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Figure 1: PDG, 2015



THE CENTRAL GOAL OF HADRONIC PHYSICS

How do we reconcile the observed spectrum and structure of
hadrons with QCD?

Hadronic Physics

Q*FQ%)

o o T
Q* (GeV?)

Figure 2: Image of gauge field configuration taken from J. Charvetto. See arXiv:1903.08308



THE PION AS A TESTBED

Pion complex composite object.
Quarks charged under U(1).
Electron clean probe of quark dynamics.

Lorentz decomposition for spin-0:

= L, (n(p2)|J*(q) | (p1)) = Fx(¢*)L - (p1 + p2)

- -o

VMD (space-like):
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e + 1 SCATTERING AT LARGE Q?

Cross section combination of long distance and short distance physics.

Long distance

=
-
v Tdecjys (LO)

o (Q?
S(Q ) & DIS Jlémw_o;
5 Heavy Quarkonia (NLO)
0.3 o€ ets & shapes (res. NNLO)
® e.w. precision fits (N*LO)
v pp/—> jets (NLO)
v pp—> It (NNLO)
02 /_
o
01 e Short distance
= QCD ay(M,) =0.1181£0.0011

10 Q[GeV] 100

A= %

1000

T

(€, p>)H(€P) = (long distance) ® (short distance)




e + 1 SCATTERING AT LARGE Q?

Cross section combination of long distance and short distance physics.
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FACTORIZATION FOR F,(Q?): 1979

ém(x, pu?): Light Cone Distribution Amplitude (LCDA): Probability
amplitude

Factorization theorem:

E(Q) / dxdyd (v, Q) Tr(x,y, Q)om (x, QP)

Iarge Q? | S S
|argfoz/0 dxdy (-Cx [ g + 3} < :}-)

167 OéSZ(QZ) Trzwé(Qz)

1 /! x,Q2
3/0 dx X

167 aS( )f2

large Q2



A NEwW EXPERIMENTAL APPROACH: JLAB (2008)
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A NEwW EXPERIMENTAL APPROACH: JLAB (2008)
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INSIGHT FROM SDE
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WHAT 1S ¢, (x, u* ~ 2 GeV?)?



CALCULATING THE PioN LCDA

Only ab-initio method to calculate non-perturbative QCD: Lattice
QCD.
Problem: LCDA defined as

(| (z-)vuvsWz—, —z_|p(—2z_)| m(p)) = lpufn/ dee’sP = ¢ (€, 1)




OPTIONS

Calculate Mellin moments directly:
1
€ = [ degnontend)

G. S. Bali et al., JHEP 20109.
V. M. Braun, et al., PRD 2015.

Utilize Factorization Theorem
X. Ji, PRL 2013.
A. V. Radyushkin, PRD 2017.
Ma, Y.-Q., Qiu, J-W. PRD, 2018.
Match hadronic matrix element to OPE
V. Braun and D. Miiller, EPJC 2008.

W. Detmold and C. J. D. Lin, PRD 2006.
Chambers et al, PRL 2017



OPERATOR PRODUCT EXPANSION

=3 C(@4?) x +0(1/Q)

C&';) (Qz,uz) Wilson Coefficients

Twist-2 operators:
O () = pyli (iDH2) ... (iD#"h)gp — tr
Matrix elements related to moments

(Q O3 (n) In(p)) = fx (" 1) Pt ..




OPE FOrR HADRONIC MATRIX ELEMENT

Consider matrix element
V¥ (p,q) = /d4zei"'z Q[ T{J"(2/2)]"(-2/2)} |7 (p))

Perform operator product expansion:

Q* = —q*> large scale
1 2p-
W= = szq expansion parameter
Vere(p, @) = K1 +w? () +...]+  Olas)  +0(1/Q)

——— N —

Perturbative corrections  Higher twist
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HEAVY-QUARK OPE

D
. L’ p,
COLPABORATION

Replace B B
JH = Jb =W (x)D"(x) + (x)THP (x)
With hierachy of scales:

1
AQCD<<m\IfNQ<<a
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Zc’” 1, %) X +0(1/Q)

Viore(p @) = K1+ &% (&) +...]+ O(as) +0(1/Q%)
S—— ~——

Perturbative corrections  Higher twist
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ADVANTAGE OF HEAVY QUARK OPE
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REcCAP

Pion LCDA ¢, (&, u?) important in description of F,(Q?)
Long-range sensitive: non-perturbative.
HOPE method allows for determination of moments:

1
(") (12) = / dé " (€, 12)
-1
HOPE Method:

Vigeo (P, a; a) = [ d*ze™* Q] T{J§(2/2)]5(~2/2)} In(p))

Vigee(p, q: @) = K[1+ &2 (€2) + ...

(€)




REcCAP

Pion LCDA ¢, (&, u?) important in description of F,(Q?)
Long-range sensitive: non-perturbative.
HOPE method allows for determination of moments:

1
n 2\ n 2
(e >(u)—/_ld£§ o6, 1)

HOPE Method:
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REcCAP

Pion LCDA ¢, (&, u?) important in description of F,(Q?)
Long-range sensitive: non-perturbative.
HOPE method allows for determination of moments:
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REcCAP
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CALCULATING (&%)



CALCULATING THE LCDA ON THE LATTICE

G (Tes Pes Tm, Pm) = / &P xodP e Xe X (O T{Jg (xe) I () O (0)} |92)

De

:
'
:

W

I Ty Tin)
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Euclidean time



CALCULATING THE LCDA ON THE LATTICE

Large Euclidean time
C3" (e, Tm: Pe, Pm) ~ R (7P, q)zzérﬂe”"(‘”(““m)/ .
where
R (7;p,q) = /d3zeiq'z (Q T{"(2/2)]"(=2/2)} I=(p))
= [Sve(p.a)
identify

PE = (iEx(Pe + Pm), Pe + Pm), qe = (G, (Pe — Pm)/2)



OPTIMIZING KINEMATICS

OPE proportional to LOT— S o0oa_oon T8
] p:(1,07(])7,:12(1/2’07 1) COLLABORATION
Ve (p,q) ~ KI+(€) o O8] 7 oo az o
90 6
2p - 1 o Y.
Q * 3 04‘/‘\/—\
Evaluate HOPE for
@] < 1. 02 L ——
p=(1,0,0) 0.0

-5.0 =25 00 2.5 2.0
q1 (GeV)



ENSEMBLES USED

BxT a(fm) Ngg Nec Ny
243 x 48 0.0813 650 12 2
323 x64 0.0600 450 10 3
40% x 80 0.0502 250 6 4
483 x 96 0.0407 341 10 5

Quenched approximation with m,, = 550 MeV

Wilson-clover fermions with non-perturbatively tuned cow
With clover term, results fully O(a) improved

Axial current renormalizes multiplicatively: A* — A*Z,(1 + I~9Aaﬁ1q)
This only affects overall normalization (not (£2))



HIGHER-TWIST / LATTICE ARTIFACTS TRADEOFF
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HIGHER-TWIST / LATTICE ARTIFACTS TRADEOFF

m\yé

Q-

0.6

Larger twist artifacts

a=0.08 fm
=== a=0.06 fm
—+= a=0.05fm

\ ----- a = 0.04 fm
025 050 0.75  1.00
(amy)?

Smaller twist artifacts
(@)
(> an)
o
()]

Smaller lattice artifacts Larger lattice artifacts



EXTRACTION OF PARAMETERS AT a = 0.06 fm

R(rpa) = [ s pigir i, g)

(2m)
& 0.00003 &
Z 2 0.03
o o
= 0.00002 =
=S 2 0.02
: :
£5.0.00001 =
= = 0.01
% &
0.00000 0.00
0.0 0.2 0.4 0.6 0.0 0.2 0.4 0.6
7 (fm) 7 (fm)

p=(1,0,0), q=(-1,0,-2)
Extract parameters: [, my, <§2>



F1rrs TO VARIOUS ENSEMBLES

A
(&%) (u?;a, my) = (&) + ——+ Ba?* + Ca* my + Da*m3,

34
0.30
—— myg =18 GeV
—th— mg =25 GeV
| —4— mg =33 GeV
0.25 —4— myg = 3.9 GeV
P —— myg =4.6 GeV
w’ 4
0.20 tb ¢
t h
0.157

0.000  0.002  0.004  0.006
a’ (fm?)



F1rrs TO VARIOUS ENSEMBLES

A
(&%) (u?;a, my) = (&) + ——+ Ba?* + Ca* my + Da*m3,

'
0.30
—— my =18 GeV
—h— mg =25 GeV
E —4— myg = 3.3 GeV
025 —4— myg = 3.9 GeV
< + —f— myg = 4.6 GeV
w 4
0.20 t i
t b
0151 1e2y — 0.210 +0.013 (stat.)

0.000  0.002  0.004  0.006
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COMBINED UNCERTAINTY

(€%) = 0.210 4+ 0.013 (statistical)
+0.016 (continuum)
+0.025 (higher twist)
+0.002 (excited states)
+ 0.0002 (finite volume)
+ 0.014 (unphysically heavy pion)
+ 0.002 (fit range)

(
+ 0.008 (running coupling)
(€%) = 0.210 & 0.036 (total, exc. quenching)




COMPARISON TO LITERATURE

This work, TMR{  F——f+———— TIfIEGPE
This work, Mom | : : ! COLLABORATION
Zhang et al. |
(2020)
Bali et al.
(2019) | e
Arthur et al.
(2011) |
Del Debbio et al. | . |
(2003) ' '
0.2 0.3

(€) (1 = 2 GeV)



CALCULATING (&%)



REcCAP

Vioeo (P g; @) = [ d'ze'* (Q| T{Iy(2/2)]5(~2/2)} I=(p))

Viiope(Ps ;@) = K1+ &% (€2) +a*(¢) +...]| —

(€. &Y
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REcCAP

Vioeo (P g; @) = [ d'ze'* (Q| T{Iy(2/2)]5(~2/2)} I=(p))
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OPTIMIZING KINEMATICS

Vi(pq) = K[L+3% (@) 43t () +.), o= 2t

QZ
Choose p = (2,0,0) x 27/L
10 THE
— p=(0,0,0),q=(0,0,1)
O 8- — p= (17070)7 q= (1/27071) COLLABORATION
| — p=(4,0,0),q=(2,0,1)
% 0.61
<)
0.2-/\/_\
0.0




LATTICE DETAILS

BxT a(fm) Ny Ny
243 x 48 0.0813 6500 2
323 x 64 0.0600 4500 3

4
5

40% x 80 0.0502 (O(5000)
483 x 96 0.0407 O(5000)

Quenched approximation with m, = 550 MeV
Wilson-clover fermions with non-perturbatively tuned csw

With clover term, results fully O(a) improved



LATTICE DETAILS

L3xT a(fm) Nt Ny
243 x 48 0.0813 6500 4
323 x 64 0.0600 4500 3

4
5

40° x 80 0.0502 (O(5000)
483 x 96 0.0407 O(5000)

Still to come...

Quenched approximation with m, = 550 MeV
Wilson-clover fermions with non-perturbatively tuned csw

With clover term, results fully O(a) improved



RATIO METHOD

Excited state dependent only on sum &, + &,.

v » Zn B
C; (Les tm; Pes Pm) = R (fe — tm; P, q)ZE((pp)) e~ Ex(P)(tettm)/2 |

4 v L _
C:f; (e, tm; Pe, Pm) = R (t_; p, q)ZE((pp))e Efr(P)t-s-/Z_*_'”,

Consider two sets of time; (t,, tm) and (2, t,) = (te + 9, bty — 0)

=(e+8)+(tm—0)=te+tm=14
! =(te+8)—(tm—0)=te— bty +25 #
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RATIO METHOD

Excited state dependent only on sum &, + &,.

v » Zn B
C; (Les tm; Pes Pm) = R (fe — tm; P, q)ZE((pp)) e~ Er(P)(fettm)/2 |

4 v L _
C:f; (e, tm; Pe, Pm) = R (1 p, q)ZE((pp))e Efr(P)t-s-/Z_*_”.,
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RATIO METHOD

Construct ratio with fixed £, varying t_ (6 = —1)

G (te = 1, tm + 1;Pe, Pm)

R = v
Céf (Les tm; Pes Pm)
(P) p—Ex(p)(tet1tm)/2 [ ]

Zn
_ R(te — tm — 2P, Q) 2E.(p)

1+
R (te — tm; P, q) zZé;((pp)) e—Ex(p)(fe+1tm) /2

Need two 1., ie t, and t, — 1
No need for 2-point data!

No renormalization required.
No fr



RATIO METHOD

Construct ratio with fixed #;, varying f_ (6 = —1)

R _ Cé“/(te - ]., tm + 17peapm)
Cgl,w(te') Im; Pes Pm)
Z=(p) e*Ew(p)([ethm |: :|

- R (te — tyy — 2;P,q) 2E, (p)

R#(te — tm; P, q) ;E%)Q/Ewm)(wm)/z

Need two 1., ie t, and f, — 1
No need for 2-point data!

No renormalization required.
No fx



OPERATOR OPTIMIZATION

Momentum smearing (Bali et al)

Variational analysis:
O (x) = a101(%) + 02(x),  O1(x) = P15, O2(X) = P59
C;ZEVP(te’ Im; Pe, Pm) = C1 Céfzs(t& tm; Pe, Pm)

+ Gy (e, tm; Pe, Pm)



EXCITED STATE CONTAMINATION

ZW() — L e m
_ R¥(te— tn— 2P, q) 3. (p)° EW{1+ ]

R# (te — tm; P, Q) ;E:%)e/fir(pmmm)/z

] f o
0.254 {  GEVP
- t teja=38
T
1‘50.20 }
ERRN
Q P *‘} ;*
0.151
tofa=4(te =3ty +1-))
1
15 20 25 0 —610.0 —7.5 —5.0 —2.5 0.0

ty/a t_/a



EXAMPLE AT FIXED LATTICE SPACING

R(t—a P, q, My, <€2> ) <§2> ; 61) = RHOPE(t—7p7 q, My, <§2> ) <£2>) + O(az)

0.3 1.0
0.81
4 39 .
g % 0.41
I 0.1 o
0.21
00 —10 -5 0 00 —10 -5 0
t_/a t-/a

L/a=24, mgy =2.0 GeV, (£2) =0.17 £ 0.04, (¢*) = 0.07 +£0.02



STATUS OF CALCULATION

0.4 0.4 b me =130 GeV
4 my=170GeV
b me =200 GeV
0.3 Q:{ 0.3] + me=200Gev é
\ad My = 3.40 GeV Nad
stat-+syst. § —¥— Gao et al. (2022) §
-
b ome=130 GQQ\’ QQV ¥ *
oaf ¢ mne 0 J #
b me =260 GeV + *
} my =340 Gev
0-% 0.%
.000 0.002 0.004 0.006 .000 0.002 0.004 0.006

a® (fm?) a® (fm?)

A
(€" (a,my) = (£") + e T Ba* + Ca* my + Da*m3,



FURTHER WORK & CONCLUSIONS

First numerical determination of LCDA using HOPE.
(&%) = 0.210 £ 0.036 in good agreement with other groups.
Introduced ratio method: no renormalzation.

(&*): 2 lattice spacings, 3 heavy quark masses; still taking data. Result
seems in reasonable agreement with Gao (2022).



BACKUP SLIDES



HIGHER-TWIST / LATTICE ARTIFACTS TRADEOFF

m\yé
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Larger twist artifacts

a=0.08 fm
=== a=0.06 fm
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Smaller twist artifacts
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Smaller lattice artifacts Larger lattice artifacts



ASYMPTOTIC PREDICTION

In asymptotically free theory, quark counting argument predicts

Fr(Q%)

DEEP ELASTIC PROCESSES OF
COMPOSITE PARTICLES IN FIELD THEORY
AND ASYMPTOTIC FREEDOM*

HYSICAL REVIEW D

A.V. Radyushkin**

* The investigation has been performed (and completed in June 1977) at the
Laboratory of Theoretical Physics, JINR, Dubna, Russian Federation

English translation and comments: October 2004

** Present address: Physics Department, Old Dominion University, Norfolk, VA 25529, USA

ane
Theory Group, Jefferson Lab, Newport News, VA 23606, USA

This s an English translation of my 1977 Russian preprint. It contains the first explicit definition
of the pion distribution amplitude (DA), the expression for the pion form factor as
terms of the pion DA, and formulates the pQCD parton picture for hard exclu
Abstract of the original paper:

The large Q* behavior of the pion electromagnetic form factor is explicitly caleulated in the non-
Abelian gange theory to demonstrate a field-theoretical approach 10 the deep clastic processes of
composite particles. The approach s equivalent 10 a new type of parton model.

ymptotics in
ve processes.

Q—Z

Fr(Q*) ~ Q™

VOLUME 22, NUMBER 9

in

quantum

G. Peter Lepage
Laboratory of Nuclear Studies, Cornell University, Ithaca, New York 14853

Stanley J. Brodsky
Stanford Linear Accelerator Center, Stanford University, Stanford, California 94305
(Received 27 May 1980)
We present a systematic analysis in perturbative quantum (QCD) of I
exclusive processes. Predictions are given for the scaling behavior, angular dependence, helicty structure, and
‘normalization of elastic and inelastic form factors and large-angle exclusive scattering amplitudes for hadrons and
‘photons. We prove that these reactions are dominated by quark and gluon subprocesses at short distances, and thus
that the dimensional-counting rules for the power-law falloff of these amplitudes with momentum transfer are
rigorous predictions of QCD, modulo calculable logarithmic corrections from the behavior of the hadronic wave
functions at short distances. These anomalous-dimension corrections are determined by evolution equations for
process-independent meson and baryon “distribution amplitudes” ¢(x,,Q) which control the valence-quark
distributions in high-momentum-transfer exclusive reactions. The analysis can be carried out syenaticall in
powers of @, (0%, the QCD running coupli . Although the calculati iently carri

out using light-cone perturbation theory and the light-cone gauge, we also present a gauge- mumdmz analysis
and relate amplitude.

1 NOVEMBER 1980



fr DETERMINATION

0.161
f A ¢

¢
& ¢
my = 1.8 GeV
my = 2.5 GeV
my = 3.3 GeV

my = 3.9 GeV
my = 4.6 GeV

016600 0002 0.004  0.006
a? (fm?)

GeV)

0,14

b4




EXCITED STATES

0.0150

N

> 0.0145

0.3 0.4 0.5 0.6 0.7 0.8
Te (fm)
Tim T fixed-at:0.06 fm



BEYOND TREE LEVEL Puys.Rev.D 104 (2021) 7

e uvap 3
Ve () = 2P S el aslu) (€) ) + O/ Q)

Heavy quark: have to recalculate these coefficients.

3" (p.a /d4ze“’z (0] T{"(2/2)]"(=2/2)} |u(pr, 1); (Pz,i)

Rtavaon
% ok



HOPE: ORDER-as IMPROVED

We fit to

i - B 0 () [ 559

where 7 = Q*/Q, ¢ = VP* /& n=p- 4/ PPF



UNCERTAINTY IN CONTINUUM EXTRAPOLATION

Original fit restricted amy to < 1.05
Could take a more conservative threshold, e.g. amyg < 0.7

0.30
—— my =1.8 GeV
—h— my =25 GeV
0.25/ + e
~£0.201 + ++ +
019112y _ 0,226 + 0.043 (stat.)

0.000 0.001 0.002 0.003
a’ (fm?)



UNCERTAINTY IN HIGHER-TWIST EFFECTS

A E
(€Y (1% a, my) = (%) + e — + Ba® + Ca*my + Da* m\I,-l-—2
‘1/

0.30
—— myg =18 GeV

—th— mg =25 GeV
0.251 —— myg = 3.3 GeV
—4— myg = 3.9 GeV
—— myg =4.6 GeV

NQO.QO{ t ¢

t i

0.157 (€2) = 0.185 4+ 0.017 (stat.)

0.000  0.002  0.004  0.006
a’® (fm?)
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REMAINING UNCERTAINTIES

Excited state contamination: estimated at 1%
Finite volume effects: m,L=5.4 = m+TLe_m“L = 0.08%

Unphysical pion mass (m, = 550 MeV): Likely a ~ 5% error
(V. M. Braun et al., hep-lat/1503.03656)

Fit range: Excluding 7 = 3a as well gives discrepancy of 1%

Wilson coefficients: Performing fit at © = 4 GeV and running back to
2 GeV gives discrepancy of 4%

Quenching: Formally uncontrolled, typically around 10-20%
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