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Kondo effect in an open environment

Motivations :
i. Study a well known phenomenon under new circumstances
ii. Many conceptual questions arise
iii. Benchmark for numerical methods e.g. extend DMRG to complex variables

Modeling open systems
- energy, particles not conserved, dissipation into environment
- non unitary evolution
- New phase transitions

Non Hermitian Hamiltonians, PT symmetry or not e.g H =p* + 3% + (z.fj)N

C. Bender

The Hermitian Kondo model, old problem, well studied
originated in metals, electrons scattering off a quantum impurity

Study a non-Hermitian, Lindbladian generalization
- Experiments using atomic gases (underway)

- New phases emerge

- competition energetics and dissipation



Kondo effect in @ metal

* Magnetic impurity in a sea of gapless fermions: H oia1 + Himp
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Hmetal — E €k¢£a¢ka Metal: Fermi sea,
. gas of electrons
~ — Kondo impurity coupled to
Hlmp — JSimp . S(O) the Fermi sea

5(0) = ¢! (0)Fap105(0) Electrons spin density

at impurity site



* For J >0 spin Y impurity is screened

Kondo effect in a metal - Singlet Ground State

Magnetic impurity in a sea of gapless fermions - Many-body screening (Kondo cloud)

* Magnetic susceptibility and resistivity

increaseas T — 0
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* RG interpretation: 5(J) = 75 = Pt Spg T
- only one phase System flows to strong coupling
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Closed Kondo system we @ @ > » @ H" sc
* Non-perturbative scale TK%De‘”/;J
K

* Impurity D.O.S pim () = e



Open Kondo syst

Example: AMO system of a two orbital fermionic quantum gas
e m - Atoms (e.g. 13Yp) in a metastable excited state play the role

of a spin S = 1/2 impurities

- Atoms in their ground state are mobile and act as itinerant

Kondo system coupled to an environment: spin S = 1/2 fermions.

- Two-body losses due to inelastic scattering between the
impurity and itinerant atoms are enhanced in the singlet
channel. (I. Bloch group 2018)
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Open Kondo System




EX p e r| me nt Riegger et al ’18 (I. Bloch group)

* Ultra cold gases with orbital and spin degrees of freedom allow localized and mobile magnetic moments
e.g. Ytterbium 173y

* Two orbitals can be represented in the two lowest-lying states of their electronic spin singlet and triplet manifold,
1Sy (denoted |g)) and 3P, (|e)).
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Open quantum systems:
Lindbladian (Born-Markov approx) Master equation

Simple derivation
arXiv: 1110.2122

* Lindblad equation for density matrix of the system p

pit) \+Z( LT/ ST - ;ﬁ(t)LL/LK>
No-jump terms

Unitary dynamics Jump terms

 Rewriting the Lindbladian

p(t) = —i (Heff p—pH

e )+ Y LupLl

with

Markovian environment:
i. Born approx.:
Weak coupling to environment

ii. Markov approx:
Erg correlation time
total relaxations time

2
Tenv <K Trel ™~ A/:u
A Typical system level spacing
[ Coupling to env

iii. Jump operators L,. time ind.

1/A < Trel

Heg:H—%;LLL




The Kondo Model in dissipative media

The Kondo Hamiltonian, (Cks describe mobile atomsings, f,metastable atoms in excited state)

/
H = E ekcLJcka + g Jc]Tmck/(,/UM/ - Simp + g J CLJCk/G
k,o k. k’ oo’ k. k’, o

With ZfTaM f! the local impurity spin fo local fermion

zmp

* Add 2-body Ioss operators

1 Nakagawa, Kawakami, Ueda
Ly = /27 + fre (0 ) )
TV gf(fM( )£ freul0) PRL 121, 203001 (2018)

Ly = 1/ 279 fr¢4(0)
Ly =1\/27egf1c,(0)
* Obtain the Effective Non-Hermitian Hamiltonian (dropping jump operators)
Hepr = Z GkCL(,Cka + Z (Jw + iJ%)CLJCk/a/%a/ Simp + Z (Ji + iJl%)CLgck’a

k,o k .k’ oo’ k. k’,o
imaginary part J is related to the rate I'g = D.Jg of two-body losses due to inelastic scattering.



Perturbative analysis (complex coupling J = Jg + iJg)
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* RG analysis Indicates

two phases:

screened and unscreened

Nakagawa, Kawakami, Ueda
PRL 121, 203001 (2018)

e We shall find other

phases in between



The Kondo Hamiltonian

(3d — 1d)

Hsy = Z ekcLJckg + Z (Jp + iJg)cLUckxaxamx - Simp + Z (Jp + iJ’g)cLJckzg

k,o k.k/ o0’

e Linearize to obtain low energy effective Hamiltonian

Route 1: sum modes, linearize

wea /d3k‘ 5(€E - 6) CECL
(eas v 1} = Sap6(e — v (e)

D Jde .
"pa(x) — /_D\/_;ezea: Yea

k. k/,o

cE,a —

_>
%
_>

X<0

(in)

Route 2: impurity geometry, keep s-waves

Ck,lm,a

Ck,0,0,a
CkF+q,a

Ya(z)

/\

x>0
(out)

Hld — _wajy(x) a:c 1%(3?) + (JéR + iJ%)wl(O)gaa’¢a’ (O) ) Simp + (Jég% + ZJ/%)¢$(O)¢J(O)

T,p.. <D

- Linearization valid for: N

Region of validity

—>

Equivalently, take the scaling limit: [ — o0



Construction of eigenstates, eigenvalues
* We wish to solve H|F> — E|F>

Ne
with |F) = /FGlmgNe,GO(xl...xNe) Hwij(xj)|0,00>
j=1

* Equivalently
}11271“.07Ve,00(kvl~-Jt]V6) — ly}?jl.”oqve,oo(kvl--Jx]Ve)

with
:—220 + (Jg +iJg) ZUJ imp O (J%—I—ZJC\ 25%

J
* Eigenfunctions are composed of plain waves, e.g. Consider a single electron:

| /]\ + /I\ | R S Impurity — electron S-matrix
\Z 4 (derived from Hamiltonian)
10 i x 01 '
Aal’ao ACM,CLO Z ' /
zka:' 10 01 01 _ 101b1b 10
Fa1ao (ZIZ) — [Aalaoe( ) T AamoH( )] where A, g, = Z[S layaoAbyb

b1bo



Construction of eigenstates, eigenvalues
* The eigen functions take the form  Fol 5 (z1.an) = D ) O(wg)AFe’ =i
Q

Where we divided configuration space into N! regions, N = N° + 1, according to the
ordering 71 <22 < - <0<---<xQNe

° The amplitudes Ag are Connected by S-matrices Sjk, Sj() ]\i 0 ]j
: _JI0 _ ;. pI0 -
* The impurity-electron S-matrix 870 = e‘”‘I ] Zch . eC \
: , 2.J i — e S s
with ¢ = =ce'?, ceR 0 i 0 i

2
1 — i Figure: Graphical representation of the yang Baxter equation

4

The electron-electron S-matrix ~S% = P¥

Satisfy the Yang-Baxter (Braiding) equation: ¢ §i0 gj0 _ ¢J040 g% guaranteeing consistency

/

* Impose periodic boundary conditions e M Ayl on = (Zj)or o Agr .o

g1...O0N

with the transfer matrix 7, = Sy giN® gs0

impurity

* Solve for the momenta k;, and the energy: E=)> k;

i



— N-M ——

The Bethe Ansatz Equations

» Diagonalizing the transfer matrix by means of the Scattering technique, — M=
we obtain: (for a state with M spins down and N — M spins up) M Is the number of down spins
Solution Expressed in terms of M spin - momenta: A1 --- Ay N — M The number of up spins
N = N€ + 1 Number of spins
L:ﬁA7—1+ic/2 S:(N—ZM)/2 The total spin
Ay —1—ic/2

M

Ag— Ay +ic (A —1—ig\Y (A, =147 —ig
— . Impurity term: it drives the A~ roots
H As — A, —ic (A — 1415 Ay —1+e™ ’“b—l—z% bury !

5=1,5%~ to complex values
« Where: 2J i - The phase gb plays a central role:
372 ¢€, C c R it determines the coupling to environment

1 — 4 -For ¢ = 0 one obtains the Hermitian BA eqns

* The allowed momenta
.M .
L — 2—7Tn 4 i Zlo Ay —1+ic/2 Note: The Aj --- A are complex for ¢ 7 ()
S PR 5 Ay, —1—ic/2 and so also k; are complex



The Energy

Charge part Spin part
\
27r —1+1ic/2 Energies are complex, since A;--- Ay

* The energy. FE = Z ZTL] + 7/— Z log A “1_ 20/2 are complex for gb # 0

J
- Charge-spin decoupling — 0
- The charge quantum numbers 77; satisfy 2mn; N* — T

— 27rNe

- The spin momenta A, solutions of the BAE determine the spin dynamics : L

Free electrons term The impurity term

A
[ ! ) [ 1

ﬁ As — Ay +ic (A7—1—¢5)N6(A7—1+cos(¢>+z'sm(¢)—z
5157&7/\5— —ic Ay — 14145 Ay — 1+ cos(¢) +isin(¢p) + 4

N[O (N0

)

* Take the thermodynamic limit: N — 00, L — oo holding D fixed

* The the scaling limit (Universality) D — oo



Solutions of the BAE: the dense set C and the bound mode

1]\—/[[ As — Ay +ic (Av —1— i%)Na <A7 — 1+ cos(¢) + isin(¢) — z%) .— |mpurity term (not a phase)
sty Do — Ay —ie \Ay —1+i5 ) \Ay — 14 cos() +isin(¢) +if

* The impurity term determines the nature of the solutions according to value of a = wsin ¢/c

* Forlarge N the roots A, fall close to the real line to order 1/N* forming a dense set (

W N=100
Numerical solution: 55515550
the Bethe roots are
driven to the real line
as N — oo
Figure: ground state Bethe roots for ¢ = v/1.5 and ¢ = %
« Also have isolated solution: Impurity string A;s =1— = — ¢ - denotes a local Bound mode

2

* When impurity Bound mode is occupied |B), when unoccupied |U)



The RG invariant scales and the Phase Diagram

* The model is characterized by two RG invariants:

Ty = 2D e T COS QS/C RG scale

a=Tsing/c

* Equivalently the complex Kondo scale

Ty = 2De” ™€ = Tyel®,

Coupling to
environment

* The parameter (¥ determines the phase diagram

* |nterms of couplings in Hamiltonian

20&/7‘(’ ~ JZ/J,,%,

Screened

Unscreened

K YR | LM
v) /{
1By |U)
1K) : U)
R(E) i
0 5 ™ %'n
O
J; <1




The Phase Diagram

Ay — 14 cos(¢) —isin(¢) —1

* The impurity term determines the phase diagram of the model (A7 — 1+ cos(¢p) — isin(¢) + i

- Becomes the impurity term of the Hermitian model when ¢ — 0
sin ¢

- The imaginary part of the denominator changes sigh when a = .

- Local bound state exits in the region 7/2 < ov < 37/2

The RG invariant & determines the phase structure of the model

« K denotes the Kondo phase where the impurity is screened by the
Kondo cloud in the ground state |K)

« LM denotes the local moment phase where the impurity is
unscreened in the ground state |U )

. YSR phase — the impurity is screened by single particle bound
mode in |B) state, but not screened in |[U ) state.

crosses 7T

Screened

)

N[O (N[O

Unscreened

|K)

U)

g
YSR

B)

LM

ﬁ/ )

U)

Ql\JI:i

N[




0<a<n/2 The Kondo phase

The ground state is a singlet — Impurity is screened by a multiparticle cloud

- Define density o(A,) =1/(Ay41 —A,), then Zf(Av)Z/dAO(A)f(A)

C C C

_ . —ig
- From BAE, the ground state solution density: ox(A) = E [Ne sech (W(A U) + sech (W(A l+e )]

- The number of down spins M = /dAao _N + ! %

- The ground state spin

v

S =

Ne +1 Ne+1 [Ne¢ 1
— |5 t5| =0

: —/JO(A)dA: 2



O<a<m/2

he Kondo phase: the magnetization

Applying a magnetic field excites a macroscopic number of spinons from —o0 to B

op(A) + /B T K (A= AYop (M) dA = f(A)

with  f(A) = ik : oI

T (22 + (A—1)2  7(c/22+ (A—1

The real part of the impurity magnetization (Solve by Wiener — Hopf)

% 13k (bgd k—3 —k—3
Z (=1 (k+3) (2_7r> (£> 2k+1 cos(a(2k + 1))
- !

Tk

|
o0
W [1 — g71'_% sin(7t)T (t + 1) (2_#) et(1-log(t) (—)
0 t 2 €

+ e—i¢)2

H<
cos (2ta) ]

o
o<

0.6
~ 0.4}

0.2+

||||||||||||||||||||||||

..........................

The model still flows to strong coupling at low field, screening the impurity

and to weak coupling at high field




0<a<m/2 The Kondo phase : The energy

M .
, 27 N Ay —1+4ic/2
The energy eigenvalues E = zj: kj = > nj+ i ;log N
N2 (i — 501+ 55)
* The ground state ener Eox = — —iD1 2 < 2¢ has real and imaginary parts
- Real part R(Fok) energy of the state

-Imaginary part ~ $(Egg) = —Tg + O(D/log(2D/Tk)) with  To=DJg

e The Excitations

spin excitations: holes in the dense set of A - solutions, quartets, strings, bound states ..

- Fundamental spin excitations: spinons S*=1/2,E(A) = 2De e A1)

A is the location of the hole (complex)
Complex excitation energy E(A) = E + i['(F)

I'(E) is the decay rate (I'(E) < 0) or enhancement rate (I'(E) > 0) of the spinon states relative to the Kondo ground
state.

- Two spinons can be combined symmetrically or anti-symmetrically to form triplet and singlet spin excitations.

Charge excitations decoupled spinless holons, holes




0<a<n/2 The Kondo phase: The DOS

* Excitations: spinons carry spin %, no charge, complex energy E = 2D67TA = F + ZI‘(E)

he spi £)dg = o(0) 22 s is given b (<‘5)—L+1 1o
-The spinon DOS  p(£)dE = o(A)—-dE isgivenby  pr(c) = o T E2+ 17
bulk Impurity

- Define DOS in terms of real energy pi (F)dE = pi (E)dE it can be found in terms of T'(E), ik (E) = R(px (E)) + O(1/L),

pi(E) = px(E +i0(E))(1 +i0T(E)/OFE) € R

- Spinon decay rate T'(E) :l tanh ™! < 22ETK2 sin a) < 1, Valid for most couplings and energies,
L B2+ Tk but log singularity for « — /2, E — Tk

- For most couplings and energies T'(E) > 0 hence the states with one spinon have a longer lifetime than the Kondo
ground state itself. This indicates that it is dynamically advantageous to remove a state from the Kondo cloud.

- This lowers the amplitude for a singlet state to be formed at the impurity site

- we expect the Kondo state to be dynamically unstable against depopulation of the screening cloud through single spinon
excitations (experimental prediction), but it is a 1/L effect.



0<a<m/2  The Kondo phase: the DOS

e We note: - States with one spinon have a longer lifetime than the Kondo ground state itself, I'(E) > 0
- it is dynamically advantageous to remove a state from the Kondo cloud
- this lowers the amplitude for a singlet state to be formed at the impurity site, avoiding losses.
- But the time scale for such a process being « L, so Kondo state is dynamically stable

0.35}
0.30
0.25 Shift
 The impurity DOS g 020 observed
= by STM
0.10
E|l cosa 1+ (E/Tx)? 0.05 .
Pimp \p | ™ 7T 1+ 2(E/Tx )2 cos 2a + (E/Tx )*’ NI I
E/Tk

- As a varies from 0 to 1t/2, the impurity DOS changes from a pure Kondo behavior at o = 0 with a peakat £ = (, toa
situation where the peak is shifted to E, = v2sina — 1 Tx when a > 7/6 . Eventually, when a — (7/2)” the DOS

develops adeltapeak at E =Tg : p(F)) =L/27+1/26(F —Tk)

- Therefore, as a increases (so does the bare loss rate J ) the number of modes that contribute to the Kondo
screening of the impurity decreases until there remains one single mode at £/ = T’k when a - n/2.

- We interpret this transfer of spectral weight towards 1’k as announcing the apparition of a bound state when « > 7T/2



r/2<a<37/2 The Bound-Mode phase

A new isolated solution appears in addition to the dense set of solutions of BAE(C - |
Impurity String (1S) Ag=1— L _¢-id K v5R | LM
2 1U) | B)
* The state may be occupied (in addition to (?) denote: |B> , or unoccupied, denote |U) - 1By} 10) -
IS energy of the occupied state w.r.t. unoccupied state R
1 | |
EISIEOB(NG)—§(E0U(Ne+1)+EOU(N6_1)):_%JF(EbJFZFb) R
where |Fp = —Tgsina and I'y =Tk cosa <0

* Occupying the IS state in the range /2 < a < 1t lowers the energy leading to a ground state |B),
while in the range 1 < a < 3m/2, not occupying the IS lowers the energy leading to a state |U )

* Inthe state | B) the impurity is screened by a single particle bound mode localized near it, the
impurity and the bound mode forms a singlet. (similar to YSR state in a SC)

« The bound state energy imaginary part 1y = T’k cos @ < 0 gives the bound state a finite lifetime.
Hence, in the Y SR phase, even in the regime 7/2 < a < 7, the impurity is eventually found to be
unscreened at long enough times po—l >t Tyt

» This reflects the fact that the quantum phase transition between the Kondo and unscreened phases is
dynamically induced by losses.




/2 <a <3r/2 The Bound-Mode phase

* Thestate |U) - the bound mode is not occupied

_ 1 N°© 1 1 i(A— Ars)
= The root density ou(h) = 2¢ cosh T(A—-1) * 2 <Z(A —Ags) v ( 2c ) v (

e

- The number of solutions M = / dA oy (A) = N
R

Spin of state S* = +1/2 : impurity unscreened

- The ground state energy

- The spinon DOS as a function of real £ wefind  py(E) = Rpy (€)

dA
where py(€) = OU(A)E and £ =F +['(F)

0.20f
0.15§
0.10¢
0.05¢
0.00f+
-0.05¢
-0.10¢

Screened

Unscreened

V5R

vy | AB

LM

ﬁ/ U

)
)

U)

- We observe that the contribution of the spinons to the DOS can be positive as well as negative depending on
the energy. We conjecture that the positive contribution corresponds to a partial screening of the impurity and

negative contribution to the DOS as the signature that spinons do not participate to the screening of the impurity




/2 <a<3r/2 The Bound-Mode phase weallleve

* The state |B) -the bound state is occupied K | 75 | LM
. . o v b
- The continuous root density and ground state energy are analytic continuations B 10y
T2 < a< 3m/2 %) i o)
of the Kondo phase to region R(E)

op(A) =ok(N), Fop = FEox, a€ (n/2,31/2). — : i

- The spinon DOS _22‘5’
N — e ~0.10}
IOB(E) — ngK(E) +5(E_Eb) 2 -0.15
S _0.20f
~ . . . . -0.25¢
- éRpK(E) is the analytic continuation to « & (7T/2, 7T) o030l
-0.35L . . . . . ]
- The delta function contribution comes from the bound state. o 1t 2 3 4 5 6

E/Tk
- The impurity contribution to the spinon DOS is always negative. However, due to

the positive delta function contribution the integrated density of state is positive and equals to %
as in the Kondo phase.

- We interpret the negative contribution of the spinons as the signature that they do
not participate to the screening of the impurity in the |B) state, only the bound state does.




a>3r/2 The Local Moment Regime

-For > 37/2 thereis no single particle bound state
the impurity can not be completely screened.

- For N° even, the total spin of the ground state is S=1/2 and it is described
by the analytical continuation of |U) tovaluesof «a > 37 /2

1 N¢ 1 1 1A iN+c
ou(h) = 2ccosh Z(A —1) +% (E—F\I} (2_0) _\I}( 2c ))

- The ground state root distribution and the density of states are given as
above. The impurity is partially screened by the positive part of DOS.

R(E)

|K)

LM

U)




Dissipation driven phase transition

We saw Ey=-—Tksina and I'y =Tkgcosa <0

so bound state energy £ is negative for a < 1 and positive for a = .

On the basis of purely energetic considerations, the impurity is screened (resp.
unscreened) in the region a < 1T (resp. a = 1) with a first order phase transition at a = 1
where the two states cross.

However, since I'y, < 0 even when a <, the impurity is eventually found unscreened
at sufficiently large time /Ty >t > 7 =1/[Tj|

Indeed, consider the system with 77/2 <a<T:
prepare the state of the system at time t = 0 in a linear combination of the unscreened
and screened states |¢)) = u|U) + b|B) .

After some time t (including losses)

(1)) ~ (ulU) + be~"/™|B))e "o
So that whenever u 7& 0 afteratime ¢ > 7, the system will be in the unscreened
state |U ).

LM

|K)




Kondo spin at the edge of a 1-d superconductor

"""" T 1 /T\' | 1 1 1 1 !

| IV | quentum

________ o ! ! /!\l\lll 1 I Spin 1/2
—qg— J

1-D superconductor coupled to a Kondo spin

Pasnoori, Rylands, Andrei
Phys. Rev. Research 2, 013006 (2020)

Pasnoori, Rylands, Andrei, Azaria
Phys. Rev. B 105, 174517 (2022)

Model is integrable for any g (bulk coupling) and J (impurity coupling)

H = HO + Hint + Himp
0
Hu = —g / 0z W) (G - Fo) YROVLA

L
2

Himp = —J (Eab ) S_;cd) wzCL(O)wa(O)

Open boundary conditions:

U (0) = ¢l (0) ¥k (—L/2) = —¢},(~L/2)

Charge conserving 4 fermion interaction term
- Open SC gap



Model is integrable for any g and J

2
Bulk parameter b= (1-g°/4)/29
Convenient
parameters n1_372/4 |
RG invariant d:\/bz— ( 3J/)—1 d € R d = 1a

« The bulkis gapped A — pe—

a /2 1 372 “ * Three regimes - depending on
Kondo YSR Unscreened relative values of g and J
e Kondo 7T« =AV1+cosh’rd — De /27
a . . J>q
RG invariant e YSR

J > 2g J ~ 2g J < 2g * Local moment



Conclusions and Outlook

* Kondo correlations vs dissipation: A dynamical phase transition occurs at & = 7T/2
due to the inelastic collision between the impurity and itinerant atoms in a Kondo system
in open quantum setting . Recall & is an RG invariant parameter which describes the
coupling to the environment.

e For @ < T/2 the Kondo physics survives where the impurity is screened by multiparticle
Kondo cloud.

* Adynamical phase appear when 7/2 < a < 37/2 where two distinct kinds of states
exist: one where bound mode is formed at the impurity site which screens the impurity
spin and another where impurity is unscreened.

 For 37T/2 < & the impurity cannot be screened.

* Note that even in the Kondo-phase only for narrow regime o < /6 the density of

states has a Lorentzian peak centeredat £ =0 butwhen o > 7T/6 the peak in the
spinon density starts to move away from F =0to F =Tk .

* Dissipation plays role analogous to SC condensate: removes electrons from the Kondo cloud



