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Opimization of transportation/propagation-
networks (macro-, meso- and nanoscale)
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Fattened graphs and skeletons

skeleton
I fattened graph

0 thickness

I € cell size

What happens, if § and e tend to zero? (inde-
pendently, one after the other..... — homoge-
nization of optimization problems for PDESs on
reticulated domains

See Peter Kogut's talk right after this
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Industrial application: topology optimization
for problems defined on graphs (thin domains)
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IHigher dimensional networks (Lagnese and
G.LL. 04, Nicaise 97)




Optimization/control on networks

Controllability/reachability/stabilizability.

Optimal control:
Optimal tracking at end-nodes
Maximal throughput
Minimal operating cost
Robust control
Real-time control
Open-loop/closed loop
Suboptimal control: instantaneous control
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The problem:
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Large’ network problems

Gas- or water networks: ~ 5000-10000 channels or
major pipes

JMicrostructures’: possibly millions of edges -no local
analysis wanted (and, in fact, possible)!

Hence: model-hierarchies needed. Two-level
optimization based on discrete-versus continuous
graph problem

Model reduction by the way of
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Hydredynamic versus hydrological
modelling

_ Hydkodynamisches

- Modell
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Conceptual hydrodynamical modelling

NODE J+1

{James el a. 1609)
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Shallew water eguations

Equations of motion (de St. Venant 1871)

J (A -I—E AV [0
ot \V ) " 9z \AV2+ gh(z, A) + gVy(z)) — \glj

(A . AV
Notation: U = (V) FU) = (%VQ + gh(z, A) -I-ng(ai))'

U + 0 F(U) = SU)
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Control off subcritical points to equlibrium:
see more in a special talk by Martin Gugat tomorrow...

Subcritical states
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Contrellability' and optimal control mostly
for the de Saint-Venant system)

Exact controllability only for classical solutions so far

Semi-global exact controllability results for level networks
without friction term by G.L. and Schmidt 02, G.L. and M. Gugat
03 and G.L. and M. Gugat and G. Schmidt 04

Semi-global exact controllability with fricition for level networks:
Ta tsien Li'and Wang 07,Ta tsien Li 05, Ta tsien Li and Bopeng
Rao 02, 03

Semi-global exact controllability of constant subcritical states to
a neighbourhood of equlibrium poeints for non-level systems with
friction: G.L. and M;. Gugat 2007

Stabilization: J.-M. Coron et.al. 00-05
Exact controllability of weak solutions for a single edge:
O. Glass 05 (Networks open), F. Ancona, Piccoli, Colombo...
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Industral application: Optimization and control of gas-
netwoerks (jomnt with: M.Gugat, J.Lang, A. Martin)

Erdgasleitungen in Deutschland

continuous
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Modelling of gas-networks (similar for the shallow water
eguations)

Op . c20Q
— 4+ _——==0
ot T S Ox
2 2 2 :
09, s, 20Q°__(A2QQl  gsin(a),
ot oxr SOx p 2DS p c

Vector form: system of nonlinear hyperbolic conservation laws
with source terms

2
0 [ p 0, =Q o 0
ot ( Q )_I_azc Sp %?%2 B 2)\5?9@;2' + gsinap

S &~ cross sectional area, D =~ diameter,
c ~ isothermal speed of sound,
p ~ pressure, Q =~ flux A\ = friction factor
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The fully nenlinear network model

T ol
rﬂlgn{ Z /(;/(;](pi,@i,“j,wj)dxdt} s.t.

’ J,?:EC(—TIJ
2
(p), 0 Qi :
o\ Qi ) Tox 202 | = 7| 24 Q@i | ginap,
¢ SiPi T 5 2D;S;  p; J 1Py

Qi(t,vy) =s5(t), i €Ly, JE€ Ng, pi(vy,t) =wy(t), i€y, JE N

Y digQi(vi) =wuy, i €Iy, J € Ny
1€l g . .
p‘i(vj) :pj(’UJ)a (2W) EIJ: JENmult

pi(0,z) = pjo(x), Q;(0,z) = Q;o(x), = € [0, 4]
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A nonlinear network flow model

min {Z JOE DY fi(piaQi)}

P@:s,D | ;o i€Ng, jE€T;

maXD Z Ging‘, subject to
Sjp’Q’ jeI?la ?"GNout
K;i;(Dyj)(p;y — p;) = sign (Qi;)Q55, 7 € L5, © € Nz
pi <p;<pj, tEN
s; <s;<5;, 1€Ng

Osciadasz 96, de Wolfe et.al 98........ piecewise linear approximations
discussed by A. Martin and his group, linear model G.L. and Dymkou 07
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Optimal branching In transportation
networks: minimal resistance graphs
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Optimal branching In transportation
networks: minimal resistance graphs

We consider an equality constraint w.r.t. to
the conservation of total volume or surface:

¢
Via(s,£) = Z/S?da: — 23?61

€1 el

where 3 > 0 (8 = 1 volume, 8 = 1 surface).

2
The problem to consider:
min F(Q;s,0) s.t.
Va(s,£) =¢c, s >0

Y dijQ; =0, VJ e Ty
1€1 g
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Optimal branching In transportation networks:
optimality’ conditions
(see Durand. .06 for.a. similar analysis)

We ignore the positivity of s; (clear for proper
cost) and obtain the KKT-condiitons:

VsF(Q;s,£) + AVsVs(s,£) = 0 where

oFy _ _ Q7
Js; Kfs?_i_l’
A% 8—1 .
8_3?: = BS@ , 1 € I
This gives
)\,6 a+p

Qi=Kij\|—s;? ,1€L,JTy
(8%
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Optimal branching In transportation
networks: Murray's law (1926)

We insert the result into the Kirchhoff condi-
tion (balance law at multiple nodes)

\G ot

1€1 5 & 1€

This is a an instance (generalization) of Mur-
ray's law obtained for blood flow in 1926. No-
tice that the Lagrange multiplier A\ satisfies

_Fa

No=
cp
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Sensitivity: of minimal resistance graphs with
iespect to topology changes

We may consider three types of changes:
e Mmove a multiple node
e introduce an edge and reduce edge degree

e introduce a cycle (create a hole) reducing
edge degree
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Sensitivity: of minimal resistance graphs with
iespect to topology changes
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Sensitivity: of minimal resistance graphs with
iespect to topology changes

e reduce N-fold joint to a 3-fold joint plus an
N-1-fold joint by introducing a new edge
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Tlopological derivative for minimal resistance

graphs

We evaluate the (minimal resistance) for the

perturbed graph:

NHL Q2
FP = —=t /"
%; 223?;@ ¢
. % Q2 . Q3 cosby | Q3cosby Q%41
K2s a ’ K%s‘f I K%s% S?V—i—l

=: FO — p7(Q, s, 61,62)

We call 7 the topological derivative with re-

spect to the inserted edge en4 1.
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Tlopological derivative for minimal flow
iesistance graphs

In order to stay feasible w.r.t. the total volume
(or surface), we have:

N+1

p(s P = Z szﬁp—c

.

= s’%_H — sff COS 61 —|— 32 cos 0>(+0(p))
We obtain for 7:

2B a+p o+ oz—l—/8
T = e {(8N+1)2 (d11312 + d2132 )2
N1
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Some special cases

o Ifa=2, 3=1then 7 > 0 iff
30—«
01+ 0> =: v < acos(2atF — 1) = 74.9° in the

first case and v < 90° in the second case. How-
ever, there is at least on angle < 2n/N. Thus
all multiple nodes with edge degree > 4 are re-
leased to 3-node plus N-1-node until the edge
degree is 4. In a flow network at least 2 ad-
jacent pipes should carry flow in opposite di-
rections. Thus only 4-nodes with such pattern
survive.

o If a = 2, 0 = % the topological gradient is
negative until the edge degree is is 3

G.Leugering, IAM, FAU Erlangen-Nurnberg
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Mechanical networks

In progress:

Trusses (similar analysis as above, not yet
cpmpleted)

2-D elasticity for grid structures
Open:
3-D elasticity for grid structures

Cosserat networks
Same for beams

Same for plates, shells and combinations...

G.Leugering, IAM, FAU Erlangen-Nurnberg
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In-plane analysis (3-d case similar)

u
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Elasticity on graphs

—(K;Ozzu;) = f; € (0,4;)
Ozu;(vy) = g; Vi€ 1Ly,
ui(vy) =u;(vy) 4,j €1y,

Y digpiKidzui(vy) =0 J € Ty,

ic;

E.
-.—h[(l——)1+ —ee; ], hi =5
S; ¢
Notice: s; > 1, if s;, = 1 no vertical stiffness
Can also consider the wave equation!
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An example of static networks under contact
conditions

Graph-like networks of
strings

We ask for optimal
topologies under
various constraints
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truss modelling (including contact)

Edgewise linear elasticity on a graph together
with s; = 1 leads to trusses:
m
Ly 7
Ku=F, Kt) =) tK; K;,= 72°i€

7
1=1 1
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truss-design
(see also the presentation of G. Bouchitte)

mtin fTu S.t.

K(t)u=f+Clp
Cu<g, p<O, pl (CTu—g) =0,

m
te{t=(t) ) ti=V,t; >0},

=1

r
g€ {g= (9l > g9i=0}
=1
Klarbring et. al. 95, Ben-Tal, Zowe, Outrata,
Kocvara, Achtziger....05.
Problems studied: e sizing e optimal location
of nodes in reference configuation e robust de-

sign (Ben-Tal ...07)

G.Leugering, IAM, FAU Erlangen-Nurnberg
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truss-design: simplified problem

The minimal compliance problem can be ex-
pressed as follows:

min J(f,s) := Lo~ b a2 i
y S %
frs 2k 1 skE

N

Y. frer =—F

k=1

N

Zskszv

k=1

when we consider the associated optimal dis-
placements and if we perform a similar analysis
as in the scalar flow case.

G.Leugering, IAM, FAU Erlangen-Nurnberg
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Eree material optimization
(withh M. Stinglland M. Kovevara, EU-Project 07)

min max/ f-updx  S.t.
Eec& kel JI

uy, € {Hl(Q)lu =0 on I‘o} ;=) satisfies

ap(u,v) = /(Ee(u),e(u))dm — ffk cvdx, Yv ey
Q r
Ee& = {K@‘, € L°°(0,6)™, K, = K, K; = p, tr (K;) < Pu}

W(B) 1= /tr (B)dz <V
Q

e computational complexity cubically w.r.t. num-
ber of loads
e dual approach difficult to apply for further
constraints....
e hence develop direct approach analoguous to
SCP, MMA
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EMO: discretization

ni
e local stiffness: A;(E) = 3 B;.E;B;;
=1 "

e global stiffness: A(F) = Tz”; A;(F)

1=

e compliance: fluy, A(E)u, = fi, k € K,
ck(BE) = fLAE) 1, kek

The discrete multiple load worst case design
problem reads as:

min maxcp(F) s.t.
Eef kek

m
Y tr(E) <V
=1

G.Leugering, IAM, FAU Erlangen-Nurnberg
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EMO: properties

G.Leugering, IAM, FAU Erlangen-Nurnberg
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Eree material optimization
(computations: M. Stingl 07)

4 loads 5000 elements 20000 elements 8 loads 5000 elements
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3-D'examples: multilpe load cases

10000 elements, 1.5 h 20000 elements 4 h

G.Leugering, IAM, FAU Erlangen-Nurnberg
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EMO: industrial application

Topologie and Structural Optimization of the
A380 Inboard Inner Leading Edge Ribs

The Structural Optimisation
Tools have been employed
| successfully on the A380 Inner
Leading Edge - Parts are in

production

Realised Part

- =) )
. A )
ﬂ!ﬁ*y

Leading Edge Design Interpretation

Sizing Optimisation

G.Leugering, IAM, FAU Erlangen-Nurnberg
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Extension to continuous prolems: sizing,
material and topology optimization (open)
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digging heles’ in

Forces

graphs:

G.L. and J. Sokelowski 2006/200/
Spider‘'s web
Is it energetically reasonable to cut a hole at the center ?



A locall subpreblem: Steklov-Poincaré

® Cut out a star: special case here d; =6
.

vy edge degree d;

troduce Dirichlet data
at the new external nodes,
solve‘the Steklov-Poincare
problem on the star
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Resolve the center

u; at simple nodes

vnew NEW Multiple nodes
with edge degree 3
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Elasticity’ on graphs: weak formulation
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Cut out a subgraph including the hole

S hode to be 2ot vt
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Asymptotic solution for the homogeneous
star-graph with symmetric hole

The Steklov- Poincaré-map is then obtained
using

(rh)P(€) = coth(£) (u; — 3 .fjl u;) + tanh(¢)3 fjl u;
J= =

+p{ (1= tanh? ()1 - Jo) coth?( s~ 3 £ ;)
J

| = :
+ =D X wlp =10
j:
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Energy: criterion

i
12

Eo(vy) i= = Z /Kz'r T —|—cz|fr,_,,|2dat
2i=1}

= (Sg (u), u)

/P

1n—|—dJ g .

Eovy) = 5 X [ KDY - GFY + e

= 0

—T > dig, () (g )rf(vg,)

J_|_ zEIJ+
= &0(v)) + p{Te(w)} + O(p?)
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Topoelogical gradient: potential energy as criterion
(also compliance) G.L. and Sokolowski 2006, 2007/

d . Ep(vy) —Eo(vy)
—Ep(vy)lp=0 = Ilim !
dp p—04 P
— T(”J: ’U,)
If now 7 (vj,u) is negative, we may introduce
a holel

Then we may perform a descent step analogu-
ous to Sokolowski and Zochowski(1999-2005),
Hintermueller(2004), Allaire, Jouve ...(2004)....
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The topolegical derivative for the homogeneous
star-graph with; symmetric hole

(8P (w),u) = (S (u), u)
1 = / 2 3 2
+p {(1 =39) L NI+ (e —1) % [Ir:(0)] }

This says that the energy function in the ho-
mogeneous case, when cutting out a symmet-
ric hole e.g. o' =0 = /3, i = 1,2,3, we have

3

3
Tio(r,v,0) = {(1 30 2 IO + (7~ 1) II'»%-(O)IIQ}
1=1 1 =1

We can handle topological gradients for other
cost functionals.

Note, however, the difficulty resulting from the
fact, that G, is not a subset of G, unlike in the
higher-dimensional case.
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Still to do........

 higher edge degrees (s.t. mass is actually removed)

» multiple loads (asymmetric loading, worst-case designs)
* nonsymmetric holes (holes may degenerate!)

» 3-d networks (also for curved edges)

* non-homogenous networks...........

G.Leugering, IAM, FAU Erlangen-Nurnberg
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Asymmetric holes and more.....

Asymmetric

¥ o

We may let the two /
edges coincide and obtain

a node with edge degree 3
and one with N-3
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2-ID networks In 3-space: Scope

Modeling includes:

e Scalar problems
(diffusion) on networks

o Membrane networks

o Networks of Reissner-
Mindlin plates

o Network of shells (fairly
open)
o Can be extended to

time-dependent
problems

Courtesy U.Rlde
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Thank you for your attention!!
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