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Motivation

find u € U(Q2), such that
a(u,m) =1l(n) Vne V)

?

Q*

V() = / o(u, Vu, VVu,...)

=0 w=00 or wC
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Topological Derivative Concept

Schumacher (1994), Sokolowski (1997), Masmoudi (1998)
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Remark on Second Order Topological Asymptotic
Joint work with J. Rocha de Faria, R.A. Feljoo, E. Tacoco & C. Padra

"g-i'f?(ﬁ: = P (O) -+ fl ) D (X ) + f ( )Df(i) +R(f2(5))

where fi(¢) — 0 and fo(¢) — 0, when ¢ — 07, and
. Jale) . . R(f2(e))
lim = ={], hm —
<=0 f1(€) ==0 fa(e)

= ()

(first order) Topological Derivative

Dy() = lim T

Second Order Topol ogical Derivative
Y(Qe) — P(Q) — fi(e)Dr (%)

Dh(3) = tim L= S
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Application for the Laplace Equation

find the temperature field w € U (£)) ., such that

/ Vu-Vn= —/ qn v e V()
n T

UQ) = {ue H(Q):ulp, =T} V() :={necH" (Q): |, =0

. 1
V() =Ta(u) = .—/ |‘Fu|2—/ qu
T2 Ja I

Neumann boundary condition on the hole

Wil ) = e.'lj_ilj—'.-'rfj |Vu [_}r:;.*||“}—I—'.-T';‘l (E det VVu (x) — Vu (X) - Vo {X_J) -|—R.{':“l_.l

A = 0 in Q2 B

i 7 g X_K
v = —g on Ip gix) =Vulx) —
v — 2 oy Ty I —X|

i i
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Numerical Experiment

i
2 ¢ L a r.-\",

o Q = (0,1)x(0,1)
- g = Jd
- u = 0onI'p, and I'p,
= qn = lonIn and g0 = 2 on I'n,

D(22) 2 (Q) —me? |V ()| + e’ (; det VVu (%) - Vu (Y (%)
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-0.2107 —

xe 9(Q) + f1(2)Drp(R) + f2(2) DH(K)

02110 ‘ ‘ ‘
0.00 0.02 0.04 006 = 008

PDE — Benasgue 2007
Partial differential equations, optimal design and numerics



0.24—

-0.25 —

—0.2{“) | |

PDE — Benasgue 2007
Partial differential equations, optimal design and numerics




Applications of the Topological Derivative
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Topology Optimization
Joint work with R.A. Feijoo, E. Taroco & C. Padra

AN
OV
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Linear Elasticity

find the displacement vector field w € U (2}, such that

/ T(u)-E(n) = / q-n ¥n e V({1
NS 4y

bz | —

E(u) = 5 (Vu+ Vu') := V'u and T(u) = CE(u) = CV’u

U(Q)={ucH (Q):u=Tonlp}

V(Q)={ncH (Q):n=0o0nlp}

/ Tiu)-E(u) / q-u
Jo Jrsi

W (§2) = J(u) =

Lo | —
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A benchmark examplein 3D

Three-Dimensional

z 31—-v 1—5v
[ Dy (x) e 10T (u) - E(u) — :

— 2

trT (u) trE (u)] J
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(a) topology at iteration 7 = 13

(c) topology at iteration ¢ = 52 (d) topology at iteration ¢ = 76
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Amstutz & Andra (2006) and Gournay, Allaire & Jouve (2007)
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|mage Segmentation
Joint work with R.A. Feijoo & |. Larrabide

AN
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v eV ={we L*) : w constant at pixel/voxel level}

Find the segmented image «* < I such that minimizes the functional

1 1
0 2 Ja

=

U={uecV:ulx)eCvxeQ}

Find © € H'{), such that C={c1,c2. - ,eNe}
f EVip - Vn dil + f wn df = 3 f (v — u)n df2
0 {1 0
) our(x)=u Yxe, o
Find g € H(Q2), such that T\ wr(x)=¢ YxeB, “EC¢

fl.?i’ﬁf .V dﬂ-i—ftpe?}r A0 = .ﬁf(“_“'T:'?i' ds?
1 0 2
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A benchmark example: with noise

2% WGN 4% WGN 6% WGN 8% WGN 10% WGN
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A real application: medical image
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Auroux et al. (2006) and Hintermuller (2007)
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Multiscale Modelling
Joint work with E.A. de Souza Neto & S.M. Giusti

Mmicro

- Bl - B @

0 . 0, YT, T
Pierre Suquet et al. e = (u\76) ]

Hill-Mandel Principle

.7
g(x)Vulx)= = / q, (y)Vu,y) L o
‘w Ja, g (z)Vu(zx)= v / q,_(y)-Vu,_ (y)

.‘Ir X l:.l‘“E

qg (z)-NVulz)=ql(E)- ?”{;%}_FT_'j () Dpyr(g)+O(f (=)

Lt
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(yu: Vulx)- y

+ 1y (Y )

Given vy, () : find the temperature fluctuation field @, < K,,, such that

[ ki, - Vn=—[ kVu-Vy  WpeV,ck,
Ja, Sy

K, = Uy € W' / t,n = (0
' Joo,

PDE — Benasgue 2007
Partial differential equations, optimal design and numerics



(a) Taylor model 7 y p .
V, cV,CV, CV,
L .
Vi =40}
(b) Linear RVE boundary temperature model
V;i" = {ﬁ“ = ﬁi'“ 4, (y) =0, Yy € Uilﬁ} :
(¢) Periodic RVE boundary temperature fluctuation model
V;:J = {E}H ely:uy(yT)=u,(y), ¥Ypar (y .y~ ) € UEEH} :

(d) Uniform RVE boundary flux model

fo_ = f{jﬁ_ =<{u, EW: ,ndA =0

J o,
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w (y) =Nulx) y+i, (y)

Given Vu(z): find the temperature fluctuation field i, < k.., such that

[ k*Vil,, - Vne = — / K*Vau - Ve Vi € Vy,

&
=
It
f‘_ﬁ‘_‘\
£
T
—t
i
-
=1
i,
mo
-
=
I
—
e
.

fp IFT“ B ;1' "-.,._'J‘ — EEIH \ H
k' Yy e 1.
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Jo,. (w,, ) = q,. Vi,

He

Vilue l
D) = :_Ellll 7 .D? T, |
ket — k'
Drif () = 2k° T _I_#|\_u“|1 2
1 —~y —
= Dk" n () > Y9

i 1
q Vu=gq Vu+2v(=)k ;
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— Vu, 4+ 0=

.!_'-'."

M

P by -
v(e) = et/ V,

.. fis ff". j— ’“ €



Find the temperature fluctuation field i,.,

K, (for i=1,2), such that

/ K, Vi, - Vn=— / Kye;-Vn vn eV, Ely) I =K
J €2, /2 o "
el ™7 = 0
Dyt = 2k 0 Vi, |©

Dptp =Dy, Vu - Vu,
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i e o
q -Vu=gq- -Vu+2v(=)k = - |‘Fu;e|£ 1+ O

, " by -
v(e) = et/ V,

g=-K'Vvu and ¢ =-KIVu N
K" = K — K™,

SKH = —u(c)Dr, + ol:f-m;’D

I —n
141

Dy, = 2k°

(Vum : ‘?‘f.rm) e; 2 e;.
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Muchas Gracias!!'!
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