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A discrete probability space

e Sample space () : the set of all possible outcomes.
Q=1{0,1,....,d — 1} n bits :d = 2"

e Axioms (state of the system)

- po | - po | 1] 0] 0
P1 P1 0 1 0
@ p=| . |€R | =po|. |||+ FPa |

fut
|

| Dd—1_ | Pd—1 0 0 1

@ p; > 0 (Positiveness)

Classical bit

d—1
® P(Q) = Zpi = 1 (Normalization) Po — o {1} + {O}
+=0 P1 0 1




Quantum Bit or Qubit

r—\OI:Or—\

Logical zero |0)

These two states (logical 0 and 1) form an orthonormal basis
of a qubit.

Logical one |1) =

General state of a qubit |¢) = zf

y; € C : probability amplitudes
where |1)o|* + 11| = 1 (Normalization)

1 O Linearity of QM allows us to write any

V) =10l0) + ) = v | + ¥ 7| AT

the qubit state space.




Dirac Notation

/ Dirac notation
) ket

) = ol0) + wal1) = o g +1 |

0
1

|

Paul Dirac: Nobel Prize 1933
Fundamental contributions to:
e quantum mechanics

e quantum electrodynamics



Postulate I: Quantum states

e D
A quantum state with d degrees of freedom is a vector

belonging to a Hilbert space of dimension d and norm 1. )

" Hilbert space = Complex Vector Space + Inner—product]

o
1

A d-dimensional vector of complex numbers

State vector |v)=| .
Ya—1

Y, : Probability amplitude of degree of freedom 1
d—1 d—1

Normalization: Z%k% — Z il =1
i—0 i—0



Hilbert Space: Complex vector space

X
]

Addition: H x H — H

o |  $o o + o
Py o1 Y1+ @1

V) +lo)=| . . .

;¢;—1_ _¢é—1_ }A¢414'¢d—1_

Scalar multiplication: C x H — H

- Yo | Ay
(5] A1
) = A : — :
Ya—1| [ AYa—1]

The zero vector: |()) =




Inner-product in a nutshell

4 d—1 N\

® <-,->:V><V%F (Z,9) =2y = LiYi
_ S i=0 ) _
/C_L and b orthonormal basis? b

(@,a) = (b,b) =1
(@, b
> ——
v = {(a,v)a+ (b,0)b }

\-

\/

=0 ) Pyo =

P, is projector on subspace span by T ] P,v= <

\-

® Norm: V — RT |[9|] = /{v,0) >0

@ Orthogonal transformation preserves inner-product



Hilbert Space: Inner-product (Dirac Notation)

Inner- product HxH—C

Zw b = (Vo) | (y]

Norm: H — RT

\W\ =

S
)T = (Jp)T)*

)] = V{¥l) = 0

o (14 + &) < I[[¥)]| +[l|¢)]|  Triangle inequality

® Quantum states have norm 1: |||¢)|

Norm being 1 is associated with the
fact that measurement outcome

p— 1 probabilities should sum to one. QM

equivalent of axiom 3 for classical
systems (slide 3.)




Hilbert Space: Inner-product (Dirac Notation)

s Inner-product: H x H — C P h
1
(o) 1)) =[5 Wi .. wiq] x| .

de:—l
\§ l - /
" Bra O [ Ket ¢ A
* * * — é1
(Y] = Wo (VN @bd—ﬂ 9) = ;
C d—1 A
Inner-product: H x H — C (Plo) = ¢

\_ 1=0 )




Basis: Computational basis

R
I
QA

Computational basis

O V’¢>,E|¢O and ¢1 .

V)

Ho = Spaﬂ{m% |1>}

= 10|0) + 91 |1)

® (0|/1) =0 (Orthogonal basis)

o [[0)]] = [lI1)]

= 1 (Normalized basis)

Computational basis measurement

P(0) = [{0]¥)|* = |vol?
M

’-

N

[¥)

- Ny P

(L]y)[* =

1]

This ensure logical 0 and 1 is an
orthonormal basis of a Hilbert space
of dim 2.

The amplitudes of the quantum state
on the logical basis (0 and 1) are
associated with the outcome
probabilities of the computational
basis measurement (logical O or 1).




Quantum randomness generation

/Computational basis \ / 1) \
P(0) = (01 ” = 9ol ) /‘ i
\P(l) = [(L)|* = [ ; !
oo 0 /
. A PO =[0+)=1/2
| I > é '~ N o
i P(1) = [{1[H)|" = 1/2




Quantum randomness generation

/Computational basis \

measurement

P(0) = [{0[$))* = [o|*
\P(1)=!<1!¢>! = %J




Quantum randomness generation

/Computational basis \

measurement

P(0) = [{0[$))* = [o|*
\P(1)=!<1!¢>! = %J




Quantum randomness generation




Quantum randomness generation




Quantum

Operations




Postulate I: Quantum states

A quantum state with d degrees of freedom is described by A
a complex vector space with inner-product (Hilbert space)
with norm 1.

5 ) € H = CA (Yly) =1 y

{ Hilbert space = Complex Vector Space + Inner—produet]

Yo | A d-dimensional vector of complex numbers
¥1 ¢ g )
State vector |v)=| © QUbft- d =2
; @ Qudit: d > 2
. . L N
Va1 | \O N qubits: d = 2 P

Y; : Probability amplitude of degree of freedom ¢ P(i) = |¢;]?



The ideal life of a qubit in a nutshell

State preparation Operation Measurement

Source of gquantum states Circuit/Gates

0) H AN s

Quantum random number generator circuit




Quantum operations: the intuition

@ An operation maps an input state into an output state

ﬁin S — ﬁout

|¢zn> - G - ’wout>

e If input and output are vectors, what is the transformation?

Matrices!!



(NOT gate i ) " 0 1_\
pin_X —— Pout - 1 0
DPout = Xﬁin _
o <
g 0 1] [1] [o]
. _ _ _ 1 0] 1|0 1
® Action on vy : Xvg = v N O
U1




Example 1: Quantum NOT gate

< _ )
N e [Vin) ——X | [Your) x—|Y 1!
m out — 1 O
- _J
Ot vt e )
® Action on |0) : X|0) = |1) 0 1( (1] [O
1 0| (0] |1
X 0




Example 1: Quantum NOT gate

'NOT gate 0 1-\
|wzn> _X_ ‘¢0ut> X — 1 O
- _
O e 1t e )
® Action on |0) : X|0) = |1) 0 1( (1] [O
1 0] (0] |1

® Action on [1) : X|1) = |0) \_ X 0) 1) .




Example 1: Quantum NOT gate

7 _ )
SO [Yin) —— X — [Yout) x= !
m out — 1 O
\_ i _
AN
® Action on |0) : X|0) = |1) 0 1( (1] [O
1 0f (0o |1
® Action on [1) : X|1) = |0) \_ X 0) 1) .

@ Action on |¢) = «|0) + B|1)

X|y) = X(al0) + 4]1)) = aX|0) + fX[1) = 5|0) + all)



Example 2: Z gate

(7 gate 10 h
|wzn> R Z e ‘wout> Z — O _1
- i _
a8 L N
@ Action on [¢) = «a|0) + B|1) 1 0| |«
Z|y) = al0) - 811) CEE I




Cd

Basis: General case H

® Spanning set of H: set of vectors |v1), |va), ..., |[Upn)

Vi) € H: |yY) = Zwv ;) where amplitudes are given by: 1, = (Y|v;)

® Linearly independent: Aaq,as, ..., a, # 0 complex numbers

ai|vy) + ... + anlv,) =0
Example
@ Basis: Span{|v;)} =H & n=d 1
+ Lin. ind. ‘_|_> _ 5(‘O> 4 ’1>)
® Orthonormal: Vi,j € {1,...,d}, (vi|v;) = 0; 1
e Has an associated measurement -) = 5(‘O> — 1)




Example 2: Z gate

(7 gate 10 h
|wzn> R Z e ‘wout> Z — O _1
N } ~
a8 L )
@ Action on [¢) = «a|0) + B|1) 1 0| |a |«
— al0) — B 0 —1] |8 |8
Z1Y) = al0) = S|1) L L
@ Action on |+) basis: Z|t+) = |F) £) ba{fls
+) =510 + 1)
1
®Z gate is a "NOT gate” in the |£)basis! | =)= 50 =11)




Example 3: Hadamard Gate

'

‘Hadamard cgate 1 M1
|wzn> D H_ ‘wout> H — ﬁ _1 _1_
- J
4 )
@ Action on |0) : H|0) = |+) 1 {1 1 } {a} B {(Oﬁrﬁ)/\/i
® Action on |1) : H|1) = |—) V2 (1 -1 8] [(a=58)/V2




Example 3: Hadamard Gate

‘Hadamard cgate 1 M1 7
|wzn> B H_ ‘wout> H — ﬁ 1 _1
N ] W,
4 )
® Action on |0) : H|0) = |+) 1 {1 1 } {a} _ {(Oﬁrﬁ)/\/i
e Action on |1) : H|1) = |1) V2 (1 -1 8] [(a=58)/V2
- /
@ Action on |+) basis: H|+) = |0) +) basis:
Hl=)=11) +) = —=(10) + 1)




Example 3: Hadamard Gate

'

‘Hadamard cgate 1 M1
|wzn> B H_ ‘wout> H — ﬁ 1 _1
N ] ~
4 )
® Action on |0) : H|0) = |+) 1 {1 1 } {a} _ {(Oﬁrﬁ)/\/i
e Action on |1) : H|1) = |1) V2 (1 -1 8] [(a=58)/V2
- J
@ Action on |+) basis: H|+) = |0) +) basis:
Hi=) = 1) +) = —=(10) + 1)

® Hadamard gate is a change of basis: |0/1) < |+)




Quantum randomness generation

‘Hadamard cgate F 1
Vi) —{H— Vo) H=— |} !

m out — \/§ 1 _1

N i W,

® (Quantum random number generator circuit

0) H AN




Postulate Il: Quantum operations

e )
The evolution of a quantum system |¢) € H = C? is given by

a unitary tranformation U : H — H, s.t. |Your) = U|tin)
Y

"

/Unitary matrices UUT =UU = Id\

@ Linear operator U : H — H

@ Preserves the inner-product

@ Equivalent of orthogonal matrices on real vector spaces

\_




o Ac L(H):H — H is linear on its inputs:

O A(Z a;lv;)) = Z%‘A(’Ui»
® (A+ B)|y) = Alp) + Bly)

@ Composition: (BA)|y) = B(A|y))
® Not necessarily commuting: BA|y) # AB|)

@ Matrix representation: (¢|A|7) = A;;



Dirac notation Summary

/ L Dirac notation
o

Ket |y = LA Y

’¢4—1

Bra (¢|=|¢§ o7 ... ¢5 | :H—=C

Inner-product: @l¢)=[vs ¥ ... ¢i]x

g
d1

Qﬂ:er—produet: o)Wl = | .
| Pd—1 |

x 15 i




Outer-products (Dirac notation)

aoil aoil —q _1 O_ ] _O ) i O_
00 1 1

+ a ) + a )
aio (111_ _O O_ 10 0 11 0

1
0

0
+ a1 0



Outer-products (Dirac notation)
_CL()1 CL()1_ _1 O_ i ] _O ] i O_
1 1

= Q 4+ a
a0 ann 00 _() O_ 10

0 1 0 0
+ a1 0 0 0 + a1q 0

= a00/0)(0[ + a01|0) (1] + a10|1)(0] + a11|1){1




outer-product
A=) ayli)(]
9

Not gate X = (1) (1) = 10)(1] + |1)(0
Zeate  z=|g O =00l iy

Hadamard gate 7 = 12 E — 7 [10Y(0] -+ [0) (1] + [1){0] — [1){(1]]
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Reading references
1. Basis and linear independence NC 2.1.1

2. Linear operators and matrices NC 2.1.2
3. Single qubits gates NC 1.3.1 and NC 4.2

NC = Michael Nielsen and Isaac Chuang, Quantum Computing and Quantum Information
Cambridge University Press (2010)






Measurement of orthonormal basis

@ orthonormal basis {|v;)} that span H has and associated measurer@

Probability of outcome i reads: P(i) = |(v;|¢)|?

The quantum state is updated to |v;)

0




Basis: Computational basis

R
I
QA

Computational basis

O V’¢>,E|¢O and ¢1 .

V)

Ho = Spaﬂ{m% |1>}

= 10|0) + 91 |1)

® (0|/1) =0 (Orthogonal basis)

o [[0)]] = [lI1)]

= 1 (Normalized basis)

Computational basis measurement

P(0) = [{0]¥)|* = |vol?
M

’-

N

[¥)

- Ny P

(L]y)[* =

1]

This ensure logical 0 and 1 is an
orthonormal basis of a Hilbert space
of dim 2.

The amplitudes of the quantum state
on the logical basis (0 and 1) are
associated with the outcome
probabilities of the computational
basis measurement (logical O or 1).




Classical register vs non-demolition measurement

{The quantum state is updated to |v;) }

® Many times we just care about the outcome.

Encoded in a classical register.

® Non-demolition measurement: ) N )



Arbitrary basis measurement

® Measurement basis {|£)} :

V) ——A . = )T U ey,

[v basis {|v;)},3U, s.t. |v;) = Uy|i) (vilp) = (iU} ]) J




Projectors

4 )

k—1
P§ = Ps = P{ ) A= fu)u
1=0

- /

Projector on vector subspace S of dim k(S C H)

: : k—1
Being a vector space, § has an orthonormal basis {|u;};_g



Projectors on computational basis

® Projector on computational basis state |x)(z]|
o 0)ol=g x[1 0 =[5 o
o wai=]"xp 7=[° °

® (|z)(z|)|v) = \@@ = (z])|z) = Ya|z)

cC



Projective measurement

ﬂ projective measurement consist of a set of projectors PN

[

Satistying a completeness relation: Z P, =1,
i=0
Satisfy orthogonal relation: P, P, = 0 mPm

Probability of outcome i reads: P(i) = ||P;|1))]|? !

The quantum state is updated to ’
/

Bi|y) PZ|¢>
TR o€




A degenerate 3 dimensional qguantum system

® Orthonormal basis:

e Completeness:
® P33+ P

0

1

0
Rank 2 projector J

oS O O
o O O

® P(12) = [|Pr2|)||* = |a]* + [b]7

1
Update: |¢) =

a2+ o2

(al1) +|2))

P3|y) = ¢[3)

[¥) = all) +b]2) +¢[3)

Ly



Projective measurement
~

Completeness relation

[
Zplzld

N =0 /

/Completeness implies probabilities add to 1: \ /We use: \

> P) —ZHP-W )2 ® P(i) = ||P|y)|I°
| —Z WIPIPIY) = (W] 3 PIPI) ¢ Linearity

SR = () = 1 o PZ= Ps= P!
N 2 AN )




Reproducibility of measurement + Global phase

@ Repeating the same measurement immediately after, gives the same answer.

P2 =P, , 1))
Pilvi) = Jvi)(ilvs) = |vg) ,'I
Pjlvi) = |vj){vjlvy) = 0if i # j .

v;)

@ Define a state up to a global phase: |zﬁ> = ew\w
Output probability: P(i) = HPME}HQ = e (v ) [* = [(vs|)|°



Example:+/- basis Ho = Span{|+), |—)}
® Completness: [+)(+| 4+ |—)(—| = % E ﬂ +% {_11 _11} = [(1) ﬂ = I
@ [¢) —N \\\’ / P(—) = HP|_>|¢>H2 Updated state: - W\

[¥) = ¥0|0) + 11 [1)

¥)

12— [
R e e BTV B

e e A B e R R

V2 o [-1/V2 V2

K P(—) = |0 — ¢1]%/2 Updated state: y—>/




Measurement of orthonormal basis

@ orthonormal basis {|v;)} that span H has and associated measurer@
d—1

Satisfying a completeness relation: Z v;) (v;| = 14
i=0

P; = |v;)(v;| are projectors on the states of the basis

Probability of outcome i reads: P(i) = ||P;|1)||* = [{(v;|1)|? )

The quantum state is updated to

P;|1) (Vi) 6i¢\vi> ,/

— lv;) =

\Pz-w 1B:19)] PY) = b))




References

Reading references
1. NC2.2.3and2.2.5

NC = Michael Nielsen and Isaac Chuang, Quantum Computing and Quantum Information
Cambridge University Press (2010)

There is even a more general concept of measurement in N&C called POVM (2.2.6) that we will not
cover in this course.

Even more general is the concept of quantum instrument.



https://en.wikipedia.org/wiki/Quantum_instrument
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Many-body Quanfum Systems & Entanglement




Composition of classical systems

® Two independent perfect coins: pag(a,b) = pa(a)pp(b)

/p((), 1

X

0 A\B 0 1
Q 0 s | (1a) | 12
; = } p(a)
¢ 1 1/4 1/4 1/2
1/2 1/2 1
. . . p(b)
® Composition of independent coins:
ueclCyq,velCpleadstou®@v€CqRCp
UoUg | _poo_
Vector notation: u ® v = 4o ® vol — (Mot — | Pol
Ui U1 U1 Vg P1o
U1V | | P11 ]




Composition of quantum systems

Two Hilbert spaces H4 and Hp can form a new Hilbert space

HAB — HA @HB S.t. dim?—[AB — dim?—[A X dim’HB.

A basis of H 4p is built via tensor product of basis of H4 and Hp.

&Axn operator L(H ap) is built via tensor product of operators L(H ) and L(H B)/




Tensor product of vectors/states

® Tensor product of vectors: Ha X Hp = Hap = Ha @ Hp

@ |u) € Ha,|v) € Ha leads to |u) ® |v) € Ha @ Hp
@ c(|u) ® |v)) = (clu)) ® |v) = |u) @ (c|v))
@ |u) ® (Jv1) + |v2)) = |u) @ [v1) + |u) ® |v2)

{ +)®|+) = (%(|O>+I1>)) (\%(!0>+!1>)) (00>+01>+10>+11>)J

UgUo oo

@ Vector notation: |u) ® |v) = {ZO} R BO} _ Zozl _ 2501
1 1 100 10

| U1V _ P11 ]




Tensor product of vectors/states

® Inner-product: Ha Q@ Hp X Ha ® Hp — C

® (|v)a @ |w)p,[v)a ® |w')p) = (v]v')a(w|w)p

® (D ailvi)a®wi)p, Y bilvi)a®w))p) =)  aib;(vilv)a(wilw))s

1 J 1,]

® Additional notation:

e (V)=o) o.. 0 —
E z } = Jih)®*
® [0%)=[0)*"=10)®10)®..®]0) P



Entanglement

® Jjap) € Hap s.t. Ploa) € Ha and |pp) € Hp : |[Yap) =|da) @ |¢B)

Bell states: a basis of Hg ® Hg composed of entangled states.

B+ = %(\0>A®|o> 14 ®1)5) ) — 7<|o> A® |15+ [1)4®[0)5)
D) = \%(IO>A®!0>B— 14 ® [1)5) ) %<|0>A®|1>B— 1)4® [0)5)

© Maximally entangled states of 2 qubits.

@ Bell states are entanglement units. Similarly as an unbiased coins is a unit of randomness.

O V‘¢AB> c Hap : lwAB sz’]

) @ 17)



Tensor product of operators




Tensor product of operators

® Tensor product of operators: L(Ha) X L(HB) = L(Ha) = L(HAs @ HpB)

@ (A® B)(jv) ® |w)) = (Alv)) ® (Blw)) = Alv) @ Blw)

® (AR B)() aslv) ®|ws)) = a;Alv;) ® Blw;)

® () A ®By)v) ®|w) = ¢;Aiv) @ Bi|w)

1 (

_AllB AlgB c o AlnB_

Ang AQQB e AQnB
@ Matrix notation: A QR B = , , , .

A.1B A,pB ... A,.B



Example (Dirac notation)

+) H +) basis:
1
+) = —=([0) + 1))
- —H } v
—) = ﬁ(’@ — (1))

(HoH)(+) e |-) = (HH) e H-)  [@eBe)=anesu |




Example (matrix notation)

a N
o —m—
1/4/2 1/\/51 1 |-1
@ |+)® ==
Bel= il Ve =3 | —) —{H—
1 \ %
1 1 1 1] 4 (A1B  A.B ... AMB'\
1 1 L L Ang AQQB . .. AQnB
.H@H:—[H H]:—l 1 1 ! A® D = : : : :
e ApB AwB ... A,.B
_1 _1 _1 1_ \ | Anl n2 nnj
1 1 1 1 1] [0
11 -1 1 =1 1 |=1| 1]
_1 —1 -1 1_ _—1_ _O_




Example (Dirac notation)

 HeH)(H)8|-) = H) e H-) =)o)




Entangling operations

® dUsp € L(HAB) S.t. EUA = ﬁ(HA) and Ug € »C(HB) Uap=U4 R Up

Controlled-NOT gate (CNOT gate): T or /L
— X |— -
1 0 0 O]
01 0 0 [I 0 10 00
Ucnor = 00 0 1 :{0 X}:{O O}®I+{O 1}®X
0o 0 1 0

® YU € L(MHap), HV;} € L(Ha) and {W;} € L(Hp): U=> V;@ W,



Entangling operations

Controlled-not gate (cnot gate): ! OT /L
— X -

RX =0)0|®@ I+ |1)(1]|®X

S

Z

Q

~

|

O =
IOOI
X

~

+

o O

Ib_\ OI




Composition of measurement: computational basis

® Let’s ¥ encode the outcome of n bits

LAY =l @) e e )

(Z|9) D Yl = s

9 yE{O L} y




General multi-qubit basis measurement

® Measurement basis {|v;)} :

r________________:::___: /Bell basis \
| — T H A
V) o419 = (0@ 0 £ 1))
) ' X & e
: | ) = (04 @ [1)s £ [1)a @ [0)s)

\_ V2




References

Reading references
1. Tensor product NC 2.1.7
2. Outer-product NC 2.1.4 page 67

NC = Michael Nielsen and Isaac Chuang, Quantum Computing and Quantum Information
Cambridge University Press (2010)



Quantum Circuit Model

ql0] |o)

ql1] [0)

ql2] |o)

a3] |o)

ql4] o)

COo



Classical Circuit Model

® Classical circuits compute Boolean functions: f:{0,1}" — {0,1}"™

r = 2122...Tn ‘ f(f) ‘ Y = Y1Y2..-Ym




Classical Circuit Model

® Classical circuits compute Boolean functions: f:{0,1}" — {0,1}"™

|

.
i

|

i

_ oo P T
r=T1T9...Tn " T >

) U= y1y2--Ym

i

© oo N o o A O N = o

|
;

f

@ NAND gates are UNIVERSAL All Boolean functions can be generated with NAND gates.

® Most circuits are irreversible.

® Resource count: # gates, depth of circuit (# layers of gates).

@ Most Boolean functions need exponential number of gates.



Quantum Circuit Model

® Quantum circuits implement unitaries, U : H®" — H®"

-)

o OO
~~—" S~ SN S

o) 4) = Ulo”)




Quantum Circuit Model

® Quantum circuits implement unitaries, U : H®" — HO"

-)

o OO
~~—" S~ SN S

¥) = U|0")

0

sets of 1 and 2 qubit gates that are UNIVERSAL

Ideal) quantum circuits are reversible.

~— LU

Resource count: # gates, depth of circuit (# layers of gates).

Most unitaries need exponential number of gates.



1-qubit gates

'NOT gate ¥ 0 1]
‘wzn> _X N ’¢0ut> B _1 O_
! Y
(7 eate 1 0 1
‘wzn> S Z R ’¢0ut> Z - O —1
! : 1
(Hadamard cgate 1 [1 1 1
H="711 -1
[in) —H— [Your) vz Ll —L
! y
‘Phase gatjse_ 1 O'\/T gate N R, — 1 0 \
p— O 7/ T — O 67;7.(./4 0 — O 6’&9
_ - AN - =\ - =




Gates: 2-qubit

Controlled-not gate (cnot gate):
Upx = 00| @ T+ |1){(1]| ® X —

or

e

Controlled-Z gate: L
Urnz =10)(0|® I+ |1){(1|® Z =diag(1,1,1,—-1) — 4] l
SWAP (permutation) gate - _(1) 8 ? 8_ - —PP
— 010 0 — 1
000 1 D

Controlled-V gate:
Uy =000 I+ 1)1V T

|
X
r
A
[
|
!




Universal sets of gates

Clifford Gates _ _ _ _ _ . Very important role in QC: QEC
;' T , (Quantum Error Correction)
! AJLZF LS|y : Map chain of Pauli to another

A EEE N EEE N EEE § EEE O EEE F BN E EEE §F EEE F BN E EEE N B B E Em ¢ mm

———————

X| 4] [H]|S T +;T

CNOT + Almost any 1-qubit gate _""T“": REEEEEER ,.

Almost any 2-qubit gate Certainly not practical!




Hardness of General U

4 )

Shannon: almost all Boolean function require ~ 2" gates.

o J
N

/Solovay—Kitaev Theorem

dquantum circuits that require (2" log(1/€)/log(n)) gates.
- J

We will be interested in those

5 that can be generated with poly(n) gates. )




Quantum Algorithms

@
A
) 22
A _
0) N Y
0) (A

(1) Preparation of an n qubit computational state

Quantum circuit from a universal set of gates

Measurement in the computational basis

[ Efficient if #gates is O(poly(n)). ]




DiVincenzo criteria for Quantum Computation

® Well-defined qubits

e Initialization to a pure state 000...0)
@ Long coherence times \%(|OOO 0) +[111...1))
@ Universal set of gates X1 [z] [ [S )T( :+: T :

@ Single qubit measurements AN e
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5. For QMA start with Wikipedia
1. Quantum NP - A Survey, Dorit Aharonov and Tomer Naveh, arXiv:quant-ph/0210077v1
2. Watrous, John (2009). "Quantum Computational Complexity”, arXiv:0804.3401.
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