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Mathematical modelisation

Let u be the pressure in the tube of the flute.
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Thin domain technics : Arrieta, Ciarlet, Ciuperca, Hale, Jimbo,
Lions, Morita, Raugel, Sell...



Change of variable

Change of variable : y — %y
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New space norm : ”“HJ%I; = [|9ul2, + L]0, ul%.



Linear operator

The associated linear stationnary operator A, is defined by

AE(”):<f)eH;x]L2
v g

is equivalent to

v = f
02 u+ é@ﬁyu = g
0u+yv = 0 onT.
other B.C.

NB : v > 0 so the operator is invertible.



Finding the limit equation

Assume that ¢, — 0 and [|(f, gn)lmz x12 = 1.
Set
(2)-(5)
Vn &n

o f, — f strongly in .2, weakly in H'. Moreover
f(x,y) = f(x) does not depend on y.
o g, — g weakly in L2

We can assume :



The central lemma

Proposition :
Let ¢, ¢ be functions in H*(Q).

a+a78 1
! / o(x,1)ih(x,1)dx — a /0 p(a y)b(a, y)dy
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In particular, there exists C > 0 such that for any ¢ < 1,
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Proof of the lemma

To prove the lemma, we write

a-‘r%s 1
1/ o(x, 1)Y(x, 1)dx — a/o p(a, y)y(a, y)dy
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2 /_as /0 lo(x, y)ib(x,y) — p(a,y)¥(a, y)| dxdy .
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Proof of the lemma

Then, we use estimates similar to the following ones.

//Iw(xl p(x,y)|? dydx = = // (/ ayil)XCdC> dydx

< g||3y¢HLz < ellvllfn

//W)ay x,y)|” dyde = = //(/&w&yd&) dydx
<[ [l [ ot acarox

< ellaabl?: < ellvlfy



Finding the limit equation

a>2<><ul7 + #aﬁyun = 8n
We have Vp = 1y
éayun +vv,=0onT,

Therefore,

1
_/|(9Xu,,|2— Z/yayunf_l/ f,,un:/g,,u,,,
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and so ||Un||]HI§ < C”(fnagn)HHéx]L?-

up — u(x,y) = u(x) "
Thus { v — F(x.y) = F(x) = v(x) weakly in H*, strongly

in 2.



Finding the limit equation

Let (x) be a test function independent of y. We have

_/axunaxgp_ l V,,goz/gncp .
Q €nJr,, Q

Thus, the variational formulation of the limit equation is

1 1
_ / D udp — arv(a)p(a) = / g0
0 0



Finding the limit equation

0 Id
Ao = ( 02 —ayy—. >

M : vertical mean operator.
J :injection onto vertically constant functions.

Proposition

”A;l - JA(;IM”C(H;X]LQ) S C\/g -




The limit equation

The limit equation is the one-dimensional wave equation with
ponctual damping :

u(0)=u(l)=0
danqﬁng‘\\\\‘
o

xéo X=a xél

{ gt + YOyx—at(a) = Uy

When a is close to the boundary, the low frequencies are
efficiently damped.

References : Fabre, Jaffard, Puel, Tucsnak, Zuazua...



When the hole is open

Let us now open the lateral hole.

uy+Pu=0

u= U= Au N ‘ u= ¢8

(029

Ut = Uxx — a65x:au(a)

The limit equation is { u(0) = u(1) = 0



Real measure of the pressure

The measure of pressure in the tube of a recorder (flite 3 bec)
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The choice of the BC

At the exit of a tube we put :

e Dirichlet B.C. u=0
Rigourously obtained by mathematicians
(dumbbell domain)
Arrieta, Jimbo, Morita...

e Robin B.C. 8” Y + Bu =0 (or better ‘9“ Y +yu=07)
Obtained by acousticians.

=0 ©



Lateral Dirichlet BC

uy=0

u=0

u=!

uy= Au u=0 e

uy=0

The limit equation is {

oE

U = Uy on 10, a[U]a, 1]
u(0)=u(a) =u(l)=0 -



Organ pipe

n=c«¢ = Dirichlet BC
n=¢eP (p>1) == Neumann BC

References : Arrieta, Ciuperca



