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IMFL&: a (efficient c{esaripémm of a) simytwmt
complex K and an integer, L

OMEFME: yes U K has an L-dimensional hole, no
otherwise




Why is this Prob
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o It has apptwaﬁmms nfor %opoi.ogwai. . x '-

data analysis - a practically useful
problem! (Li et al, 2015)

closely related probtem - can bthak
algorithm be dequantised? (Lloyd et
al, 2014




Wh&&,ﬁ iAo wi o‘bQ‘ME (ke
complexiby?

@ The prabtem was first defined ﬂfarmattv LA
2002 (Kaibel-Pfetsch, 2002) & NP

o It is known ko be NP-hard and rekains iks
hardness whewn restricted to «t‘:i&qu@.
complexes (Adamaszek-Stacho, 2016) and
when restricted to ci.i;que dense tc;:»mpl@.xes

(Ltcwjd*‘s«tkmic&kub@.r 2022)

o A similar problem for general chain
complexes was shown to be @MA:-hard Last
year (Crichigno-Cade, 2021)



Homology is QMA1-hard, and rebains iks
hardness when reskricted to dique
c:c:-mpi.exes and ko c:i.i;qu@. dense
ﬁumptexesﬂ
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€— OMA-hard



Why should this (seemingly classical problem) be
relabed bo quav\%um Comptex&v classes?

Homology

Can we use khis rei.aﬁmmship Fo achieve qu&v\&um

r N

Quantum Computing SUSY QM

K"

advantage for problems related to homology?



o Overview of sémytiﬂial komoiogj
o Quantum k-SAT
o Our reduction from quantum k-SAT to homology

o Quantum advantage for topological data analysis?
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Stimplicial complexes are formed
bv gluing along faces







Properties of the boundary operator

° Cycles dont have boundaries: d,c =0

d The baumdarv of a baumdarv vanishes: d,_;0, = 0




Holes ia sivm F'i. Letal com PL eXE S
A hole, c:

D 18 o ﬁvﬁi'ef apC' —(0) —

c € ker(d,)

o ESM’& a bOMMC&O\T’U C 7& ap+1v

L N/

_-2-d hole
1-d hole EEET 7% /




Homutagj groups

Griven a simyti&&at &omptex, K, wikh bouhc&arfj
operator d define:
ker(a,)

HP(K) e Wp_l_l)

Given a simplicial complex, K, and an integer,
p, decide if H(K)#0 or H(K)=0



o The independence (&i.&que)
ﬂOMFLQX [ (G) (Cl(G)) Qﬂf 7% find all k-indeper\gem‘ gete:

k-gubgete of  that are dieconnected

gra[ﬂh ts the s&mguami

complex defined bj LEks

independent sets (cliques)
o We are inberested in clique

camytexes, but CI(G) = I(G)
and i the reduction we focus
on imd@;pav\démté tc;a»mpi@.xas




yuanktum k-SAT and QMA;



Com class QMA,

Definition 2 (QMA;). A promise problem LyesU Ly, C {0,1}" is contained in QMA; if and only
if there exists a uniform polynomial-size quantum circuit family Ux over the gate set G such that

If X € Lyes there exists a state |IW) such that AP (Ux, |W)) =1 (perfect completeness).
If X € L, then AP (Ux,|W)) < % for any state |IW) (soundness).

=1 Eff X i Lyes
m>{

< 1/3 Lﬂf X i Lao




C.om class QMA 1

A common choice of universal qate set is:

G = {H,T,CNOT},

However any sek {CNOT, Ul is universal if U is basis changing.
We choose {%NOT U, waﬁfota whﬁre*

(Rational coefficients - important Later)



Quantum k-SAT [Brawi, 2006]

Given get of n-qubit, k-local projectors

H=2>TJ
a. d

decide if
HIY> = 0

for some |¥)
YES

promiged one ig the cage.

a =1, .., m=poly(n))

YH ¥ > &
for all |4 )




Theorem;  [Brawi, 2006] [Gosset-Nagaj, 2013]

Quantum 4-SAT is QMA-complete




Theorem:  [Brawi, 2006] [Gosset-Nagaj, 2013]

B Quantum 4-GAT is QMA-complete

Iy = Z I1,(Uyx)

R E‘“f A'Q LYesi HX ‘ Whist > =0
- X € Ly, <yl|Hxly > 2> eVy

Exaﬁﬂfj zero



Theorem Brayi, 2006] [Goscet-Nagaj, 2013]

Quantum 4-SAT ig QMA;oomplefe

Z (lal)(al| + |a2)(a2|); ® (|al){al| + |a2){a2|)s.

1<j<k<L

Z (lal)(al| + |a2)(a2| + |u)(u|); ® |d){d|k,

1<j<k<L

S Judul; @ (Jad){al| + [a2)(a2] + |d)(d])x,

1<j<k<L

>l (dl; @ fu)(ulsr.

1<j<L-1




In order to reduce from guantum k-SAT to homology
we need to encode the following projectors into an

in&epemdemce ccwmpi.ex:

) (110) —01))
5 1010) (]10) — [01))

=5 11) (|011) — [100))
,
i,

H6

clock?’ clock? clock?




Reduction from quantum
—SAT to homology




procfile

o Construct a graph where the independence complex has 2+ (n-1)-
dimensional holes

RS on holes!

o Construct gadgets which *fill i’ holes corresponding to the projectors
A quantum k-SAT

® Build up the graph corresponding to Hy - any remaining holes are
so\&sﬂﬁjw\xg solutions to quantum k-SAT



Constructing the holes

Consider n disconnected kriangles:
SN/ N 7N
b
The EMAQPQ“‘&QV‘*@@- &OMF’LQx, 2. =1(G)), has dimension n and:

b, b2

HE) #0C H .5 Ve (C)>" HZ)=0Vi#0n-—1

Hilbert space of n qubits!



Constructing 2 gubit projectors




Constructing 2 gubit proje

We have H (X)) = C* and can choose a basis:

!OO? — IX1X23 + {XZOL]_] + {Qlﬁzj 8/ fﬁlej



Constructing 2 gubit proje

We have H (X)) = C* and can choose a basis:

lol> = [xaxz] + [xea1] + [asbz] + [baxa] a5




Constructing 2 gubit proje

We have H (X)) = C* and can choose a basis:

110? = {xJ.Xz] ” {XZbl:} <5 {b:l.&z] x {0\2X1] lo ©




Constructing 2 gubit proje

We have H (X)) = C* and can choose a basis:

lll? — [XlXZJ i fX2b1] r fblsz e szxlj




Constructing 2 qubit projectors

Consider the classical grajec&or [I=]00><00]|, we need ko
fill in the cycle corresponding to |oo»:

mediator induces interactions +
bo by Lifting the required state



The same process works for the other computational basis
states. For the entangled states things qet a Little more
COM thica&ed. "

[IT=(]|00>—-|11>)(<00|—-—<11])




Space of eatiefying golutiong to

i -

T = ([o0>—{u>)(<oo| - )




Penglizes state lus)_

Hll)rop,t _1 |1O> |11>_ |OO>) ‘

Taking stock... Hyrop(CNOT) jo1) fj10) - o1)) |
Hrop (CNOT) —4100) §/10) — [01)) §

000)} 1)~ 01)
)
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=
=
o
[
= | =

Pd
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Cownstructing three qu,bELE Projeﬂﬁors

L1

To cownstruct three qu,bi;E proje&&ars wWe
need ko fill in three dimensional voids.

£.9. to Lift the state |000> we need bto fill

the void: e




Constructing three qubit projectors

L1

To cownstruct three qubi;ﬁ proje&&ars wWe
need ko fill in three dimensional voids.

£.9. to Lift the state |000> we need bto fill

the void: 2

Which we do by adding a mediator:



Comstructing three

qubit proje

To cownstruct three qu,bi;E Proje&&ars wWe
need ko fill in three dimensional voids.

£.9. to Lift the state |000> we need bto fill [0
the void:

This t‘::c:-rr@s[zmmds to Ehis new grapk



Constructing three qu,b LE F?rc)j ectors

To fill in entangled Fraje&&ors we have to fill take Linear
combinations of voids, as we did in the 2-qubit case:

b3

101)

101) — |010)




Constructing three qu,b LE F?rc)j ectors

Again we do this by

O o
A N\
adding mediators, and ~ ~
connecting them to the
faces surrounding the .
<N
\{\ /
@ @

void to £ill in,




Constructing three qub& Fwwje&urs

L1

This gives a graph:




Penalizes state |tq)
Hprop. A0 §11) — [00))
Taking stock... Hyrop(CNOT) o1 §j10) — o))
“ H,op.+(CNOT) —4(00) §10) — [01))
Hop + (Toffoli) —5 000} [10) — [01))
H rop .+ (Toffoli) A 101)|10) — |01))
H yrop,+ (Toffoli) —101010) — |01))
Horop s (Upyin.) — (=5011) + 4]100) + 3]101))
Horop t(Upyih.) — (=5]010) + 3|100) — 4]101))
Hrop.t(CNOT) 4 [1)§101) —[010))
H prop,t (Toffoli) —zI11)§[101) —[010)
H,.op+(CNOT) —4|1)§011) — [100))
H_;op . (Toffoli) 2 11UN1011) — 100) 8
1
Hclock ‘OO>
Hclzock | ‘11>
Just the Pythagorean  Hi How UL
H H H H 11100

S&&Q Lﬁ ﬂf& ! clock?’ *“clock?’ ““clock?’ ~~clock ‘ :

1




The ‘Pvﬁkagaream pro Je&%ors are the mas& %Q&hm{tat
challenging gadqets to construct:

lw>=—-5|011>+4|100>+3|101 >




The ‘Pv%kagar&am Prqjea&ors are the most kechnical

1]

challenging gadqgets to construct:

We can then qlue the A
faces along the shared face

wikh opposcﬁe orienbkation:
®
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J5110) (|11) — [00))
73101) (10) — |01))
75 100) (]10) — |01))
J51000) (]10) — [01))
J51010) (]10) — 01))
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) ) )

—5010) + 3|100) — 4 |101
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C'.Lique / Ev\dejemdem:e lnc;:»motogj
are QMA1-hard with the graph, G,
given as ELMFME

We also show Ehal Ehe Probtem renaiing
QAMA1-hard whein reskricted bo clique*
dense &C)MPL@.XQ&




Can we pin dowin the f:o:mptexi;&v more?
A promise version of the problem is QMA
conkained in QMA - but ks not clear
that our inikial construction sabisfies
the promise.

We are workihng o a hew cownstruction
that does satisfy the promise - should
appear slmo»r&tv!
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