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Outline

I Motivation: The pion electromagnetic form factor

I Pion light cone distribution amplitude (LCDA)

I Lattice determination of second Mellin moment

I Progress towards lattice determination of fourth Mellin moment

I Conclusion
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Characteristic Features

LQCD = q(i /D −m)q − 1
4

Ga
µνGµν

a

I Simple to write!

Figure 1: PDG, 2015
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The Central Goal of Hadronic Physics

How do we reconcile the observed spectrum and structure of
hadrons with QCD?
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Figure 2: Image of gauge field configuration taken from J. Charvetto. See arXiv:1903.08308
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The Pion as a testbed

I Pion complex composite object.

I Quarks charged under U (1).

I Electron clean probe of quark dynamics.

I Lorentz decomposition for spin-0:

= Lµ 〈π(p2)| Jµ(q) |π(p1)〉 = Fπ(q2)L · (p1 + p2)

I VMD (space-like):

Fπ(Q2) =
1

1 + Q2

Λ2

=
1

1 + 〈r2〉
6 Q2

≈
m2
ρ

Q2 + m2
ρ
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Fπ(Q2)

10−2 10−1 100 101 102

Q2 (GeV2)

0.0

0.2

0.4

0.6

Q
2
F
π
(Q

2
)

(G
eV

2
)

Monopole

Determination of mellin moments of the pion lcda using the hope method: September 13, 2022. 6/ 54



e + π Scattering at Large Q2

I Cross section combination of long distance and short distance physics.

QCD αs(Mz) = 0.1181 ± 0.0011

pp –> jets
e.w. precision fits (N3LO)  
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f (ξ, µ2)H (ξP) = (long distance)⊗ (short distance)
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Factorization for Fπ(Q2): 1979

I φM (x, µ2): Light Cone Distribution Amplitude (LCDA): Probability
amplitude

I Factorization theorem:

Fπ(Q2) =
large Q2

∫ 1

0
dxdyφM (y,Q2)TH (x, y,Q2)φM (x,Q2)

=
large Q2

∫ 1

0
dxdy

(
×
[

+

]
×

)

=
large Q2

16π αS(Q2)

Q2 f 2
π ω

2
φ(Q2)→ 16π αS(Q2)

Q2 f 2
π

ωφ(Q2) =
1
3

∫ 1

0
dx

φ(x,Q2)

x
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A New Experimental Approach: JLab (2008)
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A New Experimental Approach: JLab (2008)
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Insight from SDE

Fπ(Q2) =
large Q2

16παS(Q2)

Q2 f 2
π ω

2
φ(Q2) , ωφ(Q2) =

1
3

∫ 1

0
dx

φ(x,Q2)

x
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What is φπ(x, µ2 ∼ 2 GeV2)?

Determination of mellin moments of the pion lcda using the hope method: September 13, 2022. 12/ 54



Calculating the Pion LCDA

I Only ab-initio method to calculate non-perturbative QCD: Lattice
QCD.

I Problem: LCDA defined as
〈
Ω
∣∣ψ̄(z−)γµγ5W [z−,−z−]ψ(−z−)

∣∣π(p)
〉

= ipµfπ

∫ 1

−1
dξeiξp+·z−φπ(ξ, µ2)

z3

z0 z−z+

z2 = 0
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Options

I Calculate Mellin moments directly:

〈ξn〉 =

∫ 1

−1
dξ ξnφπ(ξ, µ2)

I G. S. Bali et al., JHEP 2019.
I V. M. Braun, et al., PRD 2015.

I Utilize Factorization Theorem
I X. Ji, PRL 2013.
I A. V. Radyushkin, PRD 2017.
I Ma, Y.-Q., Qiu, J.-W. PRD, 2018.

I Match hadronic matrix element to OPE
I V. Braun and D. Müller, EPJC 2008.
I W. Detmold and C. J. D. Lin, PRD 2006.
I Chambers et al, PRL 2017
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Operator Product Expansion

=
∑

n

C (n)
W (Q2, µ2)× On +O(1/Q)

I C (n)
W

(
Q2, µ2

)
Wilson Coefficients

I Twist-2 operators:

Oµ1...µn
2,n (µ) = ψγ{µ1(iDµ2) . . . (iDµn})ψ − tr

I Matrix elements related to moments

〈Ω| Oµ1...µn
2,n (µ) |π(p)〉 = fπ

〈
ξn−1〉pµ1 . . .pµn
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OPE for Hadronic Matrix Element

I Consider matrix element

V µν(p,q) =

∫
d4zeiq·z 〈Ω|T{Jµ(z/2)J ν(−z/2)} |π(p)〉

I Perform operator product expansion:

Q2 = −q2 large scale

ω =
1
x

=
2p · q

Q2 expansion parameter

V µν
OPE(p,q) = K [1 + ω2 〈ξ2〉+ . . . ] + O(αS)︸ ︷︷ ︸

Perturbative corrections

+O(1/Q3)︸ ︷︷ ︸
Higher twist
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Heavy-quark OPE

I Replace
Jµ → JµΨ = Ψ(x)Γµψ(x) + ψ(x)ΓµΨ(x)

I With hierachy of scales:

ΛQCD � mΨ ∼ Q � 1
a

I OPE becomes

=
∑

n

C (n)
W (Q2,m2

Ψ, µ
2)× On +O(1/Q)

V µν
HOPE(p,q) = K [1 + ω̃2 〈ξ2〉+ . . . ] + O(αS)︸ ︷︷ ︸

Perturbative corrections

+O(1/Q̃3)︸ ︷︷ ︸
Higher twist
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Advantage of Heavy Quark OPE
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Recap

I Pion LCDA φπ(ξ, µ2) important in description of Fπ(Q2)
I Long-range sensitive: non-perturbative.
I HOPE method allows for determination of moments:

〈ξn〉 (µ2) =

∫ 1

−1
dξ ξnφ(ξ, µ2)

I HOPE Method:

V µν
LQCD(p,q; a) =

∫
d4zeiq·z 〈Ω|T{JµΨ(z/2)J νΨ(−z/2)} |π(p)〉

V µν
HOPE(p,q; a) = K [1 + ω̃2

〈
ξ2
〉

+ . . . ]

〈
ξ2
〉
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Calculating
〈
ξ2
〉
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Calculating the LCDA on the Lattice

Cµν
3 (τe ,pe , τm,pm) =

∫
d3xed3xmeipe ·xe+ipm·xm 〈Ω|T{JµΨ(xe)J νΨ(xm)O†π(0)} |Ω〉

~pe

~pm

Jµ
e (~xe, τe)

Jν
m (~xm, τm)

π†
(
~0, 0

)

Euclidean time
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Calculating the LCDA on the Lattice

I Large Euclidean time

Cµν
3 (τe , τm; pe ,pm) ∼ Rµν(τ ; p,q)

Zπ(p)

2Eπ(p)
e−Eπ(p)(τe+τm)/2 ,

where

Rµν(τ ; p,q) =

∫
d3zeiq·z 〈Ω|T{Jµ(z/2)Jµ(−z/2)} |π(p)〉

=

∫
dq4

2π
V µν(p,q)

I identify

pE = (iEπ(pe + pm),pe + pm), qE = (q4, (pe − pm)/2)
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Optimizing Kinematics

I OPE proportional to

V µν(p,q) ≈ K [1+
〈
ξ2〉 ω̃2]

ω̃ =
2p · q

Q̃2
=

1
x̃

I Evaluate HOPE for
|ω̃| < 1.

I p = (1, 0, 0) −5.0 −2.5 0.0 2.5 5.0
q4 (GeV)

0.0

0.2

0.4

0.6

0.8

1.0

|ω̃
|(

G
eV

)

p = (0, 0, 0), q = (0, 0, 1)

p = (1, 0, 0), q = (1/2, 0, 1)

p = (4, 0, 0), q = (2, 0, 1)
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Ensembles Used

L3 × T a (fm) Ncfg Nsrc NΨ

243 × 48 0.0813 650 12 2
323 × 64 0.0600 450 10 3
403 × 80 0.0502 250 6 4
483 × 96 0.0407 341 10 5

I Quenched approximation with mπ = 550 MeV

I Wilson-clover fermions with non-perturbatively tuned cSW

I With clover term, results fully O(a) improved

I Axial current renormalizes multiplicatively: Aµ → AµZA(1 + b̃Aam̃q)
I This only affects overall normalization (not 〈ξ2〉)
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Higher-twist/Lattice Artifacts tradeoff
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Extraction of Parameters at a = 0.06 fm

R[µν](τ,p,q) =

∫
dq4

(2π)
eiq4τV [µν](p,q)

0.0 0.2 0.4 0.6
τ (fm)

0.00000

0.00001

0.00002

0.00003

1 iF
−

1
[R

eV
[µ
ν

] ]
(G

eV
2
)

0.0 0.2 0.4 0.6
τ (fm)

0.00

0.01

0.02

0.03

1 iF
−

1
[I

m
V

[µ
ν

] ]
(G

eV
2
)

I p = (1, 0, 0), q = (−1, 0,−2)
I Extract parameters: fπ, mΨ,

〈
ξ2
〉
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Fits to Various Ensembles

〈
ξ2〉 (µ2; a,mΨ) = 〈ξ2〉+

A
mΨ

+ Ba2 + Ca2mΨ + Da2m2
Ψ

0.000 0.002 0.004 0.006
a2 (fm2)

0.15

0.20

0.25

0.30

〈ξ
2
〉

mΨ = 1.8 GeV

mΨ = 2.5 GeV

mΨ = 3.3 GeV

mΨ = 3.9 GeV

mΨ = 4.6 GeV

Determination of mellin moments of the pion lcda using the hope method: September 13, 2022. 28/ 54



Fits to Various Ensembles

〈
ξ2〉 (µ2; a,mΨ) = 〈ξ2〉+

A
mΨ

+ Ba2 + Ca2mΨ + Da2m2
Ψ

0.000 0.002 0.004 0.006
a2 (fm2)

0.15

0.20

0.25

0.30

〈ξ
2
〉

mΨ = 1.8 GeV

mΨ = 2.5 GeV

mΨ = 3.3 GeV

mΨ = 3.9 GeV

mΨ = 4.6 GeV

〈ξ2〉 = 0.210± 0.013 (stat.)
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Combined Uncertainty

〈ξ2〉 = 0.210± 0.013 (statistical)

± 0.016 (continuum)

± 0.025 (higher twist)

± 0.002 (excited states)

± 0.0002 (finite volume)

± 0.014 (unphysically heavy pion)

± 0.002 (fit range)

± 0.008 (running coupling)

〈ξ2〉 = 0.210± 0.036 (total, exc. quenching)
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Comparison to Literature

0.2 0.3
〈ξ2〉(µ = 2 GeV)

This work, TMR

This work, Mom

Zhang et al.
(2020)

Bali et al.
(2019)

Arthur et al.
(2011)

Del Debbio et al.
(2003)
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Calculating
〈
ξ4
〉
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Recap

V µν
LQCD(p,q; a) =

∫
d4zeiq·z 〈Ω|T{JµΨ(z/2)J νΨ(−z/2)} |π(p)〉

V µν
HOPE(p,q; a) = K [1 + ω̃2

〈
ξ2
〉

+ ω̃4
〈
ξ4
〉

+ . . . ]

〈
ξ2
〉
,
〈
ξ4
〉
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Optimizing Kinematics

V µν(p,q) = K [1 + ω̃2 〈ξ2〉+ ω̃4 〈ξ4〉+ . . . ], ω̃ =
2p · q

Q̃2

I Choose p = (2, 0, 0)× 2π/L

−5.0 −2.5 0.0 2.5 5.0
q4 (GeV)

0.0

0.2

0.4

0.6

0.8

1.0

|ω̃
|(

G
eV

)

p = (0, 0, 0), q = (0, 0, 1)

p = (1, 0, 0), q = (1/2, 0, 1)

p = (4, 0, 0), q = (2, 0, 1)
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Lattice Details

L3 × T a (fm) Ncfg NΨ

243 × 48 0.0813 6500 2
323 × 64 0.0600 4500 3
403 × 80 0.0502 O(5000) 4
483 × 96 0.0407 O(5000) 5

Still to come...

I Quenched approximation with mπ = 550 MeV

I Wilson-clover fermions with non-perturbatively tuned cSW

I With clover term, results fully O(a) improved
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Ratio Method

I Excited state dependent only on sum te + tm.

Cµν
3 (te , tm; pe ,pm) = Rµν(te − tm; p,q)

Zπ(p)

2Eπ(p)
e−Eπ(p)(te+tm)/2 + . . . ,

I Define t+ = te + tm, t− = te − tm.

Cµν
3 (te , tm; pe ,pm) = Rµν(t−; p,q)

Zπ(p)

2Eπ(p)
e−Eπ(p)t+/2 + . . . ,

I Consider two sets of time; (te , tm) and (t ′e , t ′m) = (te + δ, tm − δ)

t ′+ = (te + δ) + (tm − δ) = te + tm = t+

t ′− = (te + δ)− (tm − δ) = te − tm + 2δ 6= t−
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Ratio Method

I Construct ratio with fixed t+, varying t− (δ = −1)

R =
Cµν

3 (te − 1, tm + 1; pe ,pm)

Cµν
3 (te , tm; pe ,pm)

=
Rµν(te − tm − 2; p,q)

Rµν(te − tm; p,q)

Zπ(p)
2Eπ(p)e−Eπ(p)(te+tm)/2

Zπ(p)
2Eπ(p)e−Eπ(p)(te+tm)/2

[
1 + . . .

]

I Need two te , ie te and te − 1
I No need for 2-point data!

I No renormalization required.

I No fπ
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Operator Optimization

I Momentum smearing (Bali et al)

I Variational analysis:

Oπ(x) = c1O1(x) + c2O2(x), O1(x) = ψγ5ψ, O2(x) = ψγ4γ5ψ

Cµν
3,GEVP(te , tm; pe ,pm) = c1Cµν

3,γ5
(te , tm; pe ,pm)

+ c2Cµν
3,γ4γ5

(te , tm; pe ,pm)
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Excited State Contamination

R ==
Rµν(te − tm − 2; p,q)

Rµν(te − tm; p,q) �����������Zπ(p)
2Eπ(p)e−Eπ(p)(te+tm)/2

Zπ(p)
2Eπ(p)e−Eπ(p)(te+tm)/2

[
1 + . . .

]

15 20 25
t+/a
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0.25

R
ev

en
(t

+
,t
−

)

t−/a = 4 (te = 1
2(t+ + t−))

χ2/dof = 1.32

χ2/dof = 0.72
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te/a = 8

Determination of mellin moments of the pion lcda using the hope method: September 13, 2022. 41/ 54



Example at fixed lattice spacing

R(t−,p,q,mψ,
〈
ξ2〉 ,

〈
ξ2〉 ; a) = RHOPE(t−,p,q,mψ,

〈
ξ2〉 ,

〈
ξ2〉) +O(a2)

−10 −5 0
t−/a

0.0

0.1

0.2

0.3

R
ev

en
(t

+
,t
−

)

−10 −5 0
t−/a

0.0

0.2

0.4

0.6

0.8

1.0

R
o
d

d
(t

+
,t
−

)

L/a = 24, mΨ = 2.0 GeV,
〈
ξ2
〉

= 0.17± 0.04,
〈
ξ4
〉

= 0.07± 0.02
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Status of Calculation
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Gao et al. (2022)
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y

〈ξn〉 (a,mΨ) = 〈ξn〉+
A

mΨ
+ Ba2 + Ca2mΨ + Da2m2

Ψ
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Further Work & Conclusions

I First numerical determination of LCDA using HOPE.
I
〈
ξ2
〉

= 0.210± 0.036 in good agreement with other groups.

I Introduced ratio method: no renormalzation.
I
〈
ξ4
〉
: 2 lattice spacings, 3 heavy quark masses; still taking data. Result

seems in reasonable agreement with Gao (2022).
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Backup Slides
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Higher-twist/Lattice Artifacts tradeoff
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Asymptotic Prediction

I In asymptotically free theory, quark counting argument predicts

Fπ(Q2) ∼ Q−2, FK (Q2) ∼ Q−2
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fπ Determination
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Excited States

0.3 0.4 0.5 0.6 0.7 0.8

0.0125
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I τm − τe fixed at 0.06 fm
I Excited state contamination becomes ∼ 1% by τe = 0.7 fm
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Beyond Tree Level Phys.Rev.D 104 (2021) 7, 074511

V µν(p,q) =
2ifπεµναβqαpβ

Q̃2

∑

even

ω̃nC (n)
W (Q̃2/µ2, αS(µ2)) 〈ξn〉 (µ2) +O(1/Q̃3)

I Heavy quark: have to recalculate these coefficients.

Tµν
q (p,q) =

∫
d4zeiq·z 〈0|T{Jµ(z/2)J ν(−z/2)}

∣∣∣u(p1, ↑); d(p2, ↓)
〉
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HOPE: Order-αS Improved

I We fit to

V µν(p,q) =
2ifπεµναβqαpβ

Q̃2

∑

even

C (n)
W

(
Q̃2, µ, τ

)
〈ξn〉

[
ζnC2

n(η)

2n(n + 1)

]

I where τ = Q2/Q̃2, ζ =
√

p2q2/Q̃2, η = p · q/
√

p2q2
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Uncertainty in Continuum Extrapolation

I Original fit restricted amΨ to < 1.05
I Could take a more conservative threshold, e.g. amΨ < 0.7
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mΨ = 3.3 GeV

〈ξ2〉 = 0.226± 0.043 (stat.)
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Uncertainty in Higher-Twist Effects

〈
ξ2〉 (µ2; a,mΨ) = 〈ξ2〉+

A
mΨ

+ Ba2 + Ca2mΨ + Da2m2
Ψ +

E
m2

Ψ
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mΨ = 4.6 GeV

〈ξ2〉 = 0.185± 0.017 (stat.)
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Remaining Uncertainties

I Excited state contamination: estimated at 1%

I Finite volume effects: mπL = 5.4⇒ 1
mπL e−mπL = 0.08%

I Unphysical pion mass (mπ = 550 MeV): Likely a ∼ 5% error
(V. M. Braun et al., hep-lat/1503.03656)

I Fit range: Excluding τ = 3a as well gives discrepancy of 1%

I Wilson coefficients: Performing fit at µ = 4 GeV and running back to
2 GeV gives discrepancy of 4%

I Quenching: Formally uncontrolled, typically around 10–20%
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