact
3 3
—— Training Dataset
——— Testing Dataset
2 2
1 1
> 0 > 0
I
14 -1
-2 -2
_3 -3
-3 -2 -1 o] 1 2 3 -3 -2 -1 1] 1 2 3
X x
Z1 — 2o
Zy = —221 - 322
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Numerical Results

SA-NODEs Exact
8
—— Training Dataset
—— Testing Dataset 64
4

2]
64
T T T T T -8 T T T T
-8 -6 -4 -2 0 2 4 6 8 -8 -6 -4 -2 0
X X
Z.]_ %)
Z.2 = — Sin(Z]_)
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SA-NODEs

let—ZQ

z'2:zl—t
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0
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©
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©
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SA-NODEs

Vanilla NODEs
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Comparison with vanilla NODEs

P Neural ODEs | Autonomous Case | Non-Autonomous Case DoF
100 | Vanilla NODEs 2.60e-01 3.66e+00 50000
SA-NODEs 4.65e-02 7.78e-02 1200
500 | Vanilla NODEs 9.21e-02 2.54e+00 250000
SA-NODEs 2.16e-02 7.35e-02 6000
1000 | Vanilla NODEs 1.38e-01 2.37e+00 500000
SA-NODEs 1.58e-02 6.73e-02 12000

Comparison of errors and degrees of freedom (DoF) between

vanilla NODEs and SA-NODEs. We tested on the systems

21 = 2> 21 =t—2
_ and _
22:—221—322 Zp=2z1—t

~> We obtain better accuracy with less parameters
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Numerical Results: Transport Equations

Case study: Doswell frontogenesis
T L

Wikipedia: Frontogenesis is a meteorological process of
tightening of horizontal temperature gradients to produce
fronts. In the end, two types of fronts form: cold fronts and

warm fronts
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0

sech’rtanh r

atp(xay7 t) + div (p(X7y7 t) (_yg(r)7 Xg(r)))

where (x,y,t) € R? x [0, T] and g(r) =

>

|~

FIGURE 1. The Doswell vector field ()

Figure: Credits: Manea, Zuazua (2023)
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SA-NODEs approximation

=0 (SA-NODES)

t=1 (SA-NODES)

t=2 (SA-NODES)

t=3 (SA-NODES) t=4 (SA-NODES)

t0.00
3 (Exact)

-0.25
-0.50

~0.75

-1.00
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Thank you for your attention!
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Training SA-NODEs: Theory

Data: D = {z;(t)}, CR?, for t € [0, T]
We want to solve the optimal control problem
inf / / |2 (t) — X2, (t)||*dZodt
= fo(Xz,t), X,,(0) =20 € K
Hzf; (Wil 0| At

We relax the problem and instead minimize

T P
UO) = [ [ Izalt)=xa(e)dzodt+A| 3 1Wiol Al
i=1

where

< 2[|fllsg

B(X)
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Training SA-NODEs: Theory

For any (©, x, t) € RPII+3) x R x [0, T], let

o) = Hzglymo”;\}ngz . It holds that

VL(©) = / / 9% (0, (1), )T a(£)dzodit + AVE(O)
where a,, satisfies the adjoint equation

—a5(t) = Z2(0, x5(1), 1) ag(t) + 2(xx(t) — 2(t))
a,(T)=0

fort € [0, T], zo € K.
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Training SA-NODEs: Practice

Data: D = {z(t)) ks CRY fork=1,...,N, I=1,....M

Loss Function:

Z Wil o [|A |2

N M
A 1
L(@):WZZ Zk t/ — Xk t/, +)\

k=1 I=1

~> Stochastic gradient descent
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Training SA-NODEs: Transport

Transport equation

{at,o(x, t) + divi(p(x, t)f(x, 1)) = 0
p(-,0) = po € M(RY)

+
Characteristic system
dx
— = f(x,t
dt (X7 )
dp
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Training SA-NODEs: Transport

Transport equation

{atp(x, t) + div,(p(x, t)f(x, t)) = 0
p(-,0) = po € M(RY)

1

Approximated characteristic system

(
dx ZWOU (Alx + A%t + B;)

Z’t):—dwx (;WoaAlx+A2t—|—B))
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Training SA-NODEs: Transport

Transport equation

{atp(x, t) + divx(p(x, t)f(x, t)) = 0
p(-,0) = po € M(R?)

0

Approximated characteristic system

;

dx ZWoaA1x+A2t+B)

i=1

d
d':——dwx (ZwoaA1x+A2t+B)>

\

We need to learn only the first equation!
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